
M401 Spring 2010, Assignment 11 Solutions

1a. [5 pts] Compute the Fourier cosine series for f(x) = sin x on [0, π].

Solution. Since L = π, the series will have the form

f(x) = a0 +
∞

∑

n=1

an cos nx,

where

a0 =
1

π

ˆ

π

0

sin xdx =
1

π
(− cos x)

∣

∣

∣

π

0
=

1

π
(− cos π + 1) =

2

π

an =
2

π

ˆ

π

0

sin x cos nxdx.

For the second integral, we recall (see Assignment 4) the trigonometric identity

sin A cos B =
1

2
[sin(A + B) + sin(A − B)].

This gives (for n = 2, 3, . . . )

2

π

ˆ

π

0

sin x cos nxdx =
2

π

ˆ

π

0

1

2
[sin((n + 1)x) + sin((1 − n)x)]dx

=
1

π
[− 1

n + 1
cos((n + 1)x) − 1

1 − n
cos((1 − n)x)]π0

=
1

π
[− 1

n + 1
cos((n + 1)π) +

1

n + 1
− 1

1 − n
cos((1 − n)π) +

1

1 − n
].

We observe

cos((n + 1)π) = (−1)n+1

cos((1 − n)π) = (−1)n+1,

and also
1

n + 1
+

1

1 − n
=

−2

n2 − 1
.

We conclude

an =
1

π
[

2

n2 − 1
(−1)n+1 − 2

n2 − 1
] = − 2

π(n2 − 1)
[1 + (−1)n], n = 2, 3, . . .

For n = 1 (omitted above, since it would require dividing by 0),

a1 =
2

π

ˆ

π

0

sin x cos xdx =
2

π

ˆ

π

0

1

2
sin 2xdx = − 1

2π
cos 2x

∣

∣

∣

π

0
= 0.

That is,

sin x =
2

π
−

∞
∑

n=2

2

π(n2 − 1)
[1 + (−1)n] cos nx.
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1b. [3 pts] Find an upper bound on the error obtained if the first N terms of the Fourier
cosine series from Part (a) are used as an approximation for f(x) = sin x, where N denotes
a positive even integer.

Solution. If N denotes a positive integer, then

sin x =
2

π
−

N
∑

n=2

2

π(n2 − 1)
[1 + (−1)n] cos nx + RN(x),

where

RN (x) = −
∞

∑

n=N+2

2

π(n2 − 1)
[1 + (−1)n] cos nx,

where we are using the fact that the summand for n = N + 1 is 0. We compute an upper
bound on RN (x) as follows:

|RN(x)| ≤ 4

π

∞
∑

n=N+2

1

n2 − 1
≤ 4

π

ˆ

∞

N+1

1

x2 − 1
dx

=
4

π

1

2
ln |x − 1

x + 1
|∞
N+1 = −2

π
ln

N

N + 2
.

Here, we have used our Theorem from class on bounding series with integrals. The anti-
derivative of 1

x2
−1

is easy to compute with partial fractions.

1c. [2 pts] Explain how your result from Part (b) ensures that there cannot be a Gibbs
Phenomenon for this series.

Solution. Since ln 1 = 0, we observe that |RN(x)| → 0 as N → ∞, and RN(x) is the error
for all values of x. In the Gibbs Phenomenon there is some value v so that for all values of
N there exists some x so that |RN(x)| ≥ v. That cannot happen if |RN(x)| → 0.

2a. [5 pts] Compute the Fourier sine series for f(x) = cos x on [0, π].

Solution. In this case, the series has the form

cos x =

∞
∑

n=1

bn sin nx,

where (for n = 2, 3, . . . )

bn =
2

π

ˆ

π

0

cos x sin nxdx =
2

π

ˆ

π

0

1

2
[sin((n + 1)x) + sin((n − 1)x)]dx

=
1

π
[− 1

n + 1
cos((n + 1)x) − 1

n − 1
cos((n − 1)x)]π0

=
1

π
[− 1

n + 1
cos((n + 1)π) +

1

n + 1
− 1

n − 1
cos((n − 1)π) +

1

n − 1
].

We observe

cos((n + 1)π) = (−1)n+1

cos((n − 1)π) = (−1)n+1,

2



and also
1

n + 1
+

1

n − 1
=

2n

n2 − 1
.

We conclude

bn =
1

π
[− 2n

n2 − 1
(−1)n+1 +

2n

n2 − 1
] =

2n

π(n2 − 1)
[1 + (−1)n], n = 2, 3, . . .

Likewise, for n = 1

b1 =
2

π

ˆ

π

0

cos x sin xdx =
2

π

ˆ

π

0

1

2
sin 2xdx = − 1

2π
cos 2x

∣

∣

∣

π

0
= 0.

This gives

cos x =

∞
∑

n=1

2n

π(n2 − 1)
[1 + (−1)n] sin nx.

2b. [3 pts] Explain why our method of error estimation fails for this Fourier sine series.

Solution. Our method fails because
2x

x2 − 1

is not integrable on an infinite domain.

2c. [2 pts] Explain why there is a Gibbs Phenomenon for this series, and specify the values
x ∈ [0, π] where it occurs.

Solution. The difficulty here is that cos 0 = 1 and cosπ = −1, whereas the Fourier sine
series is clearly 0 at x = 0 and x = π. This means that even though f(x) = cos x is a
continuous function, it’s periodic extension is discontinuous at x = 0 and x = π. These,
then, are the values at which there is a Gibbs Phenomenon.

3. [10 pts] Exercise 5.6 in Constanda, Parts (i) and (iv).

Solution to Part (i). For this problem c = 1 and L = 1, so we have

u(x, t) =

∞
∑

n=1

(c1n cos nπt + c2n sin nπt) sin nπx,

where

f(x) =

∞
∑

n=1

c1n sin nπx

g(x) =

∞
∑

n=1

c2nnπ sin nπx.

For Part (i) we simply match terms with

f(x) = − 3 sin(2πx) + 4 sin(7πx)

g(x) = sin(3πx).
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Clearly, c12 = −3, c17 = 4, and c23 = 1
3π

, and the other coefficients are all 0. This gives

u(x, t) = −3 cos(2πt) sin(2πx) + 4 cos(7πt) sin(7πx) +
1

3π
sin(3πt) sin(3πx).

Solution to Part (iv). In this case, we require the formulas

c1n =2

ˆ 1

0

f(x) sin nπxdx

c2n =
2

nπ

ˆ 1

0

g(x) sinnπxdx.

With f(x) = 1, we have

c1n = 2

ˆ 1

0

sin nπxdx = − 2

nπ
cos nπx

∣

∣

∣

1

0
= − 2

nπ
[cos nπ − 1] =

2

nπ
[1 − (−1)n],

while with g(x) = x we have

c2n =
2

nπ

ˆ 1

0

x sin nπx =
2

nπ
[− x

nπ
cos nπx

∣

∣

∣

1

0
+

ˆ 1

0

1

nπ
cos nπxdx]

=
2

nπ
[− 1

nπ
cos nπ +

1

n2π2
sin nπx

∣

∣

∣

1

0
] = − 2

n2π2
(−1)n.

Putting these together, we find

u(x, t) =

∞
∑

n=1

[ 2

nπ
[1 − (−1)n] cos nπt +

2

n2π2
(−1)n+1 sin nπt

]

sin nπx.

4. [10 pts] Solve the wave equation

utt = c2uxx

ux(0, t) = 0; u(L, t) = 0; t ≥ 0

u(x, 0) = f(x); x ∈ [0, L]

ut(x, 0) = g(x); x ∈ [0, L].

Solution. Separating variables with u(x, t) = X(x)T (t) we find (proceeding as in class)

T ′′(t) + λc2T (t) = 0

X ′′(x) + λX(x) = 0,

where the X(x) equation has boundary values X ′(0) = 0 and X(L) = 0. In order to check
that there are no negative eigenvalues we multiply by X(x) and integrate on [0, L]:

ˆ

L

0

X ′′(x)X(x)dx + λ

ˆ

L

0

X(x)2dx = 0.
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Integrating the first integral by parts, we find

ˆ

L

0

X ′′(x)X(x)dx = X ′(x)X(x)
∣

∣

∣

L

0
−
ˆ

L

0

X ′(x)2dx = −
ˆ

L

0

X ′(x)2dx.

We see that

λ =

´

L

0
X ′(x)2dx

´

L

0
X(x)2dx

≥ 0,

and we can only have λ = 0 if X(x) is a constant. But the boundary condition X(L) = 0
ensures that the constant would be 0, and so λ = 0 is not an eigenvalue. For λ > 0,

X(x) = C1 cos
√

λx + C2 sin
√

λx,

with also
X ′(x) = −C1

√
λ sin

√
λx + C2

√
λ cos

√
λx.

The condition X ′(0) = 0 immediately gives C2 = 0, while the condition X(L) = 0 gives

0 = C1 cos
√

λL ⇒
√

λL = nπ − π

2
, n = 1, 2, . . . ,

so that

λn =
(n − 1

2
)2π2

L2
, n = 1, 2, . . . .

The associated eigenfunctions are

Xn(x) = cos
(n − 1

2
)πx

L
, n = 1, 2, . . . .

Returning to the T (t) equation, we find

Tn(t) = c1n cos
(n − 1

2
)πct

L
+ c2n sin

(n − 1
2
)πct

L
,

and so

u(x, t) =
∞

∑

n=1

(

c1n cos
(n − 1

2
)πct

L
+ c2n sin

(n − 1
2
)πct

L

)

cos
(n − 1

2
)πx

L
.

Setting u(x, 0) = f(x) we have

f(x) =

∞
∑

n=1

c1n cos
(n − 1

2
)πx

L
.

We multiply by cos
(m−

1

2
)πx

L
, integrate on [0, L], and use the orthogonality relation

ˆ

L

0

cos
(n − 1

2
)πx

L
cos

(m − 1
2
)πx

L
dx =

{

L

2
m = n

0 m 6= n
,
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to find

c1n =
2

L

ˆ

L

0

f(x) cos
(n − 1

2
)πx

L
dx.

Likewise, setting ut(x, 0) = g(x) we have

g(x) =
∞

∑

n=1

c2n

(n − 1
2
)πc

L
cos

(n − 1
2
)πx

L
,

from which we obtain

c2n =
2

(n − 1
2
)πc

ˆ

L

0

g(x) cos
(n − 1

2
)πx

L
dx.

In this way, the solution is entirely characterized by

u(x, t) =

∞
∑

n=1

(

c1n cos
(n − 1

2
)πct

L
+ c2n sin

(n − 1
2
)πct

L

)

cos
(n − 1

2
)πx

L

c1n =
2

L

ˆ

L

0

f(x) cos
(n − 1

2
)πx

L
dx

c2n =
2

(n − 1
2
)πc

ˆ

L

0

g(x) cos
(n − 1

2
)πx

L
dx.

5. [10 pts] Solve the inhomogeneous heat equation

ut = kuxx + ex + 1

u(0, t) = 1; u(L, t) = 5; t ≥ 0

u(x, 0) = f(x); x ∈ [0, L].

Solution. We begin by looking for the equilibrium solution ū(x), which solves

kūxx = − ex − 1

ū(0) = 1; ū(L) = 5.

Integrating twice and using the boundary conditions, we find

ū(x) =
1

k

[

− ex − x2

2
+ (

4k − 1

L
+

1

L
eL +

L

2
)x + (k + 1)

]

.

We now set
v(x, t) = u(x, t) − ū(x),

so that v solves

vt = kvxx

v(0, t) = 0; v(L, t) = 0; t ≥ 0

v(x, 0) = f(x) − ū(x).
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We have solved this equation in class by separation of variables, and we found

v(x, t) =

∞
∑

n=1

bn sin
nπx

L
,

where

bn =
2

L

ˆ

L

0

(f(x) − ū(x)) sin
nπx

L
dx.

Finally,
u(x, t) = ū(x) + v(x, t).
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