M401 Spring 2010, Assignment 11 Solutions

la. [5 pts] Compute the Fourier cosine series for f(x) = sinz on [0, 7].

Solution. Since L = 7, the series will have the form

o0
f(x) =ao+ Z a,, COS NT,
n=1
where
s

1 2
=—(—cosm+1)=—
o m

1 [7 1
ag = —/ sin xdr = —(— cos x)
0 T
ap = — / sin z cos nxdzx.
m™Jo
For the second integral, we recall (see Assignment 4) the trigonometric identity

sin Acos B = %[sin(A + B) +sin(A — B)].

This gives (for n =2,3,...)

2 (7 2 (™1
—/ sinxcosnxdx:—/ —[sin((n + 1)z) + sin((1 — n)z)|dx
T Jo Ty 2
—l[— 1 cos((n+ 1)z) — 1 cos((1 —n)x)]]
S rt on+1 " 1—n o
—1[— 1 cos((n+ 1)) + L1 cos((1 —n)m) +
S oat on+1 " m n+l1 1—n nm
We observe
cos((n + 1)7) = (—1)"**
cos((1 —n)m) = (=1)"*,
and also
1 1 =2
n+l 1—-n n2-1
We conclude
1 2 2 2
n=— —1)"*t — =——[1+ (=" =23, ...
@ W[nz_l( ) nz_l] W(nz—l)[ + (=D, n 19

For n =1 (omitted above, since it would require dividing by 0),

2 [T 2 [T1 1 ™
alz—/ sinxcosxdzz—/ —sin 2zdx = —— cos2z| = 0.
T Jo T™Jo 2 2w 0
That is,
me=2-%— 2 141y
sing = — — _— — COS N.
T m(n?—1)

n=2
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1b. [3 pts] Find an upper bound on the error obtained if the first N terms of the Fourier
cosine series from Part (a) are used as an approximation for f(x) = sinz, where N denotes
a positive even integer.

Solution. If N denotes a positive integer, then

sinz = % — 2 ﬁ[l + (—=1)"] cosnz + Ry(z),

m™n
where
oo 9 .
RN(Z') = — n:ZJV;_2 m[l + (—].) ]COS’TLI’,

where we are using the fact that the summand for n = N + 1 is 0. We compute an upper
bound on Ry(z) as follows:

4 & 1 4 > 1
R < — < — d
e o e T

41 | ‘:c — 1Ioo 2 1 N
=——In|—— =—In——:o.
w2 'z 1N T N+2
Here, we have used our Theorem from class on bounding series with integrals. The anti-

derivative of m21_1 is easy to compute with partial fractions.

lc. [2 pts|] Explain how your result from Part (b) ensures that there cannot be a Gibbs
Phenomenon for this series.

Solution. Since In1 = 0, we observe that |Ry(z)| — 0 as N — oo, and Ry(x) is the error
for all values of z. In the Gibbs Phenomenon there is some value v so that for all values of
N there exists some « so that |Ry(x)| > v. That cannot happen if |Ry(z)| — 0.

2a. [5 pts| Compute the Fourier sine series for f(x) = cosz on [0, 7].

Solution. In this case, the series has the form

o
cosx = E b, sinnzx,

n=1

where (for n =2,3,...)

b, = ; /07r cos T sin nrdr = %/OW %[sin((n + 1)z) +sin((n — 1)z)|dz
= %[_n L . cos((n+ 1)) — - i l cos((n — 1)z)|§
:%[_ni : cos((n+ 1)m) + nle 1" n i . cos((n — 1)m) + " i 1].

We observe

cos((n + 1)m) = (—1)"**

cos((n — 1)) = (=1)"*",



and also

We conclude

1 2n 2n 2n
by = —[— —1)"*t = 1+ (=1)" =2,3
7T[ n2_1( ) +n2_1] ﬂ_(n2_1)[ _'_( )]7 n » =
Likewise, for n = 1
2 (7 2 (™1 1 ™
blz—/ cos:)ssinxdx:—/ —sin 2xdx = —— cos2x| = 0.
T Jo T Jo 2 2m 0
This gives
cosz—f: 2n 1+ (—=1)"]sinnz
_n:1 w(n?—1) '

2b. [3 pts] Explain why our method of error estimation fails for this Fourier sine series.

Solution. Our method fails because 5
x

2 —1

is not integrable on an infinite domain.

2c. [2 pts| Explain why there is a Gibbs Phenomenon for this series, and specify the values
x € [0, 7] where it occurs.

Solution. The difficulty here is that cos0 = 1 and cosm™ = —1, whereas the Fourier sine
series is clearly 0 at # = 0 and z = 7. This means that even though f(z) = cosz is a
continuous function, it’s periodic extension is discontinuous at x = 0 and = = w. These,
then, are the values at which there is a Gibbs Phenomenon.

3. [10 pts] Exercise 5.6 in Constanda, Parts (i) and (iv).
Solution to Part (i). For this problem ¢ =1 and L = 1, so we have

[e.e]
u(z,t) = Z(cln cos nmt + Cop, sin nrt) sin e,

n=1

where

o0
f(z) = Z Cip SINNTET
n=1

o0
g(z) = Z Cop T SIN NTTT.

n=1
For Part (i) we simply match terms with

f(z) = — 3sin(27x) + 4sin(7rz)
g(z) = sin(3mz).



1

31

Clearly, c19 = —3, c17 = 4, and c93 = and the other coefficients are all 0. This gives
1

u(x,t) = —3 cos(2nt) sin(27wx) + 4 cos(7nt) sin(7mwx) + 3 sin(37t) sin(37z).
s

Solution to Part (iv). In this case, we require the formulas

1
Clp =2 / f(z) sinnrxdx
0

2 1
Cop = — g(x) sinnmrdz.
nt Jo
With f(x) =1, we have
! 2 L 2
Cin = 2/ sinnrxdr = —— cosmr:c’ = ——rJcosnm — 1] = —[1 — (=1)"],
0 nm 0 nm nm
while with g(z) = x we have
2 [t 2.z vt
Con =— | xsinnmr = —[—— cos mm" + | — cosnmrdz]
nm Jo nmwt o onw o Jo nm
2 1 1 1 2
= - 1 == — —]_ n.
mr[ — cosnr + 53 Sin 7’L7T$‘0] n27r2( )

Putting these together, we find

72 2
u(x,t) = Z |:7”L_7T[1 — (—=1)"] cosnmt + s (—1)"* sin nrrt | sin nma.

n=1

4. [10 pts| Solve the wave equation

Uty = iy
uz(0,8) =0; wu(L,t)=0; t>0
u(z,0) = f(x); x€]0,L]
u(z,0) =g(z); x€]0,L].

Solution. Separating variables with u(x,t) = X (z)T'(t) we find (proceeding as in class)

T"(t) + AT (t) =0
X"(x) + AX (z) =0,

where the X (x) equation has boundary values X’(0) = 0 and X (L) = 0. In order to check
that there are no negative eigenvalues we multiply by X (z) and integrate on [0, L]:

/0 "X ()X () 1\ /0 * X(2)de =0,
4



Integrating the first integral by parts, we find

/OL X"(x)X (v)dx = X'(:L")X(x)’OL — /OL X'(x)2dx = — /OL X'(x)2dz.

We see that

L -
B Jo X'(z)%dx -0

a fOL X(z)2dr

and we can only have A = 0 if X (x) is a constant. But the boundary condition X (L) = 0
ensures that the constant would be 0, and so A = 0 is not an eigenvalue. For A > 0,

X(z) = Cj cos Vz + Cysin Vz,

with also

X'(z) = —C1VAsin VAz 4+ Cov/A cos V.
The condition X’(0) = 0 immediately gives Cy = 0, while the condition X (L) = 0 gives

OzClcOS\/XLiﬁL:nw—g, n=12 ...,

so that Lo o
n—z)m
)\n = ( L22) 5 n = 1, 2,
The associated eigenfunctions are
1
n—s)mrx
X,(x) = cos ( L2) , n=1,2,
Returning to the T'(¢) equation, we find
(n — )met (n — $)met

T, (t) = c1p, cOs Tz + Cop, SIn —7

and so
00 1

n — s)mwct n — s )mwct n—:s)rx
u(z,t) = (cln cos ( ) + ¢9p, sin ( ) ) coS ( )
n=1

—_

e
e

Setting u(x,0) = f(x) we have

(n—Yma

f(z) = ;cln cos ————.

(m—%)ﬂm

We multiply by cos —F—, integrate on [0, L], and use the orthogonality relation

L _ 1 _ 1
/ cos (n 2)7”6 cos (m z)ﬁxdz = {
0 L L

O ol

m n
Y
m n

NI



to find ; ( y
2 n— )T
Cln = E/o f(z) cos T2d:c.

Likewise, setting u.(z,0) = g(x) we have

> 1 —
o(z) = Z . (n L2)7rc cos (n —3)mx
n=1

from which we obtain

2 L
e e ezl
Co = %)7‘(‘0/0 g(x) cos 7 x

In this way, the solution is entirely characterized by

u(z,t) = Z (cln cos % + c9p, Sin (n I?)WC ) cos (n L2)7r$

n=1
2 [F (n— 3)mx
Clp = z/o f(x) cos de
2 L (n—3)m

Con :m/o g(l’) COS Td[lf

5. [10 pts| Solve the inhomogeneous heat equation

u =kug, +€* +1
u(0,t) =1; w(L,t)=5 t>0
u(z,0) = f(x); x€]0,L].

Solution. We begin by looking for the equilibrium solution u(x), which solves

kg, = —e" —1
uw(0) =1; a(L)=5.

Integrating twice and using the boundary conditions, we find

1 2 k-1 1 L
ﬂ(x):E —ex—%+( 7 +ZeL+§):)s+(k:+1)].

We now set
v(z,t) = u(r,t) —u(v),

so that v solves
Ut :kvmm
v(0,t) =0; wo(L,t)=0; t>0
v(r,0) = f(x) — u(z).



We have solved this equation in class by separation of variables, and we found

= nwx
vz, t) = nZ::l by, sin <
where .
2
by = f/o (f(z) — a(z)) sin ”iL‘”dx
Finally,

u(z,t) = u(z) + v(x,t).



