M401 Spring 2010, Assignment 4 Solutions

1. [10 pts] In Problem 5 in Assignment 3, we used Taylor’s Theorem to find the first two
terms in a perturbation expansion of the solution of the ODE

y'+ Ky =ey’,
y(0) =1
y'(0) =0.

la. Write this equation as a first order system of equations. Write it in vector notation, and

—

identify the vector f(t,7;¢).
Solution. We define the variables y; = y and y, = ¢/, so that
y1 =y vi(0) =1
o =ey; — Ky 12(0) = 0.
This has the form

dy - - S
d—‘z = f(t,y;¢);  7(0) = 7o,

— U . Ry 3 . Yo . - 1
y_(y2)7 f(tu 6)_(6?/%—]{52'3/1)’ yO_(O)

1b. Explain what Taylor’s Theorem and Picard’s Theorem guarantee about the accuracy or
your perturbation expansion.

with

=

Solution. The expansion from Problem 5 in Assignment 3 has the form

y(t) = cos(kt) + e((l — #) cos(kt) + 2%{:2 - # Cos(2k:t)> + wg,
where c¢ is between 0 and € and depends on t. Picard’s Theorem guarantees that y(t;¢) and
all its derivatives are continuous in both ¢ and €, so y..(t; €) is continuous for |t| < ¢, and
le| < €y for some values tg > 0 and ¢y > 0. This means that for any t; < ¢y and € < €
Yee(t; €) is continuous on the closed and bounded rectangle |t| < ¢; and || < €. We can
conclude from the Extreme Value Theorem that y..(¢; €) is bounded on this rectangle. We
have, then,

y(t) = cos(ht) + e((1 = 223) cos(t) + sz — =2 cos(2h) ) +O(),

uniformly for [¢t| < ¢;.

2. [10 pts] In this problem we will see how trigonometric identities follow from Euler’s
formula

et = cos A + isin A,

and the usual rules of exponentiation.



2a. Use the identity e~ =1 to show that

cos? A +sin® A =1.

Solution. We have

1=c"e ™ = (cos A +isin A)(cos A — isin A) = cos? A + sin® A.

2b. Use the identity e/4T8) = ¢*eiB to show both of the following:

cos(A+ B) = cos Acos B —sin Asin B
sin(A+ B) = sin A cos B + cos Asin B.

Solution. We have
A8 — cos(A 4 B) +isin(A + B),
and
¢e' = (cos A+isin A)(cos B+isin B) = cos A cos B—sin Asin B+i(cos Asin B+sin A cos B).

Equating real and imaginary parts gives the identities.

2c. Use (2b) with B replaced by —B to show

cos(A — B) = cos Acos B + sin Asin B
sin(A — B) = sin A cos B — cos Asin B.

Solution. We have

cos(A — B) = cos Acos(—B) — sin Asin(—B) = cos A cos B + sin Asin B
sin(A — B) = sin A cos(—B) + cos Asin(—B) = sin A cos B — cos Asin B.

2d. Combine (2b) and (2¢) to show
1
cos Acos B = §(cos(A + B) + cos(A — B))
1
sin Acos B = i(sin(A + B) +sin(A — B))
1
sin Asin B = §(COS(A — B) —cos(A+ B)).
Solution. For the first, add the first identity in (2b) to the first identity in (2c). For the

second, add the second identity in (2b) to the second identity in (2¢). For the third, subtract
the first identity in (2a) from the first identity in (2b).



2e. Use (2a) and (2b) to show
9 ,  l+4cos2A

cos” A = 5
1-— 2A
sin? A = %.

Solution. First, taking B = A in the first identity in (2b)
cos 2A = cos® A — sin’® B.

If we now use (2a) to replace sin? A with 1 — cos? A we obtain

1 2A
cos2A = cos? A — (1 —cos? A) = —1 +2cos®* A = cos’ A = H%.
Likewise, if we use (2a) to replace cos? A with 1 — sin® A we obtain
1— 2A
cos2A4 = (1 —sin? A) —sin® A = 1 — 2sin” A = sin? A = %.

2f. Use (2a) and (2d) to show
cos® A = § cos A + 1COSBA
4 4
sin® A = § sin A — 1si1r13A
4 4
cos Asin? A = 1 cos A — 1 cos 3A
1 1
cos? Asin A = 1 sin A + 1 sin 3A.
Solution. For the first, we compute

1 1 1 1
cos® A = cos Acos? A = cosA(§ + —cos2A) = —cos A+ 5 cos A cos2A

2 2
1 11 3 1
=_cosA+ == A A)=—cos A+ - A.
5 €08 + 5 2(cos3 +cos A) 7 €08 +4cos3
Likewise,
.3 : o . 1 L. L.
sin® A = sin A sin AzsmA(i—§COS2A):§smA—§smAcos2A
1 11 3 1
zésinA—§-i(sinBA—sinA)zisinA—ZsinSA.

For the third,

1
cos Asin® A = cos A(1 — cos® A) = cos A — ZCOSA — 1COS3A

1 1
:ZCOSA— Zcos?)A,



where I've used the identity for cos® A. Finally,

1
cos? Asin A = (1 —sin® A)sin A = sin A — ZsinAjL ZsinSA
1

1
:ZsinAjL Zsin?)A.

3. [10 pts| Use the expansion method to find the first two terms in a perturbation expansion
of the solution of the ODE

y' +eyf(y*—1)+y=0
y(0) =1
y'(0) =0.

This equation is known as the van der Pol equation, and was proposed by Balthasar van der
Pol (1889-1959) in 1920.

Solution. We look for solutions of the form

y(t;e) = yo(t) +eyr(t) + ...,
for which we have
(yo+eyr+...)" +elyo+eyi +...)((yo+eyr+..) =D +yo+ey; +---=0

Yo(0) + €y1(0) + - -+ =
h(0) + e (0) + -~ =0.

The €® equation is

with solution yo(t) = cost. The € equation is

vl +y1 =yo(1 — yg) = —sint(l — cos’t) = —sin®t
y1(0) =0
11(0) =0.
Using now the identity
3 1
sin®t = 1 sint — 1 sin 3¢,
the inhomogeneous equation we need to solve is

1 3
vy =yl —yd) = Zsin?)t — Zsint
y1(0) =0
y1(0) =0.



The solutions to the homogenous problem are cost and sint, so we look for particular solu-
tions of the form
y1,(t) = Asin3t + Bcos 3t + Ctsint + Dt cost.

We have

Y1, (t) =3Acos3t —3Bsin3t + Csint + Ctcost 4 D cost — Dtsint
yi (t) = —9Asin3t — 9B cos 3t + 2C cost — Ctsint — 2D sint — Dt cost.

Substituting this into our equation gives

—9Asin3t — 9B cos 3t + 2C cost — Otsint — 2D sint — Dt cost

1 3
+Asin 3t + Bcos3t + Ctsint + Dtcost :Zsin?)t— Zsint.

This gives the following equations for A, B, C, and D:

1 1
sin 3t 9A + 1 = 9

cosdt: —9B+B=0=B=0
cost:2C0=0=C=0

3 3
int: —2D=——=D=—.
sin 1 2

We have, then,

1 3
1, (t) = % sin 3t + §t cost.

Our general solution has the form
. 1. 3
y1(t) = Cycost + Cysint — 3 sin 3t + gtcost,

with

3 3 3
yi(t) = —Cisint 4+ Cy cost — 3—20083t + gcost — gtsint.

The initial conditions give

C1 =0

3 3 3 12 9
Co——=+=-=0=0Cr=—=— —=—=—.

SEETRF T2 32 32

We conclude that
(t) 0 sin ¢ ! s'n3t+3tcost
= ——sint — —si =
. 32 32 g

and finally

9 1 3
y(t) = cost + 6( — ﬁsint — 3—281n3t+ gtcost) + O(€?),

uniformly for |t| < ¢; for some ¢; > 0.



4. [10 pts| For the equation

find the first two terms (in both y(¢;€) and A(e)) for a Poincare expansion of the solution.
Explain the expected accuracy or your approximation.

Solution. In this case, we begin by making a change of variable

with

Me)=k+ e+ ...
(Keep in mind that we set A(0) = k because k is known to be the correct angular frequency
for e = 0.) According to the chain rule, we have

d d dr

Yt = Y (7) = V()T = VA,

and likewise 3”(t) = A(€)?Y" (7). Our equation becomes

MY + eV Me)*(Y)? + kY =0
Y(0) =1
A(€)Y'(0) =0.
Expanding Y as
Y(1)=Yo(r) + eYi(7) + ...,

we have

K+ e+ .. 2 (Yo+eVi+..) " +e(Yo+eVi+ .. )(k+ e+ .. )2 (Vg +eY] +...)?
+E* (Yo + eV +...) =0
Yo(0) 4 €Y1(0) 4 --- =1
(k+Xe+...)(Y5(0) +€Y{(0) +...) =0.

The €® equation is
Yy 4+ k*Yy =0
Yp(0) =1
¥5(0) =0,
with solution Y5(7) = cos 7. The € equation is
E2Y] + 2kN Yy + Yok (Yy)? + k*Y; =0
Y1(0) =0
¥{(0) =0.



Substituting Yy(7) = cos T, we get

2A 2\ 1
Y/ +Y =+ ?lcom' —cosTsin’ T = ?lcom' — 78T+ 7 cos 3.
In order to eliminate secular terms, we require
20 1 k
— —-=0=> A==
ko4 TR

We are left with the equation

Y/ +1 :icos?ﬁ'
¥1(0) =0
Y{(0) =0.
For this equation, particular solutions will have the form
Y1, (1) = Acos 37 + Bsin 37,
for which we have

1
—9Acos3™ —9Bsin37 + Acos37 4+ Bsin 31 = 1 cos 3T.

This gives

1 1
c—9A+ A=- A= ——
cos 3T 9A + 4:> 5

sindr: —9B+B=0= B =0.
The particular solution is

1
Yy, (1) = —3g €08 37,

and so the general solution is
1
Yi(7) = CycosT + Cysint — 35 €08 3,

with 3
Y{(r) = —Cisint + CycosT + ) sin 37.

Our initial conditions for Y; give

1 1
Cl — 3—2 =0= Cl = 3—2
Cy =0.
We conclude that ) )
Yi(r) = 356087~ 55 cos 37,



so that ) )
B 1 b 2
Y (1) —COST—|—€(32 COST — = cos37‘> + O(e%),

uniformly for |7| < 7y for some 71 > 0. In our original coordinates, we have
k 1 k 1 k 5
y(t) = cos[(k + ge)t] + 6(3—2 cos|(k + ge)t] ~ 3 cos[3(k + ge)t]> + O(e),

where the error is O(e?) uniformly for |¢| < ¢; for some ¢; > 0 and O(e) uniformly on the
expanding time interval [t| < ¢;/e.

5. [10 pts] For the equation
Y+ kY =ey(1-(y)%)
y(0)=1
y'(0) =0,
find the first two terms (in both y(¢;€) and A(¢)) for a Poincare expansion of the solution.

Explain the expected accuracy or your approximation. (Note. This problem is quite similar
to Problem 4, and you should feel free to avoid repeating calculations where possible.)

Solution. The initial set-up is precisely the same as in Problem 4, and our ODE in this
case is Our equation becomes

MO)ZY" +EY =Y (1 — Me)*(Y")?)
Y(0)=1
Ae)Y'(0) =0.
Expanding Y as
Y(7)=Yo(r) + Yi(r) + ...,

we have
k+XMe+.. P (Yo+eVi+..)" ++2(Yo +evVi+...)
:e(YO+eY1+...)<1—(k+Ale+...)2(Y5+6Y{+...)2>

Y5(0) + €Y1 (0) + - - -

1
(k+ Xe+...)(Y5(0) + €Y{(0) +...) =0.

The € equation is
Yy + kY, =0
Yo(0) =1
Y5(0) =0,

with solution Yy(7) = cos 7. The € equation is
K2YY + K2Y, = — 2K\ Y+ Y0<1 - k:?(yg)?)

Y1(0) =0
¥/(0) =0.



Substituting Yy(7) = cos T, we get

2\ 1
V/+Y =+ Tlcom'—i- ﬁCOST(l — k*sin® 1)
2X\1 1 2\

. 1 1 1
= ——COST + == COST —cosTsin® T = —— COST + -—=COST — —COST + ZCOS?)T.

k k? k k? 4
In order to eliminate secular terms, we require

oA 11 K2 — 4
A RTINS Y SR .
=R s Ry

(Notice that if & = £2 we have A; = 0, which simply the means the Poincare frequency will
not have a term linear in €.) We are left with the equation

1
Y/ +Y; :ZCOS?)T

Y1(0) =0
Y{(0) =0,

which is precisely the same as in Problem 4 and has solution

1 1
Y; = — S — .
1(7) 75 008 T — 35 C08 3T
In this case we conclude
Y( ) _ + ( 1 1 3 ) + O( 2)
T) =COST + € 32(:037' 32(:03 T €),

uniformly for |7| < 7y for some 71 > 0. In our original coordinates, we have

k*—4 1 k*—4
e)t] — D) cos[3(k + <

y(t) = cos[(k + i 8; 4€)t] + 6(3—12 cos|(k + %

)t]) +O(e).

where the error is O(e?) uniformly for |¢t| < ¢; for some ¢; > 0 and O(e) uniformly on the
expanding time interval [t| < ¢;/e.



