M401 Spring 2010, Practice Problems for Final Exam

The final exam for this class will be on Wednesday, May 12, 8:00-10:00 a.m., in Blocker 161

(the regular classroom). It will cover the method of characteristics

the xz-axis, on a quarter-plane, and on a line through the z-y plane),

(including data given on
the wave equation on R,

separation of variables, Fourier series, equilibrium solutions, and eigenfunction expansion.
In addition to the problems suggested here, the exercises in Chapter 6 of Constanda are all
good, as are Exercises 7.1, 7.2, 7.3, 7.4, and 7.5. Calculators will be allowed, and students can
bring a copy of Assignment 4 for trigonometric identities. Finally, the following orthogonality

relations will be provided: For integers m,n =1,2,...

/L . nmxr . mmx é m=n
sin — sin dz =
0 L L 0 m#n
/L nwL mmx é m=n
COS —— COS de =
0 L L 0 m#n
L _1 _1 L —
/Sin(n 2)m;sin(m 2)7md:c: 5 m=n
0 L L 0 m#n
L _ 1 _1 L —
/cos(n 2)7rzcos(m 2)7md:c: 5 m=n
0 L L 0 m#n

1. Solve the PDE

2. Solve the PDE

u(0,t) =f(t); t>0
u(z,0) =g(z); >0,
with f(0) = g(0).
3. Solve the PDE
2u, + 3u, =y?

u(z,y) =2* +y on the liney =1 — x.

4. Consider the wave equation

U = iy
u(0,t) =h(t)=H'(t); t>0
u(z,0)=0; x>0
u(x,0)=0; x>0.



4a. Explain why we should require both h(0) = 0 and A'(0) = 0 for consistency.
4b. Solve this equation.
5. Consider the PDE

)=0; t>0,
= ( ); xel0,L],
where k(z) > 0 for all z € [0, L.

Ha. Separate variables for this equation and write down an appropriate ODE for each sepa-
ration function.

5b. Show that there are no negative eigenvalues for this problem, and that A = 0 is not an
eigenvalue.

6. We saw in class that the heat equation

Uy :kuxx
u(0,t) =0; wu(L,t)=0; t>0
U(LL’,O) :f(x); LS [OvL]

is solved by

o
pon?, . AT
t)zg be 12 smT,

where

/ f(x)sin wdz

6a. Solve this equation with £k =2, L = 3, and

dmx 5W$
— 9sin % _ 9gin 21T
f(z) sin 3 in 3

6b. Solve this equation with £k =2, L = 3, and

f(x) = cosx.

7. Solve the wave equation

Ut = C Ugg
u(0,t) =0; u,(L,t)=0; t>0
u(z,0) = f(x); x€]l0,L]
u(z,0) =g(z); x€]0,L]



8. Using separation of variables we can solve the heat equation

Uy = kuwx
uw(0,t) =0; wu,(L,t)=0; t>0
u(z,0) = f(x); =z €]0,L],
with solution

(7L7%)27\'2 (n —

- T
u(z,t) = Z bpe "7 sin )
n=1

L )
with

2 [F -1

Use this to solve the inhomogeneous problem

U = kg, —x — 1
w(0,t) = =5; wu.(L,t)=0; t>0
u(w,0) = f(2); w € 0,1]

9. Find a value v for which the given equation has an equilibrium solution, and find the
equilibrium solution. You do not have to solve the PDE.

U = ktgy + €7
uz(0,8) =73 wl(L,t)=2; t>0
u(z,0) =x; x€l0,L].

10. Solve the PDE

Up = Ugy + 1
uw(0,t) =0; u,(1,)=0; t>0

u(z,0) =x.

11. Solve the PDE

Up = Uyy + € 2t sin bz
u(0,t) =1; w(mt)=0; t>0
u(z,0)=0; xe€l0,L]

12. Solve the PDE

u(0,t) =0; wu(L,t)=t; t>0
u(z,0)=0; z€l0,L]



13. Solve the PDE

Uy :ku:c:c
u.(0,8) =0; w,(L,t) =100; t>0
u(w,0) = f(z); w € [0,1)

Note. We saw in class that this problem does not have an equilibrium solution, so we must
apply the method of eigenfunction expansion.

Solutions

1. We set U(t) := u(x(t),t) so that

d—U =u d_x +u
R
We choose z(t) now so that
dz
pn =5 z(0) =g
dU
W —aU(): U0 = fao).

From the first equation we have z(t) = 5t + o, and so xy = x — 5t. For the second equation
we have
dUu

E = (5t + :L'O)U,

and we solve this by separating variables. We find
U(t) _ f(l’o)egt2+x0t.
We conclude that

u(x,t) = f(x — 5t)es H=0t = f(z — 5t)elr=3"

2. Proceeding as in Problem 1, we obtain the system

d
d—f =t; x(0) =
dUu
— =U; U(0)=
dt ) ( ) g(I0)>
valid so long as zg > 0. From the first equation we have z(t) = %tz +x9, and so g = . — %t2.

From the second equation, we have U(t) = g(zo)e’, and so for z — 1¢* > 0 (i.c., for 2o > 0)
we have

1
u(z,t) = g(x — §t2)et.



For x — %tQ < 0, we set

dx
dU
»r =U; Ulty) = f(to),

valid so long as to > 0. From the first equation we have z(t) = 1(t* — ), and so

t(] = :l:\/t2 — 2.

We notice first that since z— %tz < 0 here, we are taking the square root of a positive number,

and second that since we require to > 0 we take the positive root. That is, tg = V2 — 2.
From the second equation we have

U(t) = f(to)e' ™™,
and so for z — 12 < 0
u(z,t) = f(VI2 = 2x)etVE22,
Combining these solutions, we have

N = g(z — 3t?)e! x> St
w(,1) = f(VE2 = 2z)etVE-2 g < %t2.

3. First, we divide by 2 to put this problem in the form

I
Uy + =Uy = =Y°.
ot = Y

(Alternatively, we could divide by 3, and proceed with a curve z(y) instead of y(z).) We set
U(x) :=u(x,y(z)), so that

and take y(z) so that

d 3

%:? y(wo) = 1 — g

du 1

ar §y(:c)2; U(xg) = 25+ yo = x5 + (1 — mg).

From the first equation we have

() 3 1 5) N 3 2 L 2
x) == — = To=—-x — = —.
N =5 g0 T T T TR TS
The second equation is

au 1,3 5



Integrating, we find

1,3 b}

and the initial condition gives

C =22+ (1—a) — (1 — 20)°.

9
We have, then,
1,3 5 1
Ulx) = §(§x +1-— 53;’0)3 + x5+ (1 — 20) — §(1 —x0)°,
and finally
1 3 2 2 3 3 2 1.3 3 2
u(z,y) 25?/3 + (593 —EYT 3)2 + (g TETT gy) - 5(3 TETT gy)g-

4a. By differentiating the condition u(x,0) = 0 with respect to x we find u,(z,0) = 0, and
s0 u,(0,0) = 0. Since h(0) = u,(0,0), this sets h(0) = 0. Likewise, h'(t) = u.(0,t), and so
h'(0) = ug(0,0). But by differentiating the condition u;(x,0) = 0 with respect to = we find
U (2,0) = 0, so that uy,(0,0) = 0. If uy(x,t) and wy(x,t) are both continuous then they
must be equal, and so h'(0) = 0.

By the way, it’s possible to continue on like this as follows: we have h"”'(t) = u.4(0,t), and
from the equation itself we know us(x,t) = *ugz.(z,t). By differentiating the equation with
respect to z and setting t = 0 we find uy,(2,0) = ?Uze(z,0). But by differentiating the
condition u,(z,0) = 0 twice with respect to = we find uz.,(z,0) = 0. In this way, uy,(0,0) =
*22(0,0) = 0, and if we can rearrange the order of differentiation then A" (0) = 0. The
reason we don’t regard this as a consistency condition is that nothing about our equation
suggests that third derivatives should be continuous, or even exist.

4b. For problems like this we always proceed by looking for solutions of the form
u(z,t) = F(x — ct) + G(z + ct).

Since the d’Alembert solution won’t necessarily be given, it’s useful to work through the full
argument without it. In order to evaluate F' and G at positive values x > 0 we use the initial
conditions to write

0=F(z)+ G(x)
0= —cF'(z) 4+ ¢G'(x).

By differentiating the first equation, multiplying it by ¢ and adding and subtracting the
second we find F'(x) = 0 and G’'(z) = 0. We have, then, that F(z) and G(x) are both
constant functions, say F'(z) = F(0) and G(z) = G(0). The condition 0 = F(x) + G(z)
ensures that F'(0) + G(0) =0, and so for x — ¢t > 0

u(z,t) = F(x —ct) + G(z + ct) = F(0) + G(0) = 0.

6



On the other hand, for x — ¢t < 0 we need to evaluate F' at negative values y < 0. For this,
we use the condition u,(0,t) = H'(t), which gives

H'(t) = F'(—ct) + G'(ct).

We now set y = —ct, so that

H'(=2) = F'(y) + G'(~y).

Now, for y < 0 we integrate on [y, 0], and using z as a dummy variable of integration, we

have
0 Py 0 0
/ H(=2)dz = / F/(2)dz + / G (—2)dz,
) ¢ ) )

so that (taking care with the chain rule)

and finally
Fly) = —cH(—%) + cH(0) + F(0),

where we have observed that —G(0) + G(—y) = 0 by the consideration above. Finally,
u(z,t) =F(x — ct) + G(z + ct)
—ct
L)+ cH(0) + F(0) + G(0)

= —cH(—

= —cH(t— =) +cH(0).

We conclude

(2.1) 0 T > ct
u(x, t) = :
—cH(t —%)+cH(0) x<ct

ba. We set u(x,t) = X(z)T'(t), so that the equation becomes
X(2)T'(t) = (k(z) X" ()T (t).
We divide by X (z)T'(t) to find

() _ (k(z)X'(z))
T(t) X(z)

=)\,

where we have used the usual argument that the left-hand side depends only on ¢ while the
right-hand side depends only on x. The two ODE are

T'(t) = — \T'(t)
(k(2)X'(2))" + AX(2) =0,



where the second has boundary conditions X (0) = 0 and X (L) = 0.
5b. We multiply the eigenvalue problem for X (z) by X (z) and integrate on [0, L] to find

/0 X(z)(k(z) X' () dx + /0 X (z)*dz = 0.

We integrate the first integral by parts:

Il
i
=
=

&
S~—

~
S

—~—

/0 X (2)(k(2) X' (z)) do

Observing that the boundary terms are zero, we conclude

A:

[ k() X (2)?da N

fOL X(z)2dx
Moreover, we can only have A = 0 if X'(z) = 0 so that X (z) is constant, but according to the
boundary conditions this constant must be 0. We conclude that A = 0 is not an eigenvalue.

6a. In this case we note that

- nmx
o) = 3 bosin ™22,
n=1
and so comparison with the given initial conditions gives by = 2, b5 = —2, and 0 for the

other coefficients. In this way we see immediately that

_o1ex2 . 4dmx _o2572¢ . DX
u(z,t) =229 sin—— —2e7 279 sin ——.
’ 3 3

6b. In this case we use the general formula

) 3
b, == / €os x sin @d:c
0 3

3
2 %1
:§/0 5[%(% + 1)x+sin(% — 1)a]dz
1r 1 nmw 3 1 nmw 3
- Al e s gy -
3_%+1COS(3+)xO+%ﬂ_1COS(3 )ZL’O
<[ (cos(nm +8) — 1) + g (cos(nm — 3) — 1)]
= — = cos\nm — cos\nm — —
glor 41 e
17 2or
= — |z (1) cos3 - 1)}
|
2nm n
:m(l— (—1) COSB).

Here, we can either use trigonometric identity cos(A + B) = cos Acos B — sin Asin B to
evaluate cos(nm £ 3), or simply observe that it corresponds with a shift by nm of cos3. We
conclude

o0

2nm n _gn?x% . NTX
U(.flf,t) = Z m(l — (—1) COS 3)6 2 Sin T
n=1



7. We separate variables with u(z,t) = X (2)7'(t) and find
X(2)T"(t) = X" (2)T(t).
Dividing by ¢2X (z)T'(t) we obtain

T”(t) _ X”(:L’) _
ATt X(z) ’

where we have argued as usual that both quotients must be constant. We have, then,

T"(t) + \*T(t) =0
X"(x) + AX (z) =0,
where for the second equation we have boundary conditions X (0) = 0 and X'(L) = 0. In

order to check that there are no negative eigenvalues, we multiply the eigenvalue problem
for X (x) by X(z) and integrate on [0, L]. We find

/OL X(2) X" (2)dz + A /OL X(z)*dz =0,

and for the first integral we integrate by parts,

L L L
/ X(2)X"(2)dx = X(x)X'(x))o . / X'()%dz.
0 0
The boundary terms are both zero, so we conclude

L
X'(z)2%d
fo (x)*dx -

fOL X(z)2dx

\ =

)

and we can only have A\ = 0 if X (z) is constant. But accrording to the boundary conditions,
this constant must be 0, so A = 0 cannot be an eigenvalue. For A > 0 we look for solutions
of the form

X (z) = Cy cos VAz + Cysin VAz,
with

X'(x) = —CyVAsin VAz + Cyv/A cos VA,
Setting X (0) = 0 we find C; = 0, while setting X'(L) = 0 gives

T (n — 2)%r?
CQ\/XCOS\/XL:0:>\/XLIH7T—§:>)\7L: L22 , n=1,2...,
with associated eigenfunctions
1
Xo(e) = sin " L2>”



Returning to the equation for 7'(t) we have

1 1
n— 5)wct n — 5)wct
T, (t) = c1p, cos ( L2) + Cap, SIn ( f) ,
and so . ) .
> (n — %)met (n — 3)met (n — Hrx
1) = ( . 2 s 2 ) : 2
u(z,t) 2 C1n COS 7 + cop, sin 7 sin 7

Setting u(x,0) = f(z), we have

(n—3)m

f(x) = ;clnsm —7

and using the orthogonality relations given on the first page,

2 [F . (n—3)mz
Clp = Z/o f(x)sin fda:.

Using u¢(x,0) = g(x) along with

> (n—YHme  (n—3)mct (n—Hme  (n—Hmety . (n—1)mx
w(z, t) = ; <— Cin 7 sin 7 Con 7 cos ) sin 7 ,
we have .
n—3)rec . (n—3)ww
g(z) _ nZ::ICQn( 7 ) sin ( LZ) ’
and so ( 1 . 1
n—g)rc g . (n—3)mw
Con——7 =7 /0 g(x)sin 7 dz,
and finally
2 L (n— 3)mx
n= T in ——=——dx.
Co = %)wc/o g(x) sin 7 x

The sum for u(z,t) along with the integral expressions for ¢, and ¢y, entirely characterize
the solution.

8. We begin by finding the equilibrium solution u(x), which solves

0=Fki" —o2—1
u(0)= =5
@' (L) =0.

Integrating once, we have ku'(x) = :‘;—2 + 2+ C, and @(L) =0 implies 0 = 1 L2+ L + C}, so
that '
C, = —§L2 — L.

10



Integrating again, we have

1 1 1
ku(x) = 6:53 + 5:52 — (§L2 + L)z + Oy,
and setting u(0) = —5 we find Cy = —5k. We conclude
B 12 P B T )
u(x)—k<6zc+2:c (3L% + L)z = 5k).

In order to solve the ODE we set v = u — u, and observe that v solves the homogeneous
problem

Ut :kvx:c
v(0,t) =0; wv.(L,t)=0; t>0
o(,0) = f(z) — a(e); x € [0,1]

As is given in the problem statement, the solution to this problem is

o] (n—%)2w2 (n _ 1)77'!['
= be T tgin—20 "
v(z,t) ; e L sin 7 ,
with . 1
2 _1
b= 2 [ ) = atepsin "2
and finally
1/1 1 1 ©0 (n—1)2.2 1
u(z,t) = T <6I3 + §$2 - (§L2 + L)z — 5k> + ; be i 'gin %
9. The equilibrium solution u(x) will solve
0=kt +e "
u'(0) =
a' (L) =2.

Integrating once, we have ku/(x) = e=* + C;. The condition @'(0) = v gives ky = 1+ (1,
while the condition @'(L) = 2 gives 2k = e* + C;. From the second of these we have
C) = 2k — e !, and so from the first

142k —et
— p ,

Integrating again now,
ku(z) = —e ™ + (2k — e )z + O,.

In order to get a value for Cy we use the heat conservation relation

/OL f(x)dx = /OLu(a:)dz,

11



with

L 1 L
/ u(z)dr = — / (—e ™ + (2k — e 1)z + Cy)dx
0 0 X .
=—(e"+ 5(2k — e 1)r? + Cox) .

=—(eF+ %(% —e M)L? + CoL — 1),

/OL flz)dx = /OL xdx = %L?

1 1
Cy =~ <k§L2 —e Tt 2k — )L+ 1),

while

Solving for Cy, we find

and so finally

[ — e (2 — e D)a + %(k%L? el %(% e )2 4 1)} .

u(x) = %

10. First, we need to find the eigenvalues and eigenvectors for the separation equation for
X (x), which in this case is
X"(x) + XX (z) =0,

with boundary conditions X (0) = 0 and X'(1) = 0. We can establish that there are no
negative eigenvalues and that A = 0 is not an eigenvalue in the usual way, and for A > 0 we
look for solutions of the form

X(z) = Cy cos V Az + Cysin Vz.

Proceeding as in this step of the solution to Problem 7, we find that the eigenfunctions are

X, (x) = sin(n — 5)71':1}, n=12....

We look for solutions of the form

u(x,t) = Z cn(t) sin(n — %)W:E,

for which we have
i ¢ (t) sin(n — 1)7Tx =— i cn(t)(n — l)27T2 sin(n — l)7m: +t
n=1 " 2 n=1 " 2 2 ’

so that



Using the trigonometric relations on the first page, we find

1 ! 1 2t
)+ (n— =)*nc,(t) = Qt/ sin(n — =)mxdr = — —— cos(n
2 0 2 (n—3)m
and this gives
() + (n— S,y = — 2
" 2 " (n—3)m

For initial values, we use u(x,0) = x, which gives

1
T = ch ) sin(n — 5)%1’,

which gives

2/ x sin( n—— )rxdx
0

o[- el 4 [t - Dyneats]
= Ty, cos(n T cos(n rrdr
2 o (n—97 /o
1 1 2 1
:2[ — 27r2 sm(n 5)7Txu = n = 1o sin(n — =)m
— 1 n+1
(0 %)%r?( )
We have, then, that for each n =1,2,...., we need to solve the ODE
1, , 2t
0+ (0= 3Pt = 2y
2
n(0) = L
c ( ) (n - %)27‘_2( )
We proceed with an integrating factor
(6(n—%)27r2tc )/ _ 2 te(n 1272
VD |
so that
(n—3)272¢ 2 (n—1)27n2t
e Cp = T te\"" 2 dt
(n—3g)m
_ 2 t (n_§)2 2t 1
T T2 2 € 1
(n—2)mln—3)*r (n—3
2 t 1 1
- 1 [ 1)2 26(71_2)2 . 1V\4, 4
(n—3)ml(n—35)*r (n—3)im
and so . 5
Ca(t) = + Ke (=3t



Now use the initial condition to write

2 n+1 2
N
so that 5 5
K= 2 apmy %2
- V) T e

We have, then,

Finally,

R 2t 2 2 1 w1\ - (n—1y2a2e] 1
u(x,t) = Z [(n — %)%3—(” — %)57r5+(n — %)%2 ((n — %)37r3+(_1) )e 2 } sln(n—ﬁ)mc.

n=1

11. First, we need to move the inhomogenous boundary condition up to the equation. We
do this by setting

xXr
t)i=1— —
p(x,t) —

where of course the t dependence in p is trivial. We now set v = u — p, so that v solves
U =Upp + e 2 sin ba
v(0,t) =0; wo(mt)=0; t>0
x
v(x,0) =——1.
(,0) ==
We now solve this equation for v by the method of eigenfunction expansion. In this case
the eigenfunctions are those for the heat equation with I = 7 and temperatures zero at the

boundaries,
Xp(x) =sinnz; n=1,2,....

Accordingly, we look for solutions

v(z,t) = Z cn(t) sinnx,
n=1

for which the equation gives

Z o (t)sinne = — Z cn(t)n? sinnx 4 e~ sin 5,
n=1

n=1

or equivalently

e sin by = Z(c;(t) +n?e,(t)) sinnr.

n=1

14



Simply by matching terms, we see

c,(t) +nPe,(t) = {O_2t n#5 .

(& n =

For the initial values we have
x o0
——1= cn(0) sinnz,
- 2 (0)

which is a Fourier sine series for £ — 1 on the interval [0, 7]. We have, then,

2 ™
cn(0) :—/ (E—l) sin nxdx
)y T
ars2 ]‘ 4 1 "
part —[—(E—l)—cosnx —i——/ cosnxdx]
s T n o nmfy
2 1 1 . g
:_[__+Ts1nn:£ }
T n  n2rw 0
B 2
oonw

For n # 5, we solve

2
Cn(()) - n_ﬂ"
to find
2 s
Cn(t> = ——€ ) n # 57
nmw
while for n = 5 we solve
i (t) + 25¢5(t) = e
2
0 S —
05( ) 5T

Using an integrating factor, we obtain

1 1
(625tc5)/ — B o  Ble — 2 [ cs(t) = o724 et

23 23
Setting ¢5(0) = —z-, we have —5% = 2%) + K, so that K = —5% — 2—13 In this way, we find
1 _ 2 1, _
C5(t) = 2—36 a_ (5_71' + 2—3)6 25t.
We conclude
1 2 1 = 2
v(x,t) = (2—36_2t — (Q + 2—3)6_25t> sin 5z + ; —%6_"% sin nz,
n#5

15



and so .
u(z,t) =1— = +v(z,t).
T

12. We begin by shifting the boundary inhomogeneity up to the equation. We accomplish
this by setting

xt
r,t) = —,
p(z,t) =+
and then using v = u — p, which solves
x
UVt = Vga — Z

v(0,t) =0; wv(L,t)=0; t>0
v(z,0)=0; =z €]|0,L].

This equation can now be solved either by using an equilibrium solution or with eigenfunction
expansion. We notice, however, that the equilibrium solution will be cubic in z (after
integrating 7 twice), and this suggests that evaluating the expansion coefficients in that case
would require integrating by parts three successive times, and so we will use the eigenfunction
expansion method. Observing that the eigenfunctions of the associated separation function

nmwr

for the x variable are X, (z) = sin 22, we look for solutions of the form

L
. nwx
E et sm—

Substituting this into our equation, we have

nmwx - n’r?  nmr
Zc sm—:—;cn(t) 7z sl —— — 7,
or equivalently
o0 22
x , n°m . nmx
—— = c (t)+ —=c,(t))sin —.
T = 20+ e
This is a Fourier sine series for the function —7 with coefficients b,(t) = ¢}, (t) + "2’;2 cn(),
and we have ) o .
nem 2 nwT
a(t) + ?cn(t) =1/, rsin de
Integrating the right-hand side by parts, we get
n’m? 2
(t)+ —c,(t) = (-1)"—
(0) + "ent) = (1)

For the initial values we have

O—g cn(0 sm ,

16



and this clearly implies ¢, (0) = 0 for all n = 1,2, .... In this way we need to solve the ODE

Using an integrating factor, we have

”2”21& 2 ”2”2t "2”2t 20, ”2”2t
(e 22 7°c,) = (—1)"n—7re 12 = e 17 e,(t) = (—1)"n37r3e '+ K,
so that op2
cn(t) = (_1)nn37r3 + Ke 2!
Using ¢, (0) = 0, we find
9L?
K=
and 5o 2172 2172 2172
. n n _n2‘rr2t - n _n27'r2t
enlt) = (—1)" =5 = (F1) e = (1 (1),
We conclude that
- 2172 n2x2 nwx
B =3 (1 e ) sin
v(x,t) n:1( ) -y e” P ) sin—

and so

u(r,t) = 7+ (-1

13. First, we must more the inhomogeneity from the boundary conditions to the equation.
In order to do this we will choose a function p(x) so that p’(0) = 0 and p'(L) = 100, and
subtract this function from u. The easiest way to construct such a function is to set

p,(l’) = Cll’ + 02,

and use the boundary conditions to get

100 50
'(z) = —x = p(x) = —a* + Cs.
P () 7 p(z) 7 3
Since any choice of p that satisfies the boundary conditions will work, we can take C5 = 0, but
in order to see that the choice simply doesn’t matter, we’ll carry it through the calculation.

We set v = u — p and observe that v solves

oty 4 LOOK
t = RUzy L
v:(0,t) =0; v, (L,t)=0; ¢t>0
20
v(z,0) = f(z) — fzz — Cs.
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Noting that the eigenfunctions associated with separation solutions for this problem are
Xo(x) = 1 and X,,(z) = cos 7= (see our second class example on separation of variables),
we look for solutions of the form

for which we find

L L2 L L
n=1 n=1
or equivalently
100k 2n2
)+ Z )+ et n[j; ) cos _nzx’

so that the right-hand side is a Fourier cosine series for 9% with coefficients ao(t) = ¢j(t)
and a,(t) = d,(t) + cn(t) ";’52. We have, then,

, 1 /L 100k 100k
L), L 7 L

and

n?r2 2 100k nmx
40) + enl R, :f/o

For the initial conditions we have

f(z) — 5—[?$2 —C3=1¢o(0) + ch(()) cos@,

and so

/ flx ——:E — Csdx

nmx

cn(0) :Z/o (f(z) — %x — () cos sz

Since f(x) is unspecified, we won’t evaluate these integrals, but in order to understand what
happens with the constant C3, we note that the terms involving C3 are easily evaluated, and
we find

w(0) =7 [ (@)= Fat)a =y

cn(0) = %/0 (f(x) — 5—£x2) cos Tda:.
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For ¢y(t) we have the ODE

CNDIEA(NM—%ﬁMx—%,

with solution ;
100% 1 50
wlt) =Tt + [ (@) = Fat)da = o

while for ¢, (t) we have the ODE

n?m?
c(t) + e (t)k T3 =0

with solution

We have, then,
100k 1 [*F 50 =r2 [t 50 ,.  nmx
v(x,t) = Tt—l—z/o (f(:z:)—fx )dx—C'3+nZ:; [E/o (f(z)—fz ) cos sz

and so

u(z,t) =v(z,t) + p(z)
100k 50 1 [t 50
e S RUCEE T
20 nwT n?72 nww

+ i [% /OL(f(x) — fx2) cos de] e "I cos A

n=1

where in particular we note that the C5 in v has canceled with the Cj in p(z).
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