Assignment 12, Problem 3 Solution

First, the problem is stated as

(Ug,)? + Touy, =u  in R x {z9 > 2}
u(ry,2) =x1 1z € R,

for which we would define
F(ﬁzaf) :p% ‘|’5172p1 —Z.

Computing
F,,(p,z, ) =0,

we see that this equation is characteristic at every boundary point and consequently that
the method of characteristics cannot be applied. In fact, as stated the problem is complete
rubbish: direct calculation shows that for o = 2 we have u,, (z1,2) = 1 and so the equation
gives

3=x
for all 1 € R for any continuous solution. Rubbish.

The problem should have been stated as

(Ug,)? + ToUy, =u  in R x {25 > 2}
u(:cl, 2) =T X1 € R,

and in that case we would proceed as follows: F(p, z, ¥) = p} + Taps — 2, so that

F,= -1
D,F = (0,p,)
DpF:<2p17x2)7

and so the characteristic equations become

dpl s

E:pl; p(0)=1=p'(s) =e

dp® o Xy —1 o, xp—1

E—Oa p(0) = 5 = p(s) = 5

d

L2 atsts (0) = ah = () = ¢ + (o) = e
da’ 1 1 1 1 s 1

$:2p, ' (0) =xy = x (s) = 2e° + (x5 — 2)

d 2

W 0= e =2

Here, we used



and from the PDE
(p'(0))* + 2p*(0) = 2(0).

Now, given any point (z1,23) € R x {xs > 0}, we invert

r) =2¢° + (x5 — 2)

T9 = 2¢°

for
2
:L’(l] =x1+ 2 — 2.

s

We conclude

x x
u(zy, 10) = 2(s(x1, 29); 15(21, 22)) = (?2)2 + (1 +1— @)52



