
M611, Fall 2008, Assignments 8-9

I’ll be out of town Friday, Oct. 31, so we won’t have class that day and homework won’t be
due. Instead, this long assignment will be due Friday, Nov. 7.

1. [10 pts] Evans 2.5.6.

2. [10 pts] Evans 2.5.7.

3. [10 pts] Let T : D(0, 1) → R
n be given by

T (ϕ) :=
∞∑

k=1

ϕ(x) sin kπx

x
dx.

Decide whether or not T is a distribution, and prove your answer. What is the order of this
distribution?

4. [10 pts] Compute the distributional derivative of

u(x) = log |x|,

for U = R; i.e., compute the derivative of the distribution Tu.

5. [10 pts] Let u(~x) = ~x
|~x|3

for ~x ∈ R
3 − {0}.

5a. Compute ∇ · u(~x) for ~x 6= 0.

5b. Compute ∇ · Tu; i.e., the distributional derivative of u.

6. [10 pts] Suppose ψ ∈ D(U) and T ∈ D′(U). Show that

∂xi
(ψT ) = (∂xi

ψ)T + ψ∂xi
T.

7. [10 pts] Prove Theorem 4 from our section on distributions.

8. [10 pts] (This problem fills the first gap we left in our proof of Theorem 5 in our section
on distributions.)

Show that if ϕ ∈ D(Rn) then for any standard unit vector êi

ϕ(~x+ ǫêi) − ϕ(~x)

ǫ

ǫ→0
→ ϕxi

(~x) in D(Rn).

9. [10 pts] (This problem fills the second gap we left in our proof of Theorem 5 in our section
on distributions.)

Show that if ϕ, ψ ∈ D(Rn) then
∑

~k∈Zn

(τ~kǫ
ϕ)ψ(~kǫ)ǫn

ǫ→0
→ φ ∗ ψ in D(Rn).

Note. First, show that there is a compact set K so that ζǫ(~x) :=
∑

~k∈Zn(τ~kǫ
ϕ)ψ(~kǫ)ǫn has

support in K for each ǫ. Then set

R~kǫ
:= {~x : kkǫ ≤ xj ≤ (kj + 1)ǫ},
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and explain why:

(i) �
R~kǫ

(τ~yϕ(~x))ψ(~y)d~y = (τ~ξ(~k)ϕ(~x))ψ(~ξ(~k))ǫn

for some ~ξ(~k) ∈ R~kǫ
, and

(ii)
∑

~k∈Zn

�
R~kǫ

(τ~yϕ(~x))ψ(~y)d~y = ϕ ∗ ψ(~x).

Now use these.

10. [10 pts] Evans 2.5.10.
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