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Abstract

We consider degenerate viscous shock profiles arising in systems of two regularized conservation laws,
where degeneracy here describes viscous shock profiles for which the asymptotic endstates are sonic to the
associated hyperbolic system (the shock speed is equal to one of the characteristic speeds). Proceeding
with pointwise estimates on the Green’s function for the linear system of equations that arises upon
linearization of the conservation law about a degenerate viscous shock profile, we establish that spectral
stability, defined in terms of an Evans function, implies nonlinear stability. The asymptotic rate of decay
for the perturbation is found both pointwise and in all L norms, p > 1.

1 Introduction
We consider degenerate viscous shock profiles arising in the regularized system of conservation laws,

ut+f(u)w:uwwv u)fERQv
u(0,2) =up(z); up(£oo) = uy;

(1.1)

that is, solutions of the form @(xz — st) = (u1(x — st), @z(x — st))* whose endpoints satisfy the Rankine—
Hugoniot condition

_ Sr(uf ud) = frluy  uy)

+ —
Uy, — Uy

L k=12

and for which s € Spectrum(df(u+)) =: {af}?_,. Throughout the analysis, we will make the following
assumptions on the structure of (1.1) and the profile @(x — st):

(HO) f € C*(R)

(H1) (Lax degeneracy) Either aj < s < a; and af < s = aj (right side degenerate) or a] = s < a; and
ai < s <aj (left side degenerate).

(H2) (First order degeneracy) For either case af = s, we assume there holds
i d” fug) (i 1) # 0,

where l,f and r]f denote the left and right eigenvectors of df (u) respectively, and d?f(u+) denotes the
operator

d2f(ui)(v U) _ <%8u1u1fl(uitau:;2:t)vg + 8u1u2f1(u}:taujg:t)vlv2 + lau1ul fl(ui/u:%t)vg)
’ 20uuy f2(uy s ug )i + Ouyus [2(u7 s ux ) 0102 + 500w, fouy, uy )vs3.

Under assumption (H2), both 4 (z — st) and az(x — st) decay to the degenerate side endstate with rate
|z — st|~1, a critical feature of the degenerate case (see [15]).

We note that assumptions (H1) and (H2) describe the most generic degenerate case. In particular, (H1)
asserts that there is only degeneracy on one side, and not associated with both characteristics, while (H2)
is analogous to the condition for single equations f”(us) # 0 (see [10, 11]). Our restriction to the case of
identity viscosity and two equations follows from technical restrictions in [12, 15], and we regard the cases
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of general viscosity (including partial regularization) and an arbitrary number of equations as interesting
directions for future work (see Remark 1 at the end of this section for a discussion of related issues). Finally,
we mention that for the non-degenerate case, for which s ¢ Spectrum(df(uy)) =: {af}%zl, the equations
under consideration here, as well as a much broader class of equations, have been analyzed in [23] and in
[16, 34].

Under the assumption of conditions (H0)—(H2), we use the detailed pointwise Green’s function estimates
developed in [12] for the linear system of convection—diffusion equations that arises upon linearization of (1.1)
about @ to establish that spectral stability as defined in [15] (and reviewed below) is sufficient for nonlinear
stability. This extends the scalar case analysis of [10, 11] to the case of systems. We remark that the only
systems analysis to date in the case of degenerate viscous shock profiles regards the partially regularized
p-system,

Vg — Uy =0
Ut — p(v)m = Ugx,
which can be reduced through coupling to a scalar analysis and analyzed by energy methods (see [27]).

Our analysis is motivated by the critical role degenerate viscous shock waves play in the theory of
combustion: they correspond with the Chapman—Jouguet detonations and deflagrations for which wave
speed is respectively minimal or maximal [6, 24, 25]. In particular, under certain conditions, Chapman—
Jouguet detonations are the waves expected to be time-asymptotically selected in the ignition problem, for
which initial data is taken as a large initializing pulse [6]. We are also motivated by the role degenerate waves
play as a critical boundary case between Lax and undercompressive waves, and by the interest in near-linear
systems for which approach to endstate is non-integrable (see also [32]).

Shifting without loss of generality to a moving coordinate system for which s = 0, we observe that one
critical feature of degenerate profiles @(z) arising in (1.1) is that when (1.1) is linearized about @(x), the
linearized eigenvalue problem L(u(x))v = Av has the property that zero lies not only in both the point
spectrum and the essential spectrum of L(@(x)) (as is generically the case for viscous shock profiles), but is
also a branch point of the Evans function (see [1, 5, 9, 18, 22, 15] and below). In the case of non-degenerate
profiles, Gardner and Zumbrun have shown that for branch points near the origin (within the gap of their Gap
Lemma), the Evans function can be analytically extended through the branch on an appropriate Riemann
manifold [9]. Kapitula and Rubin have more recently employed a similar extension in the cases of the cubic
nonlinear Schrodinger equation and the Ginzburg-Landau equation [21]. The algebraic (and non-integrable)
approach to endstates of coefficients of L(u(x)) in the case of degenerate profiles (see (H2)), however, seems
to preclude the possibility of a similar analysis. Without analyticity of the Evans function, even in this
extended sense, the usual manner of analysis near the origin by Taylor expansion cannot apply. Rather, the
Evans function must be understood here as the sum of an analytic term and a lower order correction

D(A) = Da(A) + O(|X32In A]),

for |A| sufficiently small.

It is well known that solutions u(t, z), initially near @(x), will not generally approach @(z), but rather
will approach a translate of #(x) determined uniquely by the amount of perturbation mass (measured as
Jz(u(0, ) —a(x))dzx) carried into the shock layer and the amount carried out to the far field along outgoing
characteristics. We proceed, then, by defining the perturbation

v(t,x) = u(t,z + (t)) — u(x),

for which §(¢) will be chosen by the analysis to track the location of our perturbed wave in time. In this way,
we compare the shapes of 4 and %, not their locations. Substituting v into (1.1), we obtain the perturbation
equation .

ve =L+ Q) + 6ty + vz), (1.2)
where Lv = vy, — (A(2)v)., A(x) = df (a(z)), and Q(v) = O(v?) is a smooth function of v. Restricting
the discussion without loss of generality to the case of right-side degeneracy, we observe that according to
hypotheses (H0)-(H2), we have, for AL := lim, .o, A(z), that A(z) € C}(R), and

05 (A(w) — Ay)
|05 (A(z) — A-)

O(|z| "1,k =0,1, (degenerate side)
=0(e ) k =0,1, (non-degenerate side),
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for some o > 0. We will denote the eigenvalues of A(z) by a1(z) and as(x) and take the convention that
as(x) is the eigenvalue that approaches 0 as © — 400. Setting, then,

+ _ 1 )
aj - ’EBI:ilOO G,J(Z‘)

(with af = 0), we have

0% (a;(x) — a;')| O(|z| 1),k =0,1, (degenerate side)
103 (a;(2) — a})|

)= O(e~l) k= 0,1, (non-degenerate side).
On the non-degenerate side, we take the convention a; < a; .

Integrating (1.2), we have (after integration by parts on the second integral and upon observing that
Lt -
ety = Uy)

—+oo
oft,z) = / Gtz y)vo(y)dy + 6(t)as

A oo . (1.3)
[ ] G-t + s s,
0 J—oo
where G(t,z;y) represents a Green’s function for the linear part of (1.2):
G+ (A(z)G)y = Gz G(0,z3y) = 6y(x)]. (1.4)

The main result of this paper is a demonstration that the estimates of [12] on the Green’s function of (1.4)
are sufficient for closing an iteration on (1.3), yielding estimates on v(t, z).

The Green’s function estimates of [12] are divided into those terms for which the x dependence is exactly
T, (z) (referred to as the excited terms and denoted @, (z)e(t,y)) and the remaining terms, denoted G.
Typically, the excited terms do not decay in ¢ and represent mass that accumulates in the shock layer,
shifting the shock. Our approach will be to choose the shift §(¢) to annihilate this mass. Writing

G(ta x; y) = é(tv €5 y) + ’az(x)e(t’ y),

we have
+oo +oo

v(t,z) = G(t,m;y)vo(y)dy + iz (x) / e(t, y)vo(y)dy + 6(t)u(x)

_too +o00 -
_ /0 /_ Gyl = s, as)[QE(s, ) + (s (s, )] dds.

Choosing, then, 6(t) to eliminate the linear excited terms, we have

+oo
5(t) = — / e(t, y)vo(y)dy, (15)

— 00
and

+oo t ptoo .
o) = [ Gtammdn— [ [ G- smn[Qusp) +dopis|dts. (16)

— 0o

The Green’s function G(t, z;y) is analyzed in [12] through its Laplace transform G (x,y), which satisfies
the ODE (t — A)
G/\zz - (A(x)G/\)w - )\G)\ = _6y(w)l7

and can be estimated by standard methods. Letting ¢ and ¢j represent the (necessarily) two linearly
independent asymptotically decaying solutions at +oo of the eigenvalue ODE

Ly = Ay, (1.7)
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and ¢ and ¢, similarly the two linearly independent asymptotically decaying solutions at —oo, we write
G (z,y) as a linear combination

Galry) = 1 PL@NINT 0 0) + 03 (5 )Ny (1 A) 2>y
MOT T or @ ONTF () + 03 (m NF (15 0) @ <y

Insisting on the continuity of G(z,y) across y = x, and a unit jump in 9,Gx(x,y) at the same point, we
have (suppressing A dependence for notational brevity)

ef (WNT (y) + o3 ()N5 (y) — o1 (W)NT (y) — @3 () N5 (y) =0
e (WNT (y) + 03" (W)Ns (y) — o1 (N (y) — 03 ()N (y) = —1.

Equations (1.8) represent a system of eight equations and eight unknowns, which decouple into two sets of
four equations and four unknowns. Solving by Cramer’s rule, we have, for example,

(1.8)

80211 ‘Pi 802:1
det | Y35 Y12 ¥a2
+ ! _/ _/
P22 P12 P22
N S
det iy v Z Z
¥1 P2 #1 P2

Clearly, then, G(z,y) will have no singularities so long as

+ + - —
W(x; A) := det (cp}r/ <'0J2r/ 71, ('DQ/) # 0.
Y1 P2 P11 Pa

Following Jones et al. [1, 5, 9, 18, 22], we define the Fvans function as D(\) = W(0; A). In general, zeros
of the Evans function correspond with eigenvalues of the operator L, an observation that has been made
precise in [1] in the case—pertaining to reaction—diffusion equations—of isolated eigenvalues and in [9, 34]
in the case—pertaining to conservation laws—of nonstandard “effective” eigenvalues embedded in essential
spectrum. (The latter correspond with resonant poles of L, as examined in the scalar context in [29]).

In [15], the authors established that under assumptions (H0)-(H2), the Evans function D(X) can be
constructed as a function analytic away from the negative real axis and to the right of a parabola opening
into the negative-real half plane. In addition, near the critical point A = 0, the authors showed that the
Evans function can be constructed as an analytic function plus a smaller error,

D(A) = D,(\) + O(|IA¥21In )]), as A — 0,

where D, (A\) = O(|A]) is analytic in a neighborhood of A = 0. Following [15], we introduce the following
stability condition (D):

(D): D(X) has precisely one zero in {Re A > 0}, necessarily at A = 0, and D/,(0) # 0.

While Condition (D) is generally quite difficult to verify analytically (see, for example, [4, 7, 8, 17, 19,
20, 26, 30]), it can be checked numerically (see [2, 3, 28]). A condition that lends itself more readily to exact
study is the stability indez, typically defined as

I':= D! li D).
sgnD; (0) x sgn lim N
For A € R, we have D(A) € R, so that in the event that I' = —1, D(X) must have a positive real root,

which guarantees instability. In the case that I' = 1, the question of stability remains undecided.
We are now in a position to state the fundamental result of [12].

Theorem 1. Suppose u(x) is a standing wave solution to (1.1) and suppose (HO)-(H2) hold, as well as
stability criterion (D). Then for some positive constants M, K, Py, ¢y and 1, depending only on df (a(z))
and the spectrum of the operator L, the Green’s function G(t,x;y) described through (1.4) satisfies the
following estimates.
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(i)y<z<0
(- 2Ly-ai 0’
+ O )e T iy (x)e—(ty)

+ o((l +lz— Z—{y —ayt|+ /%) 732 In(e + t))I
2

.
{lo—"Ly|<]a; [t}
2

(z—y— a2 t)

G(t,z;y) = Ot /?)e”

(17 —
(z——Ly—alt)?
(z—y— a2 t)?

Gy(t,y) =0t e me— 4 Ot Y)e™ —mr—— + a1, (2)dye_(t,y)

+O((1+\:z:fa—l_yfal_ﬂ+t1/2)75/21n(6+t))1 .
a; {lo= L vI<la; [t}

where
(y+a2 6?2
e_(t,y) = O(1)e” +OM <105 1)

_ _(taz p)? _ -

By (t,y) = O™ 5 1 O((1+ ly+azt] + /)7 (e + ) Iy <z 1y
_ (y+a2 )2

dre—(t,y) = O 2)e 3 + O((1+ |y + gt + /22 (e + ) 1oy

(ii) 2 <y <0
(z—y—a] t)? (xfiyial_wz

Glt,x5y) = O(t™/2)e= w4 Ot~ /2)e~— *are + Uiy (w)e—(t,y)

.
+O(1+ x— —ty—ayt|+t'/? *3/21ne+t)1 - .
1+ a; tl ) (e+1) {le="Ey|<oy It}

(- y—aT )2
(z—y—aj B2

Gy(t,aiy) = O(t e e 4 Ot Ve 3 +a,(x)dye_(t,y)

+o((1+ o — By —agt] + ¢1/2)75/2 ln(e—i—t))[ - .
Qg {Il’*éylﬁ\aflt}
(i) 1 <0< K <y

(w=ay [ gly—ar »)?

(z—aj t)?
G(t,z1y) = Ot V/?)e” i + g (2)es (t,y) + O V/2)em s

I _
{|:1:7a1 f}% "1( )\<|a1 [t}

_ (Y ds - 1/2\-3/2
+(’((1+|96‘11/Kcu<s>alflﬂ V(e +0)amar gy s i<la

+O(1 + |z —alt] +t/*) 73201 +y)

Hja—ar f2 7251<la7 0}

(e—ai S Z3E5 a1 ?

Gy(t,z;y) =[O 1+ DY) AO(E (1 +y)))e” g + g (2)Oye (8, y)
_ (Y ds - 1/2y-5/2
+O((1+]|z—a; /K ey ) e+ t))I{lmfa; [ 2t <lar 1)

+ 001+l —art|+ )7 2Lyt am iy
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where

Uk mtn+? 2
et(ty) = O()e™ 0= + Oy gy <y + O(1)em 3
Uk al(s) 0? 2
8w+wy%:0@”“> +0( 21+ 07214 y)e i
+0O(( )~ 3/21n(e+t)>l{|fk S |<ip
Lo U 1( )+,)2 s Lo .2
Orey(t,y) = O™ 2)e™— w4 Ot~ 2(141)1/?)e inr
t1/2) 3/2 ln(e +t)>I{|j‘K al( )|<t}
(iv)y<0<w

T )2
(z—y—aj t)

G(t,z;y) = Ot Y21+ )VHO((1 + z)~Ye L1505 1) + Uz (x)e—(t,y)

(t
+O( 1+ |y +at]) 1/2)0((1“3)’ Je~ M”{\y|<|a2 1t}
ot~

(x—y—ay t)?

V24 6) e+ 0)O((1+2) e 70 T,

22
+O((1+ [y +ayth ™/ In(e + ) )O((L+2)2)e T L, i,y

(x—y—ay )2

Gy(t,z;9) = Ot 1A+ )Y/HO((1 +x) e~ Lyisias ity T U (x)0ye—(t,y)

(z—y—ay t)2

L) (e + 0)O((L+a) e T Ly
(U Jy + azt) =2 + ) O((1 +2) )1y <ias 1y

+ o((1 +ly+ a;t|)*3/2)0((1 +2) e I iy
(

(W)o<K<y<zx

G(t,z59) = O(2)0((1 +1a) O + fyhe™ T + Pyt () (I yieovy ~ Iyizeovy )
+muw4nw+ou*”mw+wﬁo«rwﬂr%ou+mw*%¢

U g1k sl

+O( 21+ 0)YNO((1 + [a)) e M Iy e >0
U rioRt) XTIORIS
+ Ot 21+ 6 In(e + 1)O((1+ [a]))e” A Iy 10
Gy(t,z;9) = O(t™HO((1 + [2])"*)O(1 + [y[)e” ! Uz (2)0ye+(t,y)

(z—y)?
t

Ot " (1+1)""*In(e + 1)O((1+ [z[) e~
Ot (1+)7)0((1+ Ja) O + fylye™ 7
+O( (e + 1))O((L+ ) 2)e T + Ot (1 4+ )/* In(e + £))O(e "))

Uk stk o1t )*“2

+O(t 1+ )YHO(( + [z)) e e Ty 5120y
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(i) < K<z <y

G(t,7;9) = O2)O((1 + lal) ™)O(1 + [yl)e™ T + Pyt (a )<I{\z—y|s6m} ~Tyi<eovi))
U2 Gl +0?
+uz($)6+ (t y +0( “2(e + 6)])O((1 + Jz]) e T +0(t_1/2) A
—3/2
Uk aftg+ik sl +o?
+O(t*1/2(1+t)1/4)0((1+ lz|) e~ R Ly _as 5y
al()
Uk aita Ik it t®
+O(E 2+ )Y In(e +)O((1+ ) 2)e”—— w Iy 5120
aq(s
Uk s +0?
-1/2 1/4 —1g -
+O(2(1+)YHO(1 + ) T stesi<ty
Ot /2(1 + )14 £)0(1 2~
+O(t 214 6)*In(e +1))O(1 + |z|) (1Y 7851<t)

Y ds —1/2 1) -2
o+ [ S+ >)0(<1+|x|> eI Ly i<

Y ds ~1/2 - AT
+o((1+|/Ka1(s)+tl) 1n<e+t))0(<1+|x') eI g s

U2 Gy +0?
Gy(t,zy) = Ot HO((1 + [z])~)O(1 + |y|) e O(t e~ 4

5/2
)72 In(e + ) Iy o !

+ g (2)dye (8, y)

(ffg 7111(55) i gy +0?

FOE 1+ H)YHO((1 + |z) He™ Iy

T2t}
1 1/4 o _ Uk it Hik aits +9”
+ Ot A +t)Y* In(e +1))O((1 + |z])~2)e” M Iy 5120
1z
Ul 7285 +0)2
O+ YO+ [a) e T I ae oy
al(S)
1 1/4 Uk ayta 0
+O(t (1+t)/ 1n(e+t))0(1+|x\)‘ T Ly i<
ay

[<t}

3/2)0((1 + |x\)’1)67ﬁ1{| e

ds - -
+0o( (1+\/ RO Y21 +1))O((1+[2])2)e” Ly i l<y

In the case 0 < y < K, the integrals fK S can be replaced with 0, and similarly for 0 < z < K. Here,

capital I denotes a characteristic functwn on the indicated interval and O(-) denotes a function that is
bounded by a constant multiple of the argument.

For a discussion of the estimates of Theorem 1, we refer to [12], in which they are derived by contour-
shifting arguments developed in [34] and extended to the case of degenerate viscous shock waves by the
techniques of [10, 11]. We mention here only that the extensive number of summands in the cases x,y > 0
arises from the various interactions between the degenerate and non-degenerate characteristic speeds, and
also that the behavior as t — 0 (in particular, for |z —y| > Kt, K sufficiently large), is of the form of heat

kernels,
)2

O(t_1/2)6_ (m;vIt

which can be subsumed into the estimates of Theorem 1. Regarding the excited terms, we note the relation

e(ta y) = 6_(t, y)I{ySO} + €+(t, y)I{y>0}
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Also, we observe that in the case x < 0 < K <y, the term
Pt ()] {1y)<eoviy
arises naturally in the analysis and is bounded by the expression
Uy (z)O(1)e 7.

In the cases x,y > K > 0, the term that arises naturally in the analysis is

Pra (@) ),y <eoviys
and we replace this with

Prte(@) 1y <eovty = Prite @ vy + Pritn(@) Ty vty = Iyieoviy ) (1.9)

where the first expression on the right-hand side of (1.9) is an expression of e (¢, y) and the second expression
on the right-hand side of (1.9) appears in G.

The primary result of this paper is an estimate on the perturbation v(¢, ) in terms of the functions listed
below, in which L > 0 and n > 0 are constants fixed throughout the analysis.

For z <0
0 (t,2) = (1 4+ 1) /2 T
U (ta) = (L4 |2+ )72 (1 + |z — aftD_l/QI{a;tgmgo}
Uy (tx) = (1 + | —alt] + /) 732 In(e + t)
ap (tx) = (1+ )72 (1 + t)_3/4l{a;t§a;go}
(t,x)

oy (t,x) = e (1 4 4)71/2,
and for £ >0

2

0F (t,2) = (1 + )" Y2(1 +2) e Er
0F (t,2) = (14+0) /2 In(e + (1 +0) e
P (t,z) = (1 4z +t/2) 732

U (ta) = L+ + 07 In(e +1).

Here, I denotes an indicator function on the specified interval.
We are now in a position to state the main result of the paper.

Theorem 2. Suppose u(x) is a viscous profile solution to (1.1), where f has possibly been redefined so that
the profile speed can be taken as s = 0. Under conditions (H0)-(H2), and under the assumption of spectral
condition (D), we have the following: for initial perturbations

|u(0,z) — a(x)| < Eo(1+|z))™", r>2,
some Ey sufficiently small, there holds
For x <0,
[ult, @ +8(1)) — a(@)| < CEo0™ + %7 +v5 +a7 + a3 |(t,),
and for x > 0,
[ult, @+ 8(8)) — (@)| < CBo |07 + 05 + v + v | (t,2),
with §(t) defined in (1.5) satisfying
“+o0
5(00) = / (w(0,z) — a(x))dz

— 0o

[6(t)] < CEo(1+1)7".
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We have the immediate corollary on LP asymptotic behavior.

Corollary 1. Suppose u(x) is a viscous profile solution to (1.1), where f has possibly been redefined so that
the profile speed can be taken as s = 0. Under conditions (H0)-(H2), and under the assumption of spectral
condition (D), we have the following: for initial perturbations

u(0,2) —a(z)| < Bo(1 +|z)™", r>2,
some Ey sufficiently small, there holds
lu(t,a +8()) = a(@)|zr < CE(1+1)" 205,
where 1 < p < oo and 6(t) is as in Theorem 2.

Remark 1. Before proceeding with the proof of Theorem 2, we note several directions in which further
analysis is warranted. First, we would like to extend the current analysis to the case of an arbitrary number
of equations. We view the primary obstacle in that direction as a full development of a framework, similar
as in [9], for the Evans function analysis. We are also interested in extension to generalized viscosities, both
strictly parabolic type, as considered (for the case of non-degenerate waves) in [9, 34], and mized hyperbolic—
parabolic type as considered in [14, 31, 83]. The latter case is of particular interest, as it includes the reacting
Navier—Stokes equations in which degenerate shock profiles arise as the Chapman—Jouguet solutions [24, 25].
Finally, we note that the Chapman—Jouguet waves typically arise in combination with rarefaction waves, and
so we regard the analysis of two-wave degenerate—rarefaction patterns as a case of fundamental importance.

2 Estimates on the Perturbation

In this section, we employ estimates on the linear and nonlinear integrals in (1.6) to establish Theorem 2.

Lemma 1. Under the assumptions of Theorem 1, and for vo(y) satisfying
lvo(y)l < Eo(L+Jy)™", r>2,

there holds
For x <0,

+oo
[ Gtamutoay] < CEa[o (0) + 03 (2.0
+oo
[ ettwmi < cB
and for x > 0,

+o0
|| Gltasmmb)ds| < CB [0} (ta) + 05 (0.0) + 05 (t.0) + 07 (1. 0)]

‘/_J:Q et(t,y)vo(y)dy) < CEy(1+1)".

Here, the constant M appearing in G(t,x;y), and the constant L appearing in the H,f satisfy L > M.
Lemma 2. For the Green’s function G(t,z;y) of Theorem 1 there holds
For x <0,

t —+oo
[ [ 16— s wis,dds < € [0 (1) + w7 (1.0) +05 (1.0) + a7 () + 0 (1.0)].
and for x > 0,

t +oo
[ 16t = saplets.yds < C[of (62) + 03 (1.2 + w7 (2) + 05 (t.2)].
0 J—oo
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where
U(s,y) =V _(s,9)1y<oy + Y1 (5,9)1y>01,
and )
U (s,9) = (07 (5,9) + 67 (5,9) + U3 (5.) + a7 (5,9) + 03 (5,1))

+ (14 8)7 (07 (5,9) + 07 (5,9) + 05 (5,9) + a7 (5,9) + a3 (s.,))
U (s,y) = (91+(57 y) + 03 (s,9) + 91 (5,9) + oo (s, y))2
(14 5) 7 (0 (s) + 0F (5,) + 0 (5,9) + 0 (s.9))-

Here, the constant M appearing in G(t,z;y), and the constant L appearing in the O,f satisfy L > M.

The proofs of Lemma 1 and 2 are given in Section 3.

Proof of Theorem 2. We proceed now by defining the iteration variable

CO= s [0 (5,) + 01 (5:9) + v (s5) + 1 (5:9) + 03 (5,)

+ sup (s, )l (6 (s.) + 0F (s.) + o (s.) + ¥ (s,9) 7]
y>0,0<s<t

Clearly, then, for x <0,

o(t,2)] < ¢ (12) +9r (6,2) + 05 () + 07 (1,2) + 0 (1,2)),
while for z > 0,
[oit, )| < () (67 () + 0F () + 0 () + vF (8, 0) ).
We have the following claim.
Claim 1. Suppose there exists some constant C' so that
¢(t) < C(Eo + (1)),
where Ey is as in Theorem 2. Then for Ey sufficiently small, (t) < 2CEy.

Proof of Claim 1. We first observe that we have control over ((0) directly from the defininition of ((#).
Recalling the relation
[0(0,9)] < Eo(L +[y)™",

we have that ¢(0) < Cy Ep, for some constant Cy. We proceed now by choosing Ey sufficiently small so that
C?FEy < 1 and 4C%Ey < 1. First, this insures

¢(0) < C(Ey +¢(0)*) < CEy + CCIE; < CEy + CEy = 2CE,.
Next, we let T denote first time for which we have equality, ((T) = 2C'Ey. We have, then,
C(T) < C(Ey+¢(T)?) = C(Fy + AC*E}) < C(Ey + Ey) = 2CEj,

a contradiction. |
In the case x < 0, according to (1.6), we have

400 t  ptoo .
o) < [ Gasliaids+C [ [ 16— s [o6s + 153 lots, )] avas

- t +oo
<GB (07 () 05 (00)) + Coc(0 [ [ 1Gy (e = 5. 9) (s, )y

< C(Bo + (0% (07 (t,2) +v7 () + ¥ (1,2) + a7 (t,2) + a3 (1,2) ),

10
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and similarly for x > 0. In this way, we have

(07 (t.2) + 0 (02) + 05 (2) a7 (1.2) + a5 (1.2)) (e, 2)] < C(Ey + (1)),

and again similarly for 2 < 0. Since this last expression is valid for each time ¢, and since {(t) is nondecreasing
(1.0, SUPy< o<1 C(5) = (1)), we have

sup {(9*(5,1’) + 1 (s,2) + 5 (s,2) +ay (s,z) + a;(s,x))_lw(s,x)ﬂ < C(Ep + ¢(t)?).
y<0,0<s<t

Proceeding similarly for z > 0, we conclude
((t) < C(Eo +<(1)?).
Theorem 2 can now be established by Claim 1. (]

Proof of Corollary 1. Corollary 1 is proven by direct integration of the estimates from Theorem 2.

3 Integral Estimates

In this section, we establish the integral estimates for Lemma 1 and Lemma 2. As these estimates will be
a cornerstone in the extensions discussed in Remark 1, we carry them out in some detail. Even so, many
cases are similar to cases already examined in detail (either here or in referenced work) or straightforward
by direct calculation, and to the extent that completeness will allow, these are omitted.

Proof of Lemma 1. For the case z,y < 0, we consider two critical cases, from which the remaining cases
follow. First, we estimate

a
1 2
y—ay t)

0 e
’ / 2T T g (y)dy

oy

(z— y—a;t)2

S ’ / t71/26*4a2Mt 'Uo(y)dy‘
{lyl<las 1/(2lay lz—a; ¢} (3.1)

.
— 2
(- y—aTt)

{lyl=laz |/ (2lay ]z—ay t|}

(z—aj t)?

§C|:(1+t)*1/26* Tt +(1+|x7a1_t|+t1/2)*’},

where L > M. We observe that the appearance of t'/2 in the second term is justified by the observation that
in the case |z — aj t| < /t, we immediately have an estimate of the form of the first term. We next consider
the algebraic term in G(t, z;y), for which we proceed almost exactly as above to obtain an estimate by

0 —
‘ / ((1 + |z — a%y —aytl+ tl/z)_3/2 In(e + t))vo(y)dy‘
oo Qg
<C(+ |z —ait] +tY2) 732 In(e + t).
For the case x < 0 < K <y, we again consider two cases, beginning with

~+o00 12 _(@—ay I% 7(1{1(58) ds—a] t)?
t e Mt vo(y)dy.
0

We observe here that a1(s)™! = (a7 )+ O((1+]s])™!) (see the discussion following (1.2)), and consequently
for ly| > K

[ Sds = @)ty + O+ ). (3.2)
K a1(s)

11
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In this way, we can proceed as in (3.1) to obtain an estimate on this term by

(x—ay t)2

T 4 (14 |z —ayt| +tY2)7"|.

C{(l + )72

For the second estimate in this case, we consider integrals of the form

“+oo
/K (14 |z — at] + £/2)73/2(1 4 y)oo(y)dy

+oo

< CEO/ (1 + |1. . aft| +t1/2)_3/2(1 +y)1—rdy
K

S OEOw;(t,x)a

so long as r > 2.
For the case y < 0 < x, we consider two cases, beginning with

_ (z—y—ay )2

—lay [t
[ e g ) e T )y
—o0
22
<CA+z) YA+ YA +t) e,

where we have observed that for |y| > a5 t, this kernel always decays like a heat kernel in z. In this case, we
additionally consider the integral

0 2
‘/ (I+]y+axt) V(1 +a2) e mug(y)
—a, t

2

<COA4+t) V21 4 z) e,

For the case z, y > K > 0, we consider two cases, beginning with

+oo (z—y)?
[ e T )l
0

+oo z—2y)2
< EO/ t71/2(1 + 1‘)71€7< o (14y) ' "dy
0
’L‘2
< CEy {t_1/2(1 +a) e 4 (1 + ac)_q7

which is sufficient for » > 2. Second, we consider integrals of the form

—+o0
P+“w($)/0 (Fomsizeovty = yieowt) 49- (33)
Since i, (z) = O(1 + |2|)~2, in the event that || > €y+/%, we have decay of the form (1 + |z| + v/#)~2, which
is sufficient. In the alternative case that |z| < epv/t, we have

z+eovV't

P [ ; Ty - / Mvo(y)dy} |
o z+eoV/T

< ‘Pﬂix(ﬁc)/

vo(w)dy| < O+ [~ (1 + VD),
60\/2

which is sufficient for » > 2. The remaining estimates of Lemma 1 can be proved similarly. We note here
only that the defining estimate regards ey (¢,y),

+oo 2
‘/ t‘1/2(1—|—t)_l/Qe_iMufs)vO(y)dy‘ <C(1+1)L

12
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|
Proof of Lemma 2. We observe at the outset that in the case < 0, we have in principle ten nonlinearities
to consider, 9_2, z/JfQ, w;Z, afz, a;z, 00—, 8¢, 95, dag, and da, . We observe, however, that, aside
from a reduced rate of exponential decay, 56~ is bounded by 0’2, and that 5@/}1_ is bounded by 1 2, while

Co_ _2 . . . .
day is bounded by a; ~—again, aside from a reduced rate of exponential decay. In this way, we reduce the
number of nonlinearities in the analysis to seven.

Case 1, z, y < 0. For the case x, y < 0, we consider three integrals, beginning with

al _
- —Ly—al (t—s))2

t 0 (
/ / (t—s)"te” G U(s,y)dyds.
0 —0o0

Integration against the nonlinearities 8~ (s,4)2, ¥y (s, )2, and |8|(6~ (s, y) + ¥1 (s, y) + 5 (s,9)) have been
considered in [16], while integration against the nonlinearities a; (s,4)?, a5 (s,y)? and |5|(a7 (s,y)+a5 (s,y))
have been considered in [14]. We focus our attention on the nonlinearity ¥y (s,y)?, for which we have integrals
of the form

(@=L y—a] (t-2))?2

t 0
// (t—s) te” T (L+ |y —als|+ s72)3[n(e + 5))2dyds. (3.4)
0 —00

Here, we have a factor [In(e + s)]? that did not appear in the analysis of [16]. In the event that |x| > |a; |,
we write

x—a%y—af(t—s)z(x—aft)—(a%y—afs), (3.5)
ag ag
for which we observe that there is no cancellation between summands. In this case, we have an estimate on
(3.4) by

(Jr.'falit)2

t/2
Cit~te™ e / (1+ 5% "2In(e 4 5)]%ds
0

(m_a;t)z t
+ Co(1 4 t/2)3(In(e 4 t)]2e 11 / (t —s)"Y2%ds (3.6)
/2

(z—aj t)?

< Ct Yin(e + t)]3e™

We note that the seeming blow-up as t — 0 can be eliminated by integrating the kernel in each case to get
an alternative estimate for ¢ bounded. In the event that |z| < |aj |t, we write

a; _ _ a;  _ ay _
a:—%y—al (t—s)= (x—a1 (75—8)——1ch1 s) —%(y—al s), (3.7)
) ay ay

from which we observe the inequality

<z—iy—a;<t—s>>2

el q
6,W(1 +ly— al_s| + 51/2)73
(z*Zil:yfa;(tfs))Q (zfa;(tfs)fzil:a;s)z
< C[e—e 2M(t75) e~ A{l(t—s)Z (1 + |y _ afs\ + S1/2)—3 (3'8)

<m—iy—a;<z—s>>2

b T (L fy — agsl 4 5Y2 4 [ — a7 (- 8) - Lay o))
Qg

for L > My > M. For the first estimate in (3.8), we have integrals of the form

e—ly—a7 (t—s)2  (z—a] (t—s)— Da] )2

t 0 ¢
/ / (t—s)"te R e A (1+ |y — a7 s|+ s/?) " [In(e + s))?dyds.  (3.9)
0 J—oo

13
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At this point, we subdivide the analysis into cases, s € [0,t/2] and s € [t/2,t]. For s € [0,t/2], we write

x—aj(t—s)— a%afs: (x —ajt)— a—l(af — a5 )s, (3.10)
ag o
through which we observe the inequality
(zfa;(tfs)fia;s)2

_ 22

T (L g —ays| + 5%
( 2 (zfa;(tfs)fia;5)2
r—a _ Ao

= C[e_Li*'(l +ly—ars|+s7) 7 +e M= (T4 |y —ays| + 87 4 |z —art]) 73]

(3.11)
For the first estimate in (3.11), we proceed similarly as in (3.6), while for the second, we have an estimate
by
t/2
Cit~ (1 + |z — a;t|)-1/2/ (1+ 51/2)3/2[In(e + s)]2ds < C¥7 (¢, ).
0
For s € [t/2,t], we write

x—aj (t—s)— a—l_al_s: (xfa—l_al_s)fal_(tfs), (3.12)
o o

for which we observe that for < 0, the first summand in parentheses is always negative, and for s € [t/2, ],
always of size —(|z| + t). For s € [t/2,t], we have the inequality

<x—a;<t—s>—ia;s>2

(t—s)"1/2e” SnGD)
1
(:L'—al_(t—s)*zilial_sﬂ ) (3 3)
< C[(Ja] 4+ )72 IO T 4 (1) T2 R,

For the second estimate in (3.13), we proceed similarly as in (3.6), while for the first, we have an estimate
by

o
(z—al (t—s)— —Lal s)2
a

t
Cy(14t2)3[In(e + )]*(|z| + t)_1/2/ e M=) ds < Oy (t, ). (3.14)
t/2

For the second estimate in (3.8), we have integrals of the form

(2= L y—a (1—2))?2

t 00
/ / (t—s)"te” EUGD (1—|—\y—al_s\—|—81/2—|—|x—a1_(t—3)—a—l_al_s|)*3[ln(e—|—s)]2dyds. (3.15)
0 J—o0 Qo

Again, we subdivide the analysis into the cases s € [0,¢/2] and s € [t/2,¢]. For s € [0,¢/2], we observe
through (3.10) the estimate

a -
(L+1ly —aysl+ s+ | —ay (t —s) = —Lays)~°
a

2 - (3.16)
<CO+ly—ays|+s2 4 |x—ayt|"? + |z —ay (t —s) — a—l_afs|)_3.
g
We can estimate (3.15) for s € [0,t/2] by
—1 —41/2y—1 oz - ap o1 2
Cit7 (1 + |z —ajt]’9) (I+|x—aj (t—s)— —aj s|]) [In(e+ s)]ds
0 Qg

< Ct (e + )P (1 + |z — apt[V/?) L.
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For s € [t/2,t], we observe through (3.12) the estimate

(t—s) Y21 +|y—ars|+sY?+|z—ay(t—s)— Z—l_a;s|)*3
2

-
<O\l + 0720+ ly —arsl+ 52 +|e —ay (t =) = —Lars]) ™
2

T (t=8) T2 Jy — ars| 4+ 512+ (ol 1) 7).

For the second, we have an estimate by

t

Co1 + (2] + ) *[In(e + 1)) /t/z(t—s)lﬂds

< Cyy (t, @),
while for the first we have an estimate on (3.15) by

t —
C(|lz| +t)~1/? //2(1 +t2 r—ay(t—s) — Z%a;s|)*3[1n(e + 5))%ds
t 2

< O(e[ + )7 21+ %) 2 In(e + 1)]* < CYy (t,2).

We next consider integrals of the form

t 0 -
/0 /_ ((1—1— |x — %y—af(t—sﬂ + (75—5)1/2)_5/2 In(e + (t—s)))\ll(s,y)dyds, (3.17)

beginning with the nonlinearity 0~ (s, y)?, for which we have integrals of the form

—al s)?

/t /0 ((1 + |z — @y —a; (t—s)|+ (t— 3)1/2)’5/2 In(e + (t — s)))(l +5)te” e dyds.  (3.18)
0 —00 (22}

In the event that |z| > |aj |t, we observe that there is no cancellation between summands in (3.5), and
consequently that we obtain an estimate by

C(1+ |z —ayt])3/2 /Ot(l +(t—5)"?) " n(e+ (t—5))(1+5) s/ (3.19)

<C(1+ |z —art])*?In(e +1),

which is sufficient in the case |z — a]t| > v/ (i.e., it is bounded by w5 (¢,2)). In the case |z — ajt| < V%,
we require only ¢~/ decay, which is immediate. In the event that |z| < |a] |¢, we observe through (3.7) the
inequality

_(w—al9)?

N R L
2

a; _ _ a; _ _ _ (y—aj 9)?
<C|(1+ |z —Ly—ay(t—s)|+ |z —ay (t—s) — —tays|+ (t —5)/?) /e w5 (3.20)
o o ’
_ (zfa;(tfs)fia;s)2 ( 2
a _ oz y—ajs
+ (14 z—Ly—ay(t—s)|+(t—s)?)" 2% E e_ﬁMils]
a2
For the first estimate in (3.20), we consider integrals of the form
t 0 - - o
a a w—a7 9
[ ity are - sl le - ar (- s) - Sharsl + (6= 9V 40 e T
0 J-oo Qo o

15



P. HOWARD, Nonlinear Stability of Degenerate Shock Profiles

for which we divide the analysis into cases, s € [0,t/2] and s € [t/2,t]. For s € [0,t/2], we observe through
(3.10) the estimate

ay _ _ a; _ _ _
(1+|~T*a*1_y*a1(t*8)|+|96*a1(t*S)*a%aller(t*S)l/Q) (14 s)712
2 2

<O+ — Ly —ay (t—s)| + |z — a7 (t — 5) = “Lay s| + [ — ay t] + (£ — 5)/2) /(1 4 5) 71/
) ay

+(1+ |z - —Ziy —ay(t—s)|+|r—ay(t—s)— —Zia;s\ +(t—8)YH (1 |z —agt]) 3.
2 2
(3.21)

For the first integral in (3.21), we proceed similarly as in (3.19), while for the second we have an estimate by

t/2
Cr(1+ 82 1k o= t) 2 [ (L e ap (- s) - S
0 2

< Oy (L, @)
For s € [t/2,t], we observe through (3.12) the estimate

- - —-5/2
(14l =Ly —ai(t—s)|+ o —ar (t—s) - “Lars| + (t = 5)"/?)
) Qg

a7 _ o a/7 _ 75/2
<O(1tle— Ly —ay(t=9)|+lo—ar (t =) = “ays|+ (£ =) + (2] +0'7) .
2 2

Accordingly, we have an estimate for s € [t/2,t] by

t

C(1+t) n(e + t)/
/2

<CO+0) " (1 +|a|+ )P In(e + 1) < ¥y (1),

- —3/2
((1+|x—a;(t—s)— ;Ll_a;s\ + (|| +t)1/2) ds
2

For the second estimate in (3.20), we have integrals of the form

t 0 a <waf(t—s>—j—1:a;s>2
— 2
/ / At o= Ty —ap(t =9+ (=)™
0 J—oo

(woop a>2

—€

X e (1+s)""In(e + (t — s))dyds.
Recalling that the case |z| > |a] |t has already been considered, we take |z| < |a; |t, for which we divide the
analysis into the cases s € [0,¢/2] and s € [t/2,t]. For s € [0,¢/2], we observe through (3.10) the inequality

_ a;
(z—al (t—s)— —Lal s)2
)

e T (1+s)7*

(3.22)

a
_ 1 2
(x—aj (t—s) als)

(1+s) " +e” e (1+s+|z—art)™"

(.n—a;t)2

<Cle”

For the first estimate in (3.22), we proceed similarly as in (3.6), while for the second estimate in (3.22), we
have an estimate by

_ al
(z—al (t—s)— —Lal s)2
a9

CL1 48" In(e +4)(1+ |z — art]) 1/2/ (14 5) /2512 e ds
0

< C(+t) 734 Ile + 1)1 + |z — ay t]) Y2 < Cyy (¢, 2).
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For s € [t/2,t], we observe through (3.12) the inequality

(@—a] (t—s)— L a] 5)2

(Ut o= "ty —ar(t = s)| + (= )"/?) %"
Gg

o (mfa;(t—s)f%a;s)2 (3.23)
<Ol tle - By ar (= )|+ (- )"/ 4+ (Jal + £)/2) 72
ag

(14 o = Sy —ap (E = )|+ (¢ - )27 2,
2
For the second estimate in (3.23), we have exponential decay in both |z| and ¢, while for the first we have
an estimate by
: <z_a;(t_s>_ia;5>2
22
Co(1 + 2] +£)~31(1 + )~ In(e + t)/ = ds
t/2
<O+ 2|+ )41+ 1) "2 In(e + t) < CYy (¢, ).

We next consider integrals (3.17) with nonlinearity v, (s,y)?, for which we have integrals of the form

t 0 -
/0 /| . (1= 2y a7 (t=s5) 1+ (1=5)2)" 2 In(e(1—5)) ) (1+ll+5) " (1+y—a7 s))~ dyds. (3.24)
—laj |s 2

In the event that |z| > |aj |t, we observe that there is no cancellation between summands in (3.5), and
consequently that we obtain an estimate by

Cy(1+ |z — a;t\)‘3/2/0 (1+(t—9)"*) " In(e+ (t — 5))(1 + )" In(e + 5)ds (3.25)

<C(1 4 |z —apt]) =2,

which is sufficient for |x —aj t| > v/f. In the case |z — a] t| < /1, we require only decay at rate t~'/2, which
is immediate. In the event that |x| < |a] [¢, we observe through (3.7) the estimate

a” —5/2 —1
(1l =Sy —ay (=) + (= 92) " (14]y—ays])
2

a= B B e —5/2 o\t
SC[(l—l—\m—a—l_y—al(t—s)\+|x—a1(t—s)—a—l_als|+(t—8)1/2) (1—|—|y—a18|> (3.26)
2 2

ay - 1/2 —5/2 - - ap _ N\t
+<1+|x7—_y7a1(t75)\+(t75) ) <1+|yfals|+\xfa1(tfs)f—_als|) ]
Qg Qg

For the first estimate in (3.26), we consider integrals of the form
t 0 - - —5/2
/ / (1 tlr— Ly —ar(t—s)|+|v—ay(t—s) — Lays| + (t - 5)1/2)
0 —lay |s 25} (¢35
-1
x In(e + (t — 8))(1 + |y| + 5)~? (1 +ly— a;s|) dyds.
For s € [0,¢/2], we observe through (3.10), the inequality

a; - - a; _ 1/2 —5/2 —1
(1+]e = 2y —ar(t = s)|+ o — a7 (t = 5) = “Lays|+ (t = 5)Y2) " (1+1]yl +35)
o g

a7 a7 —5/2
< C[(l +lr—Ly—a(t—s)|+|r—a(t—s)— —La]s|+ |z —ajt]+ (t— s)1/2> (L+ |yl +s)7"
ag ag

as as —5/2
(Ll =Ty —ar (= )| e —ar (= 9) = “Lays| 4 (6= 9)"7) (At fyl s+ e - art)
2 2
(3.27)
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For the first estimate in (3.27), we can proceed similarly as in (3.25), while for the second we have an estimate
by

t/2 -1
01(1+t)*3/4(1+|x—a;t|)*1/21n(e+t)/ (1+|x—a;(t—s) — Z—l_a;s|) (14 5)"21n(e 4 s)ds
0 2

< CyYy (L, ).
For s € [t/2,t], we observe through (3.12) the inequality

—5/2
(14l =Ly —ar(t—s)|+ o —ar (t—s) - “Lars| + (t - 5)"/?)
Qg Qg

_ —5/2
< C(l +lo — Z—l_y— al (t — s)| + |z — ay (t — 5) — Z—l_a;s| +(t— )2 + (2| +t)1/2) .
2 2

In this case, we obtain an estimate by

t

C(L+ o] + )77/ / () e+ (6= 8) nfe + )ds < O (6,2).

For the second estimate in (3.26), we consider integrals of the form
L ay - 1/2 —5/2
[ (et —ar@ =l - 9") e (- 5)
0 J—layls 2

ar 1
x (1+|y| + s)_1 (1 +ly—arsl+lz—a(t—s)— %afs|) dyds.
ay

For s € [0,¢/2], we observe through (3.10) the inequality

a- —1
(1+\x—af(t—s)—%a;s|+|y—afs|) (1+|y|+s)
Qg

- ~1 1
SC[(1—|—|x—a1_(t—s)—Z—l_al_$|+|y—a1_3|+|a:—a1_t|) (1+|y|+s> (3.28)
2

as —1
+(1+|x7a1_(tfs)f—l_al_s|+|yfa1_s\) <1+|y|+s+\x—a;t\> }
Qg

For integration over the first estimate in (3.28), we have an estimate by

1/2y—5/2 —n\—1/2 bz - ap "2
C1(1+tY2)73/2(1 + |z — a7 t|) (1+|x7a1 (t—s)——_als|) In(e + 8) In(e + (£ — s))ds
0 ay

< CA+ 1) (e + P+ |z —ay t]) ™2 < Cyy (),

and similarly for the second. For s € [t/2,t], we observe through (3.12) the inequality

a; —5/2 a;
(14l =2y —art =9+t =9)"2) (140 —ar(t—s) ~ Lays|+ |y - ars|)
as Ao

as -~ 75/2 _ a. _ _
<O[(1+le =2y —ay(t= 9+ (e +62) " (14]r—ay(t -9~ Lays|+ly—ars])  (3:20)
2 2

+ (1+ |z — Z;_y—al(t—sﬂ —|—(t—s)1/2)_5/2(1+ || +t)_1]

For the first estimate in (3.29), we have an estimate by

. t T -1
Co(1+ ) Y(Jz] + t)’3/4/ (1 Yl —al(t—s)— ‘Ll_a;so In(e + (t — ))ds
t/2 [¢2%

< CA+ ) (2] + )7 (e + 1)* < Oy (t,2),
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and similarly for the second.
For integrals (3.17) with nonlinearity a7 (s,y)?, we have integrals of the form

t 0 —
/O /| (O Sy ) ) e () () ) s (3:50)
—lal |s Qg

In the event that |z| > |aj |t, we observe that there is no cancellation between summands in (3.5), and
consequently that we obtain an estimate by

t
Ci(1+ o — aft\)_?’/z/ (14 (=) e+ (2~ ) e + )(1+ )~ ds )
0 .
<O+ |z —art) ™2
which is sufficient for |z — aj't| > v/t. For the case |z — ajt| < v/, we require only ¢~/ decay, which is
immediate. In the event that |z| < |a; |, we have an estimate by

t/2
Ch (14 £1/2)75/ ln(e+t)/ (1+ ) ~*2In(e + 5)ds
0

t

+02(1+t)*3/21n(e+s)/ (14 (t — 5)1/2)=5/4qs
t)2

<C141)7%2In(e +1),

which is bounded by ; (¢, ) since here |z| < |a] |t.
For integrals (3.17) with nonlinearity c, (s,y)?, we have integrals of the form

/ot /0 7l ((1 + |z — Zéy —ay(t—s)|+ (t—s)Y?) 52 In(e + (t — 5))>€72n|y‘(1 +s) tdyds.  (3.32)

In the event that |z| > |aj |t, we observe that there is no cancellation between summands in (3.5), and
consequently that we obtain an estimate by

t
Ci(1+ |z — al_t|)_3/2/ 1+ (t—s)Y?) " n(e+ (t —5))(1 +5) " tds
0
<C(+|z—art) 2
which for |x — ajt| > v/t is bounded by ;5 (t,x). In the case |z — aj t| < V/t, t~1/? decay is sufficient. In

the event that |z| < |a; |, we have an estimate by

t/2 ¢
Ch (14 /2752 In(e + t)/ (1+)~Yds + Co(1 + t)—l/ (14 (t = $)Y/2) =54 In(e + (£ — 5))ds
0 t/2
<O+t
which is bounded by 7 (¢, z) since here |z| < |a; |t.
For integrals (3.17) with nonlinearity |3(s)|15 (s,y), we have integrals of the form

t 0 —
(14 e — Ly —ay (t—s)| + (t — )% (e + (t — s))
0 —00 (22}

X (14 8) "Y1+ |y — ay s| + s/ 732 In(e + s)dyds.

(3.33)

In the event that |z| > |aj |t, we observe that there is no cancellation between summands in (3.5), and
consequently that we obtain an estimate by

t
Ci(1+ |z — al_t|)_3/2/ (14 (t—s)Y2) " 1+ 5)" 1A + 5272 In(e + s)ds
0

<C(1+ |z —ayt]) 2,
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which for |x — ajt| > v/t is bounded by 5 (t,x). In the case |z — aj t| < v/t, t~%/? decay is sufficient. In
the event that |z| < |a; |t, we have an estimate by

t/2
Cy (14 £1/2)5/ 1n(e+t)/ (14 )~ (14 5212 In(e + 5)ds
0

t

+Cg(1+t)_1(1+t1/2)_3/2ln(e+t)/ (14 (£ — $)/2)~3/2qs
t/2

<C(1+t)7* (e + 1),

which is bounded by ; (¢, z) since t > (1/|ay |)t.

Integration against the final nonlinearity |d|a; (s, y) proceeds similarly as in the previous case.

We next consider the excited Green’s function terms u,(x)9ye—(t,y), for which we have integrals of the
form

t 0 (v+az )2
/ / (t —s) "V 2= W(s,y)dyds. (3.34)
0 J—oo

Integrals of this form have been analyzed in [14], in which an estimate by C(1 4 t)~'/? was determined.
Since for « < 0, u,(z) decays at exponential rate, this yields a term bounded by a5 (¢, x), and similarly for
the second term in dye_(t,y).

Case 2, r < 0 < K <y. In the cases for which y > 0, we carry out details only for y > K. For the interval
0 <y < K, the bound on y, giving also a finite interval of integration, makes the analysis straightforward.
For the case x <0 < K <y, we consider integration against six Green’s function estimates, beginning with
integrals of the form

(z—ay [} 8Ty —ay (t=9))7

/Ot /: ({(t — ) M1+ (t— s))1/4} A [(t — o)1+ y)De— e Wiy, s)dyds,  (3.35)

. . . - . 2 2 2 2
where A denotes minimum. In the case y > 0, we have eight nonlinearities to consider, 0", 057, f‘ L s,
and the four terms [0](6] + 05 + 17" + ). For the first, we have
t ) (z—ay [¥ ald(fr) —al (t—s))? 2
/ / (t—s)"te” M(t=5) (1+s)" (1 +y) e 2Ladyds, (3.36)
0o JK
for which we observe the inequality
(z—ay [} {1”'7(",>—af(t—s))2 .2 (z—a7 (t—s))2
- ) e 2 < Ce” T (3.37)

where M < My < L (see (3.2)). In the case |z| > |a] |t, there is no cancellation between (z — aj t) and aj s,
and we obtain an estimate by

(z—a7 )2 [1/2 (e—at? [t
Cit™te™ T / (1+s) ' In(e+s)ds + Co(1 +t)tem Tt / (t—s)"2ds
0 t/2 (3.38)

(z—ay t)?

<C4t) V2 T =CO (L, ).

In the case |z] < |a7 |t, we divide the analysis into the subcases s € [0,t/2] and s € [t/2,t]. For s € [0,¢/2],
we observe the inequality
(z—ay (t—s))?
e M (14s)7!

(z—a] 6)2 (z—a] (t—s))>

(3.39)
SC[e‘ o (1+s) ' +e Mo (1+s+|z—ajt]) .
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For the first, we proceed as in (3.38), while for the second we have an estimate by

1 —\—1/2 t/2 —1/2 _fazay (mep?
Cit7 (1 + |z —ajt]) / (1+s) In(e + s)e” ~ MiG==  ds
0

<Ct#*In(e +)(1 + & — ay t]) Y2
For s € [t/2,t], we observe the inequality

(x—ay (t—s))2 (x—ay (t—s))2

(t —s) Y2 T < Clz| V2T mE (3.40)
from which we obtain an estimate on (3.36) by

t (2—a] (t—s))2
Colz|"2(1 + ) In(e + 1) // (= )12~ ST g
t/2

< Clz| 721 4+ t) (e + t),
in which we have used the useful inequality

t 1y _(ezar t=a))?
/ (t—s)" Y2 = ds < C. (3.41)
t/2

For the nonlinearity 9; (s, y)2, we can proceed exactly as in the case 6 (s, y)2, except that in each instance
when the term (1 + y)~! integrated to In(e + s), we employ the integrability of (1 + y)~3.

For the nonlinearity 1/)1" (s, y)2, we employ our alternative Green’s function estimate and consider integrals
of the form

t poo (w—ay [} 8y —ag (=s))?
/ / (t—s)~3/4e” M (E=3) (1 4y + sY?)"3dyds, (3.42)
0 JK

for which we observe the inequality

(w=ay [ ity —ay =52

e~ M(i=3s) (1 +y+sl/2)_3
(e—a] (t—8))2 (w—a1 [§ g4y —ag (t—s))?
< O[e‘ M= e M=) (1+y+s/?)73 (3.43)

(w—a1 [} G2y —ay (t1=s)?

+e M(E=3) (14y+ |z —ay(t—s)|+sY3)73.

For the first estimate in (3.43), we have integrals of the form

t ptoo (e—a] (t—s))2 (w—a1 [} EE5—ay (=902
/ / (t—s) 3™ T € M{E=s) (14 y+ s/2)"3dyds. (3.44)
0 JK

In the event that |x| > |a; |t, we have no cancellation between (z —aj t) and a; s, and obtain an estimate by

(z—a7t)? [1/2 @-aTn? [t
Cyt=3/*e I / (1+sYH72 4L Co(1 + /2 Be T / (t—s)"/ds
0 t/2 (345)
< OO (t,2).

In the case |z| < |aj |t, we divide the analysis into intervals s € [0,¢/2] and s € [t/2,t]. For s € [0,t/2], we
observe the inequality

_ (z—a] (t=s))? 1/2v—3
R (3.46)

(@—a] )2 (z—ay (t—s)?

< C[e‘T(l +y4+s/H B pem T mE  (14y+ s34 o —art]?) 3.

21



P. HOWARD, Nonlinear Stability of Degenerate Shock Profiles

For the first estimate in (3.46), we proceed as in (3.45), while for the second we have an estimate by
t/2 _(w—ap (t=s)?
Crt ™4 (1 4 |z —ayt]"/?)~! / (14 s'/2) ™m0 ds < Coy (t,2),
0

in which we have observed the estimate
t/2 _ (@—aj (t-9)° .
/ (14 s/2)te” = ds < CtY/4 (3.47)
0

For s € [t/2,t], we observe through (3.40) from the previous case an estimate by
t g _(mmeg (=)
Co(1+ t1/2)’3|x\’1/2/ (t — )4~ =T ds
t/2
< Caj (t,x).

For the second estimate in (3.43), we have integrals of the form

t +o0 (z—ay [ af@) —a] (t—s))?
/ / (t —s)~3/*e” M=) (14 y+ |z —ay (t—s)| +sY?)3dyds. (3.48)
0 JK
In the case |z| > |a] |t, we have no cancellation between  — aj ¢ and aj s, and can consequently estimate
(3.48) by
t

t/2 ‘
Cit™V4(1 + |z — ay t|)~3/2 /0 (14 s 732ds + Co(1 + |z — ag t]) /2 //2(75 — )TV 4 s1/2)73/2
t

<C(1+ |z —ar )72,

(3.49)
which is sufficient (bounded by Ct; (t,)) in the case |z — aj t| > v/t. In the case |z — aj't| > \/t, we only
require t~1/2 decay to conclude an estimate by 0~ (t, ), and this is immediate. In the case |z| < |a] |t, we
divide the analysis into the cases s € [0,t/2] and s € [t/2,t]. For s € [0,t/2], we observe the estimate

-3 -3
<1+|:c—a1_(t—s)|+y+sl/2) SC<1+|:177a1_(t75)|+y+|x—a1_t|1/2) , (3.50)
from which we obtain an estimate on (3.48) by
t/2
Cit ™41+ |z — ag t]/?) 7! / (1+ |z —aj (t—s)))"'ds < Cyy (t,2).
0
For s € [t/2,t], we observe the estimate
-3
(t—s)71/2(1+|x—af(t—s)\ +y+51/2)
-3
§C[|x|’1/2(1+\x—al_(tfs)|+y+51/2> (3.51)
-3
+ (t—s)_1/2(1+ lz| + |z — ay (t — )| +y+sl/2) }

For the first estimate in (3.51), we obtain an estimate by

t
Co(1+ tl/z)*3/2\x|*1/2/ (t — )Y (1 + |z — ay (t — s)| + t1/2)73/2ds,
t/2

which is bounded by a7 (t,z) in the case that |z| is bounded away from 0. For |z| near 0, we proceed as in
previous cases for small ¢. For the second estimate in (3.51), we obtain an estimate by

t
Cgl+x+t1/2 —2 t—s) Vi1 +lz—ai(t—s _1d8§0a7t,x.
/2 1 1
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For the nonlinearity 1/);' (s,y)Q, the analysis proceeds as in the previous paragraph, except that the
replacement of t'/2 with ¢ more than corrects for the addtional In(e + t).
We next consider integrals of the form

b _ (Y dr _ 12\ "5/
/ / (1 + |z —a] / ———a;(t=s)+(t—9) ) In(e + (t — 5))¥(y, s)dyds. (3.52)
0 JK K a1(7)
For the nonlinearity 67 (s, y)2, we have integrals of the form
o (1+z—a; ’ L—a’(t—s)|+(t—s)1/2>_5/2 (et (t—s))(148) " (14y)~2e~ 5 dyd
1 1 y) ‘e Msdyds, (3.53)
0 JK K a1(7)

for which we observe the inequality

Yo dr —5/2 2
1+:c—a7/7—a7t—s —l—t—sl/Q e Ms
(1o —ar [ o —ar =9+ - 9'?)

<c[(1+le—ai(t=s)+(t-s"2) e (3.54)

Y o dr —5/2 (z—a] (t—s))2
—|—<1—|—a:—a_/ —— —aj (t—s +t—51/2> e*T]
o—ar | o el =)

For the first estimate in (3.54), we consider integrals of the form

/ /oo (1412 —ar ()| + (¢ - 5)1/2)75/2 (e + (t— )1 +5)"1(1+y) 2 Brdyds.  (3.55)
0 K

In the event that |z| > |a; |, we have no cancellation between x —aj t and aj s, and consequently, we obtain
an estimate by

Ci(1+ |z — ajt])~3/? /t(l + (=8 (e + (t—5))(1+5)"Lds, (3.56)
0

which is sufficient for |x — a] t| > v/f, whereas in the case |z — a] t| < V/f, we require only t~'/2 decay. For
the case |z| < |a] |t, we integrate (1 + y)~2 in (3.56) to obtain an estimate by

C’/t(l +(t =) 2In(e + (t —5))(1 4 s) " 'ds
0

t/2
< Oy (1 +t1/2)=5/2 ln(e+t)/ (1+s)"'ds
0

+Cy(1+1)7 ! /t (14 (t—5)Y?)"52In(e + (t — 5))ds
t/2

<y (t ),
where in this last inequality we have used in particular the observation that that ¢ < |z|/|a] |. For the second
estimate in (3.54), the analysis is almost identical.

For the remaining six nonlinearities in this case, we proceed almost identically as in the previous para-
graph. In particular, we observe that in each of these cases the critical region |z| < |a] t| yields time decay
t~1, which gives an estimate by ¥7 (¢, ).

We next consider integrals of the form

t pCO(t—s) )
/ / [0+ Jo = ar (= )+ )72 A [ = ap (= )]+ 172) (14 9)| W(s,)dyds, (357
0o JK
where A represents minimum and where C' is large enough so that y > C(t — s) implies

w—a*/%ﬁ14>mwu—@
! K al(T) ! '
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For the nonlinearity 67 (s, y)Q, we have

t pC(t—s) y2
/ / (1+ |2 — ar (t— 8)] +£2)732(1 4 6)~ (1 + y)~2e 212 dyds, (3.58)
0 K
for which we immediately observe a bound by
t « 12
c/ (14 |z —al (t — )|+ /27321 + 5) " Le 2T ds. (3.59)
0

In the event that || > |aj |t, we have no cancellation between (x — a7 t) and aj s, and consequently we have
an estimate by
Ci(1+ |x — ajt] + Y2732 In(e + t) < Oy (L, x). (3.60)

In the case |z| < |a t|, we observe the inequality
(1 [o —ay (t = s)| + /%) 72(1 + 5) !
< O[(l +le—ay (t =)+ |z —art] + /27214 5)7 (3.61)

+ (1 +lz—ay(t—s)|+tY/)32A 4 s+ |z - a;t|)*1].

For the first estimate in (3.61), we proceed as in (3.60), while for the second we have an estimate by

t
Ci(1+ Y)Y+ |z — a;t|)*1/2/ (14 |z —ay (t—s)|)"Y2(1 +5)"Y2ds < Coyy (¢, ). (3.62)
0

For the nonlinearity 9; (s, y)z, we consider integrals

t pC(t—s)
/0 /K (14 |z —ay (t — s)| +t/2)72(1 4 s)"HIn(e + 5)]2(1 + y) ~3dyds, (3.63)

for which we proceed as in the previous paragraph, observing that the additional t~*/4 decay in this estimate
on the kernel compensates for the term [In(e + s)]? in this nonlinearity.

For the remaining six nonlinearities, we proceed as in the previous two paragraphs.

We next begin our consideration of integrals associated with the excited term #,0yes(t,y), the first of
which takes the form

t poo _ Uk GGy t—on?
Uy () / / (t—s)"% M(t=3) U(y, s)dyds. (3.64)
0o JK

For the nonlinearity 6 (s, y)2, we have integrals of the form

t oo Uk oiEy +=? 42
ﬂx(x)// (t— $)"12e M (1 4 8)~ (1 4+ y) 2~ dyds, (3.65)
0 K

for which we observe the inequality

Uk ey te-e? 2
e M(t—s) e Ms
2 Ut ZEE+@=)? (a2 (3'66)
S C{e*n(t*S)e*ﬁ +e M(t—s) e " s :|

For the first estimate in (3.66), upon integration of (1 + )~2, we observe an estimate by

t
C’lﬂx(x)/ (t — $)~12e=10-9) (1 4 §)~1ds < Cag (t,2),
0
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while for the second estimate in (3.66), we obtain an estimate by

t/2 t g2
C’lﬂm(m)e_mt/ (1+s)_1ds+(]212w(x)(1—l—t)_l/ (t— 52612 45 < Cas (1, 2).
0 t)2

Analysis of the nonlinearity 9; (s,y)2 proceeds as in the previous paragraph, wherein each estimate
yielded enough decay in ¢ to absorb an additional [In(e + t)]%.

For the nonlinearity ¥; (s, y)Q, we have integrals of the form

t oo Ut gy +=o)?
az(x)/o /K (t—s)" Y2 e (14+y+ sY?)3dyds, (3.67)

for which we observe the inequality

Uk gl re—en?

e Mt (1+y+ 51/2)*3
Ul gty +t=)? U gl +t—a)? (3.68)
<Cle ™ memn eI A py sV B et e (I4y+(t—s)+ 31/2)—3].
For the first estimate in (3.68), we have an estimate by
¢
Clﬂz(:c)/ e =) (1 4 12 73ds < Cag (t, z), (3.69)
0

while for the second we have an estimate by

iy ()12 /Ot(l b (t— 8))"2ds + Cotia(2)(1 +t1/2)_1/t:2(1 b (t—8)"2ds < Cag (ba).  (3.70)

Analysis of the remaining nonlinearities in this case is straightfoward from the observation that in each
case, an integral over y of the nonlinearity yields time decay in s at an integrable rate.
We next consider integrals of the form

t [es] 42
ﬁx(x)/ / (t—s) (1 +y)e” M= U(s, y)dyds. (3.71)
0o JK
For the nonlinearity 6 (s, y)2, we have integrals of the form

t [e’e} 2 y2
ﬂw(x)//K(t—s)_le_ngfﬂ(l+s)_1(1+y)_1e_mdyds, (3.72)
0

for which, upon integration of (1+y) !, we have an estimate by Ci,(x)(1+t)~![In(e+1)]?, which is bounded
by Ca;j (t,z). Estimates on the remaining nonlinearities for this case follow almost identically.
We next consider integrals of the form

Y Y odr 1/2 —3/2
am)/ / (1+|/ F =9+ (= 9Y2) T Ine (¢ $)W(s,y)dyds. (3.73)
0 JK K a1(7)
For the nonlinearity 6 (s, y)?, we have integrals of the form

t oo vod —3/2 2

ﬂx(x)/ / (1+|/ (=) (- 9)") (et (- )L+ )7 (1) W dyds. (3.74)
0 JK K a1(7)

Integrating (1 + )2, we obtain an estimate by

Ciiy () /Ot(1 + (t—5)Y2)3 2 In(e 4 (t — 5))(1 + 5) " ds < Cay (t, ).
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The remaining nonlinearities in this case follow similarly.

Case 3, y <0 < z. For the case y < 0 < x, we first consider integrals of the form

t p—ag (t—s) (z—y—ag (t—s)2
/ / (t—s)TA+ (t—s)Y* A +a) tem M=o U(y,s)dyds. (3.75)
0 J—oco

For the nonlinearity 6~ (s, y)2, we have integrals of the form

—ay (t—s) . L4 R ) ” (y—a] )2
/ / (t—s) '+ (t—s)Y4 14 2)te M= (1+s)"e” " ™s dyds, (3.76)

for which we observe that for y € (—oo, —a, (t — s)] and = > 0, there holds
x—y—ay(t—s)>uwx,

through which we immediately have decay of heat kernel type exp(—x2/(Lt)). Extracting this decay, which
serves to increase the value of M in what remains (to M; in our notation), we observe the equality,

(z—y—ay (t—s))? (y—a] s)2 _ (@—aj (t—s)—ay 9)? zs—(a] +ay )(t—s)s o

t
e~ My (t—>s) e Mis —e Myt e Mis(i—s) (y— T ) , (3'77)

derived in straightforward fashion by completion of an appropriate square (see Lemma 6 of [16]). Integrating
this final kernel in y, we obtain an estimate by

22 t (z—a (t—s)—a] s)2
Ct V2~ (1 +x)71/ (t—s) Y21+ (t—s) /4 A +5)" V2™t ds
0 (3.78)
22
<Ot V214 2) te Tn.
For the nonlinearity 6 (s, y)27 we consider integrals of the form
—ay (t—s) (z—y—ay (t—s)?
/ / (t—s) (I (=) (1 +a) e 7T (T4 Jy|+s) " (1+]y—ay o) dyds,
lay [s)A(=lay [(t—s))
(3.79)

for which we again have immediate decay of type exp(—22/(Lt)). In this case, integrating directly, we
determine an estimate by

t/2

Ot (1 + Y41+ 2) le Fr / (1+ )" In(e + t)ds
0
+Co(1+t)FIn(e+ ) (1 + x)*le*fit /t (t—s)" (1 + (t— )/ *ds (3.80)
t/2

< O0f (t, 7).

For the remaining nonlinearities, we observe that integration over y gives s-decay at a minimum rate of
(1 + s)"!In(e + s)]? (the minimum rate occurs for nonlinearity 15 (s,4)?), and consequently we can apply
precisely the same argument as in the previous paragraph.

We next consider integrals of the form

t 0 2
[ [ asltase-o) 200 e @05, y)dyds, (3.81)
—a, (t—s)

which for the nonlinearity 6~ (s, y)2 becomes

—a] 5)2

t 0 1:2 (y
/ / (14 |y+ay (t—s)) 7321 +2) e T (1 +5) e dyds. (3.82)
0 J—a, (t—s)
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Writing
—y—ay (t—s)=(—ay(t—s)—ays) = (y—ays), (3.83)
we observe the inequality

(y—al s)?

(L+ |y +ay (t = s)) =/ 2e™

gy O

< C[(l +lay (t —s) + afs|)_3/2e_% +(1+y+ay(t—s)) %% s
For integration over the interval s € [0,t/v], v sufficiently large, we have
jaz (¢ — 5) + a7 sl >,
where 7 = (a5 (v — 1) + a7 ) /v > 0. Respectively, the estimates of (3.84) lead to estimates by

2

t/y
Cl(l+t)_3/2(1+m)_1e_%/ sY2(1 4 5)"ds
0

22 t/y
+Cge*7“t(1+:v)*1e*ﬁ/ (14 s)"tds
0
< COf (t,z).

In the case s € [t/7,t], we obtain estimates, again respectively, by

t
"c2
Ci(l+ )21 o) te & /t/ (1+[ag (t — s) + ay s|)~*/*ds
v
1 12 b _egessovare?
O+t 1+ a) e / ¢ e ot
/vy
< COf(t,z).

For the nonlinearity ¥y (s, y)2, we consider integrals of the form
t 0 22
/ / (14 ly+ay (t=s)) 722 (1) e” 7= (14 |y +5) 7' (1+ |y — ay s|) " dyds. (3.85)
0 Jl—ay (t=s)]V[—lay |s]

for which we observe through (3.83) the inequality
(L4 Jy +ag (t = s)) 7>+ |y —ays]) ™
< C[(1+ Jag (¢ = s) + a7 s)) 21+ |y — a7 s]) ! (3.86)
+ (Lt ly a5 (t=)) 21+ |y — ays| + [ay (t — 5) + a7 s)) .
Dividing our analysis into the cases s € [0,t/] and s € [t/7, 1], we obtain an estimate by C6; (t,x) as in the
previous paragraph.

Integration against the nonlinearity 15 (s, y)2 can be analyzed similarly as in the previous two paragraphs
to obtain an estimate again by COy (¢, x).

For the nonlinearity o (s, y)27 we consider integrals of the form

t 0 2
/ / (L+|y+ay(t—s)) 21 +2) e 0= (1 + |y|) " (1 + s) >/ 2dyds. (3.87)
0 Jl—az (t=9)]Vla; s]

for which we observe the inequality
(L4 Jy +ag (t = s)) 7>+ [y) ™

<cf+la o)A+ )+t +a -9+ e-s ] O
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For the first estimate in (3.88), we obtain an estimate by

2 [t/2
Cl(l+t)*3/2(1+x)7lefﬁ/ (1+5)7%21n(e + s)ds
0

t

L (1167821 +x)—1e—%/ (14 |ag (t — 5)))~3/2 In(e + s)ds
t/2

< COf (t,),
while for the second we have an estimate by
t

2 [t2 2
C’l(l—|—t)*1(l+x)7lefﬁ/ (1—|—$)73/2d5—|—02(1+t)73/2(1+x)7167ﬁ/ (14 (t—s))tds
0 t/2

< COf (t,z).

Integration against the remaining nonlinearities as; (s, y)z, 16(s)|5 (s,5), and 6(s)a; (s,y) can be ana-
lyzed similarly as in the previous cases.

Integration of all nonlinearities against the Green’s function estimates involving Int¢ can be analyzed
precisely as in the previous cases to get an estimate by CG; (t,z). Integration of all nonlinearities against
the excited Green’s function estimate have been analyzed in the case =,y < 0.

Case 4, 0 < K < y,z. For the case 0 < K <y, z, we first consider integrals of the form
t oo L L _ (a2
| [ =9 ar et e S us )y, (3.89)
0 JK
which for the nonlinearity 6; (s, y)2 becomes

boee (2-1)° )2
/ / (= )11+ 2)"L(1 + y)e™ T (1 + 5)"L(1 + )~ 2e~ 4= dyds. (3.90)
0 K

According to Lemma 6 of [16], we have the equality

_e=w? 42 22 b _(y ms)2
e M(it—s)e” Ms = ¢ Mte Ms(t—s) y=% s (391)

derived by straightforward completion of an appropriate square. We have, then, upon direct integration of
y, an estimate on (3.90) by

t
CImY2(1 4 g)~le— / (t— $)"2(1 + 5)~2ds
0

x2
<OV 4 o) lem i,

which provides an estimate by C8; (¢, z). (In fact, we can refine this estimate slightly by integrating (14+y)~1.)

For the nonlinearity 9; (s, y)2, we proceed as in the previous paragraph, except that we integrate the
term (1 + 5)~2 that remains after multiplication by (1 +%). We obtain an estimate by CO; (¢, ).

For the nonlinearity wf (s, y)2, we consider integrals of the form

t poo (z—y)?
/ / (t— )11+ 2)" (1 + y)e 72T (1 4+ y + s1/2)"3dyds, (3.92)
0 K

for which we observe the inequality

(z—y)2

e M- (1 +y+ 31/2)—3

z2 (z—y)? (3.93)
< C[e‘ﬁ(l +y+ s/ e Mg (1+y+a+ 57273
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For the first estimate in (3.93), we obtain an estimate by
% ot
Ot~ 4 2) e Hr / (14 51/2)~1ds + Co(1 + £1/2)~2(1 + x)—le—ﬁ/ (t — 5)~2ds
0 t/2
< 0o (1,2,

while for the second we have an estimate by

t

t/2
clfl/2(1+x)*2/ (1+sl/2)’1ds+Cg(1+t1/2)’1(1+x)’2/ (t —s)~Y2%ds
0 t/2

<C(l+2)2

In the case z > /%, this last estimate is bounded by ¥ (¢, ), while in the case * < v/, we only require
t=1/2(1 4+ 2)~ ! decay, which is immediate.

The remaining nonlinearities in this case can be analyzed similarly as were the first three.

We next consider integrals of the form

t T
/ / (t—s) 21+ (t —s)Y*In(e + (t — 5))e™ "YW (s, y)dyds, (3.94)
o Jo
which for the nonlinearity 6; (s, y)2 becomes

t x 2
/ / (t—s)" (14 (t—s) In(e+ (t —5))e V(1 + 5)7 (1 4 y) 2 1= dyds. (3.95)
o Jo
In this case, we observe the inequality

6*77\1*?/|(1 —+ y)72€71€T2s
2 .2 (3.96)
< C[e*’“m(l +y) e 4 e*"“*yl(l + ;U)*Qefﬁ} )

For the first estimate in (3.96), we obtain an estimate by

t/2
Cit~3/* In(e 4 t)e Ml / (1+s)"tds
0

t

+ Coy(1 4 t)"Lemlel / (t—s)" A+ (t—s)Y*In(e+ (t — 5))ds
t/2

< Ct=3/4In(e + t)]2e =l

which is sufficient, since in the event that |z| < v/#, we only require decay of the form ¢~1/2(1+ |z|)~!, while
for |z| > V/t, we get exponential decay in both z and ¢. For the second estimate in (3.96), we obtain an
estimate by

a2
Cyt=3/4 1H(€+t)(1+$)7267ﬁ/ (14 s)"'ds
0
t

+Co(14+)7 11+ ;U)_Qe_%? /t/g(t —8) Y1+ (t— )Y In(e + (t — s))ds

< CO+ )" (e + P21 +2) 25 < COF(t, ).

Integration against the remaining nonlinearities in this case can by analyzed similarly as in the previous
paragraph.
We next consider integrals of the form

Uk sk el e-?

t 400
A’ /I; (t — 8)71(1 + (t — S))1/4(1 —+ x)71€ M(t—s) I{l f}% dr ‘Z(t—s)}\:[l(y’ S)dyds, (397)

ay(7)
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which for the nonlinearity 6; (s, y)2 becomes

+o0 Uk s % oy +—a))?
// (=) A+ =) Q) er Ly st wte120-9)

a1 (3.98)
14 5)72(1 + y)%e~ ¥ dyds.
In this case we observe that for | [/ a‘” | > (t — s), we have
[ [z [
kx a1(7)  Jg ai(7) ~ i ai(r)”
from which we have decay of rate exp(—x?/(Lt)) in all cases. We have, then, an estimate by
/2
Cit 7'+ )V A+ ) e T / (14 s)"'ds
0
ot
+c2(1+t)—1(1+x)—1e—m/ (t—8)7 (1 + (t — s))Y4ds
/2
22 ¢
+C3(1+1)" (1 42) te T2 / (t—s) Y21+ (t — 5))Y*ds < CO (L, z).
t—1
The remaining nonlinearities in this case can be analyzed similarly.
We next consider integrals of the form
t oo U g5+ 6-90?
/ / (t—s)"te” M(t=%) U(y, s)dyds, (3.99)
0 Jx
which for the nonlinearity 6; (s, y)2 becomes
400 (0 al(r)+(f s)? 42
/ / (t—s)"te” M(t=3) (1+5)" (1 +y) % = dyds. (3.100)
0

In this case, we observe that for y > =z, the nonlinearity (1 + y)~!exp(—y?/(Ms)) yields decay (1 +
x)~texp(—22/(Lt)) (with a part of the kernel remaining for integration). We immediately obtain an es-
timate by

t/2 2 t
Cit™'(1+xz)"te Lf/ (1+s)_11n(e+s)ds+C’2(l—&—t)_l(l—i—x)_le_%t/ (t—s)"1/2ds
0 t/2
< COf (t,2).

In this case integration against the remaining nonlinearities can be analyzed as in the previous paragraph,
in each case through the observation that we only have this kernel in the case y > x.

The remaining Green’s function estimates occur only in the case y > x, for which we can proceed in the
case of each nonlinearity as in the previous paragraphs. This concludes the proof of Lemma (2). O
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