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Abstract

For the case of multidimensional viscous conservation laws with fourth order smoothing only, we
develop detailed pointwise estimates on the Green’s function for the linear fourth order convection equa-
tion that arises upon linearization of the conservation law about a viscous planar wave solution. As in
previous analyses in the case of second order smoothing, our estimates are sufficient to establish that
spectral stability implies nonlinear stability, though the full development of this result will be considered
in a companion paper.

1 Introduction

We consider the multidimensional viscous conservation law

up + zd: P, ==Y (bjklm(u)uxjw)xm, (1.1)

Jjklm
w(0,2) =ug(z); wup(£oo) = uy,

where u, f7, bP¥™ ¢ R, & € R?, for some dimension d > 2 and for ¢t > 0. In particular, we develop detailed
pointwise estimates on the Green’s function for the linear fourth order convection equation that arises upon
linearization of (1.1) about the planar viscous shock front @(z1), i(+00) = ux. (Due to the generality of f1,
we can choose a moving coordinate system along which the traveling viscous shock front a(x — st) becomes
stationary.) Our estimates are sufficient to establish that spectral stability (defined below) implies nonlinear
stability, though we leave the full development of this result to a companion paper [HH].

Throughout the paper, we will refer to the following fundamental assumptions on (1.1) and the planar
wave solution u(x; — st):

(HO) (regularity) f7, p/*im ¢ C%(R), b (a(zy)) > by > 0.
(H1) (non-sonicity) 0, f!(u+) # s.
(H2) 3~ 0im BRI (4(21)) €5 €616 > 0]E|* for all € € R? and some 6 > 0.

Conservation laws of form (1.1) that satisfy hypotheses (HO0)—(H2) arise, for example, in the study of thin
film flow, in which the height h(t, z) of a film moving along an inclined plane can, under certain circumstances,
be modeled by equations with fourth order smoothing only, such as

he + (h? = h?),, = =V - (BPVAhR), = ecR? (1.2)



(see [BMS] and the references therein). In this setting, the onset of fingering instabilities is a critical issue,
and spectral stability has been considered in [BMSZ]. To date, however, no results on nonlinear stability for
such equations have been established.

Equations of form (1.1) are often studied through their inviscid approximation

d
ug + Z fj(u)xj =0. (1.3)

A simple change of coordinates, T = ex, t = et, scales (1.1) to the small viscosity equation

d
ug + ij(us)zj =€ Z (bjklm(uf)u;jxkxl)x , (1.4)
Jj=1 m
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from which we can see that large time behavior in (1.1) is closely tied to bounded time behavior in (1.3).
In many respects, (1.3) is the preferable equation to focus on. In certain cases it can be solved explicitly,
or its solutions carefully approximated, and perhaps more important, the physical regularity terms required
for (1.1) are often small and difficult to gain precise knowledge of. It is well known, however, that equations
of form (1.3) must typically be solved in the space of discontinuous solutions, where non-physical solutions
arise. Numerous admissibility criteria have been developed in order to select the physically relevant solutions,
but developments over the last fifteen years indicate that even in the scalar case some understanding of the
regularization is crucial (see, for example, [BMS, JMS, Wu]). In particular, the physically relevant solutions
of a system modeled by a conservation law with one regularization may differ significantly from the physically
relevant solutions of the same system under a different regularization.

Such considerations indicate the need for a detailed understanding of the dynamics involved with solu-
tions of (1.1). Of particular importance are those solutions that are stable, and hence typically correspond
with observable phenomena. Unfortunately, the stability analysis of solutions of regularized conservation
laws such as (1.1) has proven to be a quite difficult problem. The pointwise Green’s function method,
however, introduced by Liu [L.1], and developed by Liu and his collaborators [L.2, LY, LZ.1, LZ.2], has
proven to be quite robust: in applications to viscous shock waves arising in second order multidimensional
systems [HoffZ.1, HoffZ.2, Z.1, ZS], viscous shock waves arising in scalar conservation laws of arbitrary order
[HowardZ.1], degenerate viscous shock waves [H.1, H.2, HowardZ.2], viscous rarefaction waves [SZ], systems
with physical (non-Laplacian) viscosity [MZ.2, Z.2], and relaxation systems [MZ.2]. In this paper, we extend
the pointwise Green’s function development to the case of fourth order regularization only. The critical new
issue here is an absence of the highly regularizing second order viscosity, which has been assumed present in
all of the fully regularized analyses mentioned above (which omits the physical viscosity analysis), including
the high-order analysis [HowardZ.1]. On a technical level, this absence of second order viscosity means that
our linear decay rate is t— /4 rather than ¢t~/2, and consequently that our interaction analysis is consider-
ably more delicate than those of previous cases. Most notably, in the case d = 3, we must proceed as in the
detailed development of [HoffZ.1, HoffZ.2], but in the case of undercompressive viscous shocks, which did
not arise in that setting.

It is well known that for d = 1 solutions u(t,z) of (1.1) initialized by «(0,z) near a standing wave
solution @(z) will not generally approach @(x) time asymptotically, but rather will approach a translate of
u(z) determined by the amount of mass (measured by [; (u(0,z) — ﬂ(x))dm) carried into the shock as well
as the amount of mass convected along outgoing characteristics to the far field. For d = 1, a local tracking
function §(¢) will serve to approximate this shift at each time ¢. In particular, we define our perturbation

by the relation v(t, ) = u(t,z) — a(x — 6(t)), and choose §(t) so that at each time ¢, we are comparing the
shapes of u(t, ) and @(z) rather than their locations. (See, for example, [HowardZ.1].)



In the case d > 2, the shift along the planar shock front @(z;) depends additionally on the transverse
variable & = (22,3, ...,24). In this case, u(t,z) does not approach a shifted wave asymptotically (the shift
goes to 0 as t — 00), but these ripples along the shock layer slow asymptotic convergence, hindering our
analysis. We proceed, then, by introducing the perturbation v(t,z), defined through

U(t,l’) = u(ta SU) - ﬂ(xl - 6(ta ‘%))7
to arrive at the perturbation equation (closely following the notation of [HoffZ.2])
d
(0 — LYo = (0 — L)(t, (x1)3(t, &) + > _(Q™ + R™ + 8™)a., (1.5)
m=1

where @, R, S are smooth function of their arguments, and
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According to (HO)—(H2), we can make the following conclusions about the coefficients of (1.5):
(CO) (regularity) aj(z1) € CH(R), b¥™(21) € C*(R), b (z1) > by > 0.

0’) (asymptotic decay) |§—:}c(aj (z1) — aF)] = O(e~**1h), k=0,1
1

(C ; F (BRI (21) — B = O(eelel),
k=0,1,2 some a > 0.

’ |8 k
(C1) (non-sonicity) Either af < 0 < a; (Lax case) or sgn(aj a; ) = 1 (undercompressive case).
(C2) > kim BRI (30) €616 Em > 0]€]* for all € € R? and some 6 > 0.

Here,

+ Jkim . jkim
a:= lim ai(x and b = lim b x1).
J xr1—Fo0 ]( 1) + xr1—Fo0 ( 1)



Integrating (1.5) (and after one application of integration by parts on the nonlinear interaction), we arrive
at the integral equation

u(t,z) = G(t x;y)vo(y)dy

d
/ G(t—s,z;y) {(8 )(@y,0) + Z (Q™ + R™ + S™),, |dyds, (1.9)
R4 m=1

where G(t, z;y) represents the Green’s function for the linear part of (1.5):

Gy + Z aj(21)G)y, = — Z (pIklm ( (21)Ge;zp2)am;  G(0,2;3y) = 6, (). (1.10)
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The idea behind the pointwise Green’s function approach to stability is to obtain estimates on G(t,x;y)
sufficiently sharp so that an iteration on (1.9) can be closed. (See, for example, [HoffZ.2, HowardZ.1, Z.1]
for complete nonlinear analyses in similar situations.) In the current analysis, we develop estimates on the
Green’s function G(t,z;y). We carry out the nonlinear iteration in a companion paper [HH].

Observing that the coefficients of our linear equation (1.10) depend only on 1, we take a Fourier transform

in the transverse variable & = (x2, 3, ..., #4) (scaling the Fourier transform as (271- fRd e €Tyt 0y, 7)dE,
&= (&,¢&s,...,&q)) to obtain

CA;t :Lié = _(bllll(xl)ézwcwm)an - (al(xl)é)ﬂm _Zza](xl)fjé - Z bjklm(xl)gjfk&gmé

j#1 Fhlm#£1
_iijlll(xl)gjéxlxlxl 'LZ bljll 331 fj :c1961 z, T Z b] 1‘1 g]kaxlﬁm
J#1 J#1 Jjk#1
+ ) OV (@)GGa ) + Y VI (@) 686G, +i Y (0 (21)666G)a,
Gh#£1 FRl#£1 FRl#£1
A 1-d ez
G(valagvy) = (271—) e i y5y1(x1)7
where the notation ==~ indicates summation over a permutation of indices, for instance,

bljﬁ — pli1l + pliil + plils

(We note that Ly is the linearized operator for the scalar case, so that d = 1 estimates can be obtained from
our analysis by setting £ = 0.) Typically, we analyze G(t,x1,§,y) through its Laplace transform (¢ — \),
G ¢(z1,y), which satisfies the ODE,

LgG)Vg — )\G)\’g = —(271’)1;2(16711'5'73(%1 (1’1), (111)

and can be estimated by standard methods. Letting ¢; (z1; A, &) and ¢5 (215 A, &) denote the (necessarily)
two linearly independent asymptotically decaying solutions at —oo of the eigenvalue ODE

Led = M, (112)

and ¢ (z1; N, €) and ¢ (21; A, €) similarly the two linearly independent asymptotically decaying solutions at
—o0, we construct the ODE Green’s function as

1 (T3 X NT (32, 6) +

¢Hmﬂé>1wA® (1.13)

G)Vg(xl,y) = { (.131,)\ E) Qf(y7)‘a€)7 T < Y1
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Insisting, as usual, on the continuity of G ¢(x1,y) and its first two derivatives in z; with respect to 1, and
on the jump in 82 G ¢(z1,y) defined through (1.11), we arrive at a linear system of algebraic equations for
the N,;t that can be solved by Cramer’s rule. We have

Nfr( )= (27T)T g W(¢1’¢2’¢2) N+( ) = (27T)— —ig-€ W (o, a¢1a¢2)

Wi e(y)oM 1 (y1)’ Wie(y1)bM 1 (y1)
— T T —1y-& W(¢17¢27¢2) — T T —1y-& W(¢17¢27¢1)
M) == e gy oy Y W BT e

where W ¢(y1) = W (o], 05,67, 65 ), and following [HowardZ.1], our notation W (¢1, ¢, ..., ) indicates a
square Wronskian or determinant of column vectors created by augmentation with an appropriate number
of derivatives. For instance, the Evans function in this case is defined through

of  of o o
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Critically, we see by construction that G ¢(x1, y) is well behaved except at zeros of the Evans function, which
away from essential spectrum correspond exactly with point spectrum of the operator L¢ (see [AGJ, GZ, ZH]).
In certain cases, the Evans function can be studied analytically (see, for example [BMSZ, D]), while more
generally its zeros are determined numberically (see, for example, [B, OZ]). Our approach will be 1. to
determine conditions on the Evans function necessary for stability, and 2. to impose conditions on zeros
of the Evans function sufficient for linear stability, and develop pointwise Green’s function estimates under
these conditions sufficient for establishing nonlinear stability. We leave the full development of nonlinear
stability (an iteration on the integral equation (1.9)) to a companion paper [HH].

Following [Z.1, ZS], we will analyze the Evans function with respect to a radial coordinate p, defined
through

(A &) = (pAo,p€o), where [(Xo,&)| = 1. (1.14)
Clearly, p = |(\, &) = V/IA? + |€|2. In particular, we will analyze
Do (p) = D(pAo, o), (1.15)

and the reduced Evans functions
Ao, &) = Jim P~ Do (p)-
In terms of these definitions, our stability conditions take the forms (D,,) (necessity) and (Dy) (sufficiency).
(D,,) Necessary conditions for linear stability.
Condition (1).
D(X€) #0, {(A€):¢eR™ Red >0},
Ao, &0) # 0, {(Mo, &) : & € RT™, Redg > 0}.

Condition (2). There is a neighborhood V of zero in (complex) &-space so that Lg has a unique L2
eigenvalue, \.(&), defined through D(\., &) = 0, A\.(0) = 0, satisfying
(€)= —z% €= NG + i EEE — N Er&ikm + O(IE),



where summation is assumed over repeated indices, and we use the standard jump notation [u] = uy — u_
and

] = (FP(us) = f2um) f2 ) = f2un), o [ ug) = A (u)),

and for which we assume ‘
Mg = MIEPP, e RN >0,

and '
)‘Zlklmgjfkglgm > )‘2|5|47 E € Rd717 )‘2 > 0.

(Ds) Sufficient conditions for linear (and therefore nonlinear) stability.

Condition (1).

DX E) #0, {(A&:£€R™ ReX >0,()€) #(0,0)},
AXo,&0) #0, {(No, &) : & € R Redg > 0},

Condition (2). The curve A, (&) from (D,,) satisfies one of the following (Condition (2a) or condition (2b)):

Condition (2a). '
Mg > MJel?, e R AY > 0.

Condition (2b). ‘ _
AFeie, = XMeige =0, ¢eRrIT?

and '
)‘Zlklmgjfkglgm > )‘2|E|47 E € Rd_17 )‘2 > 0.

Condition (3). For p > py > 0, there exist constants ¢; and Cs so that the spectrum of L¢ lies entirely to
the left of a contour defined through the relation

Re A = —c1([Re &]* — Co[Tm ¢]* + [Im A|).

We will refer to the contour defined by this relation as I'bound-

Remark on thin film equations. Undercompressive viscous shock waves arising in the thin films equation
(1.2) have been shown through numerical calculations to satisfy Condition (2a) (see [BMSZ], especially the
discussion around Figure 6). In the case of compressive waves arising in (1.2) (and generalizations; see (3.1)
of [BMSZ]), the authors of [BMSZ] established the exact representation

- [T IS,
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Remark on Conditions (2a), (2b), and (3). In the case of incoming characteristics, signals propagate
into the shock layer and then convect and diffuse along the shock layer with rates depending on Conditions
(2a) and (2b). In the case of Condition (2a), the signal propagates along the shock layer similarly as the
solution to a second-order convection—diffusion equation. In the case of Condition (2b), the signal propagates
along the shock layer similarly as a fourth order convection-regularity equation. Condition (3) insures that
the small ¢ behavior in the shock layer is fourth order.

Remark on Condition (1). The condition A()\g,&) # 0 is a transversality condition. In the case of
compressive waves,

A(Xo, &) = (i - [f] + Xo[u]),



from which A(\g, &) # 0 = 7 # 0, and additionally A()g, &) is only 0 for \g purely complex.

We note finally that a fundamental difference between the current analysis and the analysis of [HoffZ.1,
HoffZ.2] is that we take (D,,) and (Ds) as assumptions, while in [HoffZ.1, HoffZ.2] the authors establish
similar conditions analytically. In certain cases, such spectral conditions can be verified analytically [D], but
more generally they must be verified numerically [B, BMSZ].

We are now in a position to state the main result of the paper.

Theorem 1.1. Under assumptions (H0)-(H2) and (D;), we have the following estimates on solutions
G(t,z;y) to the Green’s function equation (1.10). For some constants M and n and for d-dimensional
multi-index «, with o] <3, a3 <1
(I) Lax case (af <0< ay)

(1) Y1,T1 é 0
_ le—y—a_t|4/3

0, G(t,x;y) =O(t )e MZE T g (21) 0y e(t, T, y)
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P
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9, G(t, x5 y) =g, (v1)0ye(t,
+O(e Rt
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and for the case of Condition (2a), we have (again for y; = 0)

agadat/s  _ISmimag?
~ . _& 4,—£ - S T M|y FaT
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while in the case of Condition (2b),

o= 4/3
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In the Lax case, estimates for 21 > 0 are symmetric. Moreover, due to non-sonicity condition (H1), the first
time derivative of e(t, Z; y) admits the same estimate as the first space derivatives.

(II) Undercompressive case (a; ,a] > 0).
(i) y1,21 <0

\m—y—a,t\‘i/s

Je M 4 g, (21)00e(t, £, )

_dt|o]
i

9, G(t,z;y) =O(t
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(11) X1 S 0 S Y1

|z—g—ated/3 (y1—aft)?/3

dt|oa|—ay
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where for y; < 0,
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while for y; > 0 we have,
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+RY(t,7;y,d—1).

In the case of Condition (2a), we have
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while in the case of Condition (2b), we have
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Moreover, due to non-sonicity condition (H1), the first time derivative of e(¢, Z; y) admits the same estimate

as a single derivative with respect to any transverse coordinate.
The estimates of Theorem 1.1 should be compared with those of Theorem 1.1 in [HowardZ.1] and with
those of Theorem 1.2 in [HoffZ.1]. In particular, the only differences between our Lax case estimates and the



estimates of [HoffZ.1] are: 1. the different exponential scaling for fourth order (as opposed to second order)
regularization, 2. the designation of our the excited terms as @, (z1)e(t, Z;y), as in the refined analysis of
Mascia and Zumbrun [MZ.2], and 3. in the case of Condition (2b), the change of diffusion rate of the signal
once it enters the shock layer. This last difference, in particular, warrants discussion. The behavior of the
Green’s function in the shock layer is determined by the form of A, (¢). In particular, for |yi| < |a|t (i.e.,
once a signal starting at y; reaches the shock layer), we have a contribution to the Green’s function of form,

/ (6 G A =115 (O g
Rd—1

~

dg,

i€ (E =)+ (1t M) (—i €=M € e+ €56 €) = MM 6 1 Eomt
e 1
Rd-1

which corresponds (roughly) with a Green’s function in dimension d — 1 for a convection—regularity equation
with 7! order regularity governed by \,. We observe that in the case of Condition (2b) for which )\gkfj{k >
AJJ€|? for some A > 0, the long-time behavior of the Green’s function after entering the shock layer will
be second order rather than fourth. For example, in the compressive case, a signal beginning at some point
(y1,9), with y1 < 0, will travel like a fourth order kernel until it strikes the shock layer (when y; = —ajt),
at which time it will move transversally through the shock layer, propagating as a second order kernel with
time replaced by |y1 + aj t|. (Spectral condition (3) insures that small time behavior is always governed by
fourth order dynamics.)

Another fundamentally new term arises in the undercompressive case, which did not arise in the analysis
of [HoftfZ.1]. (Undercompressive shocks arise in the general systems analysis of Zumbrun [Z.1], but the
Green’s function estimates employed there are not as detailed as those of [HoffZ.1] or those of the current
analysis.) The interesting behavior consists of transmission of mass through the shock layer, as signified by
the expression from the undercompressive case y; <0 < z7,

+ I
(e1-Lyr—afot/3  ja-g— (=0 yypatyed/3
a

1 *1

S(t,z;y) = Ot 5)e” Me178 e TvE

Geometrically, this scaling is straighforward to see in the case of two dimensions, in which we observe that a
signal beginning at point (y1,y2) and moving with convection a~ = (aj ,a5 ) (a; > 0) will strike the shock
layer at time ts1, = |y1|/a; (see Figure 1). Asymptotically, the convection switches in the shock layer, and
the signal emerges with convection a = (af, a{). The position of a signal at time ¢ that has passed through

the shock layer becomes (1, z2), where

vy =af (t —tsL) = af (t - E—ib
1
-
T2 =y2 + —=|y1| + a3 (1 - @),
aq aq

which correspond respectively with the exponents in S(t, z; y).
We remark finally that for a detailed discussion of the physicality of the effective convection deiﬁ, the
reader is referred to [HoffZ.1] pp. 373-375, under the heading Geometric interpretation.

2 Analysis of the Evans function

In this section, we analyze the Evans function for our linear equation (1.12). We begin by establishing
estimates on the linearly indpendent growth and decay solutions (qﬁf and w,f respectively) to the eigenvalue
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Figure 1: Signal convection through the shock layer, undercompressive case.

ODE (1.12). Following the analysis of [ZH], we proceed by writing our eigenvalue equation (1.12) as a first
order system. Setting Wy = ¢, Wo = ¢/, W3 = ¢, and Wy = ¢, we have

W’ = A (AW + O(e I hw, (2.1)
where
0 1 0 0
0 0 1 0
Ar(N €)= 0 0 0 1 :
a/j: . _ — . J—
(=oAL —@H(bim) IBE() (bUM™)7IBy (&) —i(b)TIBY(€)
with
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B (&) =Y v, (2.2)

#1
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where again b7/ represents a sum over a permutation of indices. The growth and decay rates for solutions
of (2.1) are simply the eigenvalues, uf, of the asymptotic matrix A4 (), &), which satisfy

DMt + B (&)p® — B (p® —iBE (&) + afp+ Ax = 0. (2:3)

For p sufficiently small (and consequently |A| sufficiently small), we have

+ af
My = b1111 + O(p)
BEEO L BY©) s Bi(©) bit!
i:——A LS A 2 S5 A2 A% — AL +0O
o == oFhe T iEy At E AL AL — s + 0()
= 1 3
it =t 5 - ) 00

+
a 1 V3
M,:E = blﬁ(i +Z7) +O(p).
+

We will choose j, k, I, m, depending on the sign of ali, so that for p sufficiently small
k> j= Re ur > Re p;.

The essential spectrum boundary of L¢ can be computed directly from (2.3) by setting u = ik, for which we

obtain the curve along which the real part of u changes sign. We find that the essential spectrum is bounded
to the left of both contours

§) = =i a;& = By(§) = (iar + By (©)k — By (§)k”
J#1
—By (§k* — bR

In particular, away from a ball around the origin, the essential spectrum is bounded to the left of our
boundary contour I'bound-

We have the following lemma.

Lemma 2.1. Under conditions (C0)—(C2) and for some p < §, where J is a constant sufficiently small (p
defined in (1.14)), we have the following estimates on solutions to the eigenvalue equation (1.12). For some
a >0, and forn =0,1,2,3,

(i) (Decay solutions) For Reuf <0,

a j: M E T +\n O —a|T
(il) (GI‘OW(h SOluliOHS) FOI‘ Relll] 2 O’

aannw (2130, €) = &7 OO (uF)" 4+ O(e=Im])).

(iii) (Dual estimates) For j, k, [, and m all different indicies,

o" W(@f,@,f,@li) 0(1) —pEy [ E\ng, £ +\/, +\/, —aly: |
a—y{LW,\@(yl)b““(yl) (}\’g)e |:(/J’m) (Mk —Hy )(Mz —Mk)(lh —Hy ) +O(e )|
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where each of the Hji, 9,?, and Hli represent either ¢f or wf.
(iv) If 6, 6k, and 6; all decay at exponential rate for p = 0, then

0 W(b;,0k,6)

— = 0(1).

Oyr W e(y)o" M (y1) ‘pzo 0
In addition, if two of the 6;, 0y, 6; coalesce at p = 0, then

10 W(,,00

00Ut . 1k1711l) ‘ =O0(1).

p Oy1 Wi e (y1)bM 1 (y1) lp=0

Proof. The proof of (i) and (ii) is standard and can be carried out as in [ZH] through iteration on an integral
equation representation of (2.1). For estimates (iii), we proceed from (i) and (ii) by direct calculation.
According to Abel’s representation of the Wronskian, we have

Bf _
a?hW)\,i(yl) = ( —1 bil(lg) + O(eia‘yl‘)),

so that o)
—i 3t y1+0(1
Whelyn) = DL 2",

Similarly, since the ukﬂ,: are all roots of the polynomial equation (2.3), we must have

Bs(&)
N%"‘N;"‘ﬂ?"'ﬂf =t plT

Observing directly from (i) and (ii) that
+ + +
W (0,0, 05)(y1) = O(1)elrs Hisk T,

we conclude the estimate

+ pEt pt
W(HJ 79k 79l )(yl) _ 0(1) G*Hiyl.
Wie(y)db" ' (y1) — D(A€)
For n = 1, we compute
W(e;ta ekia Hli) . bllll(yl)WA,f(yl)ayl W((g]iv 9}?7 el:t)
" W (y)b M (y1) Wie(yr)2b M (y1)?
W(e;tv el:gtv el:t)(blln(yl)8y1 W/\f + W/\fayl bllll(yl))
Wi e(y1)?0M 1 (1)
0y, W (07,057, 67°) — (=i + O(e= )W (65, 637, 67)
- Wi e(yn)b" 1 (1)
0 0y 0,
L b L —alys|
W ( )1b1111( ) det " eji " 9’? " Hli + 01()6()\ €) )
MELTE OF " +ighiof 6F +igHRer 6F +igHaer ’
+ + £
€7H$Ly1 +

_m (=t ) (e — 1) (e — ) (g — p) + O(e*&|y1|) .
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Estimates on higher order derivatives are similar. In order to establish (iv), we proceed as for the case n = 1
above, except that we track O(|¢]) behavior rather than O(e~¢1¥l) behavior. First, a more precise statement
of Abel’s representation of the Wronskian takes the form

0y 0 (1) + 2050 T (1§

O Wae(yr) = =i T JWae(w),
for which we have 8, b1 ()
: 1 )
0 Waelr) = =i Hrr 5 +000) ) Waelun).

Computing directly, we find

o W50k, 00) D" (y1)0y, W (05,01, 00) + (O(IENW (65, 01, 61)
! Wi (y)b1 (1) Wi e(yn)b" 1 (1)

For the numerator,

Oy, W (0;, 0k, 1) + O(IE)W (05, O, 1) =

0; O 7
det 0’ 9;, 0

07" + 0oy 0 + O(Ehey 6" + O(I€)ey
In the event that 6k (y1) . decays at exponential rate as ©1 — —oo, we have (upon setting p = 0 in
Le6 = M)

=" (y1)0y) — (ar(21)0x) =0,

for which we integrate over (—oo, x1] to obtain

g __m (1) 9 ‘
k (yl) p=0 bllll(l‘l) k(yl) -
We have, then,
0 O 0
det 0 0, 0 ‘
0 +0(ehe; o +0(ehey o + oy ) =
0; O 0,
= det 0’ A 0 =0.
- blll(lm(;)l) ej - bflll(lz(;)l) ek - %91
The final claim of Lemma 2.1 follows similarly from linear dependence of the column vectors. O

We are now in a position to derive conditions on the Evans function equivalent to (D) and (Ds). We
begin with an observation similar to Lemma 1.1 from [HoffZ.1].

Lemma 2.2. Under conditions (C0)-(C2) (in particular for both the Lax case and the undercompressive
case) and for \. (&) defined as the continous curve satisfiying

D(\, ) =0, A(0)=0,

13



we have ~
A6 = =il Ol

Proof. Following [HoffZ.1], we proceed by expanding the eigenvalues and eigenfunctions in ¢ (summation
assumed over double indices)

Me(&) =Mk + M6 + O(JE]P)
¢ (21,€) =la, (1) + S (21)E + by (21):E + O(IEP),

where Leg, = A @s. Substituting these expansions into (1.12), and equating first order coefficients, we have

_Z(blnl(xl) 9/I(x1)§j)x1 - Z(al(xl $5&5)x ZZ% 21)&j Uz, — izbjlll(xl)gjaxlxlxlxl

J#1 J#1 J#1 J#1
—ZZ b il 1‘1 @uxlxlxl z, = Z)\jgjaxl' (24)
J#1 J#1

Integrating now on (—oo, +00) and recalling that ¢, must decay at each asymptotic limit, we determine

+oo
_Z/ Zf} (G’J I U’Il b]ul(xl)uwlwlwlwz)dxl ZA f] + —U— )

T g#L J#1

Recalling (1.7) and matching coefficients of the £;, we arrive at the claim. |

n [HoffZ.1], the authors carried this argument to the next order in ¢ and rigorously determined the
second order behavior of \.(£). For completeness, we add a remark here regarding the difficulty in proceeding
similarly in the current setting. Equating second order coefficients in our expansion representation of (1.12),
we have

= MM @) (21 e — > (a1 (1) Pk Eki)e — 1 > aj(x1)EiER bR

Jk#1 jk#1 jk#1
—i Y WM @)g G —i Y (0 (@) )ay + D Y (21)€ErTLr 0
Jk#1 jk#1 jh#1
+ Z bl]kl 371 g_]gkuxmtl Z )\k_]gkfjuxl + Z /\j¢k€k§1
jh#1 jh#1 jh#1

Integrating on (—o0, +00), we determine

> fyék/ ( —daj(1)gr(x1) — b (1) 0} + bjm(ﬂ?l)ﬂmmm)dxl

k£
= Z f]fk/ (Ajkﬂxl + >\j¢k($1))d£€1.

Jk#1

Equating coefficients, we find

+oo . ) J—
=l [ (= agConyoutan) + 8 gu o) = 1 ) o) 5 1)t

(This last representation should be compared with equation 5.10 in [HoffZ.1].) Finally, we can obtain a
representation for the ¢y in terms of @,, by integrating (2.4) on (—oo, z]. The determination, then, of the
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coefficients \;; can be reduced to an understanding of the standing wave @(z1). In the case of [HoffZ.1], in
which the authors consider second order diffusion, the standing wave u is necessarily monotonic, and the
authors make use of the observation that [u] and @, have the same sign for all z1. In the case of fourth order
diffusion (even in the presence of second order diffusion), and also in the case of second (or higher) order
systems, 4 is typically not monotonic, and information sufficient for determining behavior of the coefficients
Ajk is prohibitively difficult to determine in this manner. Consequently, for the remainder of this section,
we follow the methods of [Z.1, ZS], developed in the context of systems.

Lemma 2.3. Under conditions (C0)-(C2) (in particular for both the Lax case and the undercompressive
case) and for Dy, ¢, (p) defined as in (1.15), the limit

;IL% pilDz\oéo (p) = A(/\07§0)

exists and is analytic in Ao and &, in a neighborhood of (0, 0). Moreover, A(Ag.£y) is homogeneous of degree
1.

Proof. Though the proof of Lemma 2.3 follows closely along the lines of the proof of Theorem 7.1 in [ZS],
we include it here for completeness.

Laz case. In the Lax case, each ODE decay solution d)f is fast (asymptotically decays at exponential rate
for p = 0). By linear independence of the modes, and since 4, is a solution of (1.12) that decays at both
asymptotic limits, we can choose without loss of generality

¢7 (21;0,0) = ¢5 (21;0,0) = g, (1). (2.5)
We have, then, clearly
Dz\ofo(o) W(ux1a¢2 7¢1 aum) _ =0.
Additionally, we have
o) Folon Doy
a_pD/\o,Eo(O)_ ( a¢2a¢1au$1)+w(ux1a¢2a¢1a 3;)
3¢+ by
(a—p - —25¢2 7¢1 ) ;Cl)

Re-writing (1.12) in terms of p (and hence in terms of \g and & = (£3,£3, ...,£9)), we have

—pt N ()0l oot Y VM (20)E260E by +ip® D (B9 (21)€060E0 D).,

Jklm=#1 Jkl#1 Jkl#1
+02 3 (0 (1) 08000 oy +07 Y b (@0)E0E b, —ip D (B (21)E0 D101 )
Jk#1 jk#1 G#1
_ipzbjlll(x1)§?¢xlw1w1_(bllll(x1)¢9611111) T1 (al(xl) sza] xl f ¢ P>\0¢
J#1 J#1

Setting p = 0, we have
7(b1111(x1)¢111’11’1)1’1 - (al(xl)d))zl =0.

Since in the Lax case each ¢ is fast, we integrate on either (—oo, ;) or (z1,400) to obtain

_bllll(x1)¢961$1961 - a’l(xl)d) = 0.
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n _
¢ = aglf , we take a p derivative of (1.12) and set p = 0 to find (with ' := 9,,)

Writing z4 =

_(bllll(xl)zg:/)/ (Cll 3;1 Zi _’LZ 331 f U:clxwm)l
J#1

+izbﬂn($1)§?az1x1x1x1 +izaj(xl)€?a:c1 + Aot -
71 71

Integrating the equation with z4 over (z1,+00), and recalling the definitions (1.7), we observe

_bllll(q"l)zr - a1($1)2’+ :izbljn(xl)g?amxlxl

j#1
+oo
SN INCECER TSRS / W(@1))erdor + do((e1) — us),
il T i#1
for which
—b"MM (21)2 — a1 (21) 24 =i Z blm(xl)fgﬁxlxlxl
j#1
P €[ @), + (P (1) — )]+ o) — ).
j#1
Similarly,
—bllll(xl)zlll —a xl _’LZb1]11 T g] U’x1x1x1
J#L
PP @) s+ (1) — ()] + Ao(an) — w0,
#1
and we conclude ~
_bllll(xl)(2+ — Z_),/, — al(xl)(z+ - Z_) - —Zf() . [f] - )\O[u]; (26)

where

=) = F2us), ) = P P ) = Pus)), ] i= g —ucs
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We have, then,

(24 —2-) §r/ 2y Ty,
(24 —2-) T o1 Uy
0p D6, (0) =det , O, tan
P Xo0,60 (er — Z,)” ;_,,, ¢1/” Ug,wq2,
(ZJF - Zﬁ)m Sr QS; ﬂxlzlzlzl
(Z+ B Zﬁ) ;r/ (ZS;/ Tl’Il
=det (24 —2-) Sr// ¢;,, Ugyz,
(Z+ N Z_)H, - ;_ o1 Uy zq 2,
oty (o o)+ S el —ptler iy,
[ 1 000 (s —2) 03 ¢1
~ det 0 1 00 (24 —2_) ¢;r” O laya,
- 0 010 (ZJF_Z*)” QS;_ ¢1_ Ugizqz,
a1(0 X =
—ps 00 1 ol .
S T

—— (i - L]+ 2oful ) [P @) et [ 65 67 i,
Q%r ¢; ﬂxlzlzl

Following [Z.1, ZS], we define

Ao, o) = o - [f] + Ao[u]
and
63 b1 U
v = —b"M110)" ! det qb;r o TR
(b; ¢; ’U’xlxlxl

We now compute the reduced Evans function directly, as

A()\07§0) = ;ll% p_lD/\o,Eo (p) = 8PD/\0750 (0) = 'YA()‘07§0)'

Undercompressive case. For the case of undercompressive waves, we observe that in our labeling scheme ¢
is a slow decay solution (O(1) for p = 0). We again have D), ¢, (0) = 0 immediately from (2.5). In order to
compute 9,D), ¢,(0), we observe that for p = 0, the slow mode ¢3 satisfies

—(bllll(l‘l)(bxlxlxl)xl — (a/l(xl)¢)$1 = 07

which upon integration on (1, +00) (and with the scaling of ¢5 chosen in Lemma 2.1) becomes

P (1) + ar(21)dg (21) = af -
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Proceeding as in the Lax case, we have then

(24 —2_) Qﬁ/ ¢1_, U,
(z4 —2-) oF ¢1 Uz
D = det (R
ap Aoéo(o) € (Z+ —zZ_ )H (b;r (bl Ugyzyy
i€o-[f]+Aolu] ay 0
BIITT () 51111(0
¢2 ¢17 ’H’xl

= — (i€ - [f] + Ao[u])p"'1(0) " det ¢2 1 U
¢2 ¢1 ﬂzlxlxl
(Z+ - k- (bl Ug,
+afbM0)det | (24 — 2 )/ ¢1 Uz

(ZJr - Z*)H d)I 17‘11961961

af (z4 —2-) — (i& - [f ] + Aolu]) ¢y ¢r Uy
=p"(0) " det | af (24 —22) = (i&o - [f ] + Ao[u]) b3 ¢r g
af (21 — 2-)" = (i& - [f1+ Mol ¢7  Tsyora

Observing now by direct substitution that ai (zy — z_) — (i€ - [f] + Mo[u])¢3 is a solution to
_bllll(x1)¢x1x1x1 - al(xl)(b =0, (27)

we view this last determinant as a Wronskian of solutions of (2.7). Since we can construct solutions of (2.7)
independently of g and &, we conclude by Abel’s Wronskian formulation that we can write

0 (o = ) = (6o ([l + Dolu)o} o7 i,
B 0) det | af (24 = 20) = (o [f] + do[ul)ds 61 Gma | =7A00,80),
a‘-li_(ZJr - Z*)H - (Zfo : [f] + AO[U])d);_ ¢1_ Ugyzy 2,
where the transversality constant v is a determinant of any three linearly independent solutions of (2.7).
We conclude analyticity from a standard continuous dependence argument. Moreover, observing that for
(i€ - [f] + Molu]) = 0, (24 — 2z_) satisfies (2.7) (see (2.6)), we recover the assertion of Lemma 2.2. O
Our immediate goal now is to characterize the local behavior of zeros of the Evans function. In particular,

our primary concern is the function A.(§) defined through the relation
DA\, €) =0, X.(0)=0.
Following [ZS, Z.1] we define the function g(Ag, &0, p) as

g()‘OvEOa P) = p_lD)\o,ﬁo (P)

We will be interested in roots of the three functions D(, &), A(o, &), and g(Ao, &o, p), for which we will
adhere to the following notation:

AN (E0), €0) =0, = Nj(6o) = —i% .
9(5\0(507/))750; p) :07 5\0(50; 0) = )‘S(EO) (28)
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By direct substitution, we observe that given the curve \o(&g, p), we can determine a solution curve A, (&)
through the correspondence,

A(©) = el JE). (2.9)

1"
That is,

9(Xo (|§| 1€1), B

We proceed, then, by developing an expansion

||§|> €171 D, < (1€) = [€[ D(€[Xo, €) = €] D\ €) = 0.

- - - 1 - 1 - .
A0(507 P) = )\0(507 O) + ap)\O(EOa 0)/) + iappAO(gov 0)[)2 + iapppAO(gov 0)[)3 + 0(/)4),

and concluding that the leading eigenvalue satisfies

S 2 3 4
A A IpA 8 A 8 A (0}
A-(€) =l o<|£| Jéh) = |§|(0(|£| 0)+ 0<|£| 0)[&]+ 395 o<|£| 0)[€* + 50n00 o<|£| 0)[¢l* + O(I¢l))
=30(€.0) + 0,67 O + 5050l 57 O)EL + 50hmho(57.0)El + OI€P).
According to Lemma 2.2, in both the Lax case and the undercompressive case, we have, Ao (¢,0) = —i%f .

For higher order behavior, we follow [Z.1, ZS| and proceed by differentiating g with respect to p. Proceeding
from (2.8), we have
3 ]
8A p(_ZTé'OagOvO)
9075, + 9o = 0= 9,A0(&0,0) = ,[[}] : (2.10)
9o (_me(% §O; O)

In the case of second order diffusion, behavior of 9,Ao(&o,0) is sufficient, because the O(|¢[?) term in our
expansion of A, (§) is always present. Even in the current setting of fourth order diffusion, this quadratic
effect is typically present, but we find that the fourth order term dictates our asymptotic decay in time.
Conseqently, we proceed to two higher order representations

< 9pp T ZQP/\O % T 9roro (%_;)2
Dppro = — )
IXo

and

) + 39/\0)\0p(d¢9—p0)2

L Bmoan(FR) 39>\0/\0(ad_)(
- 9o
39>\opp(aa_) + 39>\op( ap ) + 9ppp

9Xo ’

where all evaluations are at the same points as in (2.10).
Finally, we write our expansion coefficients in terms of the Evans function Dy, ¢,(p)—in particular, in
terms of its behavior at p = 0. Beginning with the defining relation

PQ(AO, 507 P) = D)\oéo (P);

we compute
g(>‘07 an P) + ng(>\0, 507 P) = apD)\o,Eo (P) = g(>‘07 507 O) = apD)\oéo (0)
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Similarly,
8k 1 akJrl
8 k(>‘07£07 ) = k_’_lW‘D}\O@O(O)'

On the other hand, taking a derivative with respect to \g, we observe

k k k

0] 0]
a)\kg( 050, ) a k(hmp D)\o,io(p)) a)\k ()‘0750)'
Mixed partials follow similarly. We have, then,
(~iléo,6.0) 305 Da (0
9p [u] 50> S0> ot /\0750( )

::5‘ 5\ aO = f -
B1 =0, 0(&0,0) g,\o(—i%ﬁo,fmo) Mo (Ao, o)

A\ A
9pp t 29/?)\03_,)0 + g/\oz\o(a_po)Q

1 -
B2 5258,),))\0(&),0) = -

9o
_ %apppDAo,io (0) + %518)\0ppD)\o,Eo (0) +0 a)\o)\o ()‘0750)
- oD (Nos €0)
N 39/\())\0)\0(%) + 39>\0/\o(0/\0 )(8,92520) + 39%%,;(%)2
B3 = — i
B 39>\opp(%_,)) + 39>\op( ap ) + 9ppp
9o
363 0x0 2020 A (X0, &0) + 351(252)3A0A0 Ao €0) + 35670000000 Do 0 (0)
o o (Mo, 60)

. Sﬁl %a)\OPPPD)\o,io (0) + 3(2ﬂ2)§aAoppD)\o,§o (0) + %appppD)\o,io (O)
oD (Mo, &0)

We observe that (31 corresponds with the value 8 from [Z.1, ZS]. Having specified these critical values, we
re-state our necessary and sufficient conditions for nonlinear stability.

(Dy,) Necessary conditions for linear stability.

DA€ #0, {(A\€):¢&eR" Red >0},

A()‘Oa&)) #Oa {(/\7§) :§ GRd_17Re)\>O}7
Ref; <0, Re 3 <0.

(D,) Sufficient conditions for linear (and therefore nonlinear) stability.
DAE) #0, {(A&): &R ReA >0,()€) # (0,0)},
Ao, &) #0, {(\&):€e R Rel > 0},
Ref; <0, Re (3 <0.
3 Estimates on G)(z1,y)

We now combine the asymptotic estimates of Section 2 with representation (1.11) to obtain estimates on
Gie(z1,y). We begin with the case p small.
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Lemma 3.1. Under conditions (C0)—(C2) and for p < §, some § > 0 sufficiently small, we have the
following estimates on Gy ¢(z1,y), as constructed in (1.11).

(I) Lax case (af <0< aj)

(i) For y1 <1 <0

O(p)O(e"1")

23] _ Ho (T1—y1) —lo Y1 — kg Y1
el =0l "DV D0
= (o1 O(p)ug, (z1) _,- O(p*)O(emlmly -
i€ _ py (w1—y1) 4 T\ \ M) —ppyr 2P )P )~y
e aylG)\’g(xlay) 0([))6 + D(A,g) € + D()\,f) € .
(ii) For 21 <y1 <0
—nlzi— O(V)iiy, (x1) -,  O(p)O(e~=1l) -
&g _ nlz1—yi1| AR\ —pp iy . 2\ ) —pp v
el 20T TR0 T
T O(p)iz, (#1) =y, O(p*)O(e ™)
23] _ nlz1—y| 1 Mo Y1 Ho Y1
€ 8?!1 G)\,f(x15y) O(e )+ D(Ayf) + D(}\,é’) .
(iii) For 1 <0<y
£ O(V)itg, (1) 5, , O(p)O(eM=l) o
3] — L K3 Y1 M3 Y1
O =0 T g
€5 O(p)ig, (x1) i,  O(pHO(e ™) 4
(3] PP\ —pgyr T\ VPN T —Hg Y
& 8y1G,\,5(x1,y) D(/\,f) (& + D()\,f) e .
(iv) For y1 <0<z
Oty (#1) iy, O(PO(e)
(3] N\ —poyn o NN ) —po Y
oY) =0 ) T g ¢
€5 O(p)ua, (z1) _,- O(p*)O(e =y -
1€y _ 1 Mo Y1 Mo Y1
OO =0 D0 |

(v) For 0 <yp < a4

Oty (1) 1 O(P)O(e”"“‘)e f

3] — —nlz1—y1| —n3 Y1 —H3 Y1
oGy =0t o0 TN
£ —nla1— O(p)ia, (r1) _ i+,  O(p?)O(e oy _ 4
-7 — n|x1—yi| 1 M3 Y1 K3 Y1
€Y, Gxr¢(x1,y) =0(e )+ DOVE) e M1 DOE e M3

(vi) For 0 <y <y

O(isy (#1) iz, , OO o

(437} —0O(1 ni (@1—y1) —K3 Y1 Y1
/7 ¥ R P N R
i€ _ O(p)ay, (1) _ + O(pQ)o(e*n\zl\) .
i€ -0 ud (z1—y1) 1 udn pdy

e ayl G)vi (xla y) (p)e + D()\a f) ‘ * D(/\7 g) ‘



(IT) Undercompressive case (a; > 0, aj” > 0)

(i) For y1 <1 <0

O(1)tg, (1) O(p)O(e 1)

TG a1,) =O(1)ets 1)y o) cu y QINE ) s
€19, G (w1, ) =(O(p) + O(e™ 1) )erz (1700 4 IZ)T(%) (0@ + O
(ii) For 21 < y; <0
€T (1, y) =0 (e T wily 1 O(gz\ilg()fﬂl)eugyl n O(p)l;)(f\fg;”mll)eﬂz_yl
€79, Gy ¢(a1,y) =0 (e Morwly 4 g(ixg O(p)eF= ' + O(e‘”'y”))
+%ﬁ€;lm)e“5 vi,

(111) For X1 S 0 S Y1

O(e_nlyl‘)ﬂxl(xl) N O(p)O(e MO (e~ nlv1)
D(X,€) D(A,€)

O~ ity (1) | O(p)O (=)0 e)
D(\, €) D(X,§)

eCIG e(a1,y) =

€70y, Gy e(x1,y) =

(iv) For yy <0< 13

D(A,€) D(), €)
¢€70,, G glw1,y) =O(p)es ™ H2 v + lg(A(xé)) (0(;))6*“5 v O(e*”‘y”))
O(p)O(e=tho(eul)  O(p?)O (e o1l)

D(A,€) D(), €)

—Hy Y1

eiE.QG/\é(xl, y) :0(1)eu§x1—u§y1 +

—;@yl.

+

(v) For 0 <yp < a4

O~ iy, (1) | O(p)O(e"*)O(e11)
D(\, €) D(X,§)
O(e‘"‘yl‘)ﬂxl (1)
D(X,€)

TGy e(w1,y) =O(1)ers @17v0) 4

¢€70,, G (w1,y) =O(p)es (178 4 O(e~m—0) 4

O(p)O(e M= (e~¥1)

" DO E)
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(vi) For 0 <z <y

Ofe =" iy, (@1) , O(p)O(e)
D) DO\

Ofe )i (21) , O(p)
DA €) DA €)

TG g(ar,y) =O(e M) +

e~ nzi—uil

19, Gg(x1,y) =0 (e 701l &

Proof. We proceed directly from the estimates of Lemma 2.1. In the case 1 > 0, we will expand (suppressing
the dependence of d)f on A and & for brevity of notation)

93 (21) =A3 (A, o7 (1) + By (A, )97 (1) + O3 (L O¥T (1) + D3 (A, Y5 (a1). (3.1)
Without loss of generality, in both the Lax case and the undercompressive case, we can label the ¢ki so that

¢1 (2130,0) = g, (21) = ¢{ (21;0,0),

with the consequence that
¢F (213N, €) = Uay (1) + O(p)O(e ™).

(In the undercompressive case, gf)f is the unique fast mode, and consequently must correspond in this manner
with 4., (21). For the remaining cases, this constitutes a rescaling from the estimates of Lemma 3.1. We
note, however, that the slow-mode estimates can still be taken from Lemma 3.1, and that for fast modes we
only require the estimate ¢i (1) = O(e~"*1l).) In order for our representations to match, we must have

Bf(\,€) =0(p); CT(N\&=0(p); Di()\¢) =0(p)

and additionally
OF (A, §) Dy (Ae,€) = DY (A, )05 (A €) = 0

where the curve A, (§) is defined through D(A.(§),£) = 0. While the former of these last two expressions
is clear, the latter can be observed through consideration of the eigenfunction ¢, (z1; A, &) associated with
A«(€). In particular, since ¢, decays at exponential rate at both +o0o, we must have, for p <r,

¢* (1‘1; A*a f) :E(/\*7 g)(bir(xly A*a f) + F()‘*a €)¢§r(‘x17 )\*7 g)
=B\, ©) (AT (0,67 + B (M €)67 + CF (0, U7 + DF (A, 97 )
+F (O, ©)(AF 0, 67 + B (s )67 + CF (0, VT + Di (e, 97 ).

Recalling that ¢, (x1; A, ) must decay as 1 — +00, and employing the linear independence of ¢; and v, ,
we conclude

B\, )01 (M €) + F(A §)CF (A, §) = 0= E(A., §) DY (M, €) + F(As, §) D3 (A, §),

from which the identity is immediate. Moreover, in the undercompressive case, since zj);r (z1) is a slow mode,
we have

O (1‘17)\*7§) ( ) (1‘1,/\*,§)

&or
L O(AT o1 + B (A, 0085 +CF (0 09y + D (0, )5 ),
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from which we conclude
Cf (A, €) = Df (A, €) = 0.
Similarly, we find
By (A& _ Gy (A€ _ Dy (A6
By (A€ Cr (A€ Dr(As€)
In addition to these scattering expansions for d)ki, we record similar expansions for N,j[. Computing
directly, we find for y; <0,

4o - e~y +t At W(¢5;¢;aw;)(y1)
Ny (?Jv)\af) _77r 1 {(A1 C; C AQ) W)\,E(yl)bllll(yl)
Wby, 01,05 W(py , 1,9y
i R i
67i§~y ++ ot W(¢1_7¢2_71P1_)(yl)
T (B O = OB S S
W1, d5, 0y o1, W1 Uy
+(BI D3 ~ DY By) mﬁx,;(yjb“flz%) HEDy - Die) Vif(’xz(y1§b1“212( ))}
L e WO 6y D)) e WL 650 ()
N9 == o [ G P WG

+W(¢;v¢ng;)(yl) D+ W(¢fa¢5,¢5)(y1)}
b Wi (y)bt () b Wae(y)b () 1

Ny (yi A €) = —

Ny (rin6) =~ Te
S0 =

(3.2)

Similarly, for y; > 0,

s g) o [ W 6 6D W) | - W, ¢l ¢3)(yy)
N X ) =[O i) P W) |
(

e T Wt e ) | ) W6t )
NHN ) = e O S P T

i€ ot ot
= e e i)

- - ((b w2a¢2)( ) — — (¢17w2a¢2)( )
+HATDy = D Ay) i+ (O Ds = DGy ) e S

o e W85, 001 ) ()
Ny (g3 A,6) = o 1 [(Bl Gy Cy By) W)\,E(yl)bllll(yl)

(¢2 71/)2 a¢+)(y1) . (d)l 71/)2 a¢)+)( )
Wit (€0~ DG gt S ] 69)

We will proceed by considering the compressive case with y; < 27 < 0 and the undercompressive case with
0 < y; < z1. The remaining cases are similar. We recall from Lemma 3.1 that for the Lax case the slow
ODE solutions satisfy (for n =0,1,2,3)

+(B; Dy — Dy By)

8;11 wQ_ (.131, )\; E) 26”2’_()"5)“’1 (O(pn) + O(e*a\zﬂ))
O (13 0,€) =e#s A9 (0(p") + O,
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while for the undercompressive case the slow ODE solutions satisfy
o1 5 (w13 1, €) =€ O (0(p") + O(eI1))
03,08 (21, €) =e/* 97 (0(p") + Ofe ")),

Compressive case, y1 < x1 < 0. In either the compressive or undercompressive case for y; < x; < 0, we
begin with the representation

Gre(z1,y) =07 (z1; N, Ny (13 A, &) + 63 (13 X, )Ny (5 X, §),

and expand the d); and N, asin (3.1) and (3.2) to obtain (suppressing A and £ dependence for notational
brevity)

For (@1) + B 63 (21) + CF 47 (@1) + DY vy (1))

e N1 WIS, 0 U)o WO 6,4 (31)
(Zﬂ)dzl){ 2 BT () W e (1) D bllll(yl)W)\,E(yl)}

Grelzr,y) = (
(-

+(AF o7 (w1) + B 65 (21) + CF o7 (21) + DS 5 (1))
(
(

(
(2ﬂ)%)[ ' b““(yl)WA,f(yl) D b““(yl)WA,f(yﬂ}

)(asct - afcer (@) + (BEC - B C); (1)

(2m) =
R b
+((27r;ij )[(A5 D — AT DI)67 (1) + (Bf DY — B DY) (21)
+ies0i it R

Using now the estimates of Lemma 2.1 and the observation that according to our scaling ¢; (z1;A,€) =
Ty, (21) + O(p)O(e~"*1]), with additionally By, C;7, and D] are all O(p), we find

o—iET

Grelar,y) =( - W) [0(1) (i1, (22) + O(p)O(e~11)) + O(p)O (e~ 1]
o] OW) sy,
O(D(\,€))e }D(A’g)e
o—it G
+(= 5mr) [OWEn ) + 0O 11) + 0()0 (")
pra] O)  _ur
(DO E)e | e
_—itg uy (z1—-11 O(l)uzl(x ) —uy O(p)O(ef"]‘zl‘) -
=e % [O(l)e ( )+7D()\,§)1 e +—D()\,§) e .

For the first derivative in y;, we compute

ay1G>\,E(xlay) = Qﬁr(xla Av&)ale; (y7 >\,£) + ¢§r(x17 A,f)ale{(y, Aag)v
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where according to Lemma 2.1(iii)—(iv),

0y N7 (1 0, €) =)=z

D(A,€)
_ o) _,;
O N7 (43 M, €) =ptre Vs .
Computing as above, then, we find
e[ W @) o, OO
I 1 3] Mo T1—Ho Y1 1 Mo Y1 Mo Y1
8?!1 G)\,g(l‘l, y) € O(p)e + D(}\, g) € + D()\, 5) € °

Undercompressive case, 0 < y; < x1. In either the compressive or undercompressive case for 0 < y; < z7,
we begin with the representation

Gre(z1,y) =07 (x1; N, Ny (13 A, &) + 63 (13 X, )Ny (15 X, §),

and expand the N, as in to obtain (suppressing A and £ dependence for notational brevity)

—iigl + ot oF
Grelony) = - Tt o) [ 405 — oy ) LY 63 0n)

(27)“z Wi e(y1)b! 1 (y1)

4707 — D A L e 7 - pion St
8705 - by o) ISR ¢ e i - oy o R )
= (;)iy (T, + O(p)O(e’irl))[% FO(1)e ] 4 (;)iy O(1)eH (@1-v)

—e— €T [O(1)erd (b1 4 ﬂzl(wll))(())\,(z)”l) n O(P)O(el;’(”:,'i?(e”yl)]

For the first y; derivative, we compute as above

By, G e(m1,y) =07 (2150, €)0y, N1 (45 A, 6) + 65 (215X, )Ny (95 A, €)
O(e*n|yl|)ﬂxl(m~1)

D(\,€)
O(p)O(e~ =0 (e~ ll)

—e €T [0(;))6#5’(1’1*%) +

+O(e el 4

O
The estimates of Lemma 3.1 in the Lax case are to be compared with those of Proposition 2.5 in [HoffZ.1].

Lemma 3.2. Let conditions (C0)-(C2) and spectral conditions (D) hold. Suppose additionally that p > M,
some M > 0 sufficiently large, and that A is bounded to the right of the curve defined through

Re A=~ (|Re ¢f* = Coltm ¢[* + Im A]), (3:5)
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where ¢; is as in (D) and L and Cs may be chosen sufficiently large from L > 1 and C3 > ¢3. Then for
some constants C' > 0 and § > 0, we have the following estimates on G ¢(z1,y), as constructed in (1.11).

TG ()| <O(IN +[gfY) e PO e

g -1/2 _ ay1/4) .
€70, G g, y)| SC(IN+[gl!) e PR Hinnl,

Proof. We begin by defining the scaling r = |\| + |£|* and rescale the eigenvalue equation (1.12) through
T — xl/r1/4 to obtain an equation of the form

jkim 3
A+ E]‘kzm;ﬂ v’ ($1/T1/4)§j§kfl€m _ Z Fu(r. a1, oF

“Vrzxx — - s ) 3.6
v PO (2, /2177 v 2 §)ax,fv (3.6)

where Fy(r,z1,€) = O(r~*) and Fy(r,x1,£) = O(r*%k), k=1,2,3. Writing (3.6) as a first order system
with W1 = v, Wa = vy, W3 = Vg, 5, and Wy = vg,4,4,, We have

W' = A(z1, A, &)W + O~ V/HW,

where
0 1 0 0
~ 0 01 0
Az, A &) = 0 00 1
- ijlm,;él Ik (Il/rl/él)fjgkflfmf)\ 00 0

Tl (g, /r1/T)

for which the eigenvalues of A can be written in terms of

- A+ D ikime YR (2 /el )€ 64616

O (1, /717
as
- 4 /= 2 V2
fir = A(—% - Zg)

iz =\ /N\(—£+ £)

2 2
fis = f(+§— %)

fla = \/_(—i—£ + zi)

with associated eigenvectors Wy = (1, fix, i3, i3)®. In our expansion for Gy ¢(z1,y), we will associate a
growth mode or a decay mode with each of the fi;. We will develop the proof of Lemma 3.2 for the decay
rate fi1. The remaining cases are similar.
We let P be the matrix constructed from the eigenvectors associated with the fir and define V :=
P(z)~'W, for which we have
V' =DV + 0@ VY, (3.7)
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where D is a diagonal matrix with the eigenvalues ji;, along the diagonal. Clearly, equation (3.7) has two
solutions that decay at +oc and two solutions that decay at —oo, with rates given by the ug. As r — oo,
we obtain solutions of the form

et eh2t1 Pt ehat

Y

SO O
oo = O
o= O o
= O O O

We are concerned here with the solution associated with fi;, so by continuous dependence of our solutions
on r, we can take |Vi| > C1(|Va| + |V5| + |V4|), for C; > 1. We define

e1 :=V1Vi + WLls
e :=V3Vs + Vi Vi,

where by ~ we mean complex conjugate. Computing directly, we find
ey =ViVi + ViVl + ViV + VoV
=i ViVi + i ViVi + fi2VoVa + fi2Va Ve + O(r~/*)[O(e1) + O(e2)]
=2Reji ViVi + 2RefiaVaVa + O(r~1/4)[0(e1) + O(e2)].

In order to establish estimates on Re ji; and Re jiz, we write A in the polar form

A = |A]e?.
We have, then
Re i1 = Re VX(—Q — zﬁ) = \/§|A|1/4( 0s — — smg).
2 2 2 4
We require
O snlsipso (3.8)
cos - —sin - > 1o , .

we must have

or ‘
A+ Im ijlm;ﬂ pIHm (xl/r1/4)§j£k£l£m|

—Re A= Re 3 ey WM (21 /11 4)E666m —

for some constant 7;. Computing directly, and using (3.5), we have

n,

—mRe A—mRe Z BRI () frH N E EuErEm
Jklm#1

< —mRe X —m0|Re &* — ni0Im €|* + 01 Cy[Re €]*|Im &[>
me 4 4

< _

<12 (IRe ¢ = Caftm €] + 1m X))
—mO|Re &[* — n10Im &|* + 01 Cy[Re €[*[Im &[>,
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Since Cy is fixed, we can choose Cs sufficiently large so that

—mRe A—n1Re Z bjklm($1/7"1/4)fj£k£lfm

jhlm#1
m1cC
<M (1 2] - CylRe & — Cifm )
§‘Im A+1Im Z bjklm(x1/7’1/4)§j§kfzfm‘~
Jjklm#1

We conclude that on this domain of A and &,
Re ﬁ“l < _61|]\|7

for some (7 > 0, and similarly, }
Re fiz < —Bi]Al.

We turn now to the estimate of |/~\| Observing that the denominator in A is bounded above and below
by a constant multiple of r, we focus on the numerator

N=Xx+ Y oM™ (@ fr g 68Em.

Fklm#£0

In the case Re A > 0, we compute

Re ()\+ Z bjklm($1/7’1/4)§jfk§l§m)

Jjklm#1
A A iklm 1/4
=Re (5 +35+ | Z W (g 7 )éjfkflém)
Jkim#1
1 C1 4 4
>z _ _
>5Re A 2L(|Re €|* — Ca|Im &|* + |Im AI)

+ 0|Re &|* + 0]Tm £]* — C|Re £*Im &|?
1
>5Re A~ 26—2|Im Al + Cs[Re €* + Cy|Tm €%,

In the case that

1
5Re A+ Cs[Re &' + Cullm ¢[* > %Hm AlL

we can conclude that

Re <A+ Z bjklm(x1/7’1/4)§j§kfl§m) > nar, (3.9)

jklm#1

for some constant 75. On the other hand, if

1

5Re A+ Cs[Re &' + Cullm ¢]* < %Hm AlL
(and L is taken sufficiently large), we have

‘Im ()\4- Z R Y R TSR T

Jkim#1
>[Im A| — Cs[Re €][Tm ¢[* — Cg[Re ¢[|Im ¢]
2127 (3.10)
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In the case Re A <0, we compute (for L and Cy chosen sufficiently large)
Re (At 30 oM (ar /r/ ) €titin )
jklm#1
>~ % (|Re ¢[* = Coftm €1* + |m A
T OlRe ¢]' + 0lim ¢ — C[Re £]/Im €
> %|Im A+ Cs[Re €* + Cy[Im €],
We have, then, either
CafRe | + Cuflm €* > 25 [Im A,
for which (3.9) is clear, or
C3Re €|* + Cy[Im £[* < 2%|Im Al
for which we have (3.10). We conclude that

A+ D kimapt IR (1 )5 61616

> 3> 0.
rbllll(xl/rl/4> — ﬂ >

BilA] = B

We have, then,

¢ < —fer +0(r~/1)[O(e1) + Ofez)],

and similarly

¢y < Pez +O(r~/*)[0(e1) + Ofez))-

Following [ZH] and recalling that Vi is the dominant component, we consider the ratio z = z—f, for which
e1eh —egel el €]
L e o W NS

e? ey e

>23z+ O(r~ /") (14 O(2) + O(2?)).

Integrating on [z, +00), and keeping in mind that z(x1) is bounded by construction, we derive the integral
equation
+o0o .
sa) == [ e [0G 1+ O() + O(:2)di,
1
from which we conclude
z(z1) = O(r~ /4.
(See [HowardZ.1].) We have, then, the relation ea(x1) = O(r~*/*)e;(z;), from which

for r sufficiently large. Integrating on [z1,y1], we obtain

61(%1)

-
e1(y1) ~
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We can conclude from the dominance of V7 and the relation
Wi=Vi+Va+V3+V,

that
W1 331

Wi (y1)

Finally, returning to our original scaling, we have that the decay mode associated with p,, say d)f, satisfies

}_C’ ——\551 yl\

(bl ‘ < e PUANIFIE] H/ Az, — yl\
o (y

for some 3 > 0.

The remaining cases are similar.

We now estimate G, ¢(71,y) from expansion (1.11). We focus on the term e ¥¢ (z1) Ny (y), for which
we have (suppressing A and £ dependence for notational brevity)

CETGH ()N ()| =|(2m)

Wie(y1)
1 xl ¢+ yl (¢1_a¢fa¢;)(y1)
<@ ¢T ‘ ‘ Wie(y1) ‘
o1 (1) (¢>17 U5 83)W1) |~ BIAI+1e) /-]
SC‘ Wie(y1) ‘e y'

Here, we observe that the expression

Wie(y1)

is a summand of (277)% e’ IGy ¢(z1,y), evaluated at 21 = y1, and consequently is bounded for A to the right
of essential spectrum. We mention for clarity that the term e?'¥ has not been lost due to the norm (in fact,
¢ will be complexified, so its norm is not generally 1), but rather has simply been factored out. According
to our representation W = PV from the proof of Lemma 2.2, the p behavior of the qﬁf is characterized by

o & (1) = O(p™/*)

for all values of p such that the derivatives exist. Computing the determinants W (¢], o7, ¢4 )(y1) and
Wi.e(y1) directly, we find

Wie(y1)

We compute derivative estimates similarly, proceeding again by direct calculation as in the proof of Lemma
2.1. O

=0(p%").

Lemma 3.3. Under conditions (C0)-(C2), away from essential spectrum, and for § < p < M, 6§ >0 asin
Lemma 3.1 and M > 0 as in Lemma 3.2, we have the following estimates on G ¢(x1,y), as constructed in
(1.11).

8 G)\g(xl,y) = 0(1)

Proof. Lemma 3.3 is clear from our construction of G ¢(z1,y) through representation (1.11). O
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4 Estimates on G(t,x;y)

We now employ the estimates of the Lemmas of Section 3 to derive estimates on the Green’s function
G(t,x;y) through Fourier-Laplace inversion

1 .
. _ €T At
Gltziy) = oz [ €7 [ Gaclanmpinas (41)

where for each ¢ € R4™!, the contour I' must encircle the poles of Gx¢(z1,y) (which correspond with point
spectrum of the operator L¢).

Before beginning the detailed proof of Theorem 1.1, we give a brief overview of the approach taken and
set some notation. In each case of Lemma 3.1, and in the estimates of Lemma 3.2, the estimate on G ¢ (21, y)
is divided into a number of terms that can each be integrated separately against e’ ¥t For each term,
the contour of integration I' will both depend on ¢, x, y, and &, and we rely on the Cauchy theorem for
invariance of the result. (In certain cases we will also complexify & = g + £, for which the complex part
&r will depend on ¢, x, and y.) In particular, though our contours of integration depend on ¢, z, and y, we
can differentiate (4.1) without considering this dependence. In the event that |z1 — y1| > ¢, we will find it
advantageous to select a contour that crosses the real axis far to the right of the imaginary axis and proceeds
toward and into the negative real half-plane as roughly Re A = Ag — (Im \)*, for some appropriately chosen
real Ag. In the event that |x1 — y1| < ¢, we will find it advantageous to follow a similar contour that passes
through Ar < 0. In either case, we only follow our contour of choice until it stikes the contour I'pounq, which
aside from the curve A.(§), lies entirely to the right of the point spectrum of Le. Throughout the analysis,
for chosen contour I', we will use the notation I to indicate the truncated portion of contour we follow prior
to striking T'y.

4.1 Small t estimates (|z; — y1| > Kt)

In the case |1 — y1| > Kt, K sufficiently large, we proceed from the estimates of Lemma 3.2 along the
contour described through

Re =R — %(|Re €[4 + |Im ),

where L is as in Lemma 3.2,
_ .14/3
R = L Yl ,
L1t4/3

and £ will be complexified as £ = {g + iw, with

O e A k)
LtiA (i —g|

Comparing R with @, we observe that [Im £[|* = %R, for which
2
C1 4
Re A =R — f(|Re ¢t + [Im )\|>
‘1 s L L 4 )
=——(|R ———==]I Im M| ).

7 (Re €t = =72 &' + ffm |

We can choose L; and Ls so that the spectral assumption of Lemma 3.2 holds, and we have

eif'@GA,s(xl,y)‘ < C(I/\I + |£|4)_3/46*5“””5'4)”4'“*yll.
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Indexed by k = Im A, our contour becomes
—p-4 4 '
A=R-2 (IRe ¢[* + [K]) + ik,

for which we have ~
AL+ 6" > C(R+ k),

for some constant C. The integral of interest becomes

Gaylc [ [ |eee
RA=JT 5 (e

sc/ /e(R’%‘ER'4*%"“‘>t prizalat (R+|k|>73/46_51(R+|k|)1/4|$1—yl|dk‘d€A
Rd—1

eCIG ¢ (a1, y)‘d)\de

lo—y[4/3 _ Ja—y|'/3 o

le—y|*/3
173 173 |Z—g]—51 1/4 ‘xl vl —3/4 o 41
<Ce Lyt Lot +1/3 R+ |k| e T [Er|"t—F \k\tdkde
Rd—1

lw—y|*/3

o A—
<Ct 1e wmd/3 |

Derivative estimates are almost identical. Since |z —y| > K, these estimates can be subsumed into those of
Theorem 1.1.

4.2 Large t estimates (|z; — y1| < Kt)

In the case |x1 — y1| < Kt, we proceed from the estimates of Lemma 3.1. In the course of our proof, we will
find the following technical lemma convenient.

Lemma 4.1. For the B (€), as in (2.2), we have the following relations and estimates.

(i) For ¢ := (—iA, &, &3, ..., Ea—1), we have

> b CGGGGn =B (§) — iABTE(€) — A’By (€) +iA’BF (§) + A'bi

Jjklm

(ii) Under hypothesis (H2), for any ¢ € C¢,

e Y VM (a(21))€&iém > O|Re €|* — CylIm [*.

Jjklm

(iii) Under hypothesis (H2), for any ¢ € C4,

Re 3 oM ((wn)g€i6m > ORe (B @(@))ed + >0 0 ((@1))6&Em ) — Collm €1

Jklm jklm;ﬁl

Proof. Equality (i) can be verified by direct substitution. For (ii), we complexify each & as {, = &k, + &k,
and compute

Re Z bjklm(ﬂ(xl))(gjl + igjz)(glﬂ + igkz)(fh + iglz)(fﬂn + igmz)

jkim
> VT W(1))65, Gy € Gy + D VT (@(1))E5 6k €26y — C1|Re &7 Tm €[
Jkim jklm

>0|Re €[* + 0]im €[* — C1|Re [[Im ¢[2.
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Applying a weighted Young’s inequality to the final term, we have

VelRe ¢

ol €? _ Reg | 1Jim g
Ve o~ 2 e 2

By choosing ¢ sufficiently small we conclude (ii) for some constant Cy.
For (iii), we first observe that by the continuity of the /%™ (u), we have the inequality

Re (0" (a(@))et + 30 oM ((@n)ééuibn ) < CrlRe €+ Coltm €[,
Jklm=#1

for some constants C; and Cs. According to (ii), we have then

Re Y ™™ (u(21))€;6k61&m > 6|Re €| — CpTm ¢|*

Jjklm
9 ; _ Cs0
>gRe (0 @@a)e + DT PH (a(en))6bitibn ) — g |m €~ Coltm &P
1 Jklm=#1
from which we have (iii). This concludes the proof of Lemma 4.1. O

Laz case. For the Lax case and y; < z1 < 0, we have, from Lemma 3.1,

- . L Oy, (z1) - O(p)O(e =) _ -
i€ —O(1)etz X&) @i—y1) L Ao P o—py (ANGya f TNV ) -y (A
e VG e(r1,y) =0(1)e + DX, €) € + D()\¢) € '

We begin by considering the scattering term, for which the eigenvalue A\, (¢) does not play a role. In this

case, we have
/ ot (E=7) / ez\t+u§(z\7€)(x1—y1)d)\d£.
Rd-1 r

Following [ZH], our general approach will be to employ the saddle-point method to choose an optimal contour
so long as we remain to the right of I'pound, and to follow T'young out to the point at oo (see Figure 2). We
define T'young as the contour defined outside B(0,r) through

ME) = —c1(|Re €[* — Co|Im &)* + |k|) + ik,

and inside B(0,7) by a vertical line connecting points for which it exits B(0,7) (see Figure 2). In the event
that |£] is large enough so that I'houna lies entirely to the left of B(0,r), we may proceed simply through
integration along I'yound-

Forp<r

pz (A §) = —(i_ +iB;_(£))A+ By ©)p2y B5(8) s b A* + O(p%),

with
AN =A+ia” - €+ By (§).
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For the full exponent, we have, then

At+i§ - (2 — ) + pg (A §) (21 — 1)
o (L B©
i (5 -0) - (= + iy
B, (&) i — )’ B3 (& o N3
+ (;1_(;) ()\ +ia” &+ By (f)) (r1 —y1) +1i (;1_()4) ()\ +ia &+ B; (f)) (21 — y1)

plill 4
(\+ia €+ By (©) (o1 — 1)+ O(p") (@1 — p1)

J(A+ia €+ By () (@1 — )

(@)
=Xt +i€ - (F—§) + [—i_()\—i—id’ &) + BQ_(@(AH&* -€)?

% (@)°

— 1111 —
B0 i 0 - i 9!~ D0 i = =By (O] )
aj a

4 (a7 )s (a7 )? 1
+0(p°)(z1 — ).

+1

Setting .
i

C::( (A+id_'§)a€27§3a“'a€d)a

ay
and using Lemma 4.1(i), we can re-write this exponent as

AL+ - (2 — ) + pg (A, €)(x1 — 1)

=\t A+ il - (7 — ) + (— %(A a6 - — > b{“mgjgkggm)(xl — 1)

1 a1 jkim
+0(p°) (x1 — 1)

According to Lemma 4.1(iii), we have
Re (M +i€ - (& = §) + 1z (A &) (@1 = y1))
1 .
- —(\+ia - a — )
ay

.-~ . 4
_ i_Re <b1_111(>\+z_cz4§)
a; (a1)

C
+ I ([ (@1 = 31) + O(p")
1

<Re (/\t+z'§ (@ —9)

+ B7 () (@1~ y1)

—Re (At g (- g))
—Re (%(A +ia” - £+ 0By (£)) + %b““@ +ia” - &+ 6By (g))‘*) (x1 — 1)
ay ay

+ St a1 — 1) + 01— ).
1
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We choose a contour along which

1 . B 0 . IR
—a—_<)\+za £+ 0B; (5)) _ Wbl_ul()\—i—m €+ 0B; (g))
1 1
1 9b1111
= — —Agp— ——\p +ik.
a T

We determine the form of A\(k) along this contour by considering the expansion
Ak)+ia™ - £+ 0B, (§)
=Agr + A1k + A2k2 + A3]€3 + A4I€4 + O(kﬁ5),
for which we determine

A(k) =Ag —ia~ - & —iay k — 0By (€)
69b1111 1111
4 ARE? — didp———k? — 01K+ O((Ar + [K])%).

(a1) ay
Along this contour, then, we have

Re (X +i6 - (7 = 9)+ 15 (A &) (@1 — 1))
=Re (M 4 i (F — 7))

1 o _ 0 . _
“Re |—(A+ia €+ 0By (§) + —=(\+ia” €+ 0B;5 (€)*] (21— 1)
a; (ay)®
Cy 4 5
+ = [Im (@1 = 1) + O(p°) (21 — 1)
1
69b1111
=gt + ( :)2 ALKt — b kY — OBy (E)t— & - (E—F—a t)
a;
1 gbl_lll C
—(=Ar+ ﬁx}z)(xl — )+ —f|Im "1 = y1) + O(p°) (21 — 1)
ay (a7) ay
1 69b1111
=— GTAR(xl —yr—ajt) =& (F—g—at)— 0 kY — 0By (6t + (CL%)?
1 1
gyt C
= Gy el )+ i ¢[* (1~ 41) + O(") (&1 — ).
1 1

According to Lemma 4.1(ii), we can conclude the estimate

Re (At +i&- (T —g) + py (N (x1 — yl))

1
< —GTAR(xl —y1—ayt) =& (B —g—at)— oMY — 0% |eg| Mt
1
69b1_111

NPT ARkt + Co(Ng + [&r]") (@1 — y1) + O(0°) (21 — ),
1
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for some constant Cy, and where we have used the observation
) 1 1 1
Im ¢ =Im (—— A+ —a~ €)= ——Re A\t —a~ - &
ay ay ay ay

1111
(An— &1 - 6Re By (6) + S
(ay)

L

a;

+O((n+ IH)°) + =i &
1

Xpk? — gp11 )

so that
Im ¢|* < M(Ng + I&1]") + O(p”).

We proceed now by taking an appropriate choice of Ag and &;. For the scattering term, we take

P —at\1/3
o-(ELE)
Lot

For this choice, we have
Re (M +i€ - (& = §) + 15 (L&) (w1 — 1))

k2t

1 1 360b1111
= — =MLt — €3 Lot — 00"k — 2Rt + ALy P ——
ay (a1)

+ C(AR + €Dz — y1] + O(p°) (z1 — 11).

For L; and L sufficiently large, and by Young’s inequality, we conclude there exist constants My, Ms, 11,
and 72 so that

Re (X +i€- (7= §) + 13 (A &) (w1 — 1))

(@—wm —aj )3 lz—g—at

— 4y 4
N M, t1/3 Motl/3 mkt — n2l€r|t.

Our integral becomes

‘ / ACE) / eAt+u;(A,s><x1—y1>dAd§‘
R P

lo—y—a_t|4/3 A .
<Ce — wmirE e~ IRt [ o—mkt gL
Rd-1 R

|lz—y—a_t|4/3

<Ot~te” Tam

where R?~! and T represent truncated contours in the ball B(0,7) (see Figure 2). We follow the contour
I until we strike T'young, which we follow to the point at co. Critically, according to (Ds) there are no
eigenvalues inside the ball B(0,7) and no eigenvalues on or to the right of Thound.

Excited term. We next consider the excited term, for which

i€ Oy, (1) 0y
&g — 1 Ky (ME)y1
(& S)\,E(xla y) D(A,g) € .
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r>0

Figure 2: Principal contours.

The critical new difficulty here is that we must keep track of the zero of the Evans function, A\.(§). The
fundamental integral takes the form

ety = [ omessn [0
’ ’ ]Rd— 1 T D (A7 g)
In principle, we proceed as with the scattering term, though the choices of Ag and £; become more delicate.
We have, in general, two things to consider: 1. the size of D(X,&)~! for A near \.(£) (at which we have a
pole), and 2. the residue picked up when our contour fails to encircle A,(§). According to condition (D),
there exists a neighborhood V' of zero in complex £-space so that A.(€) is the unique zero of D(A,€). By
analyticity of D(A,€) in p < r, we can write

ANdE.

L g\
DAE) A=A\

for some function g(\, ) analytic in p < r. By analyticity, |g(}, £)| is bounded over any truncated domain
in A-£ space, and consequently we are justified for p < r in considering the integral

0(1)61'5-(%*17)/

Rd—1 T - )\*

e)‘tfll"z_ (A»E)?n
T e,

where away from the truncated contours R4 and T we proceed along the contour I'houng. Our general

contour from the scattering analysis remains unchanged, though we must carefully choose A and £ in a

number of cases. As in the case of the scattering estimate, we take an optimal contour chosen by the saddle-

point method until we strike the contour I'youna, which we follow out to the point at co. For notational

convenience, we define

—y1—a;t T—y—at
t ’ t

w = (wy, @) = (

).
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Following the basic approach of the one-dimensional systems analysis of [ZH], we will find it convenient to
divide the analysis into several cases. The primary consideration in selecting these cases is the location of
the leading eigenvalue \.(§). We have
+ (¢/1)1/%,0) e<|w| <KO0< @] <K (a)*

(/L)Y (/L) P %) 0 wn| S Kye< o] < K (b)F

(ws/L)1/%,0) Y < funl ] < e, Jun| = NJi| (o)
(s €)= § ((01/L0)'2, (101/L2) P ) 4794 < Jun |, [68] < e, Jun| < Nl@| - (d)*

(w1 /L)/3,0) 0< @] <31 <jw|<e (o)

(I01/L0) V3, (101/L2) 2 1) 0 < ] SE%4 < ] <e (B

VYL Y L)) 0 <l al <694 (g,
where cases (-)* correspond with w; = 0 and consequently A = 0.

Case (a)T. (e <w; < K, 0 <@ < K). In this case, we choose Ag = (¢/L)'/? and & = 0, for which for
p <1, we have |\ — A\ (§)|~t = O(1). For the exponent, we find

Re (A +i€ (7 =) = 13 A\ &) )

=— L(e/L)l/?’(—yl —ayt) — bk 4 %ez/?’k% — 02|¢r|*t — ﬁe”‘g(—yl)
ay ' B (a7 )2L2/3 (ay )P LA/3
A/3 .
+Cot i 1l + Oy
4/3 /71/3 111174 2| |4 6ob1 £2/31.2 €'/ 5
<- = - - — .
< (YL K — Bl e PR 4 Gl + O
Here, |y1]| < Kt, so by choosing e sufficiently small, we can conclude
At—pg (N €)y1
i€ (E-1) / T andg
‘ /]R‘,fl I, D()‘v 5)
<Ot~ /1e=t/M
We follow this contour until we strike the horizontal contour defined through A(k) = —d+ ik, which connects

the branches of I'houna (see Figure 2.) Along this contour, we have exponential decay in time, which in the
case |x — y| < Kt (currently under consideration), provides an estimate that can be subsumed.
Away from our ball around the origin, we must continue to integrate along the contour described through

Ak) = =2 (Igrl" = Caléal' + 1K) + ik,

or in this case, with & =0,
c .
Ak) = =2 (Ignl* + [K]) + ik

Along this contour |A — A.|™! = O(1) by condition (D), and choosing L sufficiently large we can avoid
essential spectrum and insure the exponent satisfies

e (M+i€- (=) = (A Oy ) < —nt = F(al* + kDL
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Case (b)T. (0 < wy < K,e < |w| < K) In this case, we choose A\g = (e/Ll)l/3 and & = (e/Lg)l/?’i7

@]
for which for p < r, we have |A — A\.(£)]7! = O(1). In this case our bounding contour takes the form
Cy .
A(k) = —C1 (|€R|4 - Wél/g + |k|) + ik.
2
According to (4.2), we have

e (M+is- (@ —5)—uy L)
< - (/L) — )~ (/L) (@ - i)

aq |’lI)|
1111

(a7 )?

— M B — 02| ER | + (e/L1)?PK%t + Coe*(—7= +

1

—7)|m1 =l + 0(p") a1 —wl.
4/3 4/3
Ly Ly

In this case, |@| > ¢, and we have
2/3

o W L €
(e/Lz)”‘*@ (@ —g-at) > gt
2

from which for Ly sufficiently large we obtain exponential decay in ¢, which can be subsumed.
Case (¢)T. (t73/* < wy,|w| < €,w; > N|b|) Choosing A\p = (w;/L)*? and & = 0, we observe that for
wy; > 734 ]\ = \,|7' < Ct'/. For the exponent, we have from (4.2)

Re (M +i€- (7~ 5) — 13 (A& )

1
< LAY wt — 00k — 2Rt
60b1111 2/3 ) 4/3 ;
™ (a; )2 L2/3k t+Co L4/3( —y1) + O0(p°)(z1 — 1),

where by choosing L sufficiently large and applying Young’s inequality, we conclude
e (M+i- (@ =)+ 3 (V@1 — )
< —nw Pt — 06 M KAt — 02| R L.

In this case w decay is a consequence of the inequality |wi| > N|w|. Combining these observations we
conclude an esimate by
a1 lg—g—a—t1*/3  (y1+ael0)?
O(t7 KN ) M11/3 e~ Mt

Case (d)* follows from the analysis of Case (c)* and the observation that for |wi| < N|@|, the w; decay
follows from |w| decay. Similarly, the analysis of Case (e)" is similar to the analysis of Case (¢)*, while the
analysis of Case (f)* is similar to the analysis of Case (d)*.

In the case (g)*, we choose A\gp = t~1/4/L; and & = rart t=Y4/Ly. For Ly > Ly, we have |A — A |7! <

[@]
Ct'/*, with exponential estimate

e (M+i€ (7 =)~ 1z (A Oy )

—1/4 +—1/4 4
< ) = S (= a0 — B el
a, 1 2 |w
69b1111 t_1/2 t_l t—l
——— it + Co(—f + =) (z1 —y1) + O(p°) (21 — 1)
(ap)? L3 Ly Ly
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Figure 3: Contours for |y1| < |aj |t.

We observe that for t=3/4 > w;, we have t~1/* > wi/g, and similarly for |@]|, so that we can conclude the
estimate

Re (At +i&- (T —7) — ME(A,E)M)
w’

< —
hS 77L1 Ly

t— O kA — 02|eR) 4t + C.

The cases (-)~ follow similarly, except that Ag is now chosen negative so that our contour I' does not
contain the leading eigenvalue A.(£). In this case, we take a contour entirely to the left of the imaginary
axis, augmented by a contour that picks up the pole at A. (see Figure 3). The critical new issue arising with
these contours is the analysis of the residue term.

Cases (a)”—(g)~. In each of the cases (a)~ through (g)~, we compute

At—py (NE)y1 At—py (AEy1 At—py (AEy1

i@ [ _/ i€-(7-3) / e A / e
e = e + dM|dE.
/Rd—l /r D(,¢) ¢ Rd—1 { re DN r D(A,¢) } ¢

res loop
. J— )‘tfl"; (A»E)?n
z§~(9L’*y)/ eid)\dg
e )
‘/]Rd—l FR D(A7§)

we compute almost exactly as in the cases (a)™ through (g)*. For the integration over I'oop we proceed
through Cauchy’s integral formula to get (for some constant c)

M—pT (A,
/ eie(:z—@)/ e om dAdgzc/ (6 @)Xt =11 (A O g
Rd-1 Toop DX, E) Rd-1

For the integral
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where according to (Ds)

M) = —iave - € = X" &6r + N E5606 — N i + O(IEP).
Expanding p5 (A, €), we have
i (& = ) + A ()t — 13 (), O
i€ (7 - )+ () + %(A* i £+ By ()
B () By () .

(a1)? (a1 )?

_iB3 (f) o 3 b1111
)t (A +ia™ €+ By (§)°y1 + ——= @)

Expanding A\.(§) in &, we find

€3 = §) + MOt — 13 (0n(€), O
=g+ (2 -7 -agt) -+ DINGE

+i (A +ia~ - &+ By () — +ia~ - £+ By (€)*n

(A +ia - &+ By () 'y1 + O(p")m

+i(t+ —W%g & — Bgf’;l"“<t,y1>§j§kelemt+ O([¢°)y1,

where y
aeff(t; yl) = a4ave + Tl(dave - &7)
apt
and Y1 Y1
jklm jklm m
Blg" (t,y1)&&k&&m = (1 + ﬁ))\ikl &i&u&i&m — tb]kl (i CkCiCm,

1 ay

with

a=

ave a”
C::( - ef '§)€25-"a€d)-
a
According to Lemma 4.1, we have (for y; < 0)

Re (Bgfflm(ta yl)fjfkflfm) =Re ((1 + y—_l))\iklmfjfkﬁlﬁm + |y—_1|bj_klm§j§kCsz)
ajt ajt

1
>(1+ —)AO(I&%I4 Clerl*) + Oyl g, (b{lll(w
a t ajt a;

668 ) - Clerl!
>+ Lo + ~ ':‘“')M "= Cledl" = ealél" = Caléal".
apt

In evaluating our residue integral, we observe that the optimal choice for £; is

eff _ | f—f|1/3 Weft
! L1/3 e [Wesr|”
where
5 T—7—agt
weff - 78&'7
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Figure 4: Lifting of £ for residue analysis.

for which we obtain

Re(i€:(7 = ) + A€t = 15 (A (6), 1)

|eg|*/ v 01p 12 | et */® o | W'/ |West]
S- T t+(t+a1){ MlErl” + Co—g 5= + Calérl* — 15— + O }
| eff|
_C1|£R|4t+C4 7473 t—|—0(|§|)

Following [HoffZ.1], we must alter our chosen contour from & = &g + &y to & = &g + €St 7", which creates
new vertical strips of contour (see Figure 4). Along these strips, |£g| is bounded away from 0 and we have
exponential decay in ¢. Since all cases under consideration have |Z — | < Kt for some K sufficiently large,
we conclude an estimate along these strips by

Co—(F—3l+1)

Between —¢5;, and £, we have
‘/ I ) FAt =y (A*,@yldf‘ / (ReGE-E=D)+ Xt =7 (e 1) ge
]Rd 1 ]Rd—l
| @epel 4/

} . PRy . a3
*ﬁ|weff|4/3t+(t+y—i)[ AI€r|? +C2L+‘/3+C &R \2¢+03‘*2“‘} *61|§R\4t+czwt
@1

<C dér.

R

We observe that in the case of Condition (2a) from spectral condition (D), all expressions inside the square
brackets are zero. In this case, upon choosing L sufficiently large, we conclude an estimate by

L G—g—agtyn?/s

d—1 ~ 4/3 d—
Ot Tt emnlwen Pt _ op— ¢ Mel/3
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Alternatively, in the case of Condition (2b) from spectral condition (Ds), the expression inside the square
brackets are all present, and the expression c1|€g|*t must be replaced with c1|€g|*|y1| — Culér|*y1 + ay t].
We observe that for £g sufficiently small (before we strike I'bound), the growth Cy|€r|*|y1 +a; t| is dominated
by second order decay. In this case, the second order growth term,

Y1 |1Deff|2/3
(tJraf)CQ L2/3 7

is only dominated by fourth order decay (—L~/3|eg|*/3t) in the case

)t

|weﬁ| Z C(l +
apt

That is, for small time, with time measured from the moment the signal strikes the shock layer (y3 = —aj t),
the higher order regularity dominates behavior. In the case |Weg| < C(1 + %)%, we must choose in lieu of
1

our fourth order scaling, the second order scaling

off | Weff
I - Y1\
L+ )

for which we have,

Re (€2 = §) + A ()t — 1z (). O )

|@eff|2 W 0 2 |weff|2 2 |Werr| |u~’eff|3
< ey t+—{—>\ + O 1 +C
N L|1 + 5%' ( al_) 2|£R| 2L2(1 + ayl_lt)Q 3|£R| L(l + ayl_lt) 3L3(1 T ayl_lt)3
—c 4 C 4 - C M o(l¢l? 4
1R Y1 + Calér|*lyr +ay t] + A1+ & )4t + O(|¢°)t. (4.3)
ay

We observe here that in the case [eg| < C(1+-2-)2, the first time on the right-hand side of (4.3) dominates

agt
the remaining growth terms (for £z small), and we determine an estimate by

= 2
_ @-g-agt)

_d .
C(yl ! /\|y1+a1_t|7%)e Mlyi+ag t|
With regard to large ¢ behavior, we observe that
_d . .,
yp P Ay tart| T2 <CtT A,

for which we have an estimate by

Fei_a—.)2
_@—g-agyt)

C(t—% Ay +a;t|—%)e Mivitar el

On the other hand, small ¢t behavior is controlled by integration along I't,ound, for which we again have fourth
order behavior.

Transmission estimate (Undercompressive case, y1 < 0 < x1). The most fundamentally new estimate
in this analysis is the scattering term for an undercompressive shock, which correponds with mass passing
through the shock layer. Undercompressive shocks do not arise in the second-order regularization of [HoffZ.1],
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and though undercompressive shocks are considered in the general systems analysis of [Z.1], the estimates
obtained are not as detailed as those we require. We consider the integral

/ eié(fc—ﬂ)/e>\t+u2+(>\,£)x1—/LE(A,E)yld/\dg.
Rd—1 r

In this case,
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1 1
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where

Ci = <_ aii(A + Za’i ! £)7£2a£37 "'7§d)~

1
We apply Lemma 4.1(iii) to the ¢ terms, which gives

1 i 9 -
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We have, then
Re (A +i€- (2 = )+ uf (A a1 — 1 (A Oy )

<Re {Atﬂ'g (& —7) — %(Aﬂ'a* &)z + ai_(AH'd’ Oy
1 1
b e\4 ig— - £)4
_i(biﬂl% 4 BJ(E))M + i_(bl_lllw 4 Bo_(f))zn}
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+C[lm ¢ Hag| + C-[Im ¢ [*ya] + O(p")|21] + O(p") |y

Rearranging terms, we can re-write this as

Re (M +i€- (7 = §) + 15 (L €a1 — 3 (O ) < Re [M+i€- (7 — )

1 o + o1 ot +(¢))4
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+ Clm ¢ faa | + C—Im ¢ *lys| + O(p%) 1| + O (p%) I .

Selecting an optimal contour is complicated in this case by the transitional behavior of the signal. In light
of this, we define two possible contours through the representation

0 1111

LGt €+ OBE(©) + B (A4 iat - € + 0BE(€))"
ay (a1)

opii1L
(a7)®

(A —a* - &)t +ik.

1
=—(Ar—a* &)+
ay
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Figure 5: Contours in the case y; < 0 < x1, undercompressive case.

Proceeding as in our analysis of the Lax case, we find that \(k) satisfies one of the contours

69b1111

(a1)
0b
— 4i(Ag —a* 51)—i — MK+ O((|Ag — at - &1] + |K])).
1

Ai(k) =(\p —a* - &) —iat - € —iaThk —0BE(€) + (A\g —a* - &)%k

Of these two possible contours, we always take the right most, switching from one contour to the next at
intersections (see Figure 5). We observe, by continuity, that with this choice the real part of the contour we

follow is exact, while the real part of the remaining contour is an upper bound.
We have

e (M +ig- (7= 9) + 15 (L Or1 — 1z (A1) < Re (M + i€ (@ - 7))

9b1111
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ebllll
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t(=0n-a &)+
ay
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Expanding (k) and rearranging terms, we have
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al ay a; ay
69b1111 bllll 9b1111
+ (Ar —a* - &1)%k Ap—at - &)im+ —=0Op—a -&)'n
(a7 )? (af) (a7 )®
+ Cy[Im ¢F[*ar| + C-[Im ¢ [*|ya| + O(p°)|z1| + O(p°) |1 |
A A
<Or—a )t -+ D) g (@G- (e +a0)t) — OB ()t — 001 kY
al ay ajt

C1(\g + [&11M)t + Cap® (Jo ] + [y ])-

Observing the relation
Al A R
aft ! a;t n ’

we redefine w from the previous analyses as

a4 tx—y—(+‘;fy1+&+)t
— ) — 1 1
w—(wl,w)—( )

t ’ t

We now choose Ar and &; according to the following scheme.

+ (¢/1)1/%,0) e<|w| <K O0<|b| <K (a)F
= (e/L0)Y3, (/L) %) 0w S K e<[d| <K (b)*
(wi/L)"/%,0) <, [0] < e wn| = NJi| - (c)*
(=@ &0,60) = ((@l/L0)"3, (101/L2) 3% ) 630 < fw], || < e,Jun| < NJa| - (d)*
(wr/1)"/%,0) 0< @] <t31 < |un| <e (e)*
(Il L)Y3, (61/ L) ) 0 < un| S ¢34 < < e (I)*
EVY Ly (VL)) 0 < ol < (),

where again the £ refer to wy 2 0. With this choice, the analysis follows exactly as in the Lax case. O
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