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ABSTRACT. We study the pointwise behavior of perturbed degenerate (sonic) shock
waves for scalar conservation laws with non-constant diffusion. Building on the point-
wise Green’s function approach of [ZH], we extend the linear analysis to an equation
with non-integrable coefficients. In lieu of working with the integrated equation,
we employ a tracking mechanism that we expect will allow degenerate waves to be
incorporated into the general framework for nondegenerate systems [ZH].

1. Introduction
We consider the scalar viscous conservation law

(1 1) ut+f(u)a: = (b(u)uz)za u,x, f € Rt ERy,

' u(0,z) = uo(x),
where ug(+00) = ux, b, f € C?(R). In particular, we will study the stability of
degenerate, or sonic, shock solutions to (1.1); that is, solutions of the form u(x — st)
which satisfy the Rankine-Hugoniot condition

s(uy —u-) = fluy) — flu-),

as well as the degenerate condition that f’'(uy) = s < f'(u—) (or symmetrically
f(uy) < s = f'(u_)). Without loss of generality, we may take s = 0 and thus
f(uy) =0 < f'(u_). With @(z) thus defined, we make our final assumption on
(1.1), that b(u(x)) > bp > 0. For a brief discussion of previous work and applications
of the analysis, the reader is referred to [H.3].

It is well known that solutions, u(t,x), of viscous conservation laws initialized
by u(0,z) near @(z) will not generally approach u(z), but rather will approach a
translate of u(z) determined uniquely by the mass of u(0, z) —@(z), measured by the
integral [ u(0,2)—u(x)dz. In the case of Lax and degenerate waves arising in single
equations, and for systems under the additional constraint [, u(0,z) — @(z)dz = 0,
convergence to this asymptotic translate can be successfully studied [G]. Indeed,
such an analysis for degenerate waves has been carried out in [H.3]. In general,
however, mass propagated away from the shock complicates the picture, and a more
suitable approach is to track the shock in time. Our primary goal here is to show
that the stability analysis of degenerate viscous shock waves can be incorporated
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into the local tracking framework of [HZ.1, ZH]. It is through this framework, then,
that we expect to extend these results to systems.

The fundamental difficulty in carrying out this program was pointed out in [H.3].
The local tracking method of [ZH] made extensive use of the analyticity of the Evans
function at A = 0 (or its analyticity on a Riemann surface, see [GZ, KR]). It was
pointed out in [H.3] that in the case of degenerate viscous shock waves, the Evans
function is certainly not analytic in a neighborhood of A = 0, and does not appear
to admit analytic extension to a Riemann manifold. We surmount this obstacle here
by dividing the Evans function (plus related objects) into two pieces: one analytic
in a neighborhood of the origin and one sufficiently small. It would appear that our
decomposition is accurate enough to provide sharp decay rates in all L? norms.

Following [HZ.1], our method of study will be to let u(t,z) denote a second
solution of (1.1) and to consider the perturbation v(t,z) := u(t,z + §(t)) — u(z),
where the shift §(¢) will be chosen in such a way that u(t,z + §(¢)) will remain
near u(z) at each time ¢ (near in a sense discussed below). In this manner, we
will always compare u(t,z) with the shape of @(x) rather than its position. As
mentioned above, a reasonable first choice for §(¢) is the asymptotically-selected
translate [ = 0(co0). In addition to the limited applicability of this choice (as
mentioned above), we observe that even when applicable, it will typically be rather
poor for intermediate times ¢. The time-asymptotic location takes into account
perturbation mass (measured as [v) that is still far from the shock layer, hence
has not yet had a chance to interact with it. This gives an overestimate of the shock
shift of the order of magnitude of the mass remaining in the far field, with resulting
L°° perturbation error of the same order. The L*° distance from a “correctly”
located shock would be, rather, of the order of the oscillation in the far field,
typically much smaller than the mass. The same considerations hold for any norm
LP p>1.

The challenge, then, lies in determining this “correct” local shift d(¢). One could
go about this in a number of ways, for example through best LP fit, but such an
estimate is not directly related to the underlying dynamics of the problem and so
does not seem entirely satisfactory (though see the linear analysis of [G.1], based
on the flux transform). A more natural approach from the point of view of the
time evolution nature of the problem would be to “window” the shock, considering
only perturbation mass that has already arrived within a vicinity of the shock
layer close enough to affect the location. We will see below that this windowing
is essentially the outcome of our approach; however, we begin from a different,
more technical direction, based on a detailed desciption of the Green’s function
for a certain linear equation. When filtered through the variation of constants
(Duhamel) representation of the nonlinear solution, the estimates yield the most
advantageous choice of shock location from the point of view of this analysis. The
result can be recognized after the fact as a mathematically precise version of the
windowing approach described above.

Prior to defining §(¢) exactly, we recall the framework of the pointwise Green’s
function approach taken in [HZ.1, ZH]. Substituting u(t,z + 6(t)) = u(x) + v(t, z)
into (1.1) we arrive at the linearized equation

(1.2) v + (a(z)v)z — (b(@)vg)e = Q(v) + 0(t) (tig(2) 4 va),

where a(x) := f'(u(x)) —b'(u(x))u,(x), b(z) = b(i(z)), and Q(v) = O(v?)+O(vv,)
is a smooth function of its arguments. Allowing G(¢,x;y) to represent the Green’s
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function for vy = Lv, Lv := (b(z)v, ), — (a(z)v),, we have the integral equation

+oo
v(t,x) = G(t, z;y)vo(y)dy

;K)ﬁfw ‘
—i—/o /_oo G(t — s, z;y) [Q(v(s,y))y—i-é(s)(ﬁy(y)+vy(s,y)) dyds.

Using the fact that @, is an eigenfunction of the linearized eigenvalue equation (for
A = 0) we see that el'ii, = @, so that (after integration by parts on the nonlinear
term)

+o0
ota) = [ Gltmudy + 808 ()
t ptoo .
[ ] evte= s Qs + is)uts]duds.

where we will see below that sharp estimates on G(¢, z;y) will lead us to the choice

a_t
50 =P [ wo(w)d.

—a_t

Letting 3
G(t,zy) == G(t,23y) — Pue(@)_, y<y<a iy
we have
+oo
v(t,x) = G(t, z;y)vo(y)dy
(1.3)

_oot +o0
_/0 /_OO Gy(t—s,z;y) Q(U(S,y))+5(S)v(s,y)}dyds.

Our first theorem consists of pointwise estimates on G(¢, x;y) and rests upon the
following observations (see Figure 4.1):

(1) The essential spectrum of L lies on and to the left of a parabola passing through
the origin and opening into the negative real complex plane. We will denote this
parabola by I'. and represent it through

(k) = —k? —ida_k,

where a_ := lim,_,_ a(x).

(2) The point spectrum of L lies to the left of a parabola I'; defined through
(k) = —dok? —idi Kk — do,

where dg, d1,ds > 0 will be chosen sufficiently small during the analysis. We will
denote this contour I'y.
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Theorem 1.1. Let f"(uy) # 0 for f(u) as in (1.1) (first order degeneracy).
For some constants C,M,T > 1 and n > 0, depending on a(z) = f'(u(z)) —
b (a(zx))uyg(x), b(x) = b(u(x)), and the spectrum of L, the Green’s function, G(t, z;y),|}
for vy = Lv satisfies the following estimates.

(I) For |z —y| > Kt, K sufficiently large, and also fort <T, all x,y (n = 0,1)

ntl _ (z—y)?

0y G(t,x;y) = O™ 7 )~ Mr
(II) For |x —y| < Kt, K as above, t > T
()y<z<O0

I—y—ait)2

(
G(t,z3y) = Ot~ 2)e 30— + Py (2)[{js—y|<a_t}

(a:—y—ait)2

+O(e e — + O(e 2] <|x —y—a_t|+ 1) _1/2I{|m—y|§a_t}7
Gy (t739) = O e~ =T 4 OO/~
+O(e ") <\w —y—a_t|+ 1)_11{\x—y|§a_t}-
(i) 2 <y<0
e—y—a_t)?

(
G(t,ay) = Ot 2)e™ T + Piig(2) {jz—yj<a_1)

(I—y—aft)Q _(azfy)Q

+O(e e —mm— + Ot /)0 (e e T I yi<a_iys

_(acfyfa_t)2 _(acfyfa_t)2

Gy(t,z3y) = Ot e m — +O(e Ot /2)e™

(x

_ _nlz _ —y)?
+ 0@t O " e Iy 1<ty

(iii) 2 <0 <y
G(t,z;y) = Ot /*)01(ly)O (e "™ e ™37 + Pl (2) Iy <0 1yriyl<a_ v}

G, (t,z57) = O )0 (|y])O (e~ )e
(iv) y<0<z

(azfyfa_t)Q

G(t,zyy) = Ot MO0 (|z[ e ™ Iy >0 )
(acfyfa_t)2

+O01(|z] e T Iyza_y

3b_x? )‘1/2 2

+01(!~T\_1)<y+a—t— a2 boiz? e M I fyl<a_t}n{e>1}}

3b_

~-1/2 ~
+ (y ta_t— m:u) I{lyl<a_tyn{e<1}y + P“w(f”)f{w\su}m{ugmﬂ}v.
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(z—y—a7t)2

Gy(t,z;y) = Ot Y20 (|2] e M I{jy15a )
3b_x?

_1 12
Wy> e Milf|y|<a_t}n{z>1}}

+0u(Jz?) (y+a-t -
3 -1
+0(1) (y +a_t— EZ/) It{lyl<a_tynfe<1)}s
(v)o<y<z

_ _ _e=w? _
G(t,z;y) = Ot~ *)01(Ja| )O1(lye™ T + Plia() (1p_yi<a_ v}

(z—y)?
t

Gy (t,z:9) = O(1)0, (j2| )0 (yl)e T
(vi)0<z <y

_ _ (=2 _
G(t,z;y) = Ot~ /?)01(J2] 1O (lyl)e™ ™o + Piia(2) I, yi<a vy

(z—y)?

Gy(t,z;y) = Ot~ )Ox (|2~ O (Jyl)e™

where A\ denotes minimum and estimates of form O1(f(-)) satisfy O1(f(:)) <
Cf(1+4-) (allowing numerous expressions that would otherwise extend over two
lines to be completed on one).

A detailed discussion of estimates of the form of those from Theorem 1.1 appears
in [H.1]. We mention here only that the estimates on G, G, for Cases (i)—(iv) are
not assumed sharp, and should be compared with the more natural estimates of
[H.1, ZH] (though it certainly is not asserted that these hold in the present case).
The difficulty in obtaining sharp Green’s function estimates in these cases centers
around our inability to extend contours through the negative real axis, and also
upon our inability to expand functions of v/ in a Taylor series about the crucial
point A = 0. (Indeed, the Evans function is in some sense even worse than VA,
as it appears to admit no analytic extension to a Riemann manifold. See Lemma
3.1.) As the analysis is essentially dictated by the purely degenerate case, x,y > 0,
however, these estimates do not effect our final result. A critical refinement over
the analysis of [H.3] is the elimination of a number of logt terms. We shall see
that these arise naturally as (sharp!) log A terms in the ODE analysis (of Lemma
3.1), but subtly cancel in the estimation of G ) (see Lemma 3.4). This observation
allows us to drop the logt behavior in the estimates of [H.3], making them sharp.
Finally, we point out that these estimates could be sharpened by the refined analysis
of Zumbrun [Z]. Again, however, we find that since the degenerate-side estimates
dominate and are sharp, nothing new is gained. (Actually, sharper estimates on
the non-degenerate side could allow one to consider initial data with slower decay
on that side, but this does not strike me as a critical point.)

We turn now to the critical task of choosing 6(¢). First, we observe that in each
case of Theorem 1.1 G(t,z;y) has one term that does not decay in time (called
the excited term, following [ZH]). For example, for y < z < 0, the excited term
is B(t,z;y) = Pug(x)I{|jz—y|<a_t}, With E(co,z;y) = Pug(r). Comparing this
observation with our definition v(t,z) = u(t,z + 6(t)) — u(z) and our integral
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representation (1.3), we see that this non-decaying mass is directly connected to
our shift from the stationary shock: mass that fails to decay in time forces u(t, x)
toward a translate of u(x) rather than u(z) itself. Accordingly, we will choose d(t)
so as to annihilate the mass accumulating at the shock layer. At first glance, this
suggests we take J(t) so that

+oo
E(t7 €T; y)UO (y)dy + 5(75)@9:(‘75) =0.

— 00

(In the case of Lax and degenerate waves, G, does not contain any terms that do
not decay in time, simplifying the analysis to its linear part. For a fully nonlinear
version, see [HZ.1].) Observing that E(t,2;y) = Pty (x)l{jza—y|<e(t)}, Where e(t)
represents an expression in ¢ dependent upon the case of x,y from Theorem 1.1, we
make a choice that insures that 0(¢) will not depend on x; namely,

+oo
/ Py (z) Iy <et)yvo(y)dy + 6(t)u.(z) = 0,

— o0

which becomes
a_t
6(t)=-r vo(y)dy,

—a_t

where the upper limit of v/¢ is indicative of the degeneracy. Finally, we mention
that as persuasive as this motivating argument may or may not be, the wisdom of
this choice of §(¢) will ultimately be determined by its efficacy in our estimates on
v(t,z) (see Theorem 1.2).

Before stating our main theorem we make the following definitions.

Definition 1.1. (Class of initial data) Denote by A, the space of functions d(-) > 0
such that d(x) < C(1+ |z|)~",r > 1. Denote by D(-) the asymptotically decaying
antiderivative of d(-),

[ Sl dydy, @ <0,
Dia) = { f;oo d(y)dy, = >0.

Our rate of decay in time will essentially be D(v/t); hence, we define

D(WH(~(1+1)7), 1<r<2
D(t):==1< (1+1t)"Y2log(241t), r=2
(14+1)1/2, r> 2.

Definition 1.2. (Orbital stability) We say that a standing wave solution u(x) to
(1.1) is orbitally stable in norm || -|| if there exists an € > 0 and a translate of u, say
u; = u(x—1), such that if another solution, u, to (1.1) satisfies ||u(0,x)—u;(z)| < e,
then ||u(t, ) — u(z)|| decays to zero in time.

We now state the main result of the paper, from which orbital stability follows
in every LP norm.
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Theorem 1.2. Suppose u(zx) is a degenerate standing wave solution to (1.1) with
f"(ug) # 0 (first order degeneracy). For a second solution to (1.1), u(t,z), with
initial data, ug(x), suppose ug(x) — u(x) € AL, with

AL = {u (@) : [vo(@)] < Cd(x), some d € A},

¢ sufficiently small and v > 1. In the event that b(u) in (1.1) is non-constant,
suppose additionally that vo(z) € C°T®. Then we obtain the estimates

(I) <0
lu(t,z) — a(z)| < CCle 21*ID(t) 4+ d(x — a_t)|,

(II) x>0

22

[ut, 2)—a(@)| < C¢[(1+a) e D)+t~ A(1+2) 2+ (1) At (142) 7],

where n and M are as in Theorem 1.1 and N\ represents minimum.

Remark. We observe that the maximal rate of decay in time is slower here than
for the case of [H.3], in which the initial perturbation was taken to have zero mass.
This is in interesting contrast with the case of compressive waves, for which local
tracking yields faster decay [HZ.2]. In this respect, degenerate waves are similar to
undercompressive waves: the assumption of zero mass perturbations is inherently
stronger. (Much more so, of course, for undercompressive waves, for which the
assumption of zero mass perturbations is entirely unphysical.) The main point
is that for perturbations from degenerate waves, the lack of transport leaves a
decay rate determined by diffusion. For zero-mass perturbations, we are justified
in thinking of diffusion both above and below the profile, providing the maximal
(double) rate ¢ 1.

Theorem 1.2 provides the following immediate corollary on stability. (See [H.3]
for comments on the proof.)

Corollary 1.3. (Nonlinear stability) Under the assumptions of Theorem 1.2 and
with uo(z) — u(z) € Af as there, we have

lu(t,z) — a(2)|» < CD(), p>1,

and )
Ju(t,@) — @) 2 < CD@,

for € > 0 arbitrarily small when 1 < r <2, and for t¢ replaced by logt when r > 2.

2. Structure of Degenerate Shock Waves
We begin by collecting some observations regarding the behavior of degenerate
shock waves. The proofs are similar to those of the analogous propositions in [H.3]
and are omitted. For definiteness we will assume throughout that f’(u_) > 0 and

f(uy) =0.
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Proposition 2.1. Suppose f(u) and uy in (1.1) satisfy the Rankine—Hugoniot
condition (s = 0, without loss of generality), f,b € C**Y(R), k > 1, and f'(uy) =
fug) = - = f®(uy) =0, with f*TD(uy) # 0. Suppose also that Oleinik’s
entropy condition holds:

<0, uy<u<u_,

) - flus)]

>0, u_ <u<ug.

Then there exists a traveling wave solution u(x) of (1.1) so that u(+oo) = uy,
unique up to a shift. Moreover, we have

a(z) —u_| =0(e ), <0, and |u(z)—us|=O(z|"*), > 0.
+

Proposition 2.2. Under the hypotheses of Proposition 2.1, for a(x) := f'(u(x)) —
b (a(zx))ty, b(x) :=b(u(z)), n = 0,1, we have (for any order of degeneracy)

(i) | 2o o) —a)| =

(@\%%M@kﬂxurkﬂ,xza

Moreover, in the case of degeneracy of order 1,

2u U
— xT o Tx — 0 -2 .
(i) 74 (2) i= oo = 5 = O(al %)

3. ODE Estimates
Equations of type (1.2) readily lend themselves to study through the behavior of
solutions of the eigenvalue ODE

(3.1) Lv = v,

where we recall that L represents the linear operator Lv := (b(z)v.), — (a(x)v)s.
Following [ZH], our approach will be to solve the associated Green’s function equa-
tion

(3.2) (L — Ao = —6,(x).

If we let R()\) := (A — L)~! denote the resolvent of L, then (3.2) is solved by the
Green’s function

Ga(z,y) = R(A)dy ()

wherever R(\) is defined.

The computation of Gy (x,y) is standard (see [CH], for example) in terms of
decaying solutions of (3.1). Our notation will be to let ¢* denote the (unique)
decay modes of (3.1) at +00, and ¥* a choice of (nonunique) growth solutions at
+00. We can directly compute the asymptotic growth and decay rates of ¢ and
from (3.1) by noting that at oo (3.1) becomes

b4y — axvy — A =0,
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where a(—o00) = a_ > 0 and a(+00) = a4 = 0, so that solutions of the form v ~ e#*
give b1 pu? — axp — A = 0, which can readily be solved for the —oo modes

a_—,/a2_+4)\b_ a_—i—,/aQ_ + 4\b_

2b_ ’ 2b_ ’

py(A) = py (A) =

and the +o0o modes

) == [ VARG w0 =+ [ VAT,

(The algebraic decay of b(u(x)) to b(u ) necessitates our keeping the x dependence
in i, pd.) We immediately see that a crucial aspect of the analysis is that while
the modes at —oo are analytic in a neighborhood of the origin, the modes at +oo
are not.

In terms of the above notation, the Green’s function G (z,y) for (3.1) takes the

form
ot (@)~ (v)

Cr(ey) = 1 W T2
’ oo (@) . <
by)Waly) =Y

where W) (y) denotes the usual Wronskian,

Waly) = o ()o™ '(y) — o ' (v)o~ (v),

and consequently satisifies Abel’s equation,

o, W) = (5 - 5 )W)

The Evans function of [AGJ] is here W, (0).

Finally, we will achieve the desired estimates on G(t, z; y) from Dunford’s Integral
(the resolvent formula for the semigroup, or simply the Laplace transform under
certain conditions) [Y], which gives

1
Gt a9) = 5 /F MG (1, y) N,

where T is a contour enclosing the entire spectrum of L (possibly passing through
the point at co).

The analysis depends upon an extremely detailed understanding of ¢+ and .
We have the following lemma.

Lemma 3.1. Under the assumptions of Theorem 1.1 and for some constant Mg,
we have the following estimates on the growth and decay modes (Yp* and ¢T) of
(3.1).

(1) (x <0) For all |\ < My and to the right of I'g,

- —e M T(g(x) —u —uy 7@5(%) e, (x 71%(@ e; (z
6 (@) = () —un) (- + s e (8 A) s e (0),
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¢~ () = %qﬁ_(:p) + e M % (a(x) — u_)b(z) " N+ Ael (z, M),

6k - 1T —\n —alz
5o (@) =" ((u)" + Ofe “1)).
(i) (x > 0) For all |\ < My, to the right of I'q and off the negative real azis,

¢F (@) = e Jo VMO (u(z) —uy)
X <— Ab(z) + _ﬂﬂ + e (z,A\) + ﬂef(x,)\)),

u(z) —uy u(z) — uyg

¢+/<$):%¢+<w>+ b(ar) e I VA (a(a) — ) (A + e (2, 0),

YT () = elo VAV (g () —u )
X ( Mol + — @ et + ﬂéf@,»),

u(x) — uy u(x) — uy

Wt (@) = Syt () + bla) els VO (@) — uy )+ A (2, \)),

where

el_(xv)‘)aeg(wv)‘) = O()\)O(e—ﬂm),
while (A = min)
el (z,\), & (2, 1) = O(VAlog A) A Oy (Jz|~1),

and

e3 (x,7),3 (2,A) = O(VA)Ou(Jz| 7).

Moreover, for x+\/\/bg < 1, we will require the extended representations,

et (z,\) = ef ( 7)\)+/OI\//\/b(s)ds+/z VG, YT s+ O(Alog ),

(u(s) — uy)?
ed (x,\) = \/A/b(x) + ﬂ +0O(N),
(u(x) —uy)?

and stmilarly,

éf(:p,)\):éf(o,)\)—/z«/)\/b(s)ds—/z VNI o(alog ),
0

(a(s) —uy)?
éx(z,\) = — T) — —\/Xﬂw

Remark. The odd form of the error estimate e (z,\) is a consequence of the
fact that equations of form v,, + (k/x)v, = Av—which essentially govern ¢ and
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1, since a(z) ~ r~!—have the property that they can be scaled to depend only
upon & := vV, leading to trade-off of A — 0 decay versus x — oo blow-up, or vice
versa. Though the log A terms here are sharp—mnot simply a consequence of the
analysis—we shall find that they cancel with one another as the analysis proceeds
(see Lemma 3.3).

Proof. As these ODE estimates are slightly esoteric, we make some comments on
their proof. We begin with the ODE

(3.3) (b(z)ve)z — (a(x)v), = Av.
If w(x) satisfies the integrated equation
(3.4) b(x)wye — a(z)w, = Aw,

then it is straightforward to verify that v(z) := w,(x) satisfies (3.3). It will be
convenient to obtain estimates on the growth and decay modes of (3.3) by obtaining
estimates on the growth and decay modes of (3.4) and differentiating. We remark,
however, that this use of the integrated equation requires no assumption on the
mass of the initial perturbation.

Proceeding as in [H.3] we make the change of variables w(z)

= (u(z) —uy)u(z),
natural in this context since the eigenfunction at A = 0 of (3.4) is u(z

(w
u(z). We obtain

b(x)(u(x) — Uy )Ugy + 2b(2)Upty + 0(x) Uy u
—a(x)(a(r) — up)u, — a(z)izu = ANa — uy)u.
Observing that b(z)uy, — a(x)u, = 0 and dividing by b(x)(u(x) — uy), we obtain

2Uy Ugg

3.5 Tx 1::)" = = —
(55) e e = N 7y (0) o= e

Letting Ui () = u(x), Uz(x) = uyz(x), we write (3.5) as a system. In order to
investigate solutions of (3.5) that decay at +oco we look for solutions of the from
U(z) = e~ Jo VAP()s 7 (1) so that

Z'(z) = Az, \)Z(z) + E(z)Z(x),

where

A(x’A):< A%?:)C) A/lb(x)>; and E($)2<8 —73(&6))'

We make the diagonalizing change of variables Z(z) = P(x)W(x), where P(x, \)
represents the matrix of eigenvectors,

= 1 1 ;o an z, )=
P<x’”‘<—wb<x> wb@:))’ e (

A page or so of matrix algebra brings us to the ODE for W (z, A),

N[= =

1
2\/i/b(w) ) '
2¢/2/b(z)

(3.6) W'(x) = DINW (z) + E(z, )W (),
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where

D(A):(S , Ao/b(:r)); and E@,A):%”(‘f _11>

b'(x)
20(z)"

T (@) = 74 () =

Equation (3.6) takes the integral form

+oo
W) =1 - / IO (-Wa(e) + Wa(e))de

+o0 -
Wa(o) == [ ZHOTE) - Wale))e VIO g

We observe that 7, (£) = O(|¢|~2) is sufficient for establishing the validity of (3.7)
for W € L*°[N, +00), N sufficiently large. Indeed, we obtain estimates of the form
Wi(z) = 1+0(|z|~') and Wy(z) = O(|z|~1). Observing that for the case 22 > VA
these estimates give decay in A as well, we shall proceed in the case 2z < v/A. Here,
we will establish the estimates of Lemma 3.1 through iteration. Beginning with the
large = solution, (Wi (400), Wa(+00)) = (1,0), we find

Tt bo -
Wi (a >—1+1/ I 5 6)e

o+ A/b £+2 A/b
/“—/ V05 ()4 (€)dE + -+ + O(V)

AT 5

Wa(z) = —5 §)d¢

Tt ————
- —/ T / T (s (€)E + - + (V)
Hence, —W;(x) + Wa(z) = —1 — @o(x) + O(v/A), where

eo(z) =/;’v(£)d£+/:o /:O Y4 (s)dso (€)dE + . ..

satisfies () /5]
Uy (x)+/b(z
P G
Recalling our transformation Z(z) = P(z)W (x), we have
(3.8) Zo(x) = V/AJb(@) (=W + Wa) = —/A/b(a)(1 + po(x) + O(VN)).
Writing

Zi(z) =1+ e (x,\),
Zy(z) = —/A/b(x) + e (z,)),
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we have that e5 (z, \) satisfies the claimed estimate. We recover u,u, through
u(x) = e I VAL 4 e (2, 1),
Ug () = e~ I VAPOD (—/N/b() + ef (1)),

and set u, = u, to obtain the relation, d el (x,\) — /A/b(x)e] (x,\) = e (z, ),
so that .
ch ) =ef O+ [ eF VI € N
0

from which the estimate on e} (z, \) is immediate. The large = estimate e} (z,\) =
O(vAlog \) AO;(Jz|~1) can be established as in [H.3]. Checking that ¢*, * have

the claimed form is now routine.

Remark. Since our integral equations for the W; do not necessarily hold for z = 0,
it is critical to observe that e (x, ), e5 (x, \) are bounded here by standard ODE
continuation. Decay in /A is clear from (3.8). Estimating the growth modes is
slightly more delicate, but can be carried out as in [ZH], with M (as there) chosen
carefully as a function of V. O

Before applying Lemma 3.1 toward some non-trivial observations regarding the
Wronskian and various expansion coefficients, we state without proof the following
large |A| ODE estimates, which may be proved as in [H.1, ZH].

Lemma 3.2. For |\ > M; and to the right of Iy, we have (k=0,1)

oF _
S0 (@) = (FVNFEL(2)(1+O(A71/2)),
where x € R and K (x) is bounded in \.

A critical feature of the degenerate shock case is that while A = 0 lies in both
the point and essential spectrum, as in the Lax case, it is also a branch point of the
Evans function. In the following key lemma, we prove that while the Wronskian is
not analytic at zero, its behavior remains O(\), as in the Lax case.

Lemma 3.3. For A sufficiently small, to the right of I'y, and off the negative real
axis, we have

A

Wo(N) = 50) . (0)(uy —u_)(1+e7(0,N))
+ (a(0) — u4)(@(0) — u—)(=y/A/b(0) + €5 (0, ) + O(N)|.

Moreover,
(I) For the scattering coefficients A(\), B(\); ¢~ (z) = A(N)o™(z) + By (z),

x> 0 we have

3/2
%}Ti}éo) +OM))AN) = —%0) [ (0) (1 — =) (1 + & (0, 1))

+ (@(0) — uy ) (@(0) — u_)(v/A/b(0) + &5 (0, 1)) + O(,\)},
22%2,(0) A

o+ O(\2)B()) = 50 [az(())(u+ —u_)(1+&F(0,))

+(@(0) — u ) (@(0) — u)(v/A/b(0) +€57(0, 1)) + O(A)} :
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from which we obtain

3/2g, ,
L ”ng/go) + O (AN) + BOV)
- ﬁ 12 (0) (s — u-)(eF (0, A) — & (0, )
CO) N ((0) — ) VAT (0)
2. AN)¢T (z) + BT (z) = elo vA/blo)ds [Pax(x) +O(VA) A O (2|71,
5 AN (@)~ 530" (@) + B (@) = 500" ()

= eJd VA/N@)ds /X O(VA) A O (Jy )]

(II) For x <0, ¢*(z) = E\)¢™ (x) + F(NY~(z), with F(X)/Wo()\) bounded and
analytic, and

P _
=5+ O(|A|71/?).

Proof. The proof of Lemma 3.3 follows directly from Lemma 3.1 and tedious
algebraic manipulation. In order to indicate the ideas, we develop two results.
First, the estimates on A(A), B(\), and Wy (\) are similar. We have

Wo(A) =67 (0)¢™"(0) — ¢"'(0)9™(0)

—670) (5516~ (0 + (a0) ~ u )5 + e (0.A)
-6 (3g1" O+ (@0) ~ w5 + 557 0)
= (#(0) ~ ) (#(0) ~ )
A U, (0) u,(0) A _
(5 + 70—y T SO T ) (5 * e O V)
() B 4. (0) A A

_ (_ Bt r— e T OV e (O,)\)) <W + mef(o,»)

= 575 [0 =1+ ¢ 0.)

The cancellation estimates involving A(\) and B(\) are quite delicate. We prove
only the less involved, derivative estimate (I.3). From Lemma 3.1 and our estimates
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on A(N), B()\), we have

AN (@) - %wx» LB () %wx»

— AN I VAR () — i )b() LA+ Aef (1))
T BOE VIID (() — o) TH N+ AGT (2, 1))
= 5 VA ) — uy o) [ AN e 2T VAR L B ()

+ AN)e I VAP ot (1 \) + B(M)é] (w,)\)}.

In the event that 2z1/A/by > 1, we have x=! < 2,/A\/bg and consequently an
estimate by

eI VAN O(1) A O(A 7227,

depending upon how we choose to employ %(z) —uy = O1(Jz|~1). On the other

hand, for 2z1/A/by < 1, we have 2 [ /A/b(s)ds < 1, and we can expand the
exponent in brackets to give

[AN)e 205 VAR 1 B(3) + AN)e 25 VIOt (@) + B()E (2, )]

= [AQ) + BO) + ANet (0,1) + BOET (0,1) + O (Ja)|.
The critical computation becomes

AN) 4+ B(A) + A(N)ef (0, 1) + B(V)ET (0,0)
3/21% 2 -1 _
- <2Ab<T3/§O) +O( >) [ﬁum@)(m —u-)(ef (0,1) — &/ (0,)))

A

— 2, (0)(us —u)ed (0,0) +

b(0) Lﬂaz(o)(w —u_)EF(0,N) + O(N¥?)| = 0(1).

b(0)

This final calculation is an example of precisely the cancellation that went unob-
served in [H.3]. The other estimates are like these, only more so. 0

We now develop estimates on the ODE Green’s function G y(z,y). Through the
estimates of Lemmas 3.1-3.3 these can be obtained with varying levels of precision.
For brevity, we will state estimates here in a form convenient for the later analysis.

Lemma 3.4. (Small |\|) Under the assumptions of Theorem 1.1 and for |\| < M,
we have the following estimates, for which terms containing O, are analytic to the
right of I'q, while the remaining terms are analytic to the right of I'y and away from
the negative real axis.

(i) y<z <0

G)\(gj’y) = Oa(l)eﬂf(w_y) +

Pﬁ%@)e—m(wﬂ) + O(W—1/2)0(6—n|w|)euf(x—y),

8,G(z,y) = Og(N)ett =¥) 4 O (e el)emr (#4y)
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(i) x <y <0

— P_ac _ B -
Ga(z,y) = Oq(1)ei> 70 4 UT(%"“ CH) O 2)ete ooy,

0y G (w,y) = Oa(1)ez 7Y 4 O(e e (o)
(i5i) £ <0<y
Gi(z,y) = O(A"2)0(e "N Oy (|y|)err ==& VA/b(s)ds
+ Me—ﬂfﬂc—f&’ A/b(s)ds
by )
0,Gx(x,y) = O(e "0y (|y|)e s =I5 VAVs)ds,
(iv)y<0<w
G)\(l‘,y) = O(|)\’_1/2)01(|x|_1)(3_ foI V A/b(s)ds—py y

+ PU+(1,‘)6_ JISRY )\/b(s)ds—ul_y’

8,Gx(z,) = Oy (|z]|2)e= & VA/b()ds—pry
+ O(IVANO, (Jz] " Vye Ji VARG ds—niy,

- - s)das Pﬂa: — s)ds
Ga(z,y) = O(N"V2)0y (Jz| e I VA )\( ) — [r /A b(s)d

+ [O(IN/2) A 01 (g )| O /2)01 (=)0 (Jyf2)e ™ VAP
+“NWU%AOKWVUVXMVUOAMF%OﬁM%gﬁﬁﬁﬁ@w

0yG(z,y) = [O(y)\|1/2) A 01(|y|_1)}O(|)\‘_1/2)01(|9€|_2)01(|y|2)6_ JZ\/3/b(s)ds
+ [O0A2) A 01y )] 01 (2701 (fyf2)e I VAP,
(vi) 0<z <y
Ga(z,y) = O(A| Y201 (Jz]2) 04 (|y|)e™ I VA/bl)ds 1 Pa%(x)e— J¥ /A b(s)ds
+ [O(Wl/?) A 01(\1:!‘1)}O(M\—l/?)ol(yy\)e— [ /T ds
+ [OUM2) A Oy (2] )] O(A| e T2 VAR,

8yG>\($,y) = 01(’33\_2)0 lyle™ SYA/A/b(s)ds
+ [O0AI2) 7 04 (Ja] )| Ou ([yl)e 12 VAEI,

Proof. Employing Lemmas 3.1 and 3.3, the proof is similar to that of the analogous
Lemma 3.4 of [H.3]. O

The final lemma of this section regards large |A| estimates on G x(x,y). The
proof is exactly that of Lemma 3.5 of [H.1] and is omitted.
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Lemma 3.5. For |\| > M;, some M; > 0, and to the right of I'g, we have

8’“ k=1, _pe¥/b
o Gal@,y) = O(N = )e ™

lz—yl

4. Estimates on the time-propagating Green’s function

We now employ the estimates of Lemmas 3.4 and 3.5 to derive estimates on the time-
propagating Green’s function G(¢, z;y). The analysis is governed by the observation
that though we cannot extend the Evans function onto the negative real axis, we
can still extend contours into the essential spectrum, provided they do not cross
the negative real axis.

We begin with the observation that the large-|\|, or small-time, analysis of [H.1]
remains virtually unchanged. Recalling our relation

1
Glt,ziy) = —— / NG (2, y)dA,
T

21

where I' encircles the point spectrum of L, we have for all |A| > M, integrals of the
form

/ MO(|A[V/2)e Tl gy,
T

In the case |z — y| > Kt, some K sufficiently large, we proceed as in [H.1] with the
contour, Ffi, determined by

|z — y

)‘l(k): 4\/%15

+ ik,

for A; to the right of I'y and I'y—along which exponential time decay is clear—
T— 2
otherwise (see Figure 4.1). We develop, then, an estimate of the form ¢t ~1/2e~ o ,

where the only effect of x or y derivatives is that of increasing the algebraic ¢ — 0
blow-up by a power of ¢t~/2. Similarly, the bounded-time Green’s function es-
timates of [H.1] remain unchanged. We note that each contour we take in the
following analysis will proceed similarly, following I'; out to the point at co. The
contour I'y may be thought of as analogous to that which we would take were there
a gap between essential spectrum and the imaginary axis.
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-——_

. Nondegenerate
Essential Contour, I
Spectrum
Branch Degenerate
ontour, I

Figure 4.1. Contours I'y, I'e, I'*. In all cases, contours intersecting
I'y follow it out to the point at co, avoiding possible point spectrum.

For |x — y| < Kt we divide the analysis into cases, similar to those of Lemma
3.4. We begin in the case y < x < 0, for which

_ Pii, ~ -
Ga(z,y) = O4(1)et (@=y) 4 %me—ﬂl (z+y) 4 0(|)\‘—1/2)O(6—n|m|)6u1 (x—y)

The first two terms are analytic to the right of I'; and may be analyzed as in [H.1,
ZH]. We obtain, under integration, an estimate by

:z:fyfa_t)z w*y*a—t)Q

( (
Ot Y e—m — +O(e™ e 7 + Py (2){js_yi<a_1}-

We mention that it is precisely these latter two terms that can be refined by
Zumbrun’s recent analysis [Z]. In particular, he shows that terms of the form

1t . .
A~te=H (#1Y) give rise to estimates

f(x—l—y—a_t) f(as—y—a_t)
errfn(—————) — errfn(—————);
4b_t A/ 4b_t
(xz— 7a_t)2
hence, that e~"*le~ e is too relaxed, by factor t~'/2. We omit this refine-

ment here, simply because it is the final term in G »(z,y) that determines our rate
of decay. This term has a branch point at A = 0, and consequently we cannot carry
a contour across the negative real axis. As in [H.3] we take the heat-equation-like
contour described through

AE) =712 ik

for k such that A lies to the right of 'y (k < k*, say), and I'; out to the point at co.
(In Figure 4.1, this contour is denoted by I'*.) We obtain an additional estimate of

O(e N1+ |z —y —at) V2 Iy yi<a_sy-
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Since taking a derivative in y annihilates the pole at A = 0, the estimate on G,
is easier. The case ¢ < y < 0 is similar.
For x < 0 <y, we have

— —nlz|\ ,—pu; x— [ sspaﬂf—*ac—y s)ds
G () = O(N )01 (jy) O e~ e =8 VAN Thn et Ao |

On the first term, we proceed as in [H.3|, by taking the heat-equation-like contour
defined through
Y
k) = ——=+ ik
(k) =3 NG,
so long as A lies to the right of I'y, and I'y out to the point at co. We obtain an
estimate of the form

(4.1) O(t~1/2)0, (|y) O (e~ eHre.

The second term here is crucial, especially as its analysis—and the analyses of terms
like it—mark the most fundamental difference between Section 4 of the current work
and Section 4 of [H.3]. In particular, this term will yield a piece of G(t,x;y) that
does not decay in time. In the case of non-degenerate waves, such “projection”
terms do not arise until the contour crosses the negative-real axis, at which point
the contribution is picked out by Cauchy’s integral formula [ZH]. Since our contour
here never crosses the negative real axis it is not clear when our projection will arise.
Below, we find that whereas such terms appear in the non-degenerate analysis with
an indicator function Iy|,_,<q_}, the appropriate extension to degenerate waves
involves (for z < 0 < y) the indicator I, ., /iyn{jz|<a_}-

We begin as with integration over the first expression, along the contour I',.

1% (in the portion of

Observing that the exponential decay of @, (z) dominates e ™#1
the essential spectrum I', enters), we consider only

e)\t—foy V' A/b(z)ds
/ dA
T, A

eM—J3 VA/b(z)ds M=V /A /b(x)ds
= / d\ + / dA.
I'.N'y )\ F*\Fd )\

Along the contour I', N T'y, we obtain exponential decay in time, which will easily
be subsumed into further estimates. Along I',\I'4, we have

e~ Iy )\/b(a:)ds K —
(/ dA( < Ce™ /
I \Ty + k2

t2

The critical point is that for y = 0 the integral on the right-hand side is undefined;
hence, we must be wary of how far we push the analysis. We observe further, how-
ever, that when y = 0 the integrand on the left is analytic, allowing a contour that
passes through the negative-real axis as in previous analyses. We take advantage
of this in the following way. For y > a_+/t, the integrand on the right-hand side



20 P. HOWARD

is clearly bounded, with no ¢t-decay, giving a trivial estimate by e~y /4bot | But for
y > a_\/f, we have

y2
b,

2
e ot < Cyt_l/Qe_%ot,

which can be subsumed into (4.1). In this manner, we discover the appropriate
domain for the indicator function associated with our excited term (y < a _t).

Focusing now on the case y < a_+/t, we note that the exponential decay e —y*/4bot
can be dropped. We consider

e)\t—ufx—foy A/b(z)ds
/ dA
I'\TI'q A

A—pl @ M—plx (o= [& A/ A/b(s)ds _ 1
- / ) / c (70 )i
TA\lq T\Tq

(4.2)

A A

The first of these two integrands is analytic, and we may employ Cauchy’s integral
formula to obtain an integral over I';\I', plus a residue. We obtain a term that
decays at exponential rate in time, plus the indicator function (0<y<a_ i} (arising
simply because that is the case we happen to be in). Last, we turn our attention to
the second integral of (4.2). Over the portion of I',\I'y for which [ \/A/b(s)ds < 1,
Taylor expansion of the exponent provides an estimate by

P foy v 1/b(s)ds —1/2
[dA| < Gty
rA\Ty VA

Alternatively, over the portion of I',\I'y for which fo‘y VA/b(s)ds > 1, we have

IN~1/2 < foy \/1/b(s)ds and consequently an estimate by C't~'/2|y|. Each of these
estimates can be subsumed into (4.1).

We turn now to the case y < 0 < z. Though not particularly critical, the analysis
of this case is complicated by the transition in behavior as a kernel starting at y is
swept through the shock layer toward z. In this case, we have

x — P_Q? _ = .
Gaw.y) = O(N/2)0y (Jaf~ e 5 VAP ssiy g PUeE) o sy

We begin with the case y < —a_t, for which the kernel has not yet arrived at
the origin. Here, we follow [ZH] and work in a sufficiently small neighborhood of
the origin, noting that our contour never crosses the negative real axis. In such
a neighborhood, R(— [ \/A/b(s)ds) < Ry, so that the previous analysis applies
directly. We obtain the terms

(acfyfa_t)2 (acfyfa_t)2

OO, (Jal e~ T Iyea_iy + Oullal e T Ly auy.

These estimates are not assumed sharp, but they will not be a determining factor
in the analysis.
For —a_t <y <0, we take the heat-equation-like contour defined through
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to the right of I'y and I'y out to the point at oo (denoted, as usual, by I',). The
critical action occurs in an e-ball around the origin, where to the left of our essential
spectrum boundary (I'.), we have Ru; > 0. Writing

LA N A C P A S S WSS CIN Y3 )
= 1 _ N = —_—— —_—
4b0t2 vV bot M a_ a?’_ ’

we compute, as in [H.3],

A(k)

01 (e ™) / O V/2) M /AT s g
.

3b_ 2 >—1/2 _ =2

2
bt _4;7 ‘yII
et fy2—a_t}-

= 0y(jal ) (y+at-

As in the case z < 0 < y, this analysis cannot be applied to integration over
the residue term. (For x = 0 the estimated integrand is not integrable along
this contour.) For |z| > €v/t, however, some € > 0 suitably small, we obtain a
subsumable estimate as before. In the case |2| < ev/t, we no longer have exponential
decay and may consider

B RO
/ dA
.

A
N JE /) -7y A [ /) a5y
:/ d)\—i—/ dA
T'.Nly )\ F*\Fd )\

Though a portion of I', NI'g may pass through the essential spectrum, where $tp1; >

0, we find that fory > —a_t and A € ['y, e M= Jo VA b(s)ds =y y decays at exponential
rate in ¢ (and hence y). Along the contour I' ,\I'y, we further divide the integral up
as

e)‘t_fox V A/b(s)ds—py y
/ dA
I'A\Tq A

At—pry M—piy (o= [ V/A/b(s)ds _
- / ) / ¢ (e D
F*\Fd )\ F*\Fd )\

The first of these two integrands is analytic, and we may employ Cauchy’s integral
formula as before to obtain integration over I'g\I'x plus a residue. We obtain a
term that decays at exponential rate in time plus I{yz—a,t}m{mga,\/{p a natural
consequence of our transition in behavior as we pass through the shock layer. The
final integral can be subsumed as before into previous estimates.

Consider now the case 0 < y < z, for which we have

- - =y s)as Pﬂw L) —[= s)ds
Gz, y) = O(IA|"1/2)04 (|| e~ Iy VA/B() +#6 IRRVEYCOL
+ 0401171 A O(AIMA) | O(AI2)01 (2l O (Jyfe i VA

+ 0101171 A OLIA)[O(AI )01 (2 2)0s (Jy[2)e I VA,
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For integration over each of these, we proceed along the heat-equation-like contour
defined through

[z —y|
Ak) = NG + 1k
for A to the right of I'y, and I'y out to the point at co. On the first, we obtain
an estimate by O(t_1/2)01(]x\_l)e_(x_y)Q/(Mt), with analogous estimates on the
third and fourth. For the critical second term, we divide the analysis into subcases,
r > e/t and x < e/t. For ¢ > eV/t, U, (z) yields t-decay, and we arrive at an
estimate that can be subsumed into those above. For x < et, we write

eAt—f; A/b(s)ds
/ dA
. A

/\t f A/b(s)ds )\t f A/b(s)ds
= d\ + / dA.
/rmrd A ARV A

Since Ry/A/b(s) > 0, along I', N T’y we have exponential decay in time. Along
I'.\I'4, we further divide the integral as

/\t f A/b(s)ds
dA
/I‘*\Fd A

et (e —Jy VA b(s)ds _ 1)
= / —dA —I—/ dA.
rA\Ilyg A\Lg

A A

The first of these two integrands is analytic, and we may employ Cauchy’s integral
formula to obtain an integral over I';\I'x plus a constant residue. We obtain a
subsumable term that decays at exponential rate plus I {z<eVi} As in the analysis

of 2 < 0 <y, the second integral is bounded by Ct~/2|z — y|.
The analysis for 0 < z < y differs negligibly from that of the previous case and
is omitted. Derivative estimates are also similar. 0

5. Estimates on the perturbation
In this section we will prove Theorem 1.2 through a lemma similar to Lemma 1.5
of [ZH]. We have

Lemma 5.1. Let C; and Cy be constants and let ho(x),h(t,z) > 0 satisfy the
relations oo
|16ttty < cinte. o)

and

/Ot /_j Gy (¢~ 5,) [ Mh(s,1)? + 15(s) by, )| dyds < Cuh(t, ),

for allt >0,z € R. If then |v(0,x)| < (oho(x) for some (o sufficiently small, then
lv(t,z)| < Ca2loh(t,x) for allt >0,z € R.

Remark. Lemmas of this form have now been proven in a variety of contexts
[L, LZ.1-2, ZH HZ.1]. For b(-) = const, Lemma 5.1 applies with no smoothness
assumption on initial data vg(x). For b(-) nonconstant, we must assume vo(z) €
C*e: i.e., Holder continuous for some index o > 0. (See, in particular, [ZH, Section
11].)

The following useful lemma was proven in [H.3].
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Lemma 5.2. For M > 0,t > 0, and o € R, we have

n 1, a< —1,

0 2

/ (1+y)% "dy < Col log(2+ V1), a=-1,
0 1+1)3+%, a> -1

Proof of Theorem 1.2. In order to employ Lemma 5.1, we require an ansatz
h(t,z) for the behavior of v(t,x). We write

hy(t,x), x>0,

Wb, z) = { h_(t,x), <0

with 3
h_(t,z) = d(z —a_t) + e 211D(¢),

n as in Theorem 1.1, and

hi(t,e) = (1+2) e D) + (1+2) " At (1 +a) "+ (14+2) 2 At

where we recall that

(1+1)=, l<r<?2
D(t):=q (1+6)"/?log(2+1), r=2
(1+1)"2 r> 2.

Linear analysis for x < 0. The linear analysis will consist of integrals of the form

+oo
/ G(t, x5 9)ho(y)dy,

— 00

where ho(y) = d(y) < C(1+|y[)!~",r > 1. In the case |x —y| > Kt, this analysis is
unchanged from that of previous work (see [H.1, ZH]) and yields estimates bounded
by h*(t,x) for x z 0. The sectorial nature of L insures that we have no difficulty
as t — 0, as for example, in the case of equations of odd order (see [HZ.1]).

For |z — y| < Kt, we begin in the case y < x < 0, for which we have

_1/2 _(azfyfa_t)Q B
Gt,zyy) =001 e 0 + Pug () {jo—y|<a_1}

(z—y—a_t)>

—-1/2
+ O(e e + O(e~ M) (|x —y—a_t|+ 1) Ifja—yl<a_t}-
Integrated against initial data, the first and third terms yield estimates
Cld(z — a_t) + t/2e7 "=l d(z — a_t)].

For P, (x)I{|z—y/<a_t}, We have, taking into account our tracking,
X X

Puz(x){/x_a thO(y)dy_ /_a_w:

ho(y)dy -
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For |z| > et, we have exponential decay in both z and ¢; for |z| < et, we have

—a_t
]Pﬂw(w) / ho(y)ds| < Ce™#1*ld(—a_t).

—a_t

Finally, we have the dominant term,
el / (14 |z —y —a_t])"Y2ho(y)dy < Ce Melg=1/2,
T—a_t

A similar estimate follows for x <y < 0.
The linear analysis for z < 0 is determined by its degenerate portion: z < 0 < .
Here, we have (|x —y| < Kt)

G(t,z;y) = Ot /*)0(e" N0y (Jyl)e ™7 + Pl () Iy <a_1yriyl<a_ vi}-

Integrating the first term against (14 |y|) =", we may apply Lemma 5.2 to obtain an
estimate by Ce="1#ID(t). For |z| > et, the second term yields exponential decay in
both space and time, while for |z| < €t, it cancels exactly with our tracking term.

Linear analysis for x > 0. We turn now to the analysis for x > 0, which we
begin with the case y < 0 < x, where we have

(z—y—a_t)2
G(t,z;y) = Ot /MO (2| e™ ™ I{jy>a_t}

(z—y—a7t)2

+ O (Jz]2)e” T Ijyza_s

3b_ 2 —-1/2 22
Mt_zy> e MiIfy|<a_t}n{e>1}}

U ()Pl <o iynflai<a Vi)

+0y(ja| ) (y+at -

Integrating over the first and second terms, we obtain an estimate of the form
C[Ou(Jal™M)eFAd(1) + Oy (Jo|~2)e™ 7T 1/2d(1) |,

both of which will later be subsumed into sharper estimates. For the third expres-
sion, we compute,

0 2
1 =z 3b_x _
|z~ e Mt/ (y+at— 55—y 2d(y)dy

—a_t 2@2_b0t2

22 _agt 3b_ 2
< —le—3rEd(t ot — _1/2d d
<ol te <>/_a_t (y+at = qyoy) dly)dy

, 0
—i—]w[‘le_ﬁ/a tt_l/Qd(y)dy

2

< |x|"tem 2 /24 (L) 4 |x| T 2em 0,
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For |z| < a_+/t, we obtain no contribution from the last term. For |z| > a_+/t, we
have only u,(z)d(t),

Pii () /_0 td(y)dyé (1+x) 2t

For 0 < z,y, the analysis is considerably shortened by the observation that no
final ¢-decay on the perturbation is lost if we use the umbrella estimate

(z—y

_ _ _ )2 _
G(t,z;y) = Ot~ ?)01(Ja| )OIy Tt + Puy(2)(1n_yi<a_ vi}-

Integrating over the first term, we have,

yep-1 [T 1 e—p? 2 2 1 ()
e e ) NCR Y L
0 z

x
4

ey [T T
+t || (14+y) Te ™t dy

x

2

~ 22
<CA+z) 'D)e#m +t V20 + )" A1 +2)7
For the second term, we have

a:—i—a,\/z a,\/f
Pa(a)| | rowdy— [ ho(w)dy]
(x—a_+/t)VO0 0

For z > a_+/t, integrability of vo(y) yields an estimate by (1 + z)~2 At~ For
rz<a_ \/E, we have

z+a_+/t
Pi.(e) | ; w(@)dy < C[(L+ )21+ VDI A (L4 2) 14+ VD],

Nonlinear Analysis. Following Lemma 5.1, the nonlinear analysis involves esti-
mating integrals of the form

t p+oo
/0 /_oo |Gyt — s, 7;)| [Mh(s,y)2 + ‘(‘S(S)’h(s’y)}dyd&

This calculation is almost precisely the same as the nonlinear analysis of [H.4], in
which we estimated integrals of the form

t +oo
/ / 1Gu(t — 5,239) | Mh(s, y) dyds,
0 —00

where G represents the Green’s function for the integrated equation wy + a(z)w, =
b(x)wy,. Writing w = G x wp and v = G * vy, and considering v = w,, we have
v = G, * wp. But additionally, v = G *x vy = G * (wy), = G, * wp, so that G, and
G, satisfy identical estimates (also clear from direct comparison). Hence, the new
calculation is quite redundant, and we omit it. O
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