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We consider degenerate viscous shock waves arising in systems of two conservation laws, where degeneracy
here describes viscous shock waves for which the asymptotic endstates are sonic to the hyperbolic system (the
shock speed is equal to one of the characteristic speeds). In particular, we develop detailed pointwise estimates
on the Green’s function associated with the linearized perturbation equation, sufficient for establishing that
spectral stability implies nonlinear stability. The analysis of degenerate viscous shock waves involves several
new features, such as algebraic (non-integrable) convection coefficients, loss of analyticity of the Evans
function at the leading eigenvalue, and time decay intermediate between that of the Lax case and that of
the undercompressive case.

1 Introduction

We consider degenerate viscous shock waves arising in the system

ut+f(u)z:uzz; u,fERQ,
u(0, ) = ug(v); (1.1)

that is, solutions of the form @(x—st) = (u1(z—st), ua(z—st))" that satisfy the Rankine-Hugoniot condition
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and for which s € Spectrum(df(us)) = {af}}_,. Throughout the analysis, we will make the following
assumptions.

(HO) uo(£00) = uy, f € C*(R).

(H1) (Lax degeneracy) Either a] < s < a;and aj < s = aj (right side degenerate) or a] = s < a, and
al < s=ag (left side degenerate).

(H2) (First order degeneracy) Both 4 (z — st) and us(z — st) decay to the degenerate side endstate with
rate |x — st| 1 (see Section 2 for detailed requirements on ug and f that imply (H2)).

Under these conditions we develop detailed estimates on the Green’s function of the linearized pertur-
bation equation sufficient for establishing that spectral stability implies nonlinear stability for degenerate
viscous shock waves arising in (1.1).

Our interest in the degenerate case is motivated both by the physical application to detonation waves (see
[H.3] and the references therein) and by its position as a boundary case between Lax and undercompressive



waves. The critical new feature in the analysis of degenerate waves, necessarily absent in the case of non-
degenerate waves (for which s ¢ Spectrum (df (u4))), is the algebraic (non-integrable) decay to endstate of
the degenerate wave (see hypothosis (H2) and the structural discussion of Section 2). As a consequence of
this slow decay, the convection coefficients for the perturbation equation found by linearizing (1.1) about
u(x) are also non-integrable, and the consequent asymptotic analysis is considerably more complicated than
that of the non-degenerate case. More important, the Evans function associated with the linearized operator
has terms of the form vXlog ), and hence analyticity is lost at the critical point A = 0, around which long
time behavior is determined. This loss of analyticity has two critical consequences: (1) The study of the
point spectrum of the linear operator near A = 0 is more delicate; and (2) the time decay of the linear
semigroup operator e is reduced. While the former of these has been considered in [HZ.2], in the case of
conservation laws, and in [SS], in the case of reaction—diffusion systems, the latter has not, to our knowledge
been addressed. This, then, is the critical issue of the current analysis.

It is well known that solutions u(t,x) of (1.1), initialized by u(0, z) near a standing wave solution @(z),
will not generally approach @(x), but rather will approach a translate of @(z) determined by the amount of
mass (measured by [, (u(0,2) — @(x))dz) carried into the shock as well as the amount carried out to the far
field. In our framework, a local tracking function §(t) will serve to approximate the shift of this translate
at each time ¢. Following [HZ.1], we build this shift into our model by defining our perturbation v(¢,z) as
v(t,x) == u(t,z + 6(t)) — a(x). We will say that @(z) is stable with respect to some measure if for v(0, z)
sufficiently small in that measure we have v(t,z) — 0 as t — oo.

Substituting v(t, x) = u(t,z + 6(t)) — @(x) into (1.1), we obtain the perturbation equation

vr = Lo+ Qv)s + 6() (i1 () + v,), (1.2)

where Lv := vy, — (A(2)v)z, A(x) = df (a(z)), and Q(v) = O(v?) is a smooth function of v. According
to hypotheses (HO)—(H2), we make the following conclusions regarding the behavior of A(z) and Ay :=
lim, 400 A2):

(CO) A(z) € C'(R), | L (A(z) — Ay)| = O(jz| %), k= 1,2.

1 9k
(C1) The eigenvalues af of Ay satisfy (H1).
Integrating (1.2), we have (after integration by parts on the second integral and observing that eX!ii,(x) =
ﬂl’ ((E)),

+oo
o(t,r) = G(t, z;9)vo(y)dy + 6(t)uz ()

_:O +oo
[ Gt s [ Qo) + 56 ol )] duds,
0 J—oo

where G(t, z;y) represents a (matrix) Green’s function for the linear part of (1.2):
G+ (A(2)G)z = Gaz; G(0,z3y) = 0y(x)1. (1.3)

The goal of this analysis is to develop pointwise estimates on G(t,z;y) sufficient for establishing that an
iteration on v(t,x) will close. The estimates on G(t,x;y) will be divided into those terms for which the z
dependence is exactly @, (x) (referred to as the excited terms, and denoted e(¢,y)) and those for which the
x dependence is not exactly @, (z). Typically, the excited terms do not decay in ¢, and represent mass that
accumlates in the shock layer, shifting the shock. Our approach will be to choose our shift §(¢) to annihilate
this mass, so that we track the shock in time. Following [HZ.1], we write

G(t,z;y) = G(t, 2;y) + Gu(2)e(t,y),



for which we have

oo Foo
ote)= [ Glt.aiy)voly)dy + a(x) / e(t, y)vo(y)dy + 5(t)is (2)
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Choosing §(t) to eliminate the excited terms, we have

+oo
5(t) = / e(t y)v0(y)dy

t p+oo .
+/O /_Oo ey(t—s,y) Q(v(s,y))+5(S)v(s,y)]dyds. (1.4)

In order to close the analysis, we must close an iteration on d(¢) simultaneously with our iteration on v(t, x)
(see, for example, [?]). We mention that in the iteration on v(t, ), we only require an estimate on §(t), so
in practice we consider the time derivative of (1.4).

Typically, we analyze G(¢,z;y) through its Laplace transform, G (x,y), which satisfies the ODE (¢t — \)

G, — (A@)Gr)a — AGx = —6,(2)],

and can be estimated by standard methods. Letting ¢ and ¢j represent the (necessarily) two linearly
independent asymptotically decaying solutions at +oo of the eigenvalue ODE

and ¢ and ¢, similarly the two linearly independent asymptotically decaying solutions at —oo, we write
G(z,y) as a linear combination,

G(y) = ¢l (@)NT (y) + 93 (2)N5 (), >y
o1 (2N () + 03 (@)NS (), @ <y,
where we observe the notation
+ = NF ,ENT
=T o [ PRl T =y _ [ PV P
@N(i)NN(i @).
k'K DOico ( k1 k2 ) ‘kaNljil @ng;ng
Insisting on the continuity G (x,y) across y = x and a step in 9,Gx(x,y), we have
(01 NT + 93 Ny — 7 N — 03 Ni) =0
(o] Ni +93 Ny =91 Nif =y Nj)=—1. (1.6)

Equations (1.6) represent eight equations and eight unknowns, which decouple into two sets of four equations
and four unknowns. Solving by Cramer’s formula, we have, for example,

@%1 Sﬁ’ﬁ 502:1
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Clearly, then, G (z,y) will be well-behaved so long as

+ + - —
W(z; ) := det ( Sﬁ’i/ 4’042_/ 1, P2, > £ 0.
1 P2 P11 P2
Following Jones et al. [AGJ, E, GZ, J, KS], we define the Fvans function as D(X) := W (0; \).
In order to understand the behavior of the Evans function, consider an eigenvector, V(x; A), of the linear

operator
Lv = vy — (A(2)0) 4.

Since V (x; A) must decay at both +00, it must be a linear combination of )" and (3 and also of ] and 5 .
Consequently, these four solutions must be linearly independent, and their Wronskian must be 0. In general,
zeros of the Evans function correspond with eigenvalues of the operator L, an observation that has been
made precise in [AGJ] in the case—pertaining to reaction diffusion equations—of isolated eigenvalues and in
[ZH, GZ] in the case—pertaining to conservation laws—of nonstandard “effective” eigenvalues embedded in
essential spectrum of L. (The latter correspond with resonant poles of L, as examined in the scalar context
in [PW]).

In [HZ.2], the authors established that under assumptions (H0)—(H2) D()) can be written as an analytic
function plus a small error,

D) = Da(A) + O(X*2log A]), as A — 0,

where D, (A) = O(]A]) is analytic in a neighborhood of A = 0. Following [HZ.2], we introduce the following
stability condition (D).

(D): D(X) (and hence D, (A)) has precisely one zero in {ReX > 0}, necessarily at A = 0, and D/, (0) # 0.

While condition (D) is generally quite difficult to verify analytically (see, for example, [D]), it can be
checked numerically (see [B, OZ]). A condition that lends itself more readily to exact study is the stability
index, typically defined as

I:= D! (0 li D(N).
sgn D, (0) xsgn _ lim  D(A)
For A € Ry, we have Dy(A\) € R, so that in the event that I' = —1, D(X) must have a positive real root,
which guarantees instability. In the case that I' = +1 the question of stability remains undecided.
Finally, we observe that if stability condition (D) holds, there exists a contour I'g defined through

Na(k) = —do +idik — dok?, (1.7)

with dy and dy both positive constants, so that aside from the eigenvalue A = 0, the point spectrum of L lies
entirely to the left of I'y. We are now in a position to state the main result of the paper.

Theorem 1.1. Let (HO)—(H2) hold, as well as stability criterion (D). Then for some constants C, M,
T > 1, and n > 0, depending only on df (u(x)) and the spectrum of L, the Green’s function G(¢,z;y)
described through (1.3) satisfies the following estimates.

(i)y<z<0

a‘,—y—a;t)z

( .
G(t,23y) =O(t™ /%)™ w4 O(t™/2)e™ + g (x)e—(t,y)

o3/ 10gt) AO(|z — Ly — agt|73/2 1ogt)}1 - .
a; {le—“Ly|<|a; |t}
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a; o= "L yi<la 1}’
where
_ (y+a{t)2
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(iv) y<0<zx
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For y < L, the integrals fLy af(i) can be replaced by 0, and similarly for z.

Of particular interest are the estimates on G(t,x;y) with decay rate t=1/%. In the case 0 < z < y, the
ODE Green’s functions associated with degenerate decay in x and non-degenerate decay in y takes the form

Sa(@,y) = O(A"/2)O(Ja| eV ArmlEmslsds,

In the case y = 0, we can proceed here as though analyzing the heat equation to immediately recover an
estimate of the form

O(t~/*)O (|| ~)e™ T I1y—y.



The difficulty arises in the limit as x goes to zero, in which case he have an estimate of the form
S)\((E, y) = O(|)\71/2|)€7 fLy NS(S;)\)ds.

The exponent [} yi3(s; A)ds is O(|A|) and thus near A = 0 gives slower decay than —v/\y.

2 Structure of Degenerate Viscous Shock Waves

The critical structural feature of degenerate viscous shock waves is that they decay to the degenerate side
endstate at algebraic rate rather than exponential (as in the non-degenerate case). In particular, degenerate
viscous shock waves decay with rate |z|~/*, for k = 1,2, ...

Definition. We will describe degenerate viscous shock waves that decay to degenerate endstate at rate
|z|~*/* in both coordinates as k*"-order degenerate.

Our focus in this paper will be on first order degeneracy, which is the generic case. It has been shown in
[HZ.2] that first order degeneracy is implied by the condition

az 1 + o4y L T+ afh)? NS
ot 1ot <§auw1f1(u1 sug ) + §8u2u2f1(u1 Uy ) (a],)? = Ouyup f1 (g, ug )a_+)
11 22 12 12
+ +32 +
ajp (1 + 4y L + o+ (a11) + 4
_m(aaululfé(ul , Ug ) + §8u2u2f2(u1 , Ug ) (QYQ)Q - 8u1u2f2(ul y Ug )GJ_E) # 0,

where agj = Ou,; fx (uf, u;) For example, in the viscous p-system,

U1, — U2, =U1

xTx

U'Qt + p(ul)x :u2tcm7

this reduces to the condition p”(u;") # 0.

3 ODE Estimates

In this section we establish the critical estimates on d)f(x; A), 1/),:5 (z; \) and their duals, gZ;ki (z; ), 1/?25 (z, ).
Our eigenvalue ODE 1.5 takes the form

v1,, — (a11(2)v1)e — (a12(2)v2): = Avs
V2., — (agl(x)vl)x — (CLQQ(J?)UQ);E = )\'UQ, (31)
where ay;j(z) = Oy, fr(U1(x), u2(x)). Writing Vi = v1,Va = v, V3 = v1,, V4 = v, we have the first order

system
V' =M(z; \)V. (3.2)

We will also be interested in the associated integrated equation
W1,, — a11($)w1$ — alg(ﬂﬁ)w% = )\wl
we,, — a91(x)wi, — age(x)we, = Aws. (3.3)

In particular, we will find it convenient when possible to compute growth and decay solutions of (3.1) by
computing growth and decay modes of (3.3) and computing their derivatives. We stress that from this point
of view no assumptions regarding integrability need be made. It is a question, rather, of scaling.



Writing (3.3) as a first order system with Wy = wy, Wa = we, W3 = wy,, Wy = wa,, we have

W' = A(z; )VW; "= 0,,

where
0 0 1 0
0 0 0 1
A(x; \) =
() A0 an(x) ap(z) |’
0 )\ agl(Z‘) CLQQ(J))

which has four eigenvalues ug(x; \) satisfying

ar(xz) — /a1 (x)? 4+ 4\

,Ufl(il',)\) = 9 ) MQ(‘(E’A) = 9 !
a1(x) + ai(x)? + 4\ as(x) + \/as ()2 + 4\
patas 3) = DI VAEEE - gy = REE VP

with associated eigenvectors

A _ r1(z) r2(x) ri(z) ra(x)
Pl d) = <V“V2’V3’V4)‘(n(xml(x,m ra(@pa(e; ) 1 (@)ps(e; ) (@) N) )

Here, a;1(z) < as(x) are the eigenvalues of

Az) = ( an(z)  ai(r) >’

ag1 (J)) as9 (J?)

namely

a1 (x)

trA — /(trA)2 —4det A trA+ +/(trA)2 —4det A
= 5 ;a(z) = 5 ;

with associated eigenvectors r, = (1, %&};(I))“ = (1, %“W) At & = +o0, we have uj (\) =

O(1), pF (N) = O(VA), us(A) = O(N), and g (\) = O(V/A), prompting our designation of u; and us as
non-degenerate modes and po and p4 as degenerate modes.
The following lemma is proven in [HZ.2].

Lemma 3.1. Under the assumptions of Theorem 1.1 there exists some constant r sufficiently small so that
for |A| <7 A # R_, we have the following estimates on degenerate solutions of the integrated equation
(3.3). Forz >0,k=1,2

Wil (5 0) =e ™27 (i1 () — wf ) (1 + Bag(; 1),
Wihp (@) =~V (o) — ub (VA + —2 o @) + —e O, ),
() — uy ap(r) —uy

Wi (23 A) =™V (g () — ub ) (1 + Bl V),

Uk (T Uk (T
WZEkJ,_Q) (w5 N) =€+ﬁx(ak($) - %)Hﬁ + % + Eggig2) (23 A) + L)Jrﬂi(kfz) (w5 X)),

k(x) —uy ug(x) —u}

where
(@3 \), Bu(3)) = O(N2log \)) A Ol ™), &k =1,2



(A represents min), and
Eo(x; \), Ea(z3X) = O(AY2))O(|z|7Y), &k =3,4.
Additionally, we have for [\}/2z| < 1, the error estimates
Eji(x;0) = Eji(0; ) + O(IA2])O(|]).

Proof. The only statement in Lemma 3.1 not established in [HZ.2] is the |A\'/2z| < 1 estimate on
Eji(x; A). Following the proof of Lemma 4.1 in [HZ.2], we write wq(z) from equation (3.3) as
wy(z) = (a1 (x) — u] )uyi(x), for which

ur(z) =e V(1 + By (3 0))
u, () :efﬁm(—\/x + Eas(x; N)).

We have, then, the ODE for Ea;(x; ), 0pE21 (x5 \) — VAE (2;\) = Egs(x; \). Integrating, we find
B 0) = /¥ B (053) + [ VN9 Eaa(€ 00
0

from which the estimate is clear. The remaining cases are similar. O

We remark that the log A behavior in Lemma 3.1 appears in the analysis of single equations as well and
appears to be sharp (see [H.3, H.4, PW]).

Differentiating the estimates of Lemma 3.1 we obtain estimates on growth and decay solutions of the
unintegrated equation (3.1).

Lemma 3.2. Under the assumptions of Theorem 1.1 and for L large enough so that x > L assures
(trA)? — 4det A > 0, there exists some constant r sufficiently small so that for |A\| < 7, we have the
following estimates on solutions of the unintegrated equation (3.2).

i)z <0
67 (5:0) = 5O (1, () + O(e 2l

Ui () = e D7 (V7 () + O,

where k = 1,2, and p, (A) and V,_ () are eigenvalue-eigenvector pairs for the matrix
A_(A) :=limg oo A(z; N).

(ii) (non-degenerate solutions) For z > L

(611, 612)"" =2 @ (a5 0) =elT M ENE (L Ol 7))
(61, &15)" = (¢, 611)"™ =: @ (w5 0) =ele MmN G F it () + O(J2] )

(Wi, 0y)" =2 U (a5 0) =eli #oNE (e L O] 7))
(W f)'" = (s, i)™ =2 W (3 \) =el2 #o N (it (0) + O] 1)),

while for 0 < z < L each term is O(1).

10



(iii) (degenerate solutions) For z >0, k =1,2, and A\ ¢ R_

g (s X) =™ (g () — ui)( -Vi+ M + Eyky2)(3A) + ME%(JU; )\))7
ay(z) — u ay(r) — uf

CPVE (ﬂkm + (ar1 (€)1, Ba1 + axz (2) 2, Ezz) + O(IN2)O(|a] %) + 0(|A|)0(|$|_1))’
() —p VAT (o ot up, (x) ) U, (x) )
i) =) — ) (4 VA SR B @)+ s Bl )
5 X) = (i, + (a0 ()i, B + aso()ia, Eiz) + O(X/2)0(12=2) + O(ANO (| ™).
where the Ey;(z; ) are as in Lemma 3.1.

Proof. The estimates of Lemma 3.2 on degenerate solutions follow directly from Lemma 3.1 and equation
(3.3). For the non-degenerate solutions, standard theory suffices. (See, for example, [ZH].) O

Lemma 3.3. The Evans function associated with equation (3.2), defined by

D(A) :=det (@7 (0;0) &5 (0;0) ¢F(0;0) 93 (0;)) ),

satisfies
_ ©(0;0)  ®3(0;0)  @7(0;0) @, (0;0) 3/
D(A)det(Awf(o;o) MVF(0:0) —arry AWy (0;0) ) T OUATTIosA]
=:Da(\) + O(1X*?log A|),
where

cbf = (qbfu ‘/5%2)“-

Proof. Though Lemma 3.3 has been proven in [HZ.2], we restate a brief account of the argument for later
reference.

Fast decay ODE solutions (@f (z;0) = O(e~“I2l)). The fast decay solutions in this analysis are ®, and
. For the first, proceeding as in [GZ] we integrate

0y = (A(2)0y )0 = APy

on (—oo, z] to obtain
B'(5:0) — A (233) = [ B(sid) = AWy (ai ),

where W; (2; \) is analytic in A. Similarly for ®, we have
O (3 0) — A(2)® (23 0) = AW (23 X),

where Wi (z; \) is analytic in \.
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Slow decay ODE solutions (@] (z;0) = O(1)). The only slow decay solution in this analysis is ®] (x; \).
Integrating again on (—oo, x], we have

(w3 A) — A(2)®y (2:0) + A_ry = AWy (a3 ),

where Wy (x; A) is analytic in A, and r{ is the eigenvector of A_ associated with the eigenvalue a; .
Degenerate decay ODE solutions (®3 (2;0) = u.(x)). Integrating our degenerate ODE solution on
[, +00) we have by construction,

BF (@3 N) — A(2)®5 () = AWF (3 M),

where by Lemma 3.1 W, (0; \) = W5 (0,0) + O(|A\Y/? log A|).
Now, we compute

+ + — —
D(/\)—det< T AT )\
y=0

of o] o @

— det 2 2 2 ®; |
- ADT + AW ADS + AW AP —air] + AW, ARy + AW, ) ly—o

et (O o7 P37 o iy ‘
- AT MWE WS —arrT AW, AW, y=0
—ae |20, %2 o 2 ]|

W DW, —arr] AW AW, y=0

From this final expression we see immediately that D(0) = 0. The standard approach toward gaining higher
order information on the Evans function at A\ = 0 involves differentiating this final expression with repect
to A (see for example, [GZ]). Since in the case of a degenerate wave, the Evans function is not analytic at
A = 0, we cannot follow this approach. As observed in [HZ.2], however, the claim of Lemma 3.3 can be
established directly from our detailed ODE estimates of Lemma 3.2. ]

In addition to the estimates of Lemma 3.2, we require estimates on the solutions dual to qﬁf and 1/)2:.
The ODE dual to (3.1) takes the form

21,, +a11(x)z1, + a21(x)z2, = Az
29,. + alg(a:)zlm + CLQQ(J?)Z% = Azo, (34)

whose solutions we will denote éki(a:, /\),1/;,;t (x;N\). Denoting Z; = z1, Za = 23, Z3 = 2z1,, and Zy = z3,, we
have the associated first order system

Z' = ZA(z; ) (3.5)
where
0 O 1 0
~ 0 O 0 1
Az \) =
(w3 4) A0 —an(z) —an(zx)
0 A —app(z) —ag(x)

We will employ the following lemma from [ZH].

Lemma 3.4. Suppose V(z; A) satisfies (3.2). Then Z(x; ) is a solution of (3.5) if and only if

Z SV = constant, where
—A(x) I
S(x)z( Alz) O).

12



According to Lemma 3.4, we can describe dual solutions through the relations

;r(a:; NS(@)f (z;A) = &j(m, NS(@)ef (z;A) =0, Vjk=1,2
OF (23 NS (@) (w3 X) = &f (3 ) S (@) (150) =0, Vj #k
O (2 N)S(@)dy (23 A) = & (23 ) S ()0 (23 0) =1
03 (208 (2) 63 (25 0) = 05 (23 A)S ()95 (w5 0) = A2, (3.6)

and similarly,

4

05 (m; N)S(@)y, (3 0) = 05 (23 NS ()9 (230) =0, Vi, k=1,2
&7 (1 0)8(2)¢y, (23 0) = Oy (; \)S (@), (3 A) = 0ju, Vi k=1,2. (3.7)
We remark that the distinguished relations
03 (@ N)S(@)65 (0 A) = 9 (3 )S (@) (w;4) = A2,
are taken as a result of the coalescence of ¢3 (7;\) and 1 (;\) at A = 0 (see Lemma 3.2(iii)).

Accordingly, we have the following estimates on solutions of (3.4).

Lemma 3.5. Under the assumptions of Theorem 1.1, there exists some constant r sufficiently small so
that for |A| <r we have the following estimates on solutions of (3.4). (The order expression O(-) refers to
a term meromorphic in |A| < d5.)
(i) <0

(/31; (x5 A) = e_”k_'ﬁ(k)gc(f/kjr2 \) + O(e_o‘lxl))

Uy (@A) = e V() + O ),

where k = 1,2, the y, () are as in Lemma 3.2, and f/f (\) are the eigenvectors of lim,_, o A(z; \), scaled
so that f/'ji()\)Vki()\) = 5%. Moreover, Doz (; ), Uy (3 \), ¢ (25 A), and ¢p, (23 \) are all Oy (|N]).

(i) (non-degenerate solutions) For x > L, k =1,2
Gli(xiA) = e~ T N[0, (1) + O (A log Al)]

G (13 0) = B oy (3 1) = = SEMENE[0, (1) 4+ O(IAY? log A))].

(i A) = e JEHENE[0,(1) + O( N2 log )]
Ui = Uy (1) = e JE D0, () + O(1N og A])
while for # < L each expression is O(1), except ¥y, which is O(|\|).
(#ii) x > 0, Degenerate solutions
95(2:3) = 7 (04(1) + O(IX2)O(la]) + O(IX/* 1og A])
(5 0) = 0y (@:2) = X O(N)O(J])
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G (@) = e (04(1) + O(IN2)O(a]) + O(X /2 1og A)))
P33 N) = U o (13 0) = €722 O (N O],

where k =1, 2.

Proof. The case x < 0 is non-degenerate, and since the solutions do not coalesce at A = 0, straightforward
(see, for example, [ZH]). The only new assertion regards the O(|\|) behavior of W5 '(y; A) and &7’ (y; A).
Such behavior is most directly observed by choosing the fast growth solution 17 (x; A) as the derivative of a
solution to the integrated equation (3.3). In this way, we insure by construction that

Uy — ATy = O([Af)err
According, then, to (3.7), we must have
M (w5 Ay (23 A)" = (0,0,0,1)",
where, omitting independent variables for brevity,

+ + + + + + + +
—a11977 —a12dip + P13 —a21¢y; —agedip + 91 —9  —din

+ + + + + + + +

Mi(a?' A) = _a11¢§:1 - a12¢%|:2 + ¢2ﬂ':3 _a21¢3t1 - a22¢%|:2 + ¢2:E1 _d)%tl _¢%|:2
’ —allwg — a12¢¥ + wltg —azlwil - a22¢¥ + ¢¥ _wil —¢¥
—a11%51 — @129 + a3 —a2195; — A22V9s + oy —U5  —ay

Applying Cramer’s rule and transposing the matrices, we find
7¢17277 7‘1527277 77/J17277
det | —a11d7; — a12¢15 + P13 —a1105; — Q12095 + a3 —an1¥yy — @121y + Y3
—a21017 — G22P15 + Py —A2109 — 22Pgy + Pgy  —A21Yyq — Q2215 + Yy
det (@7 65 Wi Wy )
- P12 - - Pao (2P
det | —aidy; —arzdp +d13 O(JA])  O(|A])
—a2107; — a2d, + ¢y O(A])  O(A])

_ = O(|\)eH2 Nz
det ( o1 &3 v ¥ ) (A

The calculations for 1[)2_4(x; A), 451_3(x; A), and q~51_4 (z; \) are similar.

Vg ) =

~ For x > 0, the analysis is considerably more delicate, and we carry out a full analysis for the cases
#F (x;\) and ¢F (z; \) only. For ¢} (z;)\), we have from (3.6) the relation

M (z; N7 (23 M) = (1,0,0,0)".
Applying Cramer’s rule, we find
+ ¢;2 + + + wﬁ + + + 1/);_1 + +
det _a11¢21 - a12¢22 + ¢23 _allwu - alzwu + 1/)13 _allwm - a12w22 + 1/)23
—a2103, — a2d3y + ¢3,  —amiy — iy + VT, —anvy; — anid, + 5

det (¢ o of i)

~f3(37§>\) =
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We observe now that by our construction from the integrated equation (3.3), we have the reduced form

ot Vh vh
det | AW Wi AW

AWQE W;2 AWZg
det (¢ o of Y3 )

Computing directly, we observe that the numerator has the form

~f3($5>\) = -

AW (632 Wb — Wb W) + Ny (Wi W — Wol Wh) -+ AW (03, W5 — o, W)

For the terms in parentheses, we have cancellation, exemplified by the calculation,

22 Wi — ¥ Wsh =(uz(z) — uz)? {(_\/X‘f' — - + Eau + — 2 +E2)(1 + Ei2)
U2 — Ugy U2 — Uy
U U
—(VA 4y —2 T+ Eua+ = 2 T E12)(1 + Eo2)
U2 — Ugy U2 — Uy

=(tg(x) — ug)? [ — 2\ + (E24 — Egs) — VAN(Esz + Fag) + (B2 Fay — E22E44)}
=O(|z|7*)O(IA'/?]) + O(|z|~*)O(| A log A]),
with similar estimates on the remaining terms. We conclude that the numerator has the form

eJi (N80 (|2 72)0(1A2]) + O(Ja]~2)O(1Alog )|

Computing directly (i.e. expanding the determinants), according to the estimates of Lemmas 3.1 and 3.2,
we find

det (0F of wi wf ) = eimENHRENE (orq(\¥2)ord(|z| %) + ord(Mord(fe| ) E(w; X)),

where by ord() we mean strict order, bounded above and below (hence a term we can divide by), and by E
we mean

E(z;\) = Eg1(2;\) + Faog(;A) — Ega(2;)) — Ea1 (23 A) = O(|AY?log A|) A O(Jz|71).
Combining these representations, we find that
Oly(w; A) = e~ JEmEND[0, (1) + O(IAY2log Al)).
Integrating gZN)ﬁ(x, A) on [x,400), we obtain a similar estimate on qul (z; ).

For ¢~)§" (z; \), we have
M(z; )65 (w3 0)" = (0,A*2,0,0)"".

Applying Cramer’s rule, we find

+
g " !
det P12 (LI ()

—a2107, — axndly + ¢y —anf] — anylh + U, —anvd; — anyd + v,

det (¢ o of ¥F)

9y (w50) = —AY?
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We observe now that by our construction from the integrated equation (3.3), we have the reduced form

oh U vn
det [ of, oy, v
Ang ng >\W4§

T (e )) — _)3/2
$31 (w3 A) = —A det(gf)f‘ qﬁ;— 1l)f_ 7/’;)

Expanding as in the case ¢g; (2;\), we have

hovnov
det 12 iy (o =
Ang W;; >\W4J5

VAT G () (O ([2|72) + O(A2)0 2] 1) + O(IN 2 1og ),
from which our estimate on ¢~)§rl (z; A) is immediate. The remaining cases are similar. O

Lemma 3.6. Under the assumptions of Lemma 3.5, we observe the following critical cancellation estimates,
for which as in Lemma 3.5 the expression O,(+) refers to terms meromorphic in a neighborhood of A = 0.

(i) For k= 1,2,
AT32(By,(0; ) — E21.(0;0) +m(A) = 04 (A7) + O(IA~2(log A)?|)
(ii)
Ay (N)®F (3 0) — A73/2W5 (a; \)
- eﬁx(@Jroqu(log N2NO(Jz| 1) + O(IAT2)) A O(IA‘1I)0(|$|‘1))
(iii)
gy (NS (25 0) + A7328F (23 \)
= 22 (04 (A7)) + O(A"2(1og A))O(Ja]) + (O(IA"/2)O(J[2)) A (O(A~H)O (12| )
(iv)
d3y(\T3 (23 0) + A73204 (2 0)
Ve (0(| log A) + O(|A"/2(log A)*)O(|z]) + (O(IA/?))O(|z[*)) A (O(le))),
where m()) and df,()\) are defined through the relation

Lapdet (OF ¥F 41 ¢y )

diz(\) = A
= det(6f 0] o 61 )

=A"32 £ m(N), (3.8)

for which m(\) = O(|]A~tlog A|).

Proof. The cancellation in Lemma 3.6 arises from the coalescing of the decay and growth degenerate
solutions. In the case of non-degenerate waves, independence of these solutions plays a critical role in
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the determination of the behavior of the scattering coefficients (see, for example, [ZH]). Here, rather, the
scattering coefficients must be understood first so that the extent of the dependence can be observed.

We begin by observing that the estimate (3.8) on the scattering coefficient dJ,(\) (and on m())) is a
direct result of the relationship

¢35 (03 1) = ¥ (03 A) + O(|A?log A)),

which is immedate from the estimates of Lemma 2.2. In particular, since d;‘Q()\) does not depend on z, we
can evaluate the determinant quotient at any value of z, and we evaluate it at x = 0.
Taking k = 1 for definiteness in (i), we first compute

d3 (N @3, (25 0) = A2 (a5 0) = (A2 4+ m(N) @3, (25 0) — A~Y/205, (234)

=2 m(N)e ¥ (i (2) - uf) (- VA o= s

— 4 Bag(a;\) + — +E21(x;>\))
u} U — u

~ e + + Euz(;0) + = it +E41(x;)\)).
Uy — u1 uy — ul

U1

A2 () ) (VA

In the case |v/Az| < 1, we have

T,

(N2 4+ mO)) 1+ OV A i () =) (= VA = 4 By (03 ) + e B ()

UL — Uy UL — Uy

—AH2(1+ O(IVAa])) (i () — ) (VA + ﬂfj’w + Bas (3 ) + ﬂla_l"u; Euwi )

= 0L (A" NO(]™) + i, () ((Bar (:3) — Eas (@ \)A2 4 m()
+O(IA 2 (log A)*)O(|2| 1) + O(A2) AO(IATT)O(J2| 7). (3.9)

According to Lemma 3.3, spectral stability implies

d(\) 31 (03 A) = A72/2WF; (03 ) = Ou(IA71]) + O(A" 2 log A]).
Combining these last two equalities, we conclude (i). Recalling from Lemma 3.1 the relations Ej,(z; A\) =
E;1(0;)) + O(]AY2))O(|z|), we have

i, (@) (B (33 0) = Ean s )A2 +m())
—iir, (@) ((E21(0:3) = B (0, \)A2 1 m(2) + O(X/2)O(Ja)a~*/2)
=iin, (2) (0a(]A7]) + O(IA "2 10g Al) + Ou(IA)O(J2])),

from which we conclude (ii). In the case |[v/Az| > 1, we observe that |z|~' < v/A from which (ii) follows
immediately from (3.9).
For estimate (iii), we observe as in the proof of Lemma 3.5 that

b
det ¢12+ 1?1_% ¢22+

>‘W12 W32 >‘W42
det (67 o3 ¥ 7 )

_)\3/2
:det( of oF v o ){W?Ew;lqsﬁ_ I ;2)+0(|)\|)},
1 1

O (3 0) = — N2
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with also

oh b Yh

det fz ¢;2 wf%
3/2 AWy AWgh  Wah
det ((of o5 of ¥3 )

_)\3/2
:det( A ) [W?E(d’fl 32 — 03.015) +0(|)\|)]

P A) = — A

We have, then,

dfy(N) + 05 (23 2) + A7*26F (;4)
_ AP = an @)y — an(@)ylh)
a det (67 o3 ¢ i)
+O(A).

|6 (A2 (V) = A2/263,) — 61 (daa(\ify — A~%/205,)]

Combining (ii) with the estimate
det(@F of Wf wf ) = eJimENBENE (oW 2)ord (x| 2) + ord(Nord (x| #)E),

and repeating the analysis for ¢g, and ¥, we obtain (iii).
Finally, for estimate (iv) we note that

O U U
det AWlil W% AWZJE
S R O L L L
det (¢ ¢35 ¥ Y3 )
)\3/2
with also
ot + +
12 22 12
det ( AWIE AW% W?;E )
~$/(x' )\) :>\3/2 )\WIQ )\WQQ W32

det (¢ o3 of o)
/\3/2
Cdet (¢f o3 Uy ¥g )

(OGHWS = AL WIWaS + (Wi — A Wan) Wit + O(1A2))].
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Combining, we have

A3 (N3 (25 A) + A7%265 (w3 \)

5/271+
T e (A NI — 6TV + A6 — ) + O
det( o7 ¢y Y
)\5/2W+ B
T [d22 JEHWS — o W) + A2 b Wit — 65 W) + O(A))]
)\5/2W;i
= Wi (d —\3/2 H(daaNWoh — A732W4) + O()A
det(¢f qb; W [ 12 22 ¢22 ¢22) ¢12( 22() 22 42)"’ (| |)}
No/2Wh = B
Tdet ( 67 oF 312? {Wﬁ (doo(N)$gy — A7224i5) — dify(daa(N)W5 — A 3/2WZ§)+O(|)\|)},
from which we have (iv). O

4 Estimates on G)(x;y)

In this section we develop estimates on G (z,y), first for the critical case of A near 0 (which will correspond
with large ¢ behavior).

Lemma 4.1. (Small |\| Gi(z,y) estimates.) Let hypotheses (HO0)—(H2) hold, as well as condition (D).
Then for |A| < r, some r sufficiently small, we have the following estimates, for which terms containing O,(+)
are meromorphic to the right of I'y, while the remaining terms are analytic to the right of I'y and away from
the negative real axis.

(i)y<z<0
Gi(w,y) =04 (1)etz NE=v) 4 0, (1)ets Ve—rz My | Q(IA/2 log A|)ets Mz—nz Ny
+u,(2) (Oa(|)\71|) + O(|)\71/2 1Og)\|))67“2_()‘)y

8yGa(x,y) =04 (|A)et2 NE=8) 1 0, (|A)ets Ne=rz Ny O, (1)etr N (@=v)
+O(]A¥ 2 log A|)ers Vr—m2 Ny 4 g (2) (Oa(l) +O(]A2 log)\D)e—H;(A)y
(i) 2 <y <0
Ga(,y) =04 (1)ehs NE=v) 1 O, (1)ers Me=nz Ny - Q(IAL/2 log A|)ets Ma—rz Ny
+Hx(a:)(0a(|)(1|) + O(|/\71/2 1Og/\|))e—u;(,\)y

8yG(x,y) =04 (|A)ets NE=8) 1 0, (|A)ets Ne=rz Ny O, (1)eks N (@=v)
+O(|)\3/2 log )\|)eu§(/\)x—u5(/\)y + (@) (0(1(1) + O(|)\1/2 logA|))e_”5(’\)y
(i) x <0<y
Ga(z,y) =04(1)ets Na—[} ps(s;N)ds O(|/\1/2 log A|)ets Na— [ pa(s;\)ds +O(1)eHs (Nz—vAy
+ax(m)(0a(|x )+ O(A"21og )\|))efL‘ us(s:0)ds

i (2) (0u(IA) + 0N log ) J e~
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0, Ga(,y) =Oq(|A)ers V7L 10 1 O (|3 log A|)ets N7 JE (0 4 O(|A)O(fyletts M=V
s (@) (0u(1) + O(X?log ) J e 215V 4 1, () O [y ye VY
(w)y<0<w
Galw,y) =O(IA2NO(frf e VA7 A 1 O(IA 2 log A)O(Ja] ~)e¥AeHz (U
+iig (2)Og (|A T )e 12 VY

8,Gx(x,y) =O(IAV2)O(|z| e VAe=12 My L Q(|A1/2 log A|)eft #1(siN)ds =iz (N
+ﬂx(x)0a(1)e_”5(’\)y
(vW)0<y<uz
G(ar,y) ==Y [O(A72)0Ja] O (lyl) + 2 (2)Oa(IA~]) + O(A~2(108 O (| )OIy |
e VAL E O (A2 O(af ) + O (2| )O(A 2 og A
_|_Oa(1)ef; p1(s;\)ds + ﬁx(a?)oa(P\ilDei JY ps(s;\)ds

0y Gix(w, y) =e Vo [O(IxI‘Q)O(IyI) +O(|AY?log \)O(Jz| )
+O(IA2)O(Jz|1)O(Jyl) + O(] logAI)O(IxI*Q)}
+O(NY2)O (|| e VAem S malsiNds 4 g ()0 (1)e 2 HalsiNds
+0,(1)ely 1V L Q|2 ]og A|)elv #1(5i0ds,
(vi)0 <z <y

Gl y) =Y O(AT2)O(fe] )OIy + e (2)0u (1A )O(2]72) + O(IA~/2(10g 1)2) O )|
e I il 0, (1) + O(IA2 Tog A
eIt O(AT2)0(la] ) + O(le] )0 (A 2 log Al
1 ()0 (| o fi 10520

5‘yG)\($; y) :e*ﬁ\zfy\0(|$|71)0(|y|) + Oa(|>\|)€7 f;J s (s;0)ds
FO(NY2)O([z| e VAo SE ms(sNds g (210, (1)e~ JE Ha(si)ds
FO(|A3/2 log A|)e Ji palsih)ds

For y < L, the expressions e/z #3(5:0)ds can be replaced by O(1) and similarly for x.

Remarks on Lemma 4.1. The fundamentally new aspect of the estimates of Lemma 4.1 with respect
to analogous results for non-degenerate waves is the loss of analyticity in a neighborhood of A = 0. On
the degenerate side (z > 0), our linear equation behaves like a heat equation, and we expect such loss of
analyticity, at least with terms of the form v/X. Even on the non-degenerate side, however, the Green’s

function is constructed from solutions that decay at both +o0o and our expansion coefficients carry v/A and
v Alog \ behavior.
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Proof of Lemma 4.1. Following [ZH], we establish estimates on G (z,y) through the useful
representation

(5 N), >y

( G G, ):{ Ot (z; ME(N) ey

Gy, Ga O (x; N )M~ (N)

i e

where + + T+ F
P ) ~ vr v
According to [ZH] and the methods described there, we have the additional representations,

( G Gy, ):{ —(g)f"(x;k))(@*(y;k),‘1>‘(y;>\))‘15(y)‘17 z <y (4.1)

Gy, G, (3 A),0)(®F(y; ), @~ (1, A)) "1 S(y) T>y
and
—S(z)-1 ‘:1’7@;)\) ' 0 "
G G, iy |

oo (£3)(760). e

In order to see the validity of these relationships, we briefly recall the development of [ZH]. Observing the

jump condition,
G)\ G)\,y — 0 —I —. S,I
Gy, Gi, I —A ) ’

ST (y; M T (AT (g5 ) — @ (s )M~ (NI (y; M) = S(y)

we have

or in matrix form
_ Mt()) 0 T (y; \) 4
Ot (y: P . - ! =
@) (0N (5 ) = s
from which we conclude the critical relation
- ~1
M*()) 0 (B (- — (a1 1 YT (g A)
(M Ll ) = @rwae e s (500
In order to establish (4.1) we re-write this last relationship as
M*(\) 0 T (y; \)
+(n,. 1 = )
@ o) s = (N0 (g,

and for x > y multiply on both sides by (®*(z; A),0) and for # < y multiply on both sides by —(0, ®~ (y; \)).
The case of (4.2) is similar.
Case (i) y < x < 0. In the case y < z <0, we compare representations

2

( g; g; )Z D G (@ N (NY; (s 0) + Yy (@5 N e (V9 (3 0)

Jk=1 Jk=1
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and
(& &)= (53)(74”)

2 ~ -1
:; S(a)! ( §+E§Z i? ) B ()
to obtain the relation
2 2 = -1
> 67 a5y )+ 3 a5 e ) = 560) (3.0 & 13)

k=1
Multiplying (4.3) on the left by 1@[ (2; M) S(z) and recalling relations (3.7) we find

G0 =dr@n (3.5 ) B

for which € ()\) is the j*® component of the vector J satisfying

( W (23 )) )leﬁf(wﬂ)-

Ttz \)
Proceeding by Cramer’s rule, we have for j =1
Cdet (4 (@ )Ty ()T B (@ )T OF (m )T) _{ 1, =1
TN of (N ) 0, =2,

e (A) = = = =
T PV Py L
and similarly for j = 2, so that efj(A) = 5{ , where (5{ represents the Kronecker delta.
Alternatively, multiplying (4.3) on the left by q@f (z; A)S(x) we find
~ -1
_ - U~ (z;\)
di;(A) =& (3 7) ( B+ () ) E;.

Proceeding again by Cramer’s rule and observing the estimates of Lemma 3.5 ®(x;0) = O(]\]) and
U, (2;0) = O(]\]), we find the estimates dj; (\) = O4(|A)+O(|A32log \|), di5(A) = O (1)+O(|A/2log \|),
da1(\) = 04(1) + O(|]A21og \|), and d;y(N) = O4(]A"1]) + O(J]A""/21og A|). Collecting these observations,
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we have

UL (2 N0 (15 0) 0, (1)ert N (@=y)
( Uy (2 AW (g5 A) ) :< 0, (1)ets N(@=v) >
Uy (25 0) W5 (33 A) O, (1)et> Mir=v)
( Uy (3 )05 (5 M) ) :< O, (A etz M(=v) )
< @7 (w5 Ny (VT3 (350) ) ( (Ou(|A]) + O(|A3/2 1og A[))erts Vz—nr Ny )
O (25 A)dy; (M)W (g5 A) (04 (|A]) + O(|A3/21og A|))ers Mz—m Ny
( <I>g(ar;A)d}(A):g(y;A) )_( (04(1) + O(|AY21og A|))ets Nz—nz Ny )
Oy (23 \)d1p (M) Py (g5 M) (04 (IA]) + O(|A3/2 log A|))ers Nz=rz Ny
( (I)g(%)\)d}()\)ti’g(y;)\) ) :< (04(1) + O(|AY/2 log)\|))e“{ )‘)“’*/‘1:()‘)9 )
D5 (23 N)dg; (NPT (y; N) (04(1) + O(|AY2 log A|))ers Nz—iy Ny
( @i(w;k)d’g(/\):z’(y;k) ) :< (0L (IAN"Y]) + O(IA" 2 log A|))eta Nz=pz Ny )
Oy (23 Ny (M) W5 (13 A) (04(1) + O(]A2 log A|))ers Nz—#z Ny

Finally, observing that ®] (x;0) does not decay as © — —oo, we conclude that
O, (2;0) = Pug(x),

for some projection constant P, from which the estimates of Case (i) are immediate.
Case (ii) v < y < 0. The analysis of Case (ii) is almost identical to the analysis of Case (i). The only

new terms are ®7 (z; A\)®7 (3 \) and &5 (3 \)®; (x; A), for which we find
O (y;A) ) _ [ Oa(l)ers Mie=v)
O (5 A) )\ OL(|A])ers ME—v)
g (2 NP3 (y;2) \ _ [ Oa(l)ers Ne=w)
Oy (5095 (y;0) )\ 04(1)ers NE—v) ]
Case (i) x <0 < y. In the case z < 0 < y, we compare the representations

( Gr G, > = Z qb;(x;)\)dkj()\)?/;j(%)\) (44)

G G
Av o T Awy k=1

and

(gfw & ):—<o,q>-<x;A>><¢>+<y;A)@‘(y;A))‘lS(y)‘l

zy

2

==Y bp (B NEF (BT (5 A), @ (1) 'S (y) !

to obtain the relation

S A (NGF (55 0) = — B8 (@ (15 0), @7 (1 A) 1S () 7
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(We observe that the scattering coefficients dj;(A) here are not necessarily the same as the coefficients d; (1)
from Cases (i) and (ii).) Multiplying this last equation on the right by S(y)¥; (y; A), we find

A (N (s NS (5 A) = —BF (@1 (13 0), @7 (53 0) ) (13 M),

Proceeding as in Case (i) and the proof of Lemma 3.3, we find

det( ¢;_7/¢)ii_a¢2_) _ 1/2
N = Getlor o8, o1,05) oot TOINToeAD
det( ¢§rv¢;awfr) -1 -1/2
dor (A —0.( O(|A"21og A)).
1) =Getof o1, or.05) — OelN D OUAT o)

On the other hand, for dj2(\) and daz(A) we have, due to our scaling (3.6),

3/2det ¢1 03,03, by

( )
di2(N) = det(o], b5, b7, by)
(6F )

(

det(¢y, 93, o1, 05
dor () =\~ 3/2 2 1 2
21(3) det ¢17¢2)¢17¢2)

In this case, we observe that the fast growth solution 1/); can without loss of generality be constructed
by determining the fast growth solution to the integrated equation (3.3) and computing its derivative.
Constructed in this way, 15 clearly satisfies

U — Ax)S =0
(v - A@wy)| _ =0,

according to which

_ oF @F v P
det( Irv Qgra Z/JSU ¢2 ) = det ( )\V\l}f_ )\)/\2;;- )\)/52- )\)/\2;2— )

Proceeding as in Lemma 3.3 and observing cancellation between the degenerate solutions ®J and ¥J as in

Lemma 3.6, we conclude
di2(\) = 04(1) + O(|A21og \|),

and similarly,
dza(A) = O4(IA1]) + O(IA"/? log A]).

Gathering these observations, we have the estimates,

( O (3 A\)din (V)T (g5 ) ) [ (04(1) + O(IAY2log A|))ers N[ ualsiN)ds
O (z; N)din (NPT (150) )\ (04 (M) + O(IA21og A|))ets Nz [L na(sid)ds
O (2 N)dia(NTF (1 0) \ O(1)ets M=V
( 7 (23 \)d12 (N) U3 (y; A) ) — L O(IA)O(Jy])ers Vr=vA
(SN ) ((Ouli 1)+ O Velog Ayt e e
Oy (1 N)dor (N (g3 0) ) (04(1) + O(|A2 log A|))eta We—[{ ua(sih)ds
( @g(x;)\)dgg()\):g(y;)\) ) _ (O (A1) + O([A1/2 1Og)\|))eul(k)x—\/§y
@5 (25 \)daa (NS (y; N) O(Jy|)ers M=y .
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Case () y <0 < z. In the case y < 0 < x, we compare representations
G G ~
(& & )= X oW )

and

( G G ) =(@7 (@ 2),0)(2" (5 1), 27 (s M) 1S (y) ™!

ry

to obtain the relation

2
dewﬁg (; A) = EF (@ (13 A), @~ (1:0) 1S (y) (4.5)

Multiplying equation (4.5) by S(y)¥; (y; A) on the right, we find
da(N) = B (@ (5; 1), @ (5 M) "0 (55 A).-

Proceeding as in Case (iii), we determine di1(A) = Oq(1) + O(|A\'21og \)), d1(A) = Oq(1)+ O(|A\'21og \|),
and daa(\) = O4(]A7|) + O(|]A"'/2log A|). Morever, for the critical term dy2()\), we have

det(w;a ¢§r, ¢;a ¢5) .
det(ef, 03, ¢1,67)

According to our scaling, ¢3 (x;0) and ¢, (z;0) are both proportional to @, (z), and the numerator vanishes

at A = 0, giving

di2(\) =

dis(\) = O(A"21og AJ) + O] log A).

Collecting these observations, we find

( ®F (25 M) du (VI (3 M) >: (0a(1) + O(IAY? log Al))e/z 11 (s ds—p
O (3 A)di1 (NP7 (y; A) (04(1) + O(|A?10g )\|))eff #a(ssh)ds—py (Ny
( B (2 N2 (N T (35A) >: (O(A1/21og Al) + O(| log AJ))eli #1(=)ds=sz Ay
O (25 M) d12(A) W5 (y; A) (04(1) + O(|AY2log A| ez 11 (50 ds—hy (Ny
( O (3 A)da1 (V)T (3 A) >: (O(A2)O(|e| 1) + O (|| 72))e=YAemmm (v
O (25 \)d21 (\) 21" (3 ) (O(IAY2))O(|z| 1) + O(|z]2))e~VAz—rr Ay
A)d22 (AW (y: ) )
D3 (73 ) d22 (M) 035" (45 A)

O (A~ )O(l2]~2) + O(A~/2)O((x| 1) + O(IA~2log A (|| 2)] e VA3
[O(|)‘1/2|)0(|$|71) + 0(|x|*2)}e*ﬁzfﬂz_(>\)y

Case (v) 0 <y < z. In the case 0 <y < z, we compare representations

2
(& &)= S ot oiion S ot i,

Gy, Gi,, =
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and
( gf g; > =(®F (23 1), 0)(®F (53 1), @ (1) 'S (y) ™!
2
=3 o @ VB (@ (), @7 (55 1) S ()
k=1

to obtain the relation
2

Zd NBF i) + D el (N6 (130) = B (@7 (3 1), @7 (30) 7S () ™! (4.8)

Multiplying equation (4.8) by S(y)d)f(y; A) on the right and employing relations (3.6), we obtain
NG (1 NS W) (43 N) = B (@7 (53 1), @7 (53 M) 1oy (3 A).

In the case k = [ = 2, we have
A2y (N) = (0,1,0,0)(D* (3: 1), @ (53 A) ' (33 V)
Observing that J = (®+(y; \), ®~ (y; A)) "*¢4 (y; A) is a matrix equation, we apply Cramer’s rule to determine
S
6;2(>\) _ )\73/2{]2()\) _ )\73/2det( ¢1 ¢2 (bl ¢2 ) _ )\73/2.
det (¢f ¢35 o1 @5 )

1. We analyze the de()\) similarly, arriving at d;()\)

O, (A1) +O(A2log A]), and df,(\) = A~3/2+m(N),

Similarly, ef5(A) = ef;(A) = 0, and ef;(A) =
O(]A"121og Al), diy(A) = O(I]A~"/2log Al), d3; () =

where m()\) = O(|]A"tlog \|).
Combining these observations and expanding G (x;y) in detail, we have (for 0 <y < )

G G, > = ~
(& &) =t @R () + 6T N OV (5.) + 0 (s ) O ()
+63 (3 ) (NP5 (13 0) + 67 (3 M) (3 2) + A28 (2: )63 (V).
Computing directly from Lemma 3.2 and from Lemma 3.6, we have

O (w3 Ny ()T (5 2) =(O(IA /2 log X)) i 1 (sdo = alsds

1A
Of (a3 N, WP (y; A
o (x; A)dfz() 3 (Y5 A
(y; A
B (3 A
(y: A

)

) =O(|A}/2 1Og)\|)efL m1(s;))ds— [ ps(s;\)ds
)

) =O(
)

)
A) =

(O(A~/210g AJ) + O(|yl)O(|log AJ) ) i 1 (s:3)s=
A\L/2 log)\|)0(|y|)€ff p1(s;\)ds—v Ay
a(l)ef: pa(s;\)ds + O(|)\1/2 10g)\|)6f; w1 (s;\)ds

1
<I>+(x )\) by O, (1)ely 1N 1 O (A2 log A|)ely 11 (52

3 (a3 A)dg; (V)T (5
(Oa(|)\_ |)O(|x|_2)+0(|)\_1/2|)O(|x|_1)+O(|x|_2)0(|)\_1/2 log)\l))e—ﬁx—fL pa(s;\)ds

@ (2 Ny (V7 (35.0) =(O(1] %) + O(N/2)O(a] 1) )=V Ae S ol
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and finally, according to Lemma 3.6,
O (2 ) (A VTS (5 0) + A28 (4 )
==V [0(|x 20 (a0l + Lo 1 0142108 1)2)O((al2)0(ly)
O (a3 1) (A (VFF (53 ) + A 285 ()
e~V (0|2 ~2)O(Jy]) + O(X /2 1og A)O(|a] ") + O(AY2)O(|z|~)O(ly)
+0(|1og ANO(Ja| 2)]

Case (vi) 0 < x <y. The case 0 < z <y is similar to Case (v), with only two new terms, namely,

U (a; NI (y; A) =O(1)e & #(si0)ds L O(IAV2 log A[)e J= #a (520
U (2 NI (5 A) =04 (|A])els 16N L O(IA 2 log A|)e™ [ 1alsihds,
and, according to Lemma 3.6,
(@3 (@5 ) da2(0) = X205 (25.0)) 95 (4 A) = =¥ [ O(IA2) 0|z ~)O([y]) + Ou(|A~)O(le|2)
+O(IA"2(1og X)2)O (12| 1),
(@3 (@5 ) da2(N) = X720 (25.0) ) 85 (5:1) = V=410 2] )0 ()
O

Lemma 4.2. (Large || Ga(z,y) estimates.) For A bounded to the right of T'y and for |A\| > M, some
constant M sufficiently large, there exists constants C,5 > 0 so that

TN oy

|Gz, y)| < CIN2 e
10,Ga(z,y)| < Cem?HNElle—ul,

Proof. The large |A| behavior of G (x,y) depends on viscosity rather than convection and can be developed
exactly as in the nondegenerate case. See in particular [ZH], p. 806. |

Lemma 4.3. (Medium |A\| Gx(z,y) estimates.) For A bounded to the right of I'y and for » < |\| < R, any
fixed constants R > r > 0, there exists C' > 0 so that

|Ga(z,y)| <C
|0, G (2,y)| < C.

Proof. The medium |)\| estimates follow from decay properties rather than decay rates and can be developed
exactly as in the nondegenerate case. See in particular [ZH] p. 805. O

5 Estimates on G(t,z;y)

We now employ the estimates of Lemmas 4.1, 4.2, and 4.3 to derive estimates on the Green’s function
G(t,x;y) through the inverse Laplace transform representation

1
Glt,aiy) = 3= [ MGaaa)i
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Figure 5.1: Contours in the case of analyticity at A = 0.

where the contour of integration I' must encircle the poles of G (which occur at point spectrum for the
operator L).

Before beginning the detailed proof of Theorem 1.1, we give a brief overview of the approach taken and
set some notation. In each case of Lemma 4.1, the estimate on G (z,y) is divided into a number of terms
that can be integrated separately against e*. For every such term, the contour of integration, I', will be
chosen to depend on ¢, x, and y. In the event that |x — y| > ¢, it will typically be advantageous to take a
(parabolic) contour that crosses the real axis far to the right of the imaginary axis, while for |z — y| < ¢,
it will typically be advantageous to take a contour to the left of the imaginary axis (see Figure 5.1). In
either case, we only follow our contour of choice until it strikes the contour I'y, defined in (1.7), which aside
from the point A = 0 lies to the right of the point spectrum of L. Throughout the analysis, then, for chosen
contour I' we will use the notation I'* to indicate the truncated portion of the contour that stops at I'y.

While there are a great many terms in Gy (x,y) to analyze, the analysis of several are similar. Two
particularly important terms are the scattering and excited terms from the case 0 <z <y (Jz — y| < Kt),

Sx(@,y) = O(IA"2)O(|jz| O (y))e V=¥ and  Ex(z,y) = . (2)Ou (A1 )e™ VN0,

Though several estimates will be more technical than these, the fundamental ideas are all contained here.
For the first we take the heat-equation-like contour defined through

lzv —y| .
VAR) = 52— 4k
(k) = =7, +ik,
for which | | | |
L lr—y 9 Jz—y
Ay oip Il k2 gy = (2i—2 — 2k)dk
22 T ’ (2= )k,

where L is chosen large enough so that for k sufficiently small, this contour remains in a small neighborhood

)\(k) _ |(E — y|2
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Figure 5.2: Contours in the case of a branch along Re\ < 0.

of the origin. We follow this contour until it strikes 'y, and then follow T'y out to the point at oo (see Figure
5.2).

Observe in particular that though our contour of choice in this case always crosses the real axis to the
right of the imaginary axis, it moves rapidly into essential spectrum. Letting £k* represent the values of k
for which we strike Iy, we have

+k*
| [ Ss@ir| =00l )00 [ P0(Am] e VBl iy

2,97 lz=yl
RES 2i; 2k

lz—yl 4 ;
Bl i

ST
—0(al O(yl) [ i
Jy

_(z=)?

=0(t~"/)O(|z|)O(|y|)e” =

Finally, along T'y, we observe that Rev/A > 0 and O(|A(k)~'/2|) = O(1), so that our integral decays at
exponential rate in time, ™", 5 > 0. Since |z — y| < Kt, we have

_pplz—ul? _ (@=w)?
efntge M RZe — e KT X

)

which leads to our final estimate on this term

_(z—y)?

O(t~V%)O(Jz|)O(lyDe
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For Ey(z,y), we again begin along the contour defined through /A(k) = IxL_*tyl + 1k, along which we have
HES e 2% \z y\ _ 9%k
(o) [ Oul DN VI =) [ e P 2B
r* - |L2_i/2_|_ kTy_k2|

=0<|x|—2>o<|xfy|

=—v)?

ot 12)e

In the event that |z — y| > €9/t, we observe that
we are considering the case 0 < z < y)

‘x ‘ < Ei so that we have an estimate by (recalling that

)2

O(t~/2)0(|a|2)0(lz — y)e~ 7 = (/)0 || 2)O (|yl)e~ T

In the event that |z — y| < €9/, we proceed as in [H.3, H.4] and divide the integrand into an analytic term
and an error, as

Jir. (5.1)

dA
2 Y omi X

1 P+ﬂx(x)e)‘t*‘/x|“’*y|d>\ L/ Py g (z)eM 1 Py iy (z)eM (e Vel 1
27 Jp« A 27 Jp-

Here, we have observed that for O,(|]A~!|) meromorphic in A in a neighborhood of the origin, we have

_ P
0u(A 1) = 5 + 04 (1),

whence I
Bx(o.) = s (£)0 (A e o) = T ool (o] 2)eVAle 0,

the second of which can be subsumed into Sy(x,y). For the first integral on the right-hand side of equation
(5.1), we employ analyticity of numerator and denominator to proceed similarly as in the nondegenerate
analysis of [ZH] and shift our contour to the left of the imaginary axis, using Cauchy’s integral formula to
compute the residue. Our estimate on this term becomes

Prta(@)L,—y <coviy

For the second integral, we first consider the strip of T over which |[v/A(z — )| < 1, for which we have

‘/* e~ VAlz— y\_l d)\‘ ols|- -2 ‘/* MO |\/_( )Dd/\

_(@=y)?
Lt

—0<|x|-2>o<|y|> [ otnrzpevar - o<|x|—2>o<|y|>o<t—1/2>e

)2
where we have made use of the observation that for |z — y| < v/, 1 < Ce=“7#=. On the other hand, for
IV A(z — )| > 1, we have [A\=/2| = O(|z — y|) and consequently the estimate

e VAlz—yl _ 1)
[ Lar| = 0(af )| [ XOUA 20—y,

as above. Our final estimate becomes

O(t~")O(j|~*)O(lyl)e +P+uz( ) ey <covty-
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Note in particular that in this analysis we have determined critical tracking information regarding how
rapidly mass in the far field contributes to a shift of the shock wave. According to our choice of shift §(¢) in
equation (1.4), we will have a linear term of the form

€0/t
5(t) ~ Py / vo(y)dy,
0

for which we observe that the window of mass that has accumulated in the shock layer at time t is [0, €v/].

Proof of Theorem 1.1. In the small time case |z — y| > Kt, some K sufficiently large, we can proceed
via the large |A| estimates of Lemma 4.2, which are exactly the same estimates as in [ZH]. For the case
|z — y| < Kt, we proceed in a number of subcases.

Case (i) y < x < 0. According to Lemma 4.1, we have five integrals to evaluate in the case y < x <0,
beginning with the integrands O, (1)et2 M E=¥) QO (1)ets Me=r2 MY and 1, (2)O0q (|A"1)e #2 VY. Bach
of these arises in the case of non-degenerate waves and can be analyzed as in [ZH]. Summarizing, we have

(x—y—aj t)2

/o (1)eMHrz VE=v) g\ —Q(t~1/2)e=

(w——Ly—al t)?

/0 JeM s T Ny gy =0 (t71/%)e Mi

(u+0 f)

ﬂx(x)/rOa(|)\’1|)e)‘t’“2_()‘)yd)\ :’Em(x)(O(l)e +0(1 )I{lylgla;‘t}). (5.2)

For the term O(|AY/2log \|)ets M#=#2 (MY e must alter the analysis employed above so as to avoid A € R_,
where we lose analyticity. Expanding p5 (A) and p3 (), we have

ay; — /(a3 )? + 4 1
s (\) = 2 2 =—— A+ — 3/\2 +0()\?), (Recall: a; > 0)
2 ay  (ay)
ay +1/(a7)? +4)\ 1
iy () =— ! =+ A2+ 0(\), (Recall: a <0)
2 ay (%)

Our principal contour will be chosen as in [ZH] by the relation

(= =+ L))+ (5 - =55 ) A

(ay)®  (a3)?
AR A S

where Ag is the critical point where the contour crosses the real axis. Expanding A(k) = Ag+Mk+ Aok? 4
we immediately find A\ = i(1 4+ O(Ag)) and

x Yy

_ (a1)®  (ay)?
Yo = LR (14 0(n),

a; ay

for which Ay < —7v < 0, some fixed v. We choose A\g optimally by minimizing the exponent function

g(Ar) = Art + (— % + %)/\R + ((G;UP - ﬁ)ﬁz’
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for
a. _
r——Ly—a;t
a2y 1 _

A :—; _::—; _::(
R=2-3 @ 57 p

r 4y ) <
()t (ay)3t/ —

Note in particular that our contour of choice is entirely determined by our choice of Ag. Following [ZH] in
the case f_:—: >0 (that is, for |z — %y| > lay |t), we take

+e, e<I=<M,
AR=14 3=, t1/P<S=<e
t71/27 0< ?_— < t71/2’
<s=<

to obtain an estimate by
(:L'fz—l_yfu.l_t)2
Ot~/ *logt)e”— ,
which can be subsumed into estimates (5.2). The difficulty arises in the case ‘;—’ < 0 (that is, |z — Z—£y| <
- 2

|ay |t), when the non-degenerate analysis would select Ar < 0, according to

a_

—€, —€ Z =,
. P—
a_ —1/2 a_
AR = o TPz gm > e
—t_l/Q, 0 2 g— Z _15—1/27

which is precluded by our branch along A € R_. At this point, we arrive at the primary new feature of
the degenerate-wave contour analysis. The idea in the non-degenerate case was, for ¢t > |z — y|, to take
contours that remain entirely in the negative real half-plane and thus take advantage of exponential time
decay, which dominates the exponential growth in |z| and |y|. In the degenerate case, we cannot avoid
passing our contours through the positive real axis, and our new approach will be to move our contours
quickly into the negative real half-plane.

We first observe that we can integrate along essential spectrum (I' = {A : Either Reus (A) = 0 or Reus (\) =
0}) to obtain an estimate

O(t=3/*logt)I

{le=Eyl<lar |1}’
Alternatively, we can move more rapidly into essential spectrum by taking the heat-equation-like contour
k) =t~ + ik,
which we denote I'p, until it strikes the non-degenerate contour described above. Along I'p we have
MNk) =2+ 2kt~ — k?*  d\= (2it™' — 2k)dk; and ReA(k)? =t * +k* — 6k* 2,

so that

‘ / 0(|)\1/2 1Og)\l)eAtJru;()\)I*uE()\)yd/\
'y

o SRR (= )R (2
<C |2it 1 — 2K||(t 7 + ik) log(t ! +ik)e ay = ay @3 (a3 .
—k*
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We observe here that for |k| sufficiently large, we cannot get a good estimate along this contour. The index
k*, then, where me cross the non-degenerate conrou is critical. Indexing our non-degenerate contour by [,

we have
T

Mn:AR+uu+4xAm)+gﬁﬁi:ﬁif)ﬂa+«xxm)+oaﬂ,

(-5+2)
ay  ay

2 _ t72—>\R
1+0(2)

for which the intersection with I'p occurs for

for which we recall that in this case Ag < 0. In the first case, 12 < g—: < 0, we choose Ap = —t_l/Q, for

which (for t > 1) we have |k| < Ct~'/4. In this case, since |z — Z—liy| < |aj |t, the exponent k*(—2%— — #)
2 2

(a1)?

is bounded, and we can integrate over |k| < Ct~!/4 to obtain an estimate by

a; .
O(lz — Ly —a7t|3?logt) ] - .
a; ! o= "Ly|<|ay [t}

Qi

= < —t~1/2, we choose

In the case —e <

D
N Y
NS L)
Do 2 £ 47
(a7 )3 (a3 )3

for which our degenerate contour intersects with our non-degenerate contour for

2 _ 1 (¢ - a% + GL’) 2
k <37= = +O(t™7).
(ay)3®  (ay)3
For this range of k, we have
y
k’2 t— ai_ ag
K- = L) (s - ) = - o (e - )
a; Qg (al) (a2) (a7)3 - (a5)®  (a7)® - (ay )3

1
<—k2t- 2+ Lyrou,
2 ay  ay

for which we can integrate over k as above. In the final case, g—: < —e, we observe that

k2 a_
A R I S S S
( ay Qg (al )3 (Cl2 )3 ) (a7)? - (a§)3< p— )

for which we have decay as in the previous cases for k2 < e. We can choose dy (for the contour I'y defined
in (1.7)) sufficiently small so that we strike 'y for k% < e. The non-degenerate analysis of [ZH] applies along
I'y;, and we obtain an estimate that can be subsumed into those above.
The remaining term in this case, O(|]A~*/2log A|)e ~#2 (M¥_ can be analyzed as in the case O(A/2 log \)ets (N2 —#s (Ny,
with x set to 0. The estimates on Gy (¢, z;y) follow similarly.
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Case (i) © <y < 0. According to Lemma 4.1, we have five integrands to evaluate in the case z <y <0,

though the only integrand not examined in the analysis of Case (i) is O, (1)e#s M (@=Y) wwhich arises in the
non-degenerate case and has been analyzed in [ZH], with an estimate by

(z—y—al t)?

Ot~

Estimates on Gy (t, z;y) in this case follow similarly.
Case (iii) v < 0 < y. According to Lemma 4.1, we have seven integrals to evaluate in the case x < 0 < y,

beginning with the integrand O, (1)ets (M@ =J #3(5:0)ds - GQince pg(x; \) is analytic in X in a neighborhood of
A = 0, this integral can be analyzed similarly as in the non-degenerate case. We must, however, keep track
of the y-dependence in p3 through the Taylor expansion

v Y ds Yo ds )
3(s; \)ds = —A —+)\2/ —— + 0(\%),
JACER Lm@ L a(r PO

for which we take y > L. (In the event y < L, we can subsume y behavior into O,(1) and proceed with an
estimate for the case y = 0.) Consequently, we choose our contour (k) through

(it [ amPos (G [ am) o=+ [ amh
T Y ds , T Y ds
(= ), mop )t (- [ o)

k) = Ar +ik(1 4+ O(AR)) + v(z, »)k*(1 + O(\g)) + O(K?),

for which

where f
(a3 L ai(s 3
Y(z,y) = (G5 0y <7 < 0.
y ds )

L ai(s)

As usual, we choose our principal value of Ar to minimize

o) =t + (= o+ [T e (s [ )

so that
g' _ r—ay fLy —afl(‘z) —aft' _ <(a§)2 ay fL (Ll(s)s)
D’ ’ 2t op t

Q
|
|

<a<
:lEE, :l:E ; % ;~ :l:M
Ar = 9, P <|g <.
Z1/2 < a< 14-1/2
2 05 S S
The final estimate becomes
(z—aj fg alt)
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For the integrand i, ()04 (|]A71|)e™ JE r3(siNds e can proceed again as in the case of non-degenerate
waves, with us(x; \) treated as above. We find

TN Z Y a(s:\)ds _ AT R
/FOG(P‘ 1|)ux(x)e/\t J? Hs(k,/\)dkd/\:ux(x)(()(l)e Mt _|_O( )I{U.y aﬁ)lgt}).
For the integrands O(|A\'/2 log A|)ets N*—JE #3(siNds and i, (x)O (A2 log A|)e™ JZ #3(si0)d5 we proceed
as in the analysis of O(|]A\}/2log \|)ets M#=12 (MY in Case (i). We obtain estimates that can be subsumed
into those above, as well as the additional estimate

Y ds
—3/4 = % —4-3/2
[O(t logt) A O(|z al/L O t| 1ogt)} (jo—a [

The fundamentally new terms in this case are O (1)ets M==V2 and i, (z) (Oa(|)\_1 N+O(JA"/21og /\|)) eV,

In both cases, we first observe that for % > 0, we may take advantage of the observation that along the

contour chosen for the integrand Qg (1)ets M= 1350 and for |A| sufficiently small, we have Revy >
Re féj us(s; A)ds, so that the estimates obtained can be subsumed into those above. For % < 0, we begin
with the integrand O(1)e#s M*=V2Y for which we proceed as in the analysis of O(|AY/?log )\|)e“3 Nz—py (Ny
in Case (i), by taking the degenerate contour defined through \/A(k) = 4 +ik (denoted, again, I'p), until it

strikes the non-degenerate contour defined above for the term Oa( )6“5 Nz —[ff pa(siA)ds Along I'p, we have

“1( >|<|a1 [t}

y? Y 2 2 y*
A(k) = T35 + 2k — K ReA(k)’ = 77 — 6L2t2

k2 + k*,

and consequently

K2t — =)+ — k4,

Re (At + M3 Nz — \/Xy) <- % - ay (a7 )?

In this case, our contours I'p and I' yp intersect for

2
2 _ L%tz —Ar

1+0(4z)
< 0, we have A\g = —t~'/2, and the growth ter

In the case —t—1/2 < remains bounded. For the

hsfifeX]

T
(ay)?

second case —e < % < —t’1/2, we choose
B x y ds
)\R - g - 1 ; al(g} )
p 2 fL a1 s)
for which I'p and I'xp intersect for
1 y d(s _ 9
2 _ ay ai(s) Y
WM=— C + Ol7zz)
L al(s)3
We have, then,
9 _ oz
Y 2 < T 4 Y 2 T ay 2
— k“(t— —)+ - - —k
T v E A T o Al
1
2
Y 1 T
< -2 - kt-—
- Mt 2 ( af)



Our estimate becomes ,
—-1/2 — =1y, — L
Ot /*) AO(|z — aj t| e ir Iy, —[¥ 225 1<lay [t}
where the time decay O(t~1/2) can be obtained in the usual way by integrating along essential spectrum.
Finally, we observe that for y > 0

eV =14 0(VAy),

for which we have ) i )
0, (1)ets Nz—V2Ay _ 0, (1)ets (CVEE O(|\/Xy|)e“3 Nz

Proceeding through the non-degenerate analysis with QO (1)e#s (M) and proceeding as above for O(|v/Ay|)ets M|
we obtain an alternative estimate of

(z—alt)?

O 2)e = + [0 A (0(1y)O |z — ar ] >/2))].

We next consider the term (x)Oa(|)\|_1)e_‘/Xy in the case % < 0, for which we take the contour defined

through \/A(k) = # +ik. Following [H.4], we divide the integrand into an analytic piece plus a non-analytic

error,
M—v2Ay At At(e=VAy _ 1
/ ¢ A\ = e—d/\+/ eV =)
T - . )

For the first we proceed as in the non-degnerate case by taking a contour that passes to the left of the
imaginary axis (and to the right of T'y). By Cauchy’s integral formula, we obtain an estimate by

( ) {|lo— [y —ds |<|aﬂt}+ax($)0(efnt),

L aj(s)!=

For the second, we observe that in the case |v/Ay| < 1, we have
\/_y _ 1 /\to
e P e L P T ()

while for [vAy| > 1, we have |%| < |yl, so that

‘/* e~V 1) )\‘ _ ‘/ e—Vy _ 1) (|?J|)d/\‘ — 0t /2)0(Jy)).

The final term in this case is @, (z)O(|]A~/?log )\|)67ﬁy, for which we again take the contour defined
through v\ = L% + ik to determine an estimate by

2
Uiy (2)O(t~ 2 logt)e 17,

Derivative estimates follow similarly.
Case (i) y < 0 < z. According to Lemma 4.1, we have three integrands to evaluate in the case y < 0 < z,

beginning with O(|)\_1/2|)O(|x|_1)e_ﬁ’”—”5(’\)y, where we recall

~ ay —/(ay)? +4A 1 1
py (A) = =——=A+
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For |y| > a5 t, we expect the kernel to propagate to the right with speed a; , remaining to the right of the
shock layer. Observing that along the contours employed in Case (i), we have Re(—v/A) < Repy (A), we
conclude that by making this estimate we can obtain the initial bound,

-~ (z—y—ay t)?

O™ H0(al™)e™ 7 Iy nap oy
For |y| < agt, we expect the kernel to cross the shock layer and begin decaying in x according to the
22
degenerate rate e~#7. In this case, we take the contour defined through vA = 77 T ik (where (k) =
Lﬁ—; + 2ik % — k?, ReA(k)? = 2l 2% k2 4 j4) where L is assumed sufficiently large so that [A(k)| < r

JE L2¢2
prior to striking the non-degenerate contour. Along the degenerate contour, we have

O(lal 1) [ O 2e VA iy

22 4

+k” 22 g2y 2y w2 gy w2t 6x® g2 4y
— 2 Lt — 722 —: 14 2,2
:O(lxl 1)/ eL t ay L7t (ay )3 LAt L2t

-

dk
=0(|2| Oy +ay t| ™ *)e  F Iy, iy,

where as in the analysis of Case (i), our contours I'p and I'yp intersect for k sufficiently small so that the
growth terms are subsumed. Finally, we observe that for |y| > a5 t, we have

v—y—aj t)>

o y—a= )2 o 4]1/2
t_1/46_%:|x Y — ay t| |a:—y—a;t|_1/26_( —

$1/4
(z—y—aj t)2 (z—y—aj t)2
<Clz—y-— a§t|_1/26_Tﬁz <Cly+ a§t|_1/26_Tt2
The analysis of our second term from Lemma 4.1,

O(IA~ 2 log A)O(Jz| ~2)e =V e —Hz Ny,

is almost identical and can be estimated by

(z—y—aj t)?

:52
Ot~ logt)O(|a| )™ Iy oy + Olly +agt]™2)e Frly oy

The excited term, i, ()04 (|]A " [)e™#2 (V¥ can be analyzed as in its counterpart from Case (ii). Derivative
estimates follow similarly.

Case (v) 0 <y < x. According to Lemma 4.1, we have eight integrands to evaluate in the case 0 < y <
x, beginning with O(I]A~Y2)0(|z|~1)O(Jy|)e~VA==¥l and O,(|]A~1)O(|z|"2)e~VAl==vl which were both
analyzed in the beginning of this section, with combined estimate

(=

B _ _(@—y)? —
Ot~ /%)O(lz|H)O(|yle™ " + Pyt ()I14_y <coviy-

The third integrand, O(|A~1/2(log \)2)O(|z|~2)O(Jy|)e~V*==¥|, can be analyzed similarly to obtain an

(z—y)

estimate by O(t=2(logt)?)O(|z|~2)O(|y|)e
We next consider the integrand

O(|/\—1/2|)0(|x|—1)e—ﬁx— Lyp;;(s;/\)ds.
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We observe that for | [} 4 | > t, we may use the observation that Re(—v/Az) < Re(— [} u3(s;A)ds) and

a1(s)
take a contour as in the non-degenerate analysis. In this way we obtain an estimate of the form

UE i+t sl +o°

Ot )O(|z|H)e” e

I gy g1z
In the case | [} ads | < t, we take the contour defined through /A + + ik, with

2 4 2
s 2 2 X 6z° o 4

until it intersects the non-degenerate contour. We have, along I'p,
’O(lxlil)/ O(|/\71/2|)e)‘t*ﬁ95*ff u3(s;)\)dsd/\

—‘O |a:| 1 / O |)\ 1/2|) M—vAz+) [P a1<> -2 Y i 2_‘_o(\,\| )d)\

+k* 2, 22 2 24 2 4
_ e —kTt— 5+ —k — ‘7771@ +k%) ds+O(|\(k
:O(|£L'| 1)/ eLQ{ (L2,2 )2 al(e) ({53122 ) JE o ( )3 (IXR)? )dk

iy
y
(0]
( / -

Similarly, the summand O(|]A~'/2log )\|)O(|x|*2)e_ﬁ‘”_fLy r3(si\)ds Jeads to an estimate by

ds _ 1. _ =z
1(S)+t| Y2)0(|z| e MLy _ds <y

01()

14 L _(IE%HE%H) gy a2
Of(t logt)O(|z|~%)e T |/ +t|10gt) (lz|~%)e MLy gy

a1(s ayI<t}
The summand i, ()4 (|A~1])e™ JZ #3(5:04s  hag heen evaluated in Case (iii), and summand
iy () O (| A~ [Je™ JEnalese

can be analyzed by non-degenerate methods to obtain an exponentially decaying excited term plus further
estimates, that due to their exponential rate of decay in = can be subsumed. The integrand O, ( 1)ef; #(si2)ds
can also be treated by non-degenerate methods, which lead to an estimate that can be subsumed.

Case (vi) 0 < z <y. According to Lemma 4.1, we have eight integrals to evaluate in the case y < z <0,
beginning with the summands O(JA~Y/2))O(|z|~1)O(|y|)e= Y ==¥ and O, (|]A"1|)O(|z|~2)e~ Y ==l, which
were analyzed in the introduction of this section. Following the arguments introduced there, we also find thz;t
the summand O(|]A~"/2(log )\)2|)O(|x|_1)e_‘/x|x_y| leads to an estimate by O(t~1/%(logt)?)O(|z|~')e~ =l

For the summand O, (1)e™ J& ns(s:0)ds 0 > [ e can proceed by taking contours from the non-degenerate
case to obtain an estimate by

& L +1)?

Ot~ 1/2)e~—H—
For the summand e~ Ji #3(5MdsQ(|\1/21og \|), we first consider the case |f; %(Sgﬂ > t, for which the non-
degenerate contours do not cross the negative real axis, and taking them, we conclude an estimate of

fy al(:) +1)2

O(t=3/*logt)e=—  m¢ ——. For the case | f7 afl(sg)| < t, we proceed as in the analysis of the summand

O(|A\Y2log \|)ets Nz=h2 (N¥ in Case (i) and take the contour defined through v/X = ¢t~ 4 ik until it strikes
the non-degenerate contour defined through

Y ds Y ds Y ds Y ds Y ds
Y +A2/ :—A/—+>\2/ +l/ ,
/x ai(s) . ai(s)? Bl ails) TR a3 T, as)
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with Ag chosen according to

—e€, —e > =E
_ D+
\p = &4 —t12 > > ¢
" er1,2 ay <12
12 0> & > ¢/
where v o4
— S +t Yy d
a4 _ z ai(s) _ S
AR=—1 Qy=—""—; P :Z/—fé
b+ " 2t " z a1(5)3
We determine an estimate by
3/4 Yods g
ot 10gt)/\0(|t—|—/ — |73/ % 1ogt).
z @1 S)

The remaining cases were analyzed in Case (v).

References

[AGJ]

J. Alexander, R. Gardner, and C. K. R. T. Jones, A topological invariant arising in the analysis of
traveling waves, J. Reine Angew. Math. 410 (1990) 167-212.

[B] L. Brin, Numerical testing of the stability of viscous shock waves, Math. Cont. 70 (2001), no. 235,
1071-1088.

[D] J. Dodd, Conwvection stability of shock profile solutions of a modified KdV-Burgers equation, Thesis
under the direction of Bob Pego, University of Maryland, 1996.

[E] J. W. Evans, Nerve Azon Equations -1V, Ind. Univ. Math. J. 21 (1972) 877-885; 22 (1972) 75-90;
22 (1972) 577-594; 24 (1975) 1169-1190.

[GZ] R. Gardner and K. Zumbrun, The Gap Lemma and geometric criteria for instability of viscous shock
profiles, CPAM 51 (1998) 789-847.

[H.1] P. Howard, Pointwise estimates on the Green’s function for a scalar linear convection—diffusion equa-
tion, JDE 155 (1999) 327-367.

[H.2] P. Howard, Pointwise Green’s function approach to stability for scalar conservation laws, CPAM 52
(1999) 1295-1313.

[H.3] P. Howard, Pointwise estimates and stability for degenerate viscous shock waves, J. Reine Angew.
Math. 545 (2002) 19-65.

[H.4] P. Howard, Local tracking and stability for degenerate viscous shock waves, JDE 186 (2002) 440-469.

[HZ.1] P. Howard and K. Zumbrun, Pointwise estimates and stability for dispersive—diffusive shock waves,
ARMA 155 (2000) 85-169.

[HZ.2] P. Howard and K. Zumbrun, The Evans function and stability criteria for degenerate viscous shock
waves, Discrete and Continuous Dynamical Systems 10 (2004) 837-855.

[J] C. K. R. T. Jones, Stability of the traveling wave solution of the FitzHugh-Nagumo system, Trans.

Amer. Math. Soc. 286 (1984), no. 2, 431-469.

39



[KS] T. Kapitula and B. Sandstede, Stability of bright solitary-wave solutions to perturbed nonlinear
Schrodinger equations, Physica D 124 (1998) 58-103.

[MZ] C. Mascia and K. Zumbrun, Pointwise Green function bounds for shock profiles of systems with real
viscosity, Arch. Rat. Mech. Anal. 169 (2003) 177-263.

[OZ] M. Oh and K. Zumbrun, Stability of periodic solutions of viscous conservation laws: Analysis of the
Evans function, Arch. Rat. Mech. Anal. 166 (2003) 167-196.

[PW] R. L. Pego and M. 1. Weinstein, Figenvalues and instabilities of solitary waves, Philos. Trans. Roy.
Soc. London Ser. A 340 (1992) 47-94.

[SS] B. Sandstede and A. Scheel, Evans function and blow-up methods in critical eigenvalue problems, to
appear Discrete and Continuous Dynamical Systems 10 (2004).

[ZH] K. Zumbrun and P. Howard, Pointwise semigroup methods and stability of viscous shock waves,
Indiana U. Math. J. 47 (1998), No. 3, 741-871. Also, Errata, Indiana U. Math. J. 51 (2002), No. 4,
1017-1021.

40



