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ABSTRACT. We study the stability and pointwise behavior of perturbed viscous shock
waves for a general scalar conservation law with constant diffusion and dispersion.
Along with the usual Lax shocks, such equations are known to admit undercompres-
sive shocks. We unify the treatment of these two cases by introducing a new wave-
tracking method based on “instantaneous projection,” giving improved estimates
even in the Lax case. Another important feature connected with the introduction of
dispersion is the treatment of a non-sectorial operator. An immediate consequence
of our pointwise estimates is a simple spectral criterion for stability in all LP norms,
p > 1 for the Lax case and p > 1 for the undercompressive case.

Our approach extends immediately to the case of certain scalar equations of higher
order, and would also appear suitable for extension to systems.

1. Introduction
We consider the scalar viscous conservation law

b(u)uz)w + Ugza, f,u,:r € ]R, t e ]R—l—

UO(I)a

Ut + f(u)z =
(1.1) 0~

where the constant dispersion has been scaled to unity, b € CV(R), N > 2, such that
b(a(z)) > by > 0, f € CN(R) and ug(z) — us as z — £oo. We will be concerned
with the stability of traveling wave solutions to (1.1), that is, solutions of the form
u(x — st), which satisfy u(+o00) = uy and the Rankine-Hugoniot condition

s(uy —u_) = fluy) = Flu_).

By a shift of coordinates we may take without loss of generality s = 0. We will as-
sume non-sonic shocks, that is f'(u—_), f'(uy) # s, but note that undercompressive
shocks—viscous profiles for n x n systems of conservation laws having fewer than
the n + 1 entering characteristics of the Lax case—are allowed, and as they contain
both an incoming and an outgoing characteristic, will be the focus of the analysis.
For convenience, we will refer to the above hypotheses together as (H).

A number of the preliminary results presented here are valid for the case b(-)
nonconstant, but our nonlinear stability result is only valid in the case b(-) constant.
The difficulty we encounter in extending this result to the case of nonconstant
diffusion lies in the small time behavior of the Green’s function of the linearized
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operator. For equations with odd order, the Green’s function tends to oscillate with
increasing rapidity as time goes to zero (see, e.g., [KF]). Such oscillatory behavior
is difficult to take advantage of within the framework or our analysis. In the case
of even order equations, however, our methods will extend to nonconstant diffusion
(see Section 7).

While a number of works regarding the stability of Lax shocks in the presence
of diffusion only have appeared [G, H.2, L.1, MN, SX, ZH], to date relatively few
results have been obtained either on the stability of undercompressive waves or
for shock waves in the presence of dispersion. For a history and discussion of
undercompressive waves, we refer the reader to [LZ.1-2], and for shock waves in
the presence of dispersion to [D]. We mention here only a few results that seem
most relevant to this paper. In 1987, Shearer et al [SSMP] solved the Riemann
problem for a non-strictly hyperbolic 2 x 2 system of conservation laws with an
undercompressive shock, indicating that in certain cases such non-Lax waves may
be necessary to consider. Zumbrun et al [ZPM] gave numerical evidence in 1992
that undercompressive shocks for certain 2 x 2 systems are stable, and in 1991 Wu
[Wu| showed that undercompressive shocks for the single conservation law

Ut + (Us)w =0

can be approximated by smooth traveling wave solutions to the modified Korteweg—
de Vries equation,

(12) Ug + (ug)z = VlUggy + PUgg,

a model equation for Magnetohydrodynamics (MHD). Wu further observed numer-
ically that the corresponding undercompressive shocks appeared stable. Working
with 2 x 2 systems, Liu and Zumbrun [LZ.1-2] provided the first analytic stability
results for undercompressive shocks in 1995. Dodd then showed in 1996 that for
p sufficiently small in (1.2), certain undercompressive viscous shock solutions to
(1.2) are stable [D]. An important aspect of Dodd’s analysis is the incorporation
of additional effects of dispersion not considered in [LZ.1-2], a feature that has
received relatively little study; to our knowledge, the only other analytic shock sta-
bility result for combined dispersion—diffusion is a much earlier analysis of scalar
Lax shocks for the KdV-Burgers equation carried out by Khodja [Ko], via energy
methods .

In this paper we study the general dispersive—diffusive conservation law (1.1),
and put forth a method which appears suitable for considerable extension. In
particular, we employ the pointwise approach developed in [L.2-3, LZ.1-2, SX, SZ,
ZH] to establish a spectral criterion for evaluating the stability of equations of form
(1.1), extending the analysis of [H, ZH] to the case with dispersion. The most
striking new development is the small time analysis in which dispersion plays a key
role. In this case, the operator is no longer sectorial, but rather generates a C°
semigroup. We must then take a higher order expansion in the rescaling argument
of [AGJ, GZ] and take advantage of oscillations (dispersion) in our estimates.

A difficulty in the analysis of both the Lax and undercompressive cases is that
the perturbation will not generally approach the traveling wave itself, but rather



DISPERSIVE-DIFFUSIVE SHOCK WAVES 3

will approach a translate. In the Lax case it is well known that this translate can
be determined through conservation of mass [LZ.2]. In the undercompressive case,
however, this is not possible, and we employ the instantaneous projection of [ZH]
in order to track the perturbation’s location as it evolves in time. Applying this
approach to the Lax case also, we unify the treatment of Lax and undercompressive
waves, in addition showing that convergence along the instantaneous translate is
faster than convergence to the time-asymptotic translate. (This can be seen by
comparing the results here with those of [H.2] and Nishihara’s exact analysis of
Burgers equation [N]). Indeed, we obtain in the Lax case a convergence result even
for data not in L' (specifically, for data decaying as ((1+ |z|)™",7 > 1/2,( < 1),
in which case the time-asymptotic translate is not well-defined.

As opposed to the weighted-norm approach of Dodd, our method of analysis gives
detailed information in the far field, and develops a qualitative behavioral picture
of the wave interaction. For instance, we observe directly that oscillatory diffusion
waves are swept through the shock—shifting it—and out to the far field at +o0,
where they decay like heat kernels. Further, while approaches involving energy
methods appear generally unsatisfactory for dealing with the outgoing diffusion
waves that arise in the case of undercompressive shocks arising in systems (unless
combined with the pointwise approach as in [SX]), methods such as those developed
here have previously been shown suitable for the analysis of systems [ZH].

That extension of our approach to systems is of interest is clear, for example,
from [SSMP, ZPM, LZ.1-2], while the importance of extension to higher order
scalar equations is amply demonstrated by recent developments in this context.
For example, it has been shown that for the fourth order scalar equation

(1.3) he + (h2 - hg)x = _ﬁg(hghmxm)ma

viscous shocks arise and display a variety of intriguing behavior [BMS]. Numeri-
cal evidence indicates that (1.3)—governing thin liquid films—admits a countable
family of viscous shock solutions with alternating stability, accumulating at an un-
dercompressive viscous shock. This robust stability behavior is indicative of the
need for a readily verifiable stability criterion, such as that of [ZH].

In general, we see from equations such as (1.2) and (1.3) that high-order terms
affect solutions in a fundamental manner, due both to the delicate nature of singular
perturbation problems, and the large high-order coefficients that arise in nature,
and so cannot be ignored [W, SMP, LH, BMS]|. By reducing the issue of stability
to the Evans function criterion of [ZH|, we develop a context in which these issues
may be studied.

Before turning to the statements of our main two results, we take a moment
to set the stage. When (1.1) is linearized about a viscous profile we arrive at the
convection—diffusion—dispersion equation with constant dispersion

(1'4) v + (a(I)v)w = (b(x)’uw)z + Vaaa,

where a(z) = f'(a(z)) — V' (u(z))ay, b(z) = b(u(x)), and higher order error terms
have for the moment been omitted. The eigenvalue equation associated with (1.4)
is

(1.5) Vgzz + (0(2)v3)z — (a(2)v)z = Av.
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From (H), and the above definitions, we obtain the following consequences, (C):

(i) a(z) € CY7L(R),b(z) € CN(R),

8N_1 8N
(44) |W(a($) —ay)l, |&I;—N(b($) —bg)| =0(e ") >0,
(4ii) ax #0,

(iw) b(x) > by >0,
where lim,_, 4+ a(2) = ax and limy,_, 4 b(x) = b4.

As equations of form (1.4) are of interest in their own right, it is useful to think
of these consequences as assumptions, in which case we obtain a result independent
of (1.1). We remark that (¢7) and (ii) are results of our assumption that @(-) is
not a sonic shock. Following the notation of [ZH], we denote our stability criterion
by

(D):  For the operator Lv := vz + (b(2)vz) — (a(x)v),, a simple eigenvalue
at A = 0 is the only effective eigenvalue with nonnegative real part.

Here, effective eigenvalues are defined as zeroes of the Evans function Wy(\),
defined below (see (2.4) and (2.5)), and we may take as our space of eigenfunctions
any LP space, p < 0o, so long as the eigenfunctions decay at +oco. These coincide
with standard eigenvalue—eigenfunction pairs away from essential spectrum. It will
often be useful to divide (D) into the following two conditions, which taken together
are equivalent to (D).

(I) Excepting the origin, all eigenvalues of the operator L lie in the strict negative-
real half-plane, Re(\) < 0.

(II) The eigenvalue at the origin arising from translation invariance gives rise to a
simple zero of the Evans function.

Typically, one employs energy estimates to show that there are no standard
eigenvalues A # 0 with non-negative real part, then determines the order of the
zero at A = 0 by an Evans function calculation [AGJ, D, GZ, ZH]. Alternatively,
Brin has developed a technique for numerically evaluating (D) [B]. In the present
paper (D) will be assumed to hold true.

A consequence of (D) is that, excepting the origin, the entire point spectrum of
L, and indeed all zeroes of the Evans function Wy(\), must lie strictly to the left
of a contour in the complex plane described through

(1.6) (k) = —id3k® — dok® — id k — d,

where d,d; € Ry and will be chosen sufficiently small in the forthcoming analysis.
We will refer to this contour as I'y (see Figure 5.1). This assertion is proved in
Lemma 3.3.

We now state the first of two theoremms.
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Theorem 1.1. Under Conditions (C) and (D), and for some constants C,C, M,
n+m < N +1, and n > 0 depending on the asymptotic behavior of a(x) and b(x)
and also on the eigenvalues of L, that is the values of d,dy,dy and d3 in (1.6), the
Green’s function, G(t,z;y), for (1.4) satisfies the following estimates:

(I) For |z —y| > Kt, K sufficiently large,

(i)z—y<0

an-{—m
ox" oy

ntmt1 | _le—y3/2
3

G(t,z;y) = Ot~ Je Vi

(it) x —y >0
G(t,a;y) = O(t~H/*)e el

and forn+m >1

_ntm+1 —nlz— xr— =
gntm ( ) O(t 3 )6 nlz=yl \g,/zy <C
Gt ry) = ntm 1 5
(II) For |z —y| < Kt, K as above,
(L+) Laz Case (ay <0< a_,z>0)
(i)y<0<u,
gntm (z—y—a_t)2
— G(t.z:vy) = O(e~"=hO (=™ 2o —
g Gt :) = O[O 2)e
_nlz C(nama1)/2y  Emvoet)? ontm
+ O(e MOt~ (r+mAD)/2) o= 4 (WP(w))I{|w—y|5|a+|t}
(i) 0 <y <
gntm (z—y—ay t)?
g Gt aiy) = O (/)=
oz oy™
8n+m
(WnaymP(fc))fﬂx—msmnt}

(i) 0 <z < y

8n+m
ox™ Oy

(z—y—a t)2
+0(eho(Em e w4 (

_ (a:fyfa+t)2

G(t,z;y) = Ot~ "+ HD/2) e e
an-{—m

S g P(I))I{|w—y|5|a+|t}

(L-) Laz Case (a4 <0 < a_,z <0) (Estimates Symmetric)

(U+) Undercompressive Case (a_,ay > 0,2 >0)
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(i))y<0<uz

8n+m

—  G(t.z: -0 t—(n+m+1)/2 —

Dz g (t,z;y) ( Je
(@ gty-ayn?

+ O(e7"*ho(t=m/2)e T
+

a
(Z—Ey

a
(a:fa—+y7a+t)2

Mt

—a+t)2

+O(e"ho (=2 e~

an+m
<8x”8ymP(x’y))I{|x—Z_fy|§
(i) 0 <y <z
8n+m
ox™ Oy

_ (a:fyfa+t)2

G(t,z5y) = Ot~ HmHD/2) e

an-}—m

(z—y—a+ t)2
- Mt

+ O(e7MO (¢~ (m+1)/2)e

(iii) 0 <z <y

an-}—m
. — —(n+m+1)/2
Jan oy G(t,z;y) = O(t Je
an+m
(rcnaym P(z, y))1{|x—y|sm+ 1t}

(U-) Undercompressive Case (a_,ay > 0,2 <0)
(i)y<z<0
an+m

—  G(t.z -0 t—(n+m+1)/2 T
9am Oy G(t,z;y) ( )e

8n+m

L O h (/2= = (7
ox™ Oy

(i) <y <0
an+m

. — —(n+m+1)/2
Doy G(t,z;y) = O(t )e

n+m

+ (WaymP(:ray))fﬂz—mga_u}

(iii) ¢ <0<y

an-i-m
—  Gt.rzy)=0 t—(n+m+1)/2
Jan g G(t, z;y) ( Je
an+m
(8$n8ymP($7y))‘[{|$_y|§|a+|t}'

lat [t}

+ (TnaymP(i'f»y))f{|w—y|5|a+|t}

(z—y—a+t)2
- Mt

(z—y—ait)2

P(:r:,y))f{|w—y|5|af|t}

(z—y—a_t)?
- Mt

(z—y—a+ t)2
- Mt
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Here, the projection kernel P is defined by

P(z,y) = ug(z)m(y),

where 7(y) is the eigenfunction for X = 0 of the linear operator L* associated with
the problem adjoint to (1.4), and can be written in terms of the asymptotically de-
caying solutions of (1.5). For the undercompressive case, we have (0" /0y™)m(y) =
O(e=¥l), for n > 1, and for the Laz case w(y) is constant.

We observe that the estimates of Theorem 1.1 match those of Theorem 8.3 of
[ZH], except for the dispersive effect of t=/3 blow-up as t — 0 (for |z — y| > Kt),
rather than ¢t~!/2 blow-up as occurs in the purely diffusive case. For z < y, this
small-time behavior matches what we would expect for a sectorial operator, but
for ¢ > y, the lack of time dependence in the exponential decay is a result of our
non-sectorial operator. We remark that these estimates match the exact Green’s
function of the Airy equation u; = uzy, (see [KF]), except that our positive diffusion
gives, additionally, exponential |z —y|-decay. Further comments regarding the type
of Green’s function estimates of Theorem 1.1 can be found in [H.1] and [ZH].

We turn now to developing the framework in which our stability result will lie,
outlining the class of initial data we will be concerned with (decaying algebraically
and slower) and the type of stability we will be concerned with (L? orbital stability
for all 1 < p < oo norms in the case of Lax shocks and 1 < p < oo norms in the
case of undercompressive shocks). We shall establish this result through detailed
pointwise bounds on the solution v(t,z) of (1.4), which are of considerable interest
in their own right.

Let u(z — st) be a traveling wave solution to (1.1), and without loss of generality
take s = 0 to get the standing wave u(x). Since solutions with initial data near u(z)
will typically approach a translate of @(z) rather than @(x) itself, we will introduce
a tracking mechanism §(¢) that will be determined in the course of the analysis.
Let u(t,z) be another solution to (1.1) and define

(1.7) v(t,z) == u(t,z + 0(t)) — a(x),

to be the perturbation of u from the viscous shock. We will choose d(¢) in such a way
that u(¢,z + d(¢)) will remain near @(z) (in an appropriate sense to be discussed)
at each time ¢. In this manner we will always compare (¢, ) against the shape of
u(z) rather than its position. We assume §(0) = 0, that is that we indeed begin
with a perturbation to the viscous shock.

Substituting u (¢, x + d(¢)) into (1.1) yields the perturbation equation

(1.8) vt — Vgzz — (B(2)vz)z + (a(2)v)s = Q(v,vz)s — 5(t) (g + vg),

where

and
Q(v,v,) := O(v?) 4+ O(vvy)

is a smooth function of its arguments. In the case that b(-) is constant, Q(v) =
O(v?), and we do not need an estimate on v,.
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We note that the Green’s function estimates of Theorem 1.1 correspond to those
for the equation found by setting the right-hand side of (1.8) to zero. Letting
G(t,z;y) continue to represent that Green’s function, Duhamel’s Principle gives
the integral representation of v

(1.9)
+o00
u(t,x) = G(t, z;y)vo(y)dy

_oot +o0 ‘
" /o /—oo Gt = s zy) [Q(v(s’y))y — 0(s)(ty (y) + vy (s,9)) | dyds.

Using the fact that u, is an eigenfunction of the linearized eigenvalue equation (for
A = 0) we see that eX’@, = @, so that (after integration by parts of the nonlinear
term)

400
’U(t,I) = G(tax;y)’UO(y)dy - 5(t)aw
(1.10)

o |
_/0 /_oo Gy(t—s,2;y) |Qv(s,y)) —5(s)v(s,y)]dyds_

We now turn to the critical task of choosing 0(¢). Ignoring the higher order
contribution of the term dv in (1.10), we see that the principal effect of § (in the
more general framework of systems) is to shift v along the direction u,, that is,
in the direction tangent to the manifold of translates of @. Note that Span{a,}
comprises the nondecaying modes of the linearized solution operator ¢, i.e., the
effective eigenspace of L at A = 0 (see [ZH] and the remarks following the statement
of Theorem 1.1 here). Following the usual strategy, therefore, we choose ¢ so as to
annihilate an appropriately chosen projection onto Span{a,}. The standard choice
of projection, motivated by finite-dimensional ODE analysis, would be the zero
eigenprojection of L, for which the analog in our case is the effective eigenprojection
Pf = [P(,y)f(y)dy; this choice, for example, was the basis of the stability
analysis in [LZ.2]. This choice, however, is not optimal in the present setting, due to
the appearance of the indicator function multiplying P(z,y) in the Green’s function
bounds of Theorem 1.1, a purely PDE phenomenon related to the accumulation
of essential spectrum at A = 0. Instead, we employ a nonlinear version of the
instantaneous projection, defined in [ZH].

Definition 1.1. The instantaneous projection of v is given as
o(t,x,v,0) == pr(t,x,v9) — pn(t, x,v,0)

- </|a+|tP(x,y)vo(y)dy + /0 P(z,y)vo(y)dy — 6(t)az)

—la_|t

0
_ (/Ot/0|a+|(t—s) Py(z,y) [Q(v(s,y))—5(s)v(s,y)]dyd3
- /0 /_0|a_|<t—s> Py (a,9) [Q(u(s,)) = 8()0(s, ) | dys)
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where @ represents the linear part of ¢ and N represents the nonlinear part.

Note that ¢, up to exponentially small tail errors (resulting from approximation
by Ify|<jast)y Of the exact quantity Iy, _y|<|ait[}), i exactly the contribution to v
in (1.10) of terms in the Green’s function involving the projection kernel P. It has
a physical interpretation as the superposition of all (stationary) time-asymptotic
states that have been excited up to time ¢ by the arrival at = 0 of a signal from
the far field at y.

In the scalar Lax setting, the instantaneous projection lends itself to a particuarly
direct interpretation. The excited terms E(t,z;y) = P(z,y)I(t) of Theorem 1.1 are
indicative of the mass of G(¢,x;y) that does not decay in time. Comparing this
observation with our definition v(t,z) = u(t,z + §(¢)) — u(x), we see that this non-
decaying mass is directly connected to our shift from the stationary shock: mass
that fails to decay in time forces u(t,z) toward a translate of @(x) rather than
a(z) itself. More precisely, [u(0,z) — @(z)dz will (in general) not be zero. The
difference between u(0,z) and @(x) is principally a difference of shape. As ¢t — oo,
however, the shape of u(t,z) (in the case of stability) converges to that of u(zx).
The mass between u(¢,z) and @(z) must be conserved, forcing a shift. What the
instantaneous projection measures is the vop-weighted contribution of these excited
terms at time t. We may heuristically think of ¢(¢,z,v,d), then, as the mass that
has accumulated at the origin at time ¢. With this observation in mind, we choose
d(t) so that ¢(¢,z,v,d) = 0. Persuasive as this motivating argument may or may
not be, the wisdom of this choice of §(¢) will ultimately be determined by the size
of v(t,z) (see Theorem 1.2).

Since the estimate we require in order to obtain a bound on w(t, ) is on d(t)
we cousider the relation (9/0t)p(t,z) = 0. This yields (recalling that P(z,y) =
U ()7 (y))

(1.11)
§(0)ita = i (07 (Jas 16)v0(Ja 1) + G (2)7(—=a—t)v0(—a_t)

+ [ anorm sl = ) [Quts ol = ) = Bs)uts. gl ¢ = )]s
+ [ auta)my (—a-(t = ) [@o(s —a- (= 5)) = S(s)u(s, —a-(t = 5))]as.

where we need not put | - | on a_ because it will be positive in both the Lax and
undercompressive case. We remark here that in the Lax case Py = 0 so that the

integrals in (1.11) are both zero and the properties of §(t) are determined without
further work (see [HZ]).
In general, we have the estimate

5()] < [7(Jas|t)vo(las )] + |7 (—a—t)vo(~a—t)]

112 | / my (a1t = ) [QUu(s, las (2 = £)) = 8(s)o(s, o |(¢ — 5))]ds

+ ‘ /Ot y(—a_(t — s)) [Q(v(s, —a_(t — ) = §(s)v(s, —a_(t - s))}ds‘.

We proceed now with some definitions and our results on stability.
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Definition 1.2. (Class of initial data.) Denote by A, r > 0, the space of functions
d > 0 such that d(z) < C(1+ |z|)~".

We remark that our analysis for the undercompressive case can accomodate
data in A, for any r > 1 (thus integrable), and indeed for the slightly larger set
A, defined as in [H.2] (Definition 1.3). In particular, we can accomodate integrable
data that decays at the non-integrable rate (1 + |z|)~!.

Definition 1.3. Denote by A the space of function d > 0 such that d € L*(R) N
L>(R), d(-) nonincreasing on = > 0, nondecreasing on x < 0, d(-) even, and
d(vt) < C(y)d(t) Vy > 0, C(y) constant in t.

For the Lax case, our analysis can accomodate data in A, for any r > 1/2 (thus
not necessarily integrable), with an extended class similar to that of Definition 1.3.

Definition 1.4. (Asymptotic stability.) We say that a traveling wave solution @
to (1.1) is asymptotically stable in norm || - || if there exists an € > 0 such that if
another solution, u, to (1.1) satisfies ||u(0,z) —u(x)|| < €, then ||u(t, z) —a(z — st)||
decays to zero in time.

Definition 1.5. (Orbital stability.) We say that a traveling wave solution @ to
(1.1) is orbitally stable in norm ||-|| if there exists an € > 0 and a translate of 4, say
a; = u(x—1), such that if another solution, u, to (1.1) satisfies ||u(0,z)—u(z)|| < €,
then ||u(t,z) — u;(x — st)|| decays to zero in time.

Theorem 1.2. Suppose u(x — st) is a traveling wave solution to (1.1), with b(u) =
bop > 0 constant. If Assumptions (H) and Condition (D) hold, then we obtain the
following results. For data

ug(z) —a(z) € Ac == {vo(z) : |vo(z)| < Cd(z), d € A},

¢ sufficiently small, > 1/2 in the Laz case, r > 1 in the undercompressive case,
we have:

(I) (Incoming waves) If f'(u_) > s,z <0, or f'(us) < s,z >0,

lu(t,z+6(t)) —a(z — st)] < CC [t‘l/Be_"td(:v) + e~ 3 1P=5t 2 4(¢) + d(|z — st +t)].

(0) (Outgoing waves) If f'(uy) > s,z >0,
|lu(t,z 4 6(t)) — w(x — st)| < CC [t_l/3e_"td(:v) + e Flemstlgl/2 (4
+ [tTY2 A d((z — st) — apt) + K(t, (x — st) — apt)|,
where K is the heat kernel
K(t,z) = (1+ t)_l/ze_f_ﬂit,

and |0(t)] < CCd(t).

Remark. We note that our proof can be altered to accomodate data that is
integrable, but decays only as fast as (1+ |z|)~*. In this case, we find that the shift
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d(¢) is bounded by C'Int and thus may be unbounded as ¢t — oo. Such an effect
occurs in general for systemns; a similar phenomenon can be seen in the quarter-plane
analysis of Liu and Yu [LY]. We remark that such sublinear drift is not inconsistent
with hyperbolic rescaling, since the ¢ — oo limit still leads to the Riemann solution.

The term t_l/?’e_"td(:r), which clearly blows up as t — 0, arises from the small
time estimates on G(¢,z;y) in Theorem 1.1. This term is indicative of the behavior
of the Green’s function for the Airy equation (us = uzyy) as t — 0. For non-smooth
data (e.g., a delta function), we do not expect good small-time behavior. Our focus
here, however, is on large time behavior, and so we allow this blow-up. In Section
7 we outline a method by which it can be dealt with through additional regularity
assumptions on vy(z).

Theorem 1.2 provides two immediate corollaries on stability.

Corollary 1.3. (Linear Stability.) Under Assumptions (H), linearized LP orbital
stability of viscous shock solutions to (1.1) with respect to perturbations in A = L'
is equivalent to (D). In the case of stability

v(t,") —or(t,:) =0, as t— o0
with no rate given. For
A = {vy(z) : |vp(z)] < Cd(z),d € A},

r > 1/2 in the Laz case, r > 1 in the undercompressive case, we have the following
rates (t > T, some T > 0):

(I) (Laz case, a_ > s > ay)
lo(t,-) = oz (t,)lze < CH/27T,
(1I) (Undercompressive case, , a_, ay > §)

o(t, ) — @r(t,)||» < C¢~ /2010,

Corollary 1.4. (Nonlinear stability.) Suppose u(z—st) is a traveling wave solution
to (1.1), with b(u) = by > 0 constant. Then under Assumptions (H) and Condition
(D), a(x — st) is nonlinearly stable in LP with respect to data in u(0,z) —a(x) € A,

A= {vo(x) : |vo(z)] < Cd(z),d € A},

r > 1/2 in the Laz case, r > 1 in the undercompressive case, with rates of decay in
L? given in Corollary 1.3

Proof of Corollaries 1.3 and 1.4: Corollary 1.3 is proved during the nonlinear
analysis of Theorem 1.2. For the Lax case the proof of Corollary 1.4 is immediate
from the similar analysis in [H.2]. For the undercompressive case, the computation
is routine, and we provide only one indicative example. For the term ¢=1/2 A d(z —
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st — ayt), we note that clearly in L norm we have an estimate by C(1 4 t1/2)~1.
For 1 < p < oo, we compute

+00 p oo
/ (t_l/z/\d(y—st—a+t)) dy < C/ (1+ )~ Pd(y — st — ayt)dy
< C+t2),
Hence

172 Ad(y — st — ayt)||z, < C(1+ 725"
O

The implications of Theorem 1.2(I) are discussed at length in [H.2] following the
statement of Theorem 1.1. We note here that extension to nonconstant diffusion
and/or dispersion would at least require additional regularity on initial data (Holder
continuity, for example). Moreover, in the case of nonconstant dispersion, there
appears a need for an additional restriction, such as ¢ (z)+b(z) > by > 0. Extension
to higher order scalar equations and systems are discussed in Section 7.

We remark finally that for the case of systems, there will generally be both
impinging characteristics and characteristics passing through the origin so that all
terms above arise. To complicate matters more, diffusion waves can signal back
to the shock giving rise to resonant waves [SX,GSZ]. Though there are still other
factors (see, e.g., [L.3]) it would appear that a similar nonlinear analysis could be
extended to this crucial case.

Plan of the paper. In Section 2 we provide a basic framework for the analysis,
which essentially consists of four tiers of estimates, on: (1) the growth and decay
modes for the eigenvalue ODE Lv = Av, (2) the Green’s function G, (z,y) for the
operator L — AI, (3) the time-propagating Green’s function G(¢,z;y) and (4) the
perturbation v(¢,z). In Section 3 we carry out estimates (1) and (2), while in
Section 4 we carry out estimate (3) for small time. In Section 5 we make estimate
(3) for large time, and in Section 6 we estimate the perturbation v(¢,z). In the
final section, Section 7, we discuss related work, applications and open problems.

2. Preliminary Observations
Our approach to the Green’s function estimates will follow [H.1, ZH]. We consider
the eigenvalue equation

(2.1) Lv = v,

or (1.5) written in terms of L, defined in Condition (D). In particular, we solve the
associated Green’s function equation

(L= X)v = —0dy(x).

If we let R(A\) := (A — L)~! denote the resolvent operator, then (2.1) is solved by
the Green’s function
Ga(z,y) = R(A)dy(x)

wherever R(\) is defined (whenever X ¢ o(L) := spectrum of L).
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We will carry out the computation of G(z,y) in terms of the solutions of (2.1).
Our notation will be to let ¢ denote the (unique) decay modes associated with
(2.1), so that ¢+ decays at +o00 and ¢~ decays at —oco. On the other hand, 1 will
denote the growth modes associated with (2.1), so that ™ becomes unbounded at
+00 and ¥~ becomes unbounded at —oo. (Note that away from essential spectrum
solutions always either grow or decay exponentially at +oo and that, for example,
it may be the case that ¢ = 1)~. The essential spectrum boundary is precisely
that contour along which these solutions change from decaying to growing and vice
versa.)

The first difficulty we face in our analysis is that the asymptotic growth and
decay rates of ¢ and i are not easily computed in closed form. We note that at

oo (1.5) becomes
Veze T btVpq — a1V — Av =0,

so that solutions of the form v ~ e** give rise to the cubic equation

(2.2) PP+ bep® —asp— A =0,

which we solve for A near 0 by Taylor expansion. (We note before doing so that
from (2.2) it is straightforward to obtain the essential spectrum boundary contour
(u = ik), denoted I'y (see Figure 5.1), which is the right-most of the contours

(2.3) AE (k) = —ik® — bek? —iask.)

We find a Taylor expansion for p(A) to have the following three expressions:

b
Ho(A) = — a4 —*AZ +O(N)
ax

—bi—\/b:2t+4a:|: A ;

p—(A) == 5 + ; - + O(X%)
Z(bi — \,bi + 401:{:)2 + a4+

—by + /b3 + day A\ ,

pg(A) = 5 + + O(\%).

3(bs + /b3 +4as)? +ax

Our notation will be uj-:, where + indicates which asymptotic value of a(x)
and b(z) to use, and Re(,u;-t) < Re(uﬁ_l) (away from essential spectrum and in a
sufficiently small ball around the origin).

For example, in the Lax case (a5 < 0 < a_) we have pf(\) =
pr(A) and pd (A) = po(X), with Re(uf) < Re(ng) < 0 < Re(pf
hand, we have 1 (A) = p—(A), py (A) = po(A) and pg (A) = py(A)
Re(py) < 0 < Re(pg ).

In particular, we see that we have two decay modes and one growth mode at
400, and two growth modes and one decay mode at —co. We will denote these
by ¢f, ng;, w;, ¢3 ,%7 , and 15, each associated with p of the same label. Further,
we can observe directly from pg(A), p—(A) and g4 (M) that in all cases we similarly

p-(N), pz (A) =
). On the other
, with Re(py) <
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have this same arrangement of growth and decay modes (the same number and
labeling at each end), though the definitions of the uf change. We note that while
Re(pE) < 0 and Re(pE) > 0 in all cases, Re(us) will depend upon the case under
consideration. We remark that our spectral gap, as defined in [GZ], will always
be positive so that the Evans function (Wronskian) can be extended (constructed)
analytically and uniquely into the essential spectrum [AGJ, GZ, J, KS]. Hence, our
analysis will not employ the Gap Lemma of [GZ, KS], but will follow in the spirit
of analyses that do.

Under this notation, we can derive a general expression for the Green’s function
of (2.1) similar to that of [CH].

We write
¢1 (2)A(y) + ¢3 (2)By) = 2y,
¢3 (£)C(y) z <y

and employ the continuity of G (z,y) and (0/0x)G\(z,y), and the jump at z =y
in 02/02%G(z,y), to compute the coefficients A(y), B(y) and C(y) to be

AQy) = W93 ) — 43 ()45 ')

Gi(z,y) = {

Wy(A)
Bly) = AW 5’(%/—(35(?;)%’(@/) : :d%
Oy) = LW W) ~ 65 W ')
Wy (A)
We arrive, then, at the representation
Gi(z,y) =
o1 (@)[6g (y)%;; 51&)—@(@/)@ ‘Wl ¢;(w)[¢1+(y)¢%yi)—¢; W 'W 4 sy
¢35 (w)[¢f(y)¢§;v’_;z(/2\)—¢§r(y)¢f '(v)] z <y,
where

Wily) = ¢ o3 '3 " + ¢35 61 '¢3 " + b3 03 o1 "
_¢1|— —2|-I ;II_¢—2|-¢5I¢:—L|-II_¢§¢:—L|-I —2|-ll7

from which we can conclude Wy(\) = O(|A|™!) for y fixed. Also useful will be
Abel’s representation of the Wronskian as a solution to the ODE

(2.4)

(2.5) Wi(y) = —b(y)Waly).-

In Sections 4 and 5 we will achieve the estimates of Theorem 1.1 on G(t,x;y)
from Dunford’s Integral (the resolvent formula for the semigroup, or in many cases
simply the inverse Laplace transform of G (z,y)) [Y], which gives

1
G(t,I,y) = %/FBAtG)\(JL',y)dA,
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where I is a contour enclosing the entire spectrum of L (possibly passing through
the point at infinity). Dunford’s Integral is justified in our case in Lemma 3.7, which
relies on estimates made on G (r,y) establishing the integrability of eMG)(z,y)
into the essential spectrum. This computation is of particular importance in the
presence of dispersion, where L is non-sectorial. We find that G (z,y) remains
analytic to the right of a sector. It is this analysis, which we do here directly, that
generally involves the Gap Lemma.

Before beginning the analysis we make a brief remark about notation. In all that
follows, the terms O(-) will be uniform in all variables other than the argument.
Constants C' will be independent of z,y,t and A, but will often change without
mention from one expression to the next. We also note that the values of d,d;,j =
1,2,3 for the contour I'y will be chosen during the course of the proof of Theorem
1.1. Finally, our notation for the Wronskian will vary between W) (y) and W, (X)),
depending upon which variable is under discussion.

3. Estimates on G, (x,y)
In this section we prove a number of lemmas regarding the behavior of solutions
of (2.1). These results are all in the context of the consequences (C) taken as
assumptions, and L assumed to satisfy Condition (D).

Lemma 3.1. (Small |\| ODE estimates on solutions of (2.1).) Let |\ < M for
some constant Mg, and also let X lie on or to the right of I'q. Under Assumptions (C)
and Condition (D), there exist solutions of (1.5), ¢ and 1, satisfying the following
asymptotic estimates (n,m < N + 1, N as in (C); ¢T, 9T forxz > 0,97 ,9~ for
z < 0; and uji defined as in Section 2 for j =1,2,3):
(i) If Re(uj-:) < 0, then
oz
(ii) If Re(p) 2 0, then

$E () = e ((uE)" + O(e=®11)),

8“ i.’l: n — Q|
(ii) Fori #j # ki, j,k = 1,2,3,

o W(OF,65)  O() .=y iim —aly|
o Waly) WA ()T O,

where Oii represent either d)i‘z or 1,0;:. Moreover, d)i': and Q/JJ:-E are analytic in A for
all X on or to the right of I'y.

Proof. The method of proof of (7) and (i) consists of writing (2.1) as a first
order system and setting up a Duhamel’s Principle iteration for its solution. As the
analysis is similar to that of [C, H] we omit it here. For (ii7) we note that according
to (¢) and (i7) we can write

om + o

S OE(y) = () + O M)
Y

am

gyt ) = V(i)™ + O M),
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for any OZ?JE, 02[.
For m = 1 we compute

O WOE ) 1

dy Waly) — Waly)
= G [T e (k) + 02 = ()2 + 0671

+ b(y) (4 + O™ 1)) = bly) (uF + O(eM)))]

[OFWOE" (1) = 0 (1) "0F (1) + by)W (61,60

o(E+u)y

T T Wh(y) [(M%)z — (1) + b(y) (uf — pF) + O(e—a|y|)].

We recall here that Abel’s representation of W) (y) (2.5) yields
Wa(y) = Wa(0)e™ Jo b1,
Further, since ,uit, ,ug: and ,u? are roots of the asymptotic eigenvalue equation

pP A+ bep® —axp — A =0,

we have
Pty ey = by
We find that
£, &
B(Nz‘ +u )y — 1 e(”?:"‘uf)yefoy b(s)ds
Waly) W (0)
= 1 e_“?:yefoy(b(s)—bj:)ds _ &e_ﬂ;ty'
w(0) W (0)
Also,

(35)? = ()2 + b(y) (i — p) = (w35 — ) (5 + B + b(y))
= (uf — pF)(—pE + O(eely).

Combining these last two observations, we have the claim for m = 1. A counting
argument that keeps track of derivatives reveals that more generally

o W(OE, 05 1
ay™  Wil(y) Wa(y)

which yields the claimed result directly for arbitrary m. O

(i = 1) (i + 1+ b(y)™ + O(e= )]

In the next lemma we employ a scaling argument similar to that of [GZ, JGK,
ZH], though here we must expand to higher order. As this extension is crucial to
the analysis, we provide some detail in the proof. An important element of the
small time (large |A|) analysis is that even though L is not a sectorial operator,
large-|A| solutions to (2.1) and consequently G (z,y) are analytic to the right of a
sector. We will later refer to this critical property as quasi-sectorality of L.
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Lemma 3.2. (Large |\| ODE estimates on solutions of (2.1).) Under Assumptions
(C) and Condition (D), decaying solutions of (2.1) satisfy the following estimates:
For X\ on or to the right of a sector § = {\ : ReXA = 2M; — |ImM|}, we have, for
some kE(z) bounded in A

V3. b(z),,

02t @) = k@ (A p =% = My oa2)
()0 () = b (@) (VA3 +12) = X8y o -219)
(i) oo 45 () = k5 () (VA - "1 4 O(-29))
o) oo MAGEAE) _ WAEE) (o ia) ) + O
) o WL t)  WOL0s) (5L %)+ b3y + O =)
) e ) L WOR ) (35 +i2) 4oty + ON™)).

Before proceeding with the proof of Lemma 3.2 we note that a useful represen-
tation of the first three estimates is:

@ Lt @) = ot @) (V-5 — ) — )3 + 0N
(i2)’ —</)§(:rr) = d)é*(:rr)((xﬁ(—% + i@) — b(z)/3)" + 0(|A|"T‘2))

(i) [,Tn¢3<> 83 @) (VX = b(@) 3)" + O(AI*F)).

Proof. We give the analysis in detail for Cases (zi7) and (iv) only, beginning with
Case (7i7). Writing (2.1) as a first order system of ODE’s with v; = v, vy = v,
V3 = Uy, We obtain the matrix equation

o\’ 0 1 0 o
(U2 ) ) ( 0 : 1 ) (U2 ) |
U3 A+d(z) a(z)-V(z) —b(z) U3

We let A(z,\) represent this matrix. For the large |\| case we make the scale
change = — z/{/|\|, which yields the matrix equation

o\ 0 1 0 o
2T '(0/%/W> ( /%/W)gb% JYD b }vm v2
,03 >\+ a (T alTr xr _ xr ,03

[Al [A[273 R

where A := A/|\| and we let A(z, \) represent this matrix. We write

> O

0 1 0 0 0 0
A= 0 1 + 0 0 0],
0 _be/ YD o' @/ /) e/ YDV @/

RRE RY [A[2/3
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where we let M (z, \) denote the first matrix and note that the second is O(|A\|~2/3).
The eigenvalues of M (z, \) can readily be found to be (given so that on our A domain
Re(fin), Re(fiz) <0 < Re(fiz))
1 b(xz/ /1A

zﬁ M+O(|A|_2/3))

3 g 3|A[L/3

R e

fn = V(-

=\ 3@% +O(A 7).

Such a computation is easily made by viewing b(x/ ¢/|\])/|\|*/? as an independent
variable of p (which is then small for large |A|) and considering its Tayor expansion

around b(z//I\))/|AM3 = 0.
The eigenvectors associated with fiy, fio and fig are respectively

1 1 1
pu |, | p2 | and| s
i3 i i3
We let
1 1 1
P:=1ps p2 p1 |,
A3y i
so that
ps 0 0
P'MP=D=[0 [y 0
0 0

Now, we make the tranformation W := P~1(z)V (z) and compute

W' =P V)Y =P 'V +(PHV
“HMV + OV + (PYV
= P7IMPW + P7O(|A23)PW + (P71 PW
= DW + O(|A\ 23w
We let zo := Wy /Wi and z3 := W3/W; and compute
WAWy —WoW( Wi Wa W

!

2= W? BTN AT
p2Wa + O(IA| /%)W + O(JA| /)W + O(JA| /%) W3
Wy
isWi + O(A|=>/%)W1 + O(|A|=*/*)Ws + O(|A|~*/*) Wy
Wy

= (fi2 — 13)z2 + O(IA|7%/3) + 2,0(]A|7%/?)
+ 230(A7Y3) + 20N 7H3) + 22230(|A|72/2).
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Similarly,

= (jin — fis)zs + O(|A|7*/%) + 2,0(]A|7*/?)

+ 230(|A[7H3) + 220(|IA|7H/3) + 2223 0(|A|72/3).
Thus the key observation is the gap between modes

- . s/~ 3 /3 _
fio — fiz = V(== +i-) + O(]A|72/3).

2 2
Similarly,
o = 3 V3 _
i = jis = VA(=5 —iv50) + O(A 7).

Now, let Z := <§2 g;) and let F'(z9,z3) be the nonlinear term:
3

1 22723)

22,23 ( 2 z2723)>

( (1A~ 3 ) + 220(
O(|A=%) + 220(]

A73) + 220(

)+ 230( 5 |Al~
)+ 220(|A|”

A A
Al73) + 230(|A
We have the matrix equation

7' (x) = (ﬁzgﬁ?) . 0 Hg) (Z ) + (2, 7).

We denote this diagonal matrix Lg and employ Duhamel’s Principle to arrive at
the integral equation

2= [ O E (e n©)i,
where we have used that Z(—oo) = 0. We define the operator 7" by

TZ .= /x eJe Ld(s)dsF(Zz(§)723(§))d§-

Taking Z,Z € L®(—o0,400), we show that T is a contraction mapping on the
space L°°(—00,400) by computing

1717 = [ el [(ay(6),24(6) — F0), 5(6)] de
z/”” efé”L(S)ds(0(|/\|_%)+(22—52)0(|>\|_%)+(z3—53)0(|>\|_§)>d§

O(|A|75) + (22 — 22)O(|A| %)
+/vz 6fg”L(s)ds
(22 — 22)O(|\|~3) + (2223—5253)0(|>\|_%)
) (|A|—%>>d§‘

g ((Z3 — 23)O(]AI7%) + (23 = 23)O(IAI75) + (2223 — 223)O
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For the terms 2923 — 2523, we use the representation
.~ ~ . 1 ~ ~
Z92Z3 — R9R3 = 5(22 — 22)(23 + 23) + 5(23 — 23)(22 + 22).
Since Z, Z € L™ (—o00,+00) we have
X
172~ 12| < CYZ = Zuw | [ OO0 )
— o0

< O(|)\|_2/3)||Z— Z”H/ efg L(S)dsdgH'

Thus the idea is to show that this normed integral is bounded so that for |A| large
enough a contraction mapping is obtained. From our representations of pus — us
and p1 — p3 we have

/3@(“2_#3 0 >
¢ 0 H1 — p3

_ / <Vi<—% +i%) + O(A|72/%) 0 ) i
¢

o V(-3 - ) + O(A1 )
_ ( VA2 +iL)(z—¢) 0 )
0 VA(-2 = i)z — )
O(IN~2%)(z - €) 0
" ( 0 O(IN2/3)(w - s)) ’

where O(|A\|~2/3) depends on s, but in a bounded manner. Hence, integrating
llefé La()95|| vields a bound of the form

Re({fA=2 4 2)) + 00219 + et 3(=2 = 2 + 0|

so that

|72 - TZ| 1~

<12 = 20 [N me({f A= + ) + o (a2 [
0N |Re{[A(=2 — 122y o2 ],

We can conclude the sought estimate if we can show that both
|)\| -1/3
|Re(VA(=32 +i4))|
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and the complex conjugate term can be made arbitrarily small by taking |A| arbi-
trarily large in §. That is, we must remain to the right of a contour such that

3 3
Re(VX(5 +i§)) > 550,
It is clear from the definitions of S and /A (the value of A\/3 with largest positive

real part) that inside S we have Re/\ > |Im\3/X|. For /A = a + 1b, we have, for

example,
o~ 3 /3 3 V3
AM—= —)=——a— —b
Re\/_( 2+z 2) 50~ 5 b

which is bounded away from zero for a > |b|.
Finally, we note the computation

1 1 1
V =PW = Wl(:v) ﬂg + Wz(.’L‘) ﬂz + Wg(.’L‘) /7/1 y
i3 i3 it
so that
V1 1
Vo | =wi@] | s | + 00N,
Vs i3

which yields the result after reverting to the original coordinates. Cases () and
(77) follow similarly.

As the proof of each of (iv)—(vi) is similar, we carry out the details only for (iv).
The proof of (iv) is similar in nature to the dual eigenfunction estimates of Lemma
3.1. We begin by making the definitions

= V(-2 =i %% b3

iz = VA3 +i%2) ~ b3
pa = VA= b(y)/3.

From the proof of Lemma 3.1 (447) we have

8W(¢-1+-7¢;)_ 1 + 40 + 1+ ot ot
a_y Wi(y) N Wi(y) [¢1 s — @1 by +0(y)(T P | — 1 b3 )]
_ 443

W lws+ow)

— (117 + O(1)) + b(y) (2 + O(A|72)) = b(y) (1 + O(I/\I_l/S))]

_ #Tef
Wi(y)

We now make two observations. First

Wt ¢3) = 6163 = o1 '03 = ¢1 63 (w2 = + O(A 7).

(52— 1) (1 + 12 + () + O ).
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Also,
pr+ p2 +p3 = —=bly) = p1+pe +0(y) = —ps,

so that

0 Wt 05) WL, é5) + (A~ s
FYRRTAO ) (= +o0N~7)

_ W(gbi'_,(ﬁ—;) —1/3
= W(—M3+O(|A| / ))7

where we have observed that
O(IAI™3) s = W (8T, 93)O(IA71/3).

As in the proof of Lemma 2.1, we use a counting argument for higher order deriva-
tives to see that

o™ W(eot,d3) _ of b3
ay™  Wix(y) Wil(y)

(2 — 1) (p1 + 2 + b(y) + O(A7/3)™,

which yields the claimed estimate. O

Lemma 3.3. Under Assumptions (C) and Condition (D), we have: (1) for XA on
or to the right of T'q, and moreover for \ on or to the right of the sector S = {\:
ReX = 2M;— |ImA|}, Wy (A) is analytic in A; and (2) for d,d; appropriately chosen
in g, the set {X: X # 0, W, (X) =0} lies strictly to the left of I'g.

Proof. We note that (1) is immediate, as analyticity of W, (X) follows directly from
(2.4) and the analyticity in A of ¢>f:, d);t " and d)ét . As the proof of Lemma 3.1
was not provided in its entirety, we mention that this is a result of the observation

that p; — p; R # 0 for ¢ # j, since only one can vanish at A = 0.
=0

As for (2) the essential spectrum is bounded on or to the left of the contour
[y, so that any zeros of the Wronskian lying to the right of this contour must
be point spectrum, limiting them to the negative real half-plane, by Assumption
(IT). Further, there can be only finitely many of these zeros in a ball around the
origin, because in such a ball the Wronskian is a non-trivial analytic function of A
and hence can have only isolated zeros in any bounded neighborhood. An energy
estimate, or the large |A| estimates of Lemma 3.6 below, suffices to show that all
such zeros are confined to a bounded domain. Consequently, we can enclose all
zeros of Wy (X) within a contour of the form of I'y, for d,d; appropriately chosen.
d

The following proof follows closely the proof of Lemma 3.4 of [H.1].
Lemma 3.4. (Small |\| Green’s function estimates.) Let || < r for r sufficiently

small. Under Assumptions (C) and Condition (D), we have the following estimates
on the Green’s function Gx(x,y) for (2.1):

(L+) Laz Case (ay <0< a_,z>0)
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(i))y<0<uz
g O, meyy . Ole™hO(e )
— N (T \el2 (z—y)
8$n8ym G)\(I, y) WO()\) (/‘1’2 ) € + WO()\)
(i) 0<y <=z
gntm " O(evl) n O(e~"zhQ(el¥l)
[ — pe (z—y) o 2\~ Vo H\ym py (2-y)

(iii) 0 <z <y

gntm i O(e—n|x|) .
o oo o =01 Hyntm uy (2—y) +\m g (x—y)
_ _ O(e~"=hO(enlel)
+ O(e nlyl + neu;(z y) +
( )(13) o)
(L-) Lax Case (a4 <0<a_,z<0)
(1)) y<z<0
ﬂGx(l’ y) = O(1)(py )" T mete @) 4 Qe ¥l eHz (2=
ox" Qy™ ’ 2
0(6_77|z|)

= s meta @=y) L (e MY (T )Rt (—y)
+ WO()\) (/‘1’2) € + (6 )(/‘1’2) €
O(e~"=hQ(emlel)

Wo ()

(i) © <y <0

gntm _ O (el _ O(e~zhO(e~ml=l)

= O(1)ets @—y) L 237 V)~ ynpus (2=y)
(i) £ <0 <y
grtm O(e=™) o by Ole™#hO (1))

(U+) Undercompressive Case (a_,ay > 0,2 >0)

()y<0<uz

8n+m

O(e~mlel)
Wo(N)

B o O(e~ O (el¥l)
+ Ofe nlyl + nelf';—we Ha Y +

—\m n +£I? e —\m +$ -
8$n8ymG)‘($7y):O(1)(/j’2) (N;) eftz et ¥ 4 (M2) eh2TemH2 ¥
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(i) 0 <y <z
an-{—m

oxn dy™

+ O(e—nlyl)(ug)neui(w—y) + O(B—WIw—yl)eui(w—y)

O(e~ O (em¥l)
Wo(A)

Ga(,y) = O(1) (uf) "+ ers (=9) 1 O (el (uf)mers (=0)

(i) 0 < v < y

8n+m
oxnoy™

O(e~"=hO(emlel)

+ + +
G = O(1)e’s @Y 1+ O(1)(pud) etz TeHs Y
A($7y) ( )e 3 + ( )(Iu2) e e 3 + WO()\)

(U-) Undercompressive Case (a_,ay > 0,2 <0)

(i)y<z <0
grrm —\ntm gz () —nle—yly gtz (2-9)
A Oa@,y) = O(1) (pg )" T et2 70 O (e ) ehte 1Y
ox™ oy™
O(e~"l)  _ py (z—y) - = 2 (2=
= / m ks (T O (e~ "Yl nohs (T=Y)
+ WO()\) (/“LZ) € + (6 )(#’2) e
O(e~"vhO(enlel)
Wo(A)
(i) z <y <0
gntm _ O(e~"v)O (e ¥l
— G = O(1)eMs (z=¥)
8$n8ym )\(«'L',y) ()6 + W[)()\)
fiii) <0 < y
gntm B o(1) ulw —uty
78:1:”83;”161)‘(% )_7W0()\)6 sPe M3 Y,

Proof. Aside from some technical details the analysis separates into two cases:
incoming and outgoing waves. Hence, it will suffice to study the Lax case with
z > 0 and the undercompressive case with > 0.

Incoming waves. We begin with the Lax case, and observe that here a key
observation is that pi, pg, pu7,py = O(1) and p;, ud = O(N). For the first Lax
subcase, L+(i), y < 0 < x, we have from Section 2

t(r - 4+ +(g + -
(3.1) <A@m=¢ﬁiggy%>+%<g¥$¢wj

where for y < 0 we must write

(3.2)
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and analyze the expansion coefficients. Augmenting our expansion of ¢7 (y) with
first and second derivatives, we arrive at the matrix equation

brly) P ly) ¢ ) A(N) ¢f (z)
L) (@) ¢s (@) | | BO) ) = | ¢ () |
T ”(fL‘) 3 ”(fv) ¢3 "(x) ) \CW) ¢1 " (z)

which can be evalutated for A(A), B(\) and C(\) through Cramer’s Rule of de-
terminants. Since we are in the regime of bounded A where these coefficients are
clearly bounded, the essential issue becomes whether or not they vanish at A = 0,
and hence eliminate the pole in G)(z,y) caused by the Wronskian becoming zero
at A = 0. In this case, we find that none do. Our expression for G(z,y) becomes

1 (@)W (¢, DN + BNy )
Wi(y)

L 82 @WANYL + BNYy, ¢5)

Wil(y) 7

Gi(z,y) =

so that (as a consequence of Lemma 3.1)

;;er Ga(z,y) =
g @ LD | gy O W 6592)
DOV ) g g D - BN )
0y &7 WT65) SN (U
FANE @ T TP T 5m T
— TG )+ O e (i ™ 4 O
T )" + O Y ()™ + O(eel)
0(1) ué"x n —a|x Mo Y —aly
e )" + O ()™ + O(eel)
e ()" 4 O e ()™ + O,

Noting that eA1 @, ets® = O(e~"?l) and e=#1¥ = O(e~"l1), some 7, we obtain

O(e—nlwl)o(e—nlyl)
Wo(A)

gnm O(ele1)

(g )™ets (z—-y) 4

We next consider L+ (ii), 0 < y < z. Again, we begin with (3.1), but for y > 0
we must write

(3.3) $s5 () = AN PT (y) + B3 (y) + CNPS (),
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where A(X), B(A) and C(\) have been recycled. We recall here the important fact
about conservation laws that due to translation invariance, u, is an eigenfunction
for the eigenvalue A = 0. Therefore at A = 0 we must be able to write 4, as a linear
combination of decaying modes at both +o0o0. That is,

D(N¢3 (y) = Gz = E(N)${ (y) + F(\)$] ().

Analyzing A(X), B(XA) and C()) as before, we find that C'()) in this case is propor-
tional to the Wronskian, or Evans function, and so vanishes at A = 0.
Our expression for G (x,y) becomes

¢T ()W (AN T + CN)9y, 43)
Wi(y)
N ¢3 ()W (97 (), B3 + C(M¢3)
Wi(y) ’

G)\(xvy) =

which yields (as a consequence of Lemma 3.1 and C'(\) ~ Wy()))

an+m
Oxmy™ Galzy) =
m T ooF m + 4t
AV e) i T 4 et 0 S
m + oot m + ot
= %e‘”“((uf)” +O(e 7)) e 1Y ((uh)™ + O(e~0))
+O(L)er ()™ + O(e~al)) e~y ((uH)™ + O(e=lvl))
0(1)

Wol\) euiw((ug)n + O(e_a|$|))6_l‘;y((#;—)m + O(e—alvly)

+ O(l)eﬁ’#;—w((u;)n 4+ O(e—alwl))e—ugy((#;—)m + O(e—a|y|))‘
We observe that p, u3 = O(1), while uJ = O()), so that we obtain

gntm 0(6—77|Z/|)

_ O(G—nlwl)o(e—nlyl)
araym Y = e

Wo(A)

(uf)™mers @=v) L O(1)ers (==v) 4

The final Lax case we consider is L+(iii), 0 < z < y. Here, we use the represen-
tation for G (z,vy)

~ (& + ot
(3.4) Ga(z,y) = ¢ ( ){/I[//Ii((ii » P2 )7

where for z > 0 we must write

(3.5) ¢ (2) = AN (2) + BN o3 (z) + CN)5 (2).
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As in the case L+ (ii) C(A\) =0 for A = 0. We wrote G(z,y) as
(AN ¢ () + B3 (2) + CN3 (1)) W (4], ¢3)

G)\(xvy) =

Wi(y)
so that

an+m
G)\(l',y) =

8$n m

’ o W (T, ¢3) o W(ef,¢7)
AN D) g5 5+ BOE @) g
m + +
= —v(v)o(<1x)>‘e““<<u1+>” +O(e~))e= v ((uf)™ + O(eM))
e + Ol e ()™ + O )
+O(1)e (i)™ + O(e= ) e ¥ ()™ + O(e~0M))
ezl

= S e e oy e

O(e~ 7O (e-ml¥l)

+ O(e Ml (i ymers (e=v) 4 70

Outgoing waves. We now consider outgoing waves, in our case the undercom-
pressive case with > 0. Beginning with U+ (i), y < 0 < z, we note that (3.1)
and (3.2) hold. An important difference, however, is that in the undercompressive

case, ¢g does not decay as £ — +00. Therefore we must be able to write 4, as

~ ¢T (z) at +oo and ~ ¢3 () at —oo, so that ¢ and ¢; are linearly independent.
From (3.2) we see that the crucial consequence of this is that A(\) and B(\) both
vanish at A = 0.

Computing from there we realize

n+m
gx"ym G)\(xvy) =
T e (G O )e ()™ + O(ee)
B e ()" O e T (i)™ + O el
F O ()" + O )T (u3)™ + O(e=e1¥))
£ O () + O P)e ()" + 0(e)
= OW)(F) (3™ e a5V 4 O M) et et ¥
0(6_n|$|) —\m p,;'z —Hy Y ( |$|)O(6 |$|)
Wory )T Ty
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In the case U+ (i), 0 < y < z, we again begin with (3.1) but with (3.3), for

which in the undercompressive case B(A) and C(\) vanish at A = 0. Proceeding as
there we have

an-{—m G
aznym )\(Iay)_

()" + Ofem e TV ()™ + O (e )
+

O(e~ O (em¥l)
Wo(A)

+

It is worth mentioning that the difference between the term

o(e—nlwl) I _
-~ @@ 7 - 6“2 xe_ﬂz Yy
for y < 0 and

O (el (uf)merd (@=v)
for y > 0 is a result of the exponential y-decay of the dual eigenfunction in the
undercompressive case for y > 0.

We conclude with the proof of Case U+ (iii), 0 < x < y, for which we have (3.4)
along with (3.5)—B()\), C'(A) both vanishing at A = 0. We find

8n+m

aznym G)\ (:L.a y) =

o ()" + O )e Y ()" + O M)

27 ((uf)

(et ()" + O(e™ =) e ()™ + O(e~1))
+O(L)eks *((uF m

n +
)"+ O(e~ o) e ((u)™ + O(elvl))

Fp— _ T O(e~"=hQ(e~1¥1)
= O(1)eMs @=v) £ O(e=ely(T)rens (@=y) 4
(De (e (nz )" e W

Proposition 3.5. For A =0 and Wy(-,-) defined as

Wi (¢, %) := ¢y — ¢4 + W (4, %),
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the following relations hold:
(L) (Laz case)

Waldt.03)| = Walds . 7)|

Il
o

= Wb((ﬁ—li_J ¢3T) A\

(U) (Undercompressive case)

LGRS

0.
A=0

Before proving Proposition 3.5 we remark that it is simply a convenient manner
of expressing part of Proposition 10.3 from [ZH] in the notation of this paper. Its
direct implication is that in the Lax case the effective eigenspace of the equation
adjoint to (2.1) at A = 0 (which looks like Res(W (¢i, ¢;))/Wy(A),A = 0)) are
constants. For instance, from the proof of Lemma 3.1 we see that

0 W(gf,43)
oy  Wi(y)

so that from Proposition 3.5 no pole occurs here at A = 0.

We note that Wo(W (-,-)/W,) are the dual eigenfunctions for L*, the adjoint
operator for L. As discussed in [ZH] (Wo(W (-,-)/W,), *) gives the projection de-
scribing the time-asymptotic state in the near-field, that is the shock shift. The
observation that W (-,-)/W, is constant in the Lax case is tantamount to the well-
known fact that the shift in Lax shocks can be determined by inner products against
constant functions, thus by mass of the perturbation alone. The observation for un-
dercompressive shocks that W (-,-)/W, decays exponentially as y — 400 indicates
that signals in the positive far field do not affect shock shift. These observations
are critical in the nonlinear analysis of Section 6.

The immediate consequence of Proposition 3.5 is that y-derivatives of G(t, z;y)
in Theorem 1.1 for the Lax case contain no contribution from the eigenvalue at the
origin.

=0,

Proof. Let 7,7 be two solutions of
(3.6) Vggr + (0(2)vg), — (a(z)v)y =0,

i.e. (2.1) with A\ = 0, which both decay at the same infinity, for definiteness, say
—o0. Then we may integrate (3.6) from —oo up to = to obtain the relations

7 (z) + b(z)7i(z) = a(z)mi(z), i=1,2.
Then we have
Wi (11, m2) = mimy — my'm2 + b(y)mmhy — b(y)mime = mi(a(y)me) — ma(a(y)m) = 0.

Since for A = 0, ¢ and ¢ both decay at +oo, Wy (¢, ) o = 0 follows

immediately. Further, in the Lax case with A = 0 ¢3 is a linear combination of ¢
and ¢3 (because 4, is an exponentially decaying eigenfunction at A = 0), yielding
the second and third Lax-case assertions.

The undercompressive case assertion is a result of the linear dependence in that
case (at A = 0) of ¢ and ¢; . O
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Lemma 3.6. (Large |\| estimates for the Green’s function.) Under Assumptions
(C) and Condition (D), and for X\ on or to the right of a sector § = {\ : Re\ =
2M; — |ImA|}, we have the following estimates on the solution Gx(z,y) of (2.1):

(@) (z <)
n+m n+m-—2 x —-1/3
7ainaym Ga(w,y) = O(AI™ 575 ) (y)ehy VA-H/FHOMTD )
(#) (z = y)
o Gr(z,y) = O(A 5 ) (y)elv VX(=5+i2)=b(s)/3+O(NH/*) (s)ds

ox™ oy™
+O(A ) (y)ely VA5 =i3%)=b() 3+ O(N T/ ()ds.

Proof. As the proof of each case is similar we will carry out the analysis only for
x < y. In this case we can rewrite G (z,y) as

4@ W)
Gl =y T W)

Thus we need separately to bound each of these terms. A straightforward compu-
tation gives
W 0E)
Wi(y)

where dependence on y is O(1) and only explicity noted because y-derivatives of
this term will be taken later in the analysis. This relation is easy to observe on a
formal level, keeping in mind that derivatives on the decay modes introduce factors
of order |A\|'/3. A rigorous proof can be made of this claim through the estimates
of Lemma 3.2 and (2.4) as long as |A| is as specified.

We can estimate ¢5 (z)/$5 (y) by noticing that Lemma 3.2 yields the relation

(A=) (),

(3.7) 5/ (x) = (VA = b(2)/3)¢5 () (L + O(1A7>/?)).
This is a simple ODE for ¢; () and we can solve it with initial data ¢ (y) to get

(3.8) b3 (z) = ¢5 (y)ef;(\g'/X—b(s)/L’r)(1+O(|)\|—2/3))ds7
where O(|A|~%/3) may depend on s but will do so in a bounded manner. We get

|95 ()] _ ke [ (V3-b()/3) (14O (A1 72/*))as
65 ()|

< o~ Re(VA=b/3)(1+O (N ~2/*))|z—y|

By taking |\| suffiently large, the term O(|\|~2/3) goes to zero, leaving a bound by
e_%Re(‘?yX_bs/e')'z_y', where the 2 could be any constant larger than 1.
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Combining the last two observations, we have
|G (7, )| < O(|)\|_2/3)6—%Re(%—bs/3)|:p—y|,

where on our contours, we will have Re(¥/A — by/3) > 0 for |A| sufficiently large.
We now turn our attention to derivatives, continuing to work in the case z < y.
From our representation for G (z,y) we can compute

an+m
oz oy™

om W + o+
Gr(e,y) = 65 W) 5 éﬁ;(’yfz )

Following the above analysis, we write

o ¢5 " ()

=8 g M)

o™ W1, 43)
gangym Y =)

oy™  Wil(y)

and estimate each term separately. First, we may observe from Lemma 3.2 that

b5 " (@) = (VA= b(@)/3+ O(N)) g5 ) (a)

so that

¢35 () e YR_p(s)/310(N ) ds
3.9 =~ =¢Jy .
39 4 ()
Similarly, we have

om W(d)fad);) W(d)fad);) 3 m—2

3.10 = —VA+b(y)/3)™ + O(|A]3
B10) TG o v)/3)" + O(A*+))

We then have

o™ W(gi,43)

85 W) g = % (VA= 00)/3)" + (A1)

(3.11)
Wt 03) [ oA oy e
o (CYA b3 + 0N 7)) O (A7),

Combining (3.9) and (3.10) we have

n+m
" 4
oz™ Jy™

ntm-—2 z 3/ s ~1/3 s
A, y) = O(|A| 572 )ely VAVE)/3+O0UNT)ds

as claimed. The proof of Case (ii) follows similarly. O
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Lemma 3.7. Under Assumptions (C) and condition (D), and for any contour I'
to the right of L'y, enclosing the spectrum of L and parametrized by k, with large-k
behavior Rel' ~ —k? ImD' ~ k®, (1.4) has a Green’s function G(t,z;y) given in
terms of Gx(x,y) by (Dunford’s Integral)

1
G(t7$7y) = %/Fe)\tG)\({L‘,y)dA-

Proof. Though L is not sectorial in this case, it is clear from the estimates of
Lemma 3.6 that over such a contour I' eMG)\(z,y) is integrable for all ¢,z. (In
particular, this integrability is brought out in the forthcoming analysis.) An ap-
plication of Lebesgue Dominated convergence then gives that distributional z- and
t-derivatives commute with the A integration to give

(5~ L)G i) = 5= [ PGt — 0N Gaorn) = 8, (o))

-t M, (z =0,(x
[ ,@0ix = 5,050,

T 2mi

where the last equality is a standard result from the theory of Laplace transforms.
d

4. Small time Green’s Function Estimates
We now convert the pointwise estimates on G (z,y) into pointwise estimates on
G(t,z;y), beginning with the case of small time, which corresponds with large |\|.
We proceed through the representation

1
G(t7$7y) = —/e)‘tG)\(.’I,‘7y)d>\.
r

211

In the case |z —y| > Kt, K to be chosen during the analysis, we expect the Green’s
function to principally be governed by the high-order effects of dispersion. Indeed,
the estimates we find are similar in form to those for the exact Green’s function of
the Airy equation, uy = gy, [KF]. For z —y < 0 the Green’s function for the Airy
equation has the scaling of the Green’s function for a sectorial operator, namely for
( —y)/t'/* = —oc0

o T—y
41) L Ga(t,z;y) ~t= D3 (E Y
( ) 9rm A(?xﬂy) (\3/5

n/2-=1/4 _2(z-y)3/2 nt1 _ (z=y)3/2
) e svie < (Ct 3 e 2/t

For 2 —y > 0 the representation takes the oscillatory form (for (z —y)/t'/® — +00)

871 _ x_y n/2—1/4 i 2($_y)3/2
4.9 = Galt.z:y) ~ /32 22 B e
( ) o™ A( ,:v,y) (\3/@) Sln( 3@ +C)

In our case, this oscillation is difficult to quantify, so we will develop only normed
estimates. In the case © — y > 0 significant information is lost, but the stability
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results of Section 1 can still be recovered as a consequence of the exponential |z —y|-
decay arising from the diffusion (see the estimates of Theorem 1.1 and below). It
would seem plausible that more detailed oscillatory estimates on the Green’s func-
tion could lead to a stability result for non-constant diffusion. We note, however,
that Kruzhkov and Faminskii’s analysis of u; + (u?), = e, proceeds similarly to
ours even though they had access to an exact representation of the linear Green’s
function (for us = ugs,). The difficulty in extending the nonlinear portion of our
analysis to non-contant b(-) is that second derivatives of G have the form (t—s)~%/4,
which we cannot integrate from 0 to ¢ in the absence of either exponential scaling
or oscillation.
We begin with the case z — y < 0, for which we have from Lemma 3.6

an+m
oz dy™

n+m-—2 z 3/ s —1/3 .
Ga(z,y) = O(A| =5 )elv YX=b(5)/3+O0(|A|"Y/3)d 7

so that by dominated convergence and the proof of Lemma 3.7

1 nt+m-—2 z 3 —-1/3
b)) = O (N2 e, VA=b(s)/3+0(|)| )ds gy
8$n8ym G( ,.’L’,y) 271_7/ /Fe (| | 3 )6 4

We take the contour I'y, defined through
ME) = Ng — 0k — k3,

8n+m

where Ay > 0 and 6 > 0 are to be chosen, with Ay chosen to insure the proper
scaling and so that |[A(k)| > M; for all k. (Recall that the large-|A| estimates of
Lemma 3.2 and Lemma 3.6 hold for |A\| > M, as well as to the right of the sector
S.) We note that

1 1
AR = (Ao = 082) + £° = [A(R)| 2 Sho + 57,

and

1 1 1
(4.3) Re{/do — 0k2 —ik% > 33/ (h — Ok2)2 + k5 > ZA}/"’ + 7k

1/3

where our convention will be that while A(£)*/° will represent three values, {/A(&)
will represent only the third root of A with largest positive real part. Along this
contour I'g we have

+o00o
/ ert—9k2t—ik3t0(|>\(k)| n+gn_2 )ef; m—b(s)/3+0(|)\|_l/3)ds(_20k _ 3'Lk2)dk

o0

Evaluation of this integral on (—o0,0] is similar to evaluation on [0, 400), so we
consider only [0,400). We divide this integral into two subintervals, [0,#~'/3] and
[t=1/3 +00). On [0,t=1/3] we have (with |A(k)| < C(|Xo| + k) and k < t~1/3)

£-1/3
_ 2 i 3 n+m-—2
‘/0 e)\ot Ok“t—ik t0(|>\(]{1)|—3 )
x ely VARZD)/BHONT s (_og _ 3ik2) g,

n+m—

< Ct—1/3(t—2/3)\0T2 + 4 ”*;m)ert—% ?/Elﬂc—yI-H_’Iffc—yl7
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where b = O(1) and so will later be absorbed by the exponential scaling. We now
choose Ay so as to insure the correct scaling. That is, we take

(I _ y)3/2
)\0 = =
6413/2
so that
Loy oo @0 L=y 3 —y)*
(4.4) Aot — 1 Aolz —y| = 64t1/2 4 4412 T 64tl/2

We note that since |z — y|/t > K, with K to be taken arbitrarily large, we can
insure |A(k)| > %)\0 > M;. For the algebraic decay, we observe that

n+m—2

+m—2 (a:fy)3/2 (lE — ) 2 (1*1’)3/2
—14 5 -3 1 Yy -3
t )\0 e 64Vt =1 tn_,_Te 64Vt
3/2 ntm=-2 _3/2
€T — _gle=y)
(4.5) :t_%(( ;) ) v
t
1 _(e-p)?/?
< C'[;_n+m+ e 64Vt

as claimed in Theorem 1.1.
On the infinite integral we have

+o00o
/ ert—9k2t—ik3tO(|>\(k)| ”+73"_2 )ef; \3/)\(k)—b(s)/3+0(|)\|71/3)ds(_20k . 3Zk2)dk
t—1/3

The exponential decay on this interval will be obtained as before (under norm), but
as the algebraic decay is a dispersive phenomenon, it will be most readily noted
through integration by parts. Since we would like to put integration on the term
e~ k"t we make the change of variable ¢ = k3¢, so that A\(¢) = \g—0¢2/3t=2/3 —j¢t=1.
We have, then

+o0
[ e o)
(4.6) 1
RV A(5>—b(s)/3+0<|x<s)|—1/3)ds(_§9§—1/3t—2/3 it Yyde,

which we integrate by parts, putting integrals on e~*. In order to take derivatives
of the O(+) terms, we will employ the quasi-sectorality of L (see remarks prior to
the statement of Lemma 2.2) and the following lemma, stated from Olver [Ol, p.
9.

Lemma 4.1. Let f(z) be analytic in a region containing a closed annular sector
S, and

f(z)=0(z") or [f(z)=o0(z")
as z — oo in S, where p is any fixed real number. Then

Fi(z) = 0("™) or fU™(2) = o(2P7™)

as z — oo in any closed annular sector C properly interior to S and having the
same vertez.
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Corollary 4.2. The terms of form O(|A|P) arising in G(x,y) satisfy

0 Py — p—1
ZO(I\P) = O(APY).
Proof. Lemma 4.1 is proved in Olver through interior estimates for such a sector
S. In our case (Corollary 4.2), we have that the O(-) terms appearing in (4.6)
are analytic in the sector consisting of S from Lemma 3.2 and thus in any annular
sector contained therein. In particular, I' lies in such an annular sector. O
Integrating (4.6) by parts, we have
(4.7)
ie—iEBAot—ng/“”tl/?’ 0(|>\(§)| ntm-2 )

w el ¥/ A(a)—b<s>/3+o<|x<s>|*1/3>ds(_295—1/375—2/3 _ it_l)‘m
1

. +oo —3 8 _pg£2/341/3 nt+m-—2
—'L/ ert 68_6 e [Z e O(|)\(§)| “ )
1

< edd ¥ A(a)—b<s>/3+o<|x<s>|—1/3>ds(_395—1/375—2/3 N Z-t_l)]d§

n+m—2

= —je iMoo (A (1))
% 2 /A -b5)/3+0(AW) s _ 2273 _ jy-1y
3

Foo 2 1 n+m-—2
A O O | I T
1

w el \3/A<s>—b<s>/3+o<|x<s>|—1/3>d5(_§9§—1/3t—2/3 _ it_l)]d§

2 n+m—>5

. Foo ot—i m , _pe2/341/3
2i [T o =@ [t

% Sl A<s>—b<s>/3+0<|x<s>|—”3>ds(_gag—l/st—w - it_l)]d§

3 |

_¢/1+°° e)\ot—iﬁ(/ §>\(§)_2/3>‘,(5)+O(|)‘(§)|_4/3)>\’(§)ds) [6_052/%1/3

n+m—2 3 —b(s -1/3 s 2 _ _ R
x O(|A(E)| 57 )els VAO-DE)/3+O(AMEITH)d (_595 1/3;4-2/3 _ 4 1)}(15

4 +oo . 2/3,1/3 n+m-—2
i [ e o E
1

x eld \3/A<s>—b<s>/3+0<|x<s>|*1/3>ds(395—4/3t_2/3) .

All we require is an understanding of the correct algebraic decay under norm, as
the exponential decay follows from the previous choice of A\g. For the boundary
expression, we may observe that |A(1)| < C(\p+¢t~1) so that a computation similar
to (4.5) yields the claim.

What we will observe on each of the four integrals in (4.7) is that as a consequence
of Corollary 4.2 the -derivative has the expected effect of decreasing the expression
by a factor of £~! yielding algebraic integrability so that we need not integrate
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6_052/%1/3 1/2

, which would return ¢ blow-up of the from ¢~"/<. For example, on the
first integral on the right-hand side of (4.7) (reference numbers appear at the far
left over the negative signs) we observe that

f_l/3tl/36_0§2/3t1/3 < Cg_le_ggz/gtus

)

so that under norm we have an expression of the form

00 _
(4.8) / ert—ile—y|+b|x—y|§"+?_5t— "+’§+1d§_
1

n+m—>5

For n+m < 1 this yields the same estimate as above by the integrability of €35 .
On the second integral we have

n+m-—>5 n+m-—>5

|0(|>‘(§)| 3 )A,(§)| < C()\()—I—é't_l) 3 ¢!

n+m—>5 n+m—2
3

< ey

so that under norm we have again an expression of form (4.8). For the third integral
we have, employing now our relation Re{/A(£) > %)\0 + i§1/3t_1/3

51/315_1/3

(IMOI2EIN(©) + OA©) TN (@) )2 — yle™* o=l
< C§_2/3t_1/3|x — y|e_i VT ey < Cvg—le—égl/‘%t*l/?'|gc—y|7

from which the result follows. The final integral is trivial. Estimates on higher
order derivatives may be made through further applications of integration by parts.
That is to say, we would take each of the integrals 1-4 and integrate again by parts,
putting integrals on e~ %.

The case ¢ > y is more delicate, even if we content ourselves with an estimate
in norm only. The principal difficulty is that the expected scaling (|z — y[3/2/t'/?)
arises in an oscillatory fashion (see (4.2)). In this case, we have

an-}—m

7G)\($7y) = 0(|>\| ”+7;7'72 )efyx %/X(_%+Z§)—b(s)/3+o(|)\|,1/3)ds
+ O(|)\|%)ef; \:)'/X(—é—ié)—b(s)/3_|_()(|)\|—1/3)d57

where it will be the case that over portions of our contour both Re\S/X(—% + z@)

and Re\S/X(—% - z@) will approach zero, so that (4.3) will no longer hold. As
we no longer expect exponential scaling, we now take the fixed contour A\(k) =
M — 0k? — ik®, where M is chosen sufficiently large so that we will have again
|A| > M;. We denote this contour I'j;. A straightforward computation reveals that

along this contour we have

/F) = { (F - Dk +5E+i) + O((MB+K)), k>0
(=8 - Dk + 25— i) + O(MY3 + [k])7Y), k<0
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The analysis of each term in (4.9) will be the same, so we consider only the first,
which will have the form

Foo 2 21,3 n+m—2
/ 6Mt—é’k t—ik t0(|>\(/€)| 3 )

% ef; \3/)\(k)(—%"‘ié)—b(s)/3+0(|>\|_1/3)d5(_26% _ 3’ik2)dk

0
Mt—0k%*t—ik>t ntm—2
= e O(|M(k 3
w0 /. (M) =572

x ey VAR 3+i3)=b()3+ON ) ds _ogr _ 3552y qp,

+o0
+ / 6Mt—6’k2t—ik3t0(|>\(k)|"+g‘*2)eik(z—y)
0
x eli TPEOFYOUNT s _ogp 382 g,

where b(s) := b(s)/3 + 6/3 > by > 0. In particular, we will be able to take K
(|lx — y| > Kt) sufficiently large so that

6Mt—%tllnv—yl < eMt—%QKt—%Qlw—yl < e~ Me—yl
Observing that for k& < 0 Re({/A(k)(—% + Z@)) > 1/M + 1k on this contour,
we see that the first integral on the right-hand side of (4.10) can be analyzed in a
manner similar to the case z — y < 0, except that without the exponential scaling

introduced by Xy we obtain exponential decay of the form e~71#~¥! for some 5 > 0.
That is, we gain an estimate of the form

4= oz -yl
We observe that were we to take the contour I'y we would obtain on this integral
the same estimate as in the case x —y < 0. The contour 'y, however, would fail to
yield a useful estimate on the second integral of (4.10).

For the second integral on the right-hand side of (4.10), we see that on the

integral over [0,~1/3] we have a trivial estimate by

n+m+1

Ot "5 gmnle—yl,

For k € [t_1/3, +00), we make the usual change of variable £ = k3t to arrive at the
representation

+o0
/ MI=0EPH it i P Pa—yl g (| A (£1/3471/3) |5
1
x els —5<s>+o<|A<§1/3t*1/3>|*”3’(-;05‘1/%—2/3 — it~ h)de.

Integrating by parts as in (4.7), we observe that the only term that cannot be dealt
it /3¢—1/3 |z

with precisely as before is that arising from the derivative on e -yl
Where in the previous analysis we had
0 - 1 - -
e 1/3|;1:—y|‘ _ ‘55_2/3t_1/3|$—y|e_51/3t 13| g—y| < 06_16_%51/% 1/8»|gc_y|7

o€
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we now have

('985 i yl‘ ‘ 23413 |t el | < g=2/34-1/3)5 g

This estimate yields the desired algebraic integrability in £ for n +m = 0 only if
t=18p —y| < C, for some constant C. For n+m > 0, we may integrate repeatedly
by parts to gain the required integrability for this scaling.

We are left with the case |z —y|/tY/3 > C, for which we will apply an asymptotic
analysis similar to that found in [Ol, pp. 98-103] to obtain results similar to those
of [FK] (cf. (4.1) and (4.2)). As our scaling will now change, we begin again with

+o0 . s . ntm—2
/ o Mt—0k>t—ik t+zk($—y)0(|)\(k)|T)
0
x efy “HEOHOUNRIT M ds _ogp _ 3:12) g

We would like to integrate by parts, but vis-a-vis the previous analysis we now put
anti-derivatives on the entire oscillating portion, namely

. .3
ezk(m—y)—zk t

The point is that for |z — y|/t'/®> < C, t is sufficiently dominant that the ikt
term controls the integrand’s oscillation. For the case |z — y|/t*/3 > C, the terms
compete. In fact, it is fairly clear heuristically that the main contribution arises
when k(z — y) = k3t, or when k = /(x — y)/t. This observation motivates the
forthcoming analysis.

We make the change of variable (z —y > 0)

to get

W /0+°°6Mt_e|x_y|gz+m<g—g3>o((Mlxs+( (& —y)/HE)"™)

% efy —PSFOUMGW/ (@ =) /D)€~ 1/3)d3d§

where
(z —y)*/?

Vi

We expect the largest contribution to this integral to occur for & — ¢2 = 0, where
there is no oscillation. Accordingly, we make the definitions

o =

p(€):=¢—€ and (&) = p(&) —p(1/V3),



DISPERSIVE-DIFFUSIVE SHOCK WAVES 39

where p'(1/4/3) = 0. Splitting the integrand up we have
n+m+1
ciap(1/V3) (ﬂ) 2

t

0

/ eMi=ble—yle(w)* +iav g (f 4 ™5™

“b(s)+O(|M 4|~ /3)as  —dv
p'(€(v))

- % 0 2 : ~ nt+m
_l_eiap(l/\/g)(l' . y) / ", 6Mt—o9|z—y|§(v) +zavO(M+,U + )
-p

X ef;
(4.11)

—b($)+O(|M+v|"/3)ds AU

p'(€(w))

In the absence of our O(-) terms (for example in an analysis of the Airy equation)

oscillation of the form e?@?(1/v3) is clearly obtained (see [O1]).
We now collect some useful observations regarding

T
X efy

€(w) and h(v):= TEW)

We have
" 2 2/3—n
on (v)* =0O(v ), v>wvy>0
" —2/3—n
avnh(v):O(v ), v >w>0.

Al/so7 v(l/\/g) = U’(l/\/g) = 0 so that v(l/\/g) ~ (5_1/\/3)2 and henceg—l/\/g N
v/2. Thus
(€ =1-3¢=(1-V3)(L+ V3¢ ~v'/?

and

(4.12) h(v) = o(v™1/?), %h(v)zo(u_l/z_n)_

We are now in a position to evaluate the first integral in (4.11) by splitting
its analysis into regions of large and small v. In light of (4.12) we may choose
C ((z — y)/t'/* > C) large enough so that on v € [—a~1,0] |h(v)] < €uv]|~/2.
That is to say, (4.12) gives that there exists some x > 0 such that for |v| < &,
|h(v)| < ev=/2, and we may choose C large enough so that |a~'| < . This yields

n+m-+1 0
eiap(l/\/ﬁ)<¥) 2 / Mt=Ole—ylE(v) Hiov g (T 4 ™5™)

—a—1

< ety —5(5)+0(|M+v|_1/3)d5h(v)dv

0 _ n4+m-41
v 2y = Ce_”'z_y'(I ; y) o2
n+m _

< ool (22 B /
- t

—_a-!

_ntm+l (T — Y 2
o (52)
Vit

Bl
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For v < —a~! we have

—1
-«

‘/ 6Mt—0|z—y|§(v)2+iavO(M +v"+?72)
—K

o JE =B+ M40~ ) ds g

(0]

< ‘a—leiaveMt—0|:1:—y|§(v)2o(M + ’UTL+T;72 )ef; —E(S)+0(|M+U|71/3)ds -

—K

_a_l
; (9 ~ n+m—
+a—1‘/k 6wzv%|:6Mt—o9|az:—y|£(v)2()(]w_i_,(}%)

% ey —B(s)+0(|M+v|*1/3)ds] dv‘
< Ca™'/?,
and

—K
/ 6Mt—6’|x—y|£(v)2+iow()(]\”’4 + ,U""'TS"72 )

o0

< el —5(s)+0(|M+u|)*1/3dsdv‘
- _ -1
P (jop)LeMi—fle—yle()* Hiav g (Nf 4 ™5 )ely —b(s)+O(|M+v]) " /2ds| "
— 00

-1

_ /_a (Z-a)—leicwag |:eMt—9|$—y|§(v)2
(Y

x O(M + T2 Yelv —b(s)+O(IM+o])"H3ds) g0

— 00

7

which is better than the small-v term by a factor of =/ (for n +m < 1). For
n+m > 1 we integrate repeatedly by parts. The second integral in (4.11) may be
analyzed in a similar fashion, as indeed can similar oscillatory integrals that arise
in the analysis of equations of higher order (see Section 7).

5. Large time Green’s Function Estimates
In the case |z —y| < Kt, we follow very closely the analysis of [ZH]. In fact,
the main point is that for |A| small (¢ large) we only see the effect of the first
two orders of spatial derivatives, making the analysis effectively that of the case
with convection and diffusion only. Numerous subcases arise here for which the
analyses are almost identical. Our strategy will be to present the analysis for a
few of these cases in detail, then list for subsequent subcases the previous analysis
that pertains. At the end of the subsection we make a general comment about
converting the estimates of Lemma 3.4 into those of Theorem 1.1.
Laz case. We begin the small |\| analysis with the Lax case for which we have
a4 < 0 < a_. Here, by symmetry, we need consider only the subcase x > 0.

Case L+ (i) In the Lax case with y < 0 < x, we have from Lemma 3.4
gt O (i)

Ga(@,y) = S (et )

O(e~ O (e-ml¥l)
dznoym Wy (M) '

Wo(A)




