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The Geometry of 1= Regularization

Convex polytopes
Counting faces

Sparse Representations via [FIRegularization

[—Underdetermined system, infinite number of solutions

AX = b, ALCR™N, n<N
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The Geometry of 1= Regularization

Convex polytopes
Counting faces

Sparse Representations via [FIRegularization

[—Underdetermined system, infinite number of solutions
Ax =b, ALR™N, n<N
[—Seek sparsest solution, [XT]:= # nonzero elements

min [XIs] subjectto Ax =D

[—Bfficient, non-combinatorial, solution via convex [Hrelaxation

min [XI'] subjectto Ax =D

—How sparse is necessary such that [Xlrecovers [O7
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[—Bfficient, non-combinatorial, solution via convex [Hrelaxation
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—How sparse is necessary such that [Xlrecovers [O7
[—Matrix family A: Gaussian iid entries, random ortho-projector
[Baryshnikov and Vitale]
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Sparse Representations via [FIRegularization

[—Underdetermined system, infinite number of solutions
Ax =b, ALR™N, n<N

[—Seek sparsest solution, [XIj}:= # nonzero elements

min [XIs] subjectto Ax =D

[—Bfficient, non-combinatorial, solution via convex [Hrelaxation

min [XI'] subjectto Ax =D

—How sparse is necessary such that [Xlrecovers [O7
[—Matrix family A: Gaussian iid entries, random ortho-projector
[Baryshnikov and Vitale]

[—Qaussian ensemble: Comp. Sens. without prior basis selection
min [®X [ subject to [Abx —b[ []
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The Geometry of 1= Regularization

Convex polytopes
Counting faces

Geometry of [Hrecovering [¥]

[—Sparsity: x RN with k < n nonzeros on k — 1 face of [ball.
[—Matrix A projects face of [X1ball either onto or into conv(A).

ball RN edge onto conv(A)  edge into conv(A)
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The Geometry of 1= Regularization

Convex polytopes
Counting faces

Geometry of [Hrecovering [¥]

[—Sparsity: x RN with k < n nonzeros on k — 1 face of [ball.
[—Matrix A projects face of [X1ball either onto or into conv(A).

ball RN edge onto conv(A)  edge into conv(A)
[—Survived faces are sparsity patterns in X where [ [©]
[Faces which fall inside conv(A) are not solutions to []
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The Geometry of 1= Regularization

Convex p
Counting

Geometry of [Hrecovering [¥]

[min [XI3ubject to AX = b, A CRMN
Grow conv (aA) from o = 0 until intersects b [CRI"
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The Geometry of 1= Regularization

Convex polytopes
Counting faces

Expected number of fages,+apdorp grthe-orojector
fi(Q) —Efi(AQ) =2 B(F.G)y(G.Q)
$=20 F [EJ(Q) G (El+1425(q)
where 3 and y are internal and external angles respectively
[Affentranger, Schneider]
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fi(Q) —Efi(AQ) =2 B(F.G)y(G.Q)
$=20 F [EJ(Q) G (El+1425(q)
where 3 and y are internal and external angles respectively
[Affentranger, Schneider]

1] L) CnJ=n
y(FETN=1) = Bl " emne 2 e Y dy dx.
m o Lo

[Thrge deviation analysis, Q = TN=1, CN: exponential behavior in N
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The Geometry of 1= Regularization P
Convex polytopes

Counting faces

Counting Faces of Random Polytopes: Strong

Strong recovery phase transition, ps(9d):

[—With overwhelming probability on the selection of A,
[trecovers [Plfor every xo with 3 (@< [{ps(d) — OF n[]

* For [ [ps(8) — OB nCFHLCN) — EfffANCN) = iye™™
Prob{ffACN) = f{CN), X Ops(d)— OhF - 1, as N - oo,

=P

:'\“““H‘
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Phase transition phenomenon

Exponentiality of phase transition

[Lower and upper bounds on the expected number faces lost

flipN) _ Efl_iLAn,NCN) < (N + 3)5eN-qJ(k/n,n/N)

fipN) _ Efl_lLAn,NCN) = N—3/2eN-l|J(k/n,n/N)
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Phase transition phenomenon

Exponentiality of phase transition

[Lower and upper bounds on the expected number faces lost

flipN) _ Efl_iLAn,NCN) < (N + 3)5eN-qJ(k/n,n/N)

fipN) _ Efl_lLAn,NCN) = N—3/2eN-l|J(k/n,n/N)

W(k/n,n/N)

n/N
Lps(k/n) is the zero level curve: Y(k/n, ps(k/n)) = 0.
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Phase transition phenomenon

CPRork=sn-(1- G)pS%/N),
fi(Q) — Efi (AQ) < (N + 3)%e Qs /N

with Q =CN, TN~ for [ZF =, +.

DLN/ND for = = + (solid), and * = = (dashed)

CQ5h/N) = 1/72.
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Phase transition phenomenon

CPRork=sn-(1- G)pS%/N),
fi(Q) — Efi (AQ) < (N + 3)%e Qs /N

with Q =CN, TN~ for [ZF =, +.

DLN/ND for = = + (solid), and * = = (dashed)

CQ5h/N) = 1/72.
Level curves converge to pé:bs n~t
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=P

n/N
CLeft: Q = TN™L Right: Q =CN.
CR{f(AQ) = f(Q)} = 0: k—neighborliness existence
N = 200, 1000, 5000, and N — oo
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Phase transition phenomenon

Phase transition for small N: Strong

=P

n/N
CLeft: Q = TN™L Right: Q =CN.
CR{f(AQ) = f(Q)} = 0: k—neighborliness existence
[N = 200, 1000, 5000, and N - oo
How do the phase transitions change when requiring only
successful recovery of the K—sparse vector most of the time?
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Phase transition phenomenon e dim onal bounds

Weak phase transitions

Counting Faces of Random Polytopes: Weak

Weak recovery phase transition, py (3):
 For (=X [{pw (8) — O nLEfHLACN) = (1 — DILCN),
—With overwhelming probability on the selection of A,
recovers [Plfor most xo with [Xg [l < [pw (8) — OF n[]

Strong (all x) and Weak (most X) transition
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Phase transition phenomenon e dim onal bounds

Weak phase transitions

Exponentiality of phase transition, weak
CFor k <n-(1—0)p&{(n/N),

f(Q) — Efc(AQ) < 6, —n62Q{n/N)
N + 3)°e W
f(Q) ( )
with Q = CN, TN=L for [ZF =, +.

DLN/ND for ~ = + (solid). and * = = (dashed)
2

o.o

o

o7

oe

CQiAN/N) = 1/4.
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Exponentiality
Phase transition phenomenon Finite dimensional bounds

Weak phase transitions

Exponentiality of phase transition, weak
CFor k <n-(1—0)p&{(n/N),

f(Q) — Efc(AQ) < 6, —n62Q{n/N)
N + 3)°e W
f(Q) ( )
with Q = CN, TN=L for [ZF =, +.

DLN/ND for ~ = + (solid). and * = = (dashed)
2

o.o

o

o7

oe

IZIHn/N) = 1/4.
Level curves converge to pv%' as n~1/2,
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Exponentiality
Phase transition phenomenon Finite dimensional bounds

Weak phase transitions

Phase transition for small N: Weak

S|Ix

n/N
[ Left: Efi(ACN) = 72 (CN): 99% face survive
N = 200, 1000, 5000, and N — oo
CFork <n-(1—8)pw(n/N),
Efi (ACN)/fi (CN) > 1 — (N + 2)8e—N6°/4
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Exponent
Phase transition phenomenon Finite dimens
Weak phase

n/N

[ Left: Efi(ACN) = 72 (CN): 99% face survive
N = 200, 1000, 5000, and N — oo
CFork <n-(1—8)pw(n/N),
Efi (ACN)/fi (CN) > 1 — (N + 2)8e—N6°/4
[—Qood empirical agreement for N = 200.
[Right: Phase transitions also known for x =0

[—What happens in the asymptotic regime n [_N1
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Expo
Phase transition phenomenon Finite dimer

Weak phase t

The Compressed Sensing Regime: n [N

[—Sub-exponential growth of n with respect to Np,

log(N
6::n/Nn—>O, yﬁo, Nn—>o°.

David L. Donoho & Jared Tanner Phase Transition Phenomenon in Sparse Approximation



Exponentiality
Phase transition phenomenon Finite dimensional bounds

Weak phase transitions

The Compressed Sensing Regime: n [N

[—Sub-exponential growth of n with respect to Np,
log(Np)
n

[—Strong Threshold, Nonnegative
pZ(8) CiZklog(®2 M™%, & - 0
Strong Threshold, Signed
ps(3) CIklog(d W)™, §-0
Weak Thresholds
pw(d) CiMog(d)I™, 8 -0

6::n/Nn —>0,

—>0, Nn—>o°.

David L. Donoho & Jared Tanner Phase Transition Phenomenon in Sparse Approximation



Exp
Phase transition phenomenon Finite dim onal bounds

Weak phase transitions

The Compressed Sensing Regime: n [N

[—Sub-exponential growth of n with respect to Np,

log(Np)
n

[—Strong Threshold, Nonnegative
p2(8) LIk log(®2 M™%, & - 0
Strong Threshold, Signed
ps (3) CI2k log(d )| 72, -0
Weak Thresholds
pw(d) CiMog(d)I™, 8 -0
Principle Difference:
e-times less strict sparsity requirement for recover
of most threshold compared with for all threshold
—Qaussian setting fully characterized for [without noise

6::n/Nn —>0,

—>0, Nn—>o°.
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Exp
Phase transition phenomenon Finite dim onal bounds

Weak phase transitions

The Compressed Sensing Regime: n [N

[—Sub-exponential growth of n with respect to Np,

log(Np)
n

[—Strong Threshold, Nonnegative
p2(8) LIk log(®2 M™%, & - 0
Strong Threshold, Signed
ps (3) CI2k log(d )| 72, -0
Weak Thresholds
pw(d) CiMog(d)I™, 8 -0
Principle Difference:
e-times less strict sparsity requirement for recover
of most threshold compared with for all threshold
—Qaussian setting fully characterized for [without noise

6::n/Nn —>0,

—>0, Nn—>o°.

[—Bmpirical evidence indicates a notion of universality for []
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result: non-negativity

Cc ymparisons

Universality Conjecture

Weak Phase Transitions: Universality Conjecture

[—Black: Weak phase transition: X = 0 (top) X, signed (bot.)

[Overlaid empirical evidence of 50% success rate for
Gaussian, Uniform 0 & 1, and
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Universality result: non-negativity
Cc ymparisons

Universality Conjecture

Towards Universality: Sign Constraints - Not [1]

Lt x = 0 be Kk-sparse and form b = Ax.
[—Are there other y RN such that Ay =b,y =0,y 2 x?
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Universality result: non-negativity
Cc ymparisons

Universality Conjecture

Towards Universality: Sign Constraints - Not [1]

Lt x = 0 be Kk-sparse and form b = Ax.
[—Are there other y RN such that Ay =b,y =0,y 2 x?
[—As n,N - oo, Typically No provided k/n < pi} (&)

a

oo -

o.s —

o7 —

o.6 —

o.s -

o.al -

o=l -

o.z

o.1f —

o
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Universality result: non-negativity

Cc ymparisons

Universality Conjecture

Towards Universality: Sign Constraints - Not [1]

Lt x = 0 be K-sparse and form b = Ax.
[—Are there other y RN such that Ay =b,y =0,y 2 x?
—As n,N - oo, Typically No provided k/n < pii (&)

a

oo _=F -
o.8 - _ - _
o7 _ - 4
o6 - 4
o5 - 4
o.a - 4
e -
o= - -~
oz _ -7 -
0.1 4 IR -
o
) o o=z o3 o.a .5 ©.6 o7 o8 oo ES

[Universal: A an ortho-complement of B CRN""*N with
entries selected i.i.d. from a symmetric distribution

[For k/n < pt,(3) and x = 0, use any method you like, the
answer is unique.
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Universality result: non-negativity

Cc ymparisons

Universality Conjecture

Towards Universality: Sign Constraints - Not [1]

Lt x = 0 be K-sparse and form b = Ax.
[—Are there other y RN such that Ay =b,y =0,y 2 x?
—As n,N - oo, Typically No provided k/n < pii (&)

[Universal: A an ortho-complement of B CRN™"*N with
entries selected i.i.d. from a symmetric distribution

[—Qood empirical agreement for N = 200.

[ Overlaid empirical evidence of 50% success rate for
Gaussian, Uniform 0,-1,+1, and
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Universality result: non-negativity
Comparisons

Universality Conjecture

Comparisons with other work

CDon’t we already have universality, the RIP

(1= 8) BIZ s [BK G (1+8) T3]

CRIP - Plcondition, dx < 2-—1

S|Ix

n/N

Strong (all x), RIP transition

RIP: robustness, pessimistic, “hard to check”, not necessary
[—Polytope: no robustness (yet), iff results, “hard to check”
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Universality result: non-negativity
Comparisons

Universality Conjecture

Comparisons with other work

CDon’t we already have universality, the RIP

(1= 8) BIZ s [BK G (1+8) T3]

CRIP - Plcondition, dx < 2-—1

S|Ix

" n/N
Strong (all X), Weak, RIP transition

RIP: robustness, pessimistic, “hard to check”, not necessary

[—Polytope: no robustness (yet), iff results, “hard to check”

[—Qoherence: highly pessimistic, “easy to check”, not necessary
Phase portrait implied by coherence? k/n < Const/ log(n)
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Universality result: non-negativity
Comparisons

Universality Conjecture
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