Rates of convergence for approximations
of viscosity solutions and homogenization

Panagiotis E. Souganidis
The University of Texas at Austin

Nonlinear approximation techniques usinl
Texas A&M University
May 2008



DA




F(D?u;Du;u;x) = 0 in U

numerical approximations

monotone, stable, consistaagproximations

Fn(D3Un; Dhln; Un;X) = O in Up

up! u and u» u= O( (h)

mesh sizéh, numerical nonlinearityn,
solutionuy, domainUy = U\ Z)



F(D?u;Du;u;x) = 0 in U

numerical approximations

monotone, stable, consistaagproximations

Fn(D3Un; Dhln; Un;X) = O in Up

up! u and u» u= O( (h)

mesh sizéh, numerical nonlinearityn,
solutionuy, domainUy = U\ Z)

homogenization
F(D?w:Dw;w; 2:1)= 0 in U Fo(D?Uo; Duo; Ug) = 0 in U

w! uw and w  u=O( ("))



DA




NUMERICAL APPROXIMATIONS

monotone schemes

convergence Un ! u Crandall-Lions, Souganidis
ht 0 Barles-Souganidis

rate of convergence ku unk = O(h)

rst-order (Hamilton-Jacobi) = 1=2 Crandall-Lions, Souganidis

second-order

convex, deg. elliptic = 1=27 Krylov

= 1= Barles-Jakobsen
= 1= Krylov

uniformly elliptic small Ca arelli-Souganidis



NUMERICAL APPROXIMATIONS

monotone schemes

convergence Un ! u Crandall-Lions, Souganidis
o Barles-Souganidis

rate of convergence ku unk = O(h)

rst-order (Hamilton-Jacobi) = 1=2 Crandall-Lions, Souganidis

second-order

convex, deg. elliptic = 1=27 Krylov
= 1= Barles-Jakobsen
= 1= Krylov
uniformly elliptic small Ca arelli-Souganidis

non-monotone schemes

few convergence results for non monotone schemes
TVD ltered and higher-order schemes Osher-Tadmor
Lions-Souganidis



STOCHASTIC HOMOGENIZATION

F(D%w;Du; ¥;1)= 0 F  uniformly elliptic stationary ergodic*

* stationarity f(y;! ) is stationary if (f! :f(y;! ) > g) independent of
ergodicity  all translation invariant quantities are constant a.s. in



STOCHASTIC HOMOGENIZATION

F(D%w;Du; ¥;1)= 0 F  uniformly elliptic stationary ergodic*
convergence u(;!)! w as. &  Fo(D%up; Dug) = 0
linear Papanicolaou-Varadhan, Kozlov
nonlinear Ca arell-Souganidis-Wang

* stationarity f(y;! ) is stationary if (f! :f(y;! ) > g) independent of
ergodicity  all translation invariant quantities are constant a.s. in



STOCHASTIC HOMOGENIZATION

F(D%w;Du; ¥;1)= 0 F  uniformly elliptic stationary ergodic*
convergence u(;!)! w as. &  Fo(D%up; Dug) = 0
linear Papanicolaou-Varadhan, Kozlov
nonlinear Ca arell-Souganidis-Wang

rates of convergence strongly mixing media with algebraic rate
linear ku- uwk= O(" ) a.s. Yurinskii
nonlinear ke wk= O(e @M% off
. . i nvil=2 Ca arelli-Souganidis
a set with probabilityo(e 9" 1" 7)

* stationarity f(y;! ) is stationary if (f! :f(y;! ) > g) independent of
ergodicity  all translation invariant quantities are constant a.s. in



CONVERGENCE OF MONOTONE APPROXIMATIONS

(F) F(D’u;Duu;x)= 0



CONVERGENCE OF MONOTONE APPROXIMATIONS

(F) F(D’u;Duu;x)= 0

F degenerate elliptic (X5 Y =) F(X;p;r;x) = F(Y;p;r;X)



CONVERGENCE OF MONOTONE APPROXIMATIONS

(F) F(D’u;Duu;x)= 0

F degenerate elliptic (X5 Y =) F(X;p;r;x) = F(Y;p;r;X)

approximation scheme  §[un]x; Un(X); x;h) = 0



CONVERGENCE OF MONOTONE APPROXIMATIONS

(F) F(D’u;Duu;x)= 0

F degenerate elliptic (X5 Y =) F(X;p;r;x) = F(Y;p;r;X)

approximation scheme  §[un]x; Un(X); x;h) = 0

monotone u

<
1]

) Sulssxh) 5 vl s x h)



CONVERGENCE OF MONOTONE APPROXIMATIONS

(F) F(D’u;Duu;x)= 0

F degenerate elliptic (X5 Y =) F(X;p;r;x) = F(Y;p;r;X)

approximation scheme  §[un]x; Un(X); x;h) = 0

monotone u

<
1]

) Sulssxh) 5 vl s x h)

stable kupk 5 C independent of



CONVERGENCE OF MONOTONE APPROXIMATIONS

(F) F(D’u;Duu;x)= 0

F degenerate elliptic (X5 Y =) F(X;p;r;x) = F(Y;p;r;X)

approximation scheme  §[un]x; Un(X); x;h) = 0

monotone u

<
1]

) S[uksxh) 5 S[vl s x h)
stable kupk 5 C independent of

consistent S([ + Li )+ :y:h) ! F(D® (0:D (9; (9:%) ( smooth)

ylox
10



CONVERGENCE OF MONOTONE APPROXIMATIONS

(F) F(D’u;Duu;x)= 0

F degenerate elliptic (X5 Y =) F(X;p;r;x) = F(Y;p;r;X)

approximation scheme  §[un]x; Un(X); x;h) = 0

monotone u

<
1]

) S[uksxh) 5 S[vl s x h)
stable kupk 5 C independent of

consistent S([ + Li )+ :y:h) ! F(D® (0:D (9; (9:%) ( smooth)

ylox
10

Theorem: Un Eﬂ LU u solution of (F)



18

DA




19

K[ unlx; Un(X); x; hy = 0

«O>» «Fr «=>»

«E=

nar



Proof

[ unlx; un(X);x; h) = 0

u (¥ = 1lim un(y)

stability =) _ exist
u (X)) = lim un(y)
Y



stability =)

monotonicity

consistency

Proof

[ unlx; un(X);x; h) = 0

u (¥ = 1lim un(y)

u (X = lim un(y)

ht 0

u subsolution

u supersolution

of

exist

F(D?u; Du;u;x) = 0



Proof

[ unlx; un(X);x; h) = 0

u (¥ = 1lim un(y)

stability =) ) exist
u () = lim un(y)

yl 0

ht 0
monotonicity u subsolution

=) of F(D?u;Du;u;x)= 0

consistency u supersolution
comparisorfor (F) =) u 5 u ) ) u=u-= L;iglution of (F)
de nition of u ;u =) us5u B up! u

h' 0



u subsolution

iff

for all smooth and all maxx of u
F(D* (x);D (3;u (x;X) 5 0



u subsolution

X  smooth

Xo max ofu

iff

for all smooth and all maxx of u
F(D* (x);D (3;u (x;X) 5 0

and U (%)= (%)



for all smooth and all maxx of u
F(D* (x);D (3;u (x;X) 5 0

u subsolution iff

X  smooth
Xo max ofu and U (%)= (%)

Xn max of up =) Un 5 h
“up ! u” =)

X! X and = un(Xn) (X)! 0 ash!



u subsolution iff

for all smooth and all maxx of u
F(D* (x);D (3;u (x;X) 5 0

and u (%)= (%)

Xn max of un

Xn! X and p

X  smooth

Xo max ofu

nuh ! u ” :)
s+

W
.

hlx; (%) +

=) Un 5 h
= Un(Xn) (x)! Oash! O

un 5 + h

monotonicity

hy Xh; h) 5 0= S([un]x; Un(Xn); Xn; )



for all smooth and all maxx of u
F(D* (x);D (3;u (x;X) 5 0

u subsolution iff

X  smooth
Xo max ofu and U (%)= (%)

Xn max of up =) Un 5 h
“up ! u” =)

X! X and = un(Xn) (X)! O ash! 0

un 5 + h
w
e monotonicity

S[ + g (%) *+ hiXeh) 5 0= S[unlx; Un(Xn); Xn; )

W consistency
. X! 0
h! O

F(D® (x0);D (%0);u (Xo);%) 5 0



Q>




Hamilton-Jacobi equation

H[ulx;r; x;t; h) =

Examples

ur+ H(uy) = 0
rou(xt h)
h
_u(x+ h)2u(x) + u(x h)
h

an+ 1 2an + an 1

u(x+ h) u(x h)
h H h
Lax-Friedrichs
U u'
+ 1 _ j+ 1 j 1
Ujn = Uj” t H 7 x

(CFL) 2

X

kH% =0 =)  monotonicity



Isaacs-Bellman equation u; + F(D?u;Du;x) = 0



Isaacs-Bellman equation u; + F(D?u;Du;x) = 0

F(X;p;X) = maxmin[ tr(a’

(¥)X)

b:

() pl

stochastic differential games



Isaacs-Bellman equation u, + F(D?u;Du;x) = 0

F(X;p;¥) = maxmin[ tr(a’ (x)X)

u)({ Dlhy 3 u=

h

g u(x+ eh) u(x)
h

S Bu(x_he) U

b:

if

if

() pl

by

o}

stochastic differential games

(¥ =0

X< 0



Isaacs-Bellman equation u, + F(D?u;Du;x) = 0

F(X;p;¥) = maxmin[ tr(a’ (X)X) b’ (X) p] stochastic differential games

8
guxred WX i p =0

u D' u=
ux_he) u h?]) Wit b (<0
8 ux+ha) 20+ ux ha) f i
h? -
!
Uy Dj u() = % ifaj =0 C e
if 6]
%E ifaj <0




hmaxmin

h

K[uln; r; x5t h) =

aj (0 D" u(xt h

h

roouixt

b

h)

(YD u(x;t

h)



a ;

S([u]h;r;x;t; h) = %
hmaxmin & (X D' u(xt h) b
diagonally dominant ai (¥ ja
j6i

°==

Smonotone

h)

(D" u(xt h)

(¥)j = Oforalli; ; ;

X



36

RATES OF CONVERGENCE — Hamilton-Jacobi



37

RATES OF CONVERGENCE — Hamilton-Jacobi
F(Du;u;x) = 0 S([unlx; un(X); %, h) = O



RATES OF CONVERGENCE — Hamilton-Jacobi

F(Du;u;x) = 0
monotonicity

uS5v and m=0 =)

K[ unlx; un(X);x; ) = 0

S[u+ mh;r+ mxh) = m+ S[vlx;r;x h)



RATES OF CONVERGENCE — Hamilton-Jacobi
F(Du;u;x) = 0 S([unlx; un(X); %, h) = O

monotonicity

uS5v and m=0 =)  Hu+ mir+ mxh = m+ H[vix;r;xh)

stability kunk 5 C independent oth



RATES OF CONVERGENCE — Hamilton-Jacobi
F(Du;u;x) = 0 S([unlx; un(X); %, h) = O
monotonicity

uS5v and m=0 =)  Hu+ mir+ mxh = m+ H[vix;r;xh)

stability kunk 5 C independent oth
consistency jS([ Ix; (X;xh)  F(D (¥); (¥;Xj5 C(1+ jD* j)h (all smooth



RATES OF CONVERGENCE — Hamilton-Jacobi

F(Du;u;x) = 0
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parallel surface regularization

—
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I
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pde-switching systems Barles-Jakobsen

F uniformly elliptic
new regularity, -solutions Ca arelli-Souganidis



()

GENERAL STRATEGY

8

<F(MD*yy=f in U

. F uniformly elliptic
"u=g on @



GENERAL STRATEGY

8
<F(D?uy=f in U

() . F uniformly elliptic
"u=g on @

-viscosity solutions



GENERAL STRATEGY

8
<F@D%)=f in U
() . F uniformly elliptic
"u=g on @
-viscosity solutions

new regularity result



GENERAL STRATEGY

8
<F(D?uy=f in U

() . F uniformly elliptic
"u=g on @

-viscosity solutions

new regularity result

Theorem A: u2 C%Y(U) solves( ),u  -sub- (super-) solution df ) and
ku uk=0( ) on @,

then
there exists auniversab 0 st ku u k=0O( ) in U.



GENERAL STRATEGY

8
<F(D?uy=f in U

() . F uniformly elliptic
"u=g on @

-viscosity solutions

new regularity result

Theorem A: u2 C%Y(U) solves( ),u  -sub- (super-) solution df ) and
ku uk=0( ) on @,

then
there exists auniversab 0 st ku u k=0O( ) in U.

Theorem B: numerical approximations aresolutions for = (h).



GENERAL STRATEGY

8
<F(D?uy=f in U

() . F uniformly elliptic
"u=g on @

-viscosity solutions
new regularity result

Theorem A: u2 C%Y(U) solves( ),u  -sub- (super-) solution df ) and
ku uk=0( ) on @,

then

there exists auniversab 0 st ku u k=0O( ) in U.

Theorem B: numerical approximations aresolutions for = (h).

Theorem C: oscillatory solutions are-solutions for = (") offa setofl 's
with probability less than.
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Theorem:
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F(D%u; ,)—,(;! )=0 in U F uniformly elliptic, stationary ergodic

w! was. and Fo(D?up) = 0inU

ForeachQ 2 SV, Fo(Q) is the unique constant st

8
<F(D%;%1)= Fo(Q) in B

|f . 3 then kU"( ,' ) QkC(Bl) I 0 a.s.
“u=Q on @

8
<F(DA';%1)= Fo(Q inBp ; then k™2 (;1) Qkgey! O as.
if
U =Q on @B w(x) = "2u'(¥)

Ca arelli-Souganidis-Wang
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some key properties of the regularizations
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F(D?u;Du;u;X) = 0 F uniformly elliptic

graphu- = f(x;y) 2 RV 1. d(x;y)= "

w (9= suduly) (2 Yix ¥’ andy = U(X)g

y(X) “maximizer” for x y(X) “maximizer” for x

N = "y L i2
09 = U9 () YOI g () (909 u(y(9)) =



9C> 0 (depending ONLY on ellipticity constants ah st
Xt %j5 Cjy(x1) Yy(x)j (Jacobianof y7!y (x) isbdd)

if a quadraticP touchesu from above ak, thenu is touched
aty(x) from above by a quadratie-

and
D’u (x) = D*u(y(¥) + C"?D’u(y(x)j?
9ty; st fort=1t 9A st jAj5t and
u. has a second order expansion from above with error oftsiza, ©

u- has a second order expansion from below with error ofisize,’ ©
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DA



w(x) = sudu(y)

Sketch of proof

(2") fix %= u(y(x)

(2) ‘ix

y(x)j?



Sketch of proof

w(x) = sudu(y) (2" Yix ¥i’l= uy(®) (2") 1j;< y(x)j?

u- touched from above by a quadraBatx ) %ﬂe
y(X

P@ PX=uw@ w®=u@ (2) %z % Uy (@) 'ix yxi?)
) u) 5 uy() (2 iz vi*jox o yi%]

) uis touched from above &(x) by a quadratic of openiny *



Sketch of proof

w(x) = sudu(y) (2" Yix ¥i’l= uy(®) (2") 1j;< y(x)j?

u- touched from above by a quadraBatx ) o uue
y(X

P@ PX=uw@ w®=u@ (2) %z % Uy (@) 'ix yxi?)
) u) 5 uy() (2 iz vi*jox o yi%]

) uis touched from above &(x) by a quadratic of openiny *
P

. . . 0y
u solvesu uniformly elliptic equation % e
V(X

Harnack inequality =)
uis also touched from below &tx) by a quadratic of opening="



Sketch of proof

w(x) = sudu(y) (2" Yix ¥i’l= uy(®) (2") 1j;< y(x)j?

u- touched from above by a quadraBatx ) o uue
y(X

P@ PX=w(@ wv(=u? (2) 'z y* uyx) (2 ix yxi’)
) uy) 5 uy()) (2 iz vi®J x y(xi%
) uis touched from above &(x) by a quadratic of openiny *
P

Ue

u solvesu uniformly elliptic equation v
V(X

Harnack inequality =)
uis also touched from below §tx) by a quadratic of opening="

uis differentiable ay(x) and hasC!-contact from above and below with convex
and concave envelops of paraboloids with operay

x=y(x) "Du(y(x)=)j Du(y(x))) Du(y(x2)j5 c" jy(x1) y(Xe)j
=) X1 x5 (1+ ojy(x)  y(x)j
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(NEW) REGULARITY RESULT
F(D?u)= f in

u
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(NEW) REGULARITY RESULT
F(D’uy= f in U
F uniformly elliptic,u, f Lip, U = B1 =)
9 to; depending on ellipticity antll st fort = to
9 A Bistj(BinA)\ Bi=,j5 t ,andforallxg 2 Ai\ B>
9 quadratioQcx, such thaF(D?Qcx,) = f(X0), ]D?Qixj 5 t, and
u(x) = u(xo) + Qux(x Xo)+ O(tix x%j°) in Bg Caarell

F uniformly elliptic, u, f Lip, U = B
U sup, inf-convolution

9 to; depending on ellipticity andll st fort = to
9 A Bistj(BinA)\ Bi,j5t andforallxg2 A \ B,
9 quadraticQ;,, 2 S' such thaF(D*Q;,,) f(X), jD’Qixj5 tand

W () w0+ QX x)+ Otix xj%) in By
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F(D?) = f in By



Proof of regularity result
F(D?) = f in By
tr DyFD2uy, = fy in By
9 “universal” to; st, forallt to, v= uy is touched from above and below
in A\ By, by quadraticsP;; and P§; with openingt and
jAS] 5 C(kDuk; + kDxfkn)t
=) uy differentiable inA;\ Bj-,, Duy (%) = DP'(x0) = Dﬁ%(xo) and

iDu(X)  Du(x) D2u(xo)(X X0)j5 Ctix Xoj?



Sketch of proof of

u solution,v -supersolution oF(D?w) = f in U
u5 v+ O( )on@
several approximations/regularizations
u! usubsolution  F(D?w)= f
v! v -supersolution F(D%) = f

=) uS5v+c
D%u = 2]
D5 2|
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Sketch of proof of

u solution,v -supersolution oF(D?w) = f in U

u5 v+ O( )on@ 7) uSvee
several approximations/regularizations
u! usubsolution  F(D?w)= f D%u= 2
v! v -supersolution F(D%) = f D5 2|

w concave envelope ofw=u v

jiD? wj 5 ¢ 2 on contact set

ABP-estimate =) supw5 ¢ 2 jf w= wgit™"
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if
(

)

5 supw, then
U

(+2)N5 ij

w = Wgj

{Gy=w}
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if 5 supw, then
() (725 ¢jf W= woj

covering argumentand ) =)
9 B(x; ) st jB(;F )\f w=wgizc( 2t

B(x, 219

{Gy=w}
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if 5 supw, then
U {Gy =}

() (*2IN5 ¢f W= wgj

covering argumentand ) =)
X0
9 B(x; ) st jB(xi;% Y\ w=wgj=c(+2* N

. . 1
apply regularity result t®(x; )witht=  ~(*2+ N

9 xo2contactset B(x;2 ! ) and quadraticQ; such that
jiD?Qj5t, F(D?Q)5 f and

u(¥) = u(xo) + Qux  xo) + O(tix xoj%)
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if 5 supw, then
U

{Gy =}
() (+2)N5q-f w= Wgj Gw

covering argumentand ) =)
X0
9 B(x; ) st jB(xi;% Y\ w=wgj=c(+2* N

. . 1
apply regularity result t®(x; )witht=  ~(*2+ N
9 xo2contactset B(x;2 ! ) and quadraticQ; such that
jiD?Qj5t, F(D?Q)5 f and

u(¥) = u(xo) + Qux  xo) + O(tix xoj%)

v -supersolution

ub v+ °
Jinear D FORQx )= (%)
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if 5 supw, then
U

() (+2N5 ¢t = wg S

covering argumentand ) =)
X0
9 B(x; ) st jB(xi;% Y\ w=wgj=c(+2* N

apply regularity result t8(x; ) witht = Levzen
9 xo2contactset B(x;2 ! ) and quadraticQ; such that
jiD?Qj5t, F(D?Q)5 f and

u(¥) = u(xo) + Qux  xo) + O(tix xoj%)

v -supersolution

uS v+ 2 -
Vlinear ) F(DQ ) =100)
P intiei — 1 l( +2+ )N
uniform ellipticity =) 5¢

a contradiction if (+2 + )>
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8
<F(D?u;¥;1)=0in U

:u--:gon@J

HOMOGENIZATION

F uniformly elliptic, stationary, ergodic
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HOMOGENIZATION
8
<F(D?u;¥;1)=0in U
. F uniformly elliptic, stationary, ergodic
"w=gon@

9 Fo uniformly elliptic st
< Fo(D?w) = 0 in U
u! winC(U) anda.s. ) Ca arelli-Souganidis-Wang
e " w=gon@
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HOMOGENIZATION

8
<F(D?u;¥;1)=0in U
F uniformly elliptic, stationary, ergodic

:u--:gon@J

9 Fo uniformly elliptic st

< Fo(D?w) = 0 in U

u! winC(U) anda.s. ) Ca arelli-Souganidis-Wang
e " w=gon@

rate of convergence ku- uok = O( ("))
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HOMOGENIZATION

8

<F(D?u;¥;1)=0in U

. F uniformly elliptic, stationary, ergodic
"w=gon@

9 Fo uniformly elliptic st
< Fo(D?w) = 0 in U
u! winC(U) anda.s. ) Ca arelli-Souganidis-Wang
o "w=gon@

rate of convergence ku uwk= 0O( ("))
strongly mixing with algebraic rate*

F linear ™m=" Yurinskii

* F strongly mixing with rate
E[F(x )F(y; )  EF(x )EF(y; )15 (x Y)(E(F(x ) 2E(F(y; )H*?
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HOMOGENIZATION

8

<F(D?u;¥;1)=0in U

. F uniformly elliptic, stationary, ergodic
"w=gon@

9 Fo uniformly elliptic st
< Fo(D?w) = 0 in U
u! winC(U) anda.s. ) Ca arelli-Souganidis-Wang
o "w=gon@

rate of convergence ku uwk= 0O( ("))

strongly mixing with algebraic rate*

F linear ™m=" Yurinskii

F nonlinear ("y= e M7’ Ca arelli-Souganidis

* F strongly mixing with rate
E[F(x )F(y; )  EF(x )JEF(y; 15 (x Y)(E(F(x )2E(F(y; )H*?
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rate for quadratic data =)  rate for general data

F(D?u; %;1)= 0inU =) uw is -subsolution ofo(D?w) =

=ce "
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rate for quadratic data =)  rate for general data
F(D?u; %;1)= 0inU =) uw is -subsolution ofo(D?w) =

P quadratic sjD?Pj 5 U 5 PinB(xo, ), U (%)= P(xo)

assume Fo(D?P) <

= ce "

By(xp)
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rate for quadratic data =)  rate for general data
F(D?u; %;1)= 0inU =) uw is -subsolution ofo(D?w) =
P quadratic siD?Pj 5 ,W 5 PinB(x; ), (X) = P(x)
assume Fo(D?P) <
“lower” PtoP (x) = P(X) (%2jx xj?
()= Px) ) P((0) w()= *
uniform ellipticity of Fo )  Fo(D?P ) < 0
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rate for quadratic data =)  rate for general data

F(D?w;%;1)= 0inU =) u is -subsolution offo(D?W) = = ce M’
P quadratic sjD?Pj 5 ,U 5 PinB(x; ), w (%)= P(X)
assume Fo(D?P) <
“lower” PtoP (x) = P(X) (% §x %

w(x0)=Px) ) P() W)= =

uniform ellipticity of Fo )  Fo(D?P ) < 0

CE(D%u: %:1)= Fo(D?P )< OinBOG ) U =

=P on @(x; ) ki P k5C 21+ e 9nC=)"jp A’
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rate for quadratic data =)  rate for general data

F(D?w;%;1)= 0inU =) u is -subsolution offo(D?W) =

P quadratic siD?Pj 5 U 5 PinB(x; ), u (%)= P(x)
assume Fo(D?P) <
“lower” PtoP (X) = P(X) (2jx xj?

w(x)= Px) ) P((0) w)= *
uniform ellipticity of Fo )  Fo(D?P ) < 0

CE(D%u: %:1)= Fo(D?P )< OinBOG ) U =

u-= P on @(x; ) ku- P k5 C 1+
05 w(x) W (X)= w(X) P(x)+ P(x) u(x)

5C 41+ )e 9m=)i? *22.0 for

wil=2

ye dInC= %y A

= Ce @ In"j=2
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rate for quadratic data
8
< F(D%u; ¥;1) = Fo(D?P) in Q

:u--:Pon@Ql

8
< Fo(D?w) = Fo(D?P) in Q1

:uozPon@gl

Qs unit cube
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rate for quadratic data

8 2 X 2 H 8
<F(D7w;#;1) = Fo(DP) in Qi < Fo(D’w) = Fo(D?P) in Qy

: 10 : _
w =P on @ U = P on @
Qs unit cube
estimate v P
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rate for quadratic data
EF(DZU--;?S;! )= Fo(D?P) in Q:
: u = P on @
estimate

or (better)

F(DAV 5 %, 1)= "+ 1 s _ o (F(D?P; %;1)

F(Dv- ; %1)=" 1, _ o (F(DP; X;1) )

Vi =w =P on @

8
< Fo(D?w) = Fo(D?P) in Q1

:uozPon@gl

Qs unit cube

inQ obstacle problem with
1 obstacleP from below

obstacle problem with

obstacleP from above

in Ql

(" = Fo(D?P))
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rate for quadratic data
EF(DZU--;?S;! )= Fo(D?P) in Q:
: u = P on @
estimate

or (better)

F(DAV 5 %, 1)= "+ 1 s _ o (F(D?P; %;1)

F(Dv- ; %1)=" 1, _ o (F(DP; X;1) )

Vi =w =P on @

8
< Fo(D?w) = Fo(D?P) in Q1

: uo=Pon@31

Qs unit cube

inQ obstacle problem with
1 obstacleP from below

inQ obstacle problem with
1 obstacleP from above

(" = Fo(D?P))

supv-  P) is controlled byL"-norm of rhs (total mass)
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REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE
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REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE

linearization

F(D%u;x) = 0

F(D?:X) = 0 Z), @(wg =0 & bdd meas
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REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE

linearization
F(Du;x)= 0  _ : - :
F(D?:X) = 0 Z), @(wg =0 & bdd meas

Alexandrov-Bakelman-Pucci (ABP)-estimate

ajWyy = finBr =) sBupW+ 5 ngm + Ckf. k.~ (C universa)
1 1
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REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE

linearization
F(Du;x) =0  _ : - :
F(D?:X) = 0 Z), @(wg =0 & bdd meas

Alexandrov-Bakelman-Pucci (ABP)-estimate

ajWyy = finBr =) sBupW+ 5 ngm + Ckf. k.~ (C universa)
1 1

Fabes-Stroock (FS)-estimate
(

aiWgx = fin B < f< .
VA ! 0=5 ! Wig,_, = Ckfkim  (C; M universal M large)
w= 0on@B:

obstacle problem

gsmallest st u= Qon@s;

P F(D%u;x) = 0infu> Qg
SFOR0 = 0IBE) 557, Q)5 Cix W () = Q)
" u= QinB; F(D?U;X) = 1t = 0gF(Q; %)
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rate for quadratic dat® —wlog Fo(D?P) = 0
v. solution of obstacle problem from above (below) obstétle
u- solution
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rate for quadratic dat® —wlog Fo(D?P) = 0
v. solution of obstacle problem from above (below) obstétle
u- solution

enough to nd rate fokv: Pk andkv. Pk
kv.  Pk5 Ch (1)

h- (1) =1 RQl\ . [F(D?P; L ) NdyI*N . contact set
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rate for quadratic dat® —wlog Fo(D?P) = 0
v. solution of obstacle problem from above (below) obstétle
u- solution

enough to nd rate fokv: Pk andkv. Pk
kv. Pk5 Ch (1)
R
h- (1) =1 Qo - [F(D?P; L ) NdyI*N . contact set

estimate  Hi = E(hy)?E(h,)> ("=3 Y
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KEY STEP

Assume h, (1) >0

FDV 3% 1) =(h)™) &tk w)=2" % v vy, =2™

monotonicityof obstacle problem ) e ) ifv,.-=P) v =P
= k - scale

each cell ok + “-scale has diameter % = K+1 scal

+ — - MN

Vi . P+ Vi, =V, v, =2

ey Tly =% ™

=0 =0
either musthave vi P= N or P vy = ™

if 4\ B6; 6) 3% )c= MVimpossible for large!

need to go tk + " instead ok + 1 leads to slow rate



