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NUMERICAL APPROXIMATIONS

monotone schemes

convergence uh �!
h! 0

u Crandall-Lions, Souganidis
Barles-Souganidis

rate of convergence ku � uhk = O(h� )

�rst-order (Hamilton-Jacobi) � = 1=2 Crandall-Lions, Souganidis

second-order
convex, deg. elliptic � = 1=27 Krylov

� = 1=5 Barles-Jakobsen

� = 1=2 Krylov

uniformly elliptic � small Ca�arelli-Souganidis
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second-order
convex, deg. elliptic � = 1=27 Krylov

� = 1=5 Barles-Jakobsen

� = 1=2 Krylov

uniformly elliptic � small Ca�arelli-Souganidis

non-monotone schemes

few convergence results for non monotone schemes
TVD �ltered and higher-order schemes Osher-Tadmor

Lions-Souganidis
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STOCHASTIC HOMOGENIZATION
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ergodicity: all translation invariant quantities are constant a.s. in!
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F(D2u" ; Du" ; x
" ; ! ) = 0 F uniformly elliptic stationary ergodic*

convergence u" (�; ! ) ! u0 a.s. & F0(D2u0; Du0) = 0

linear Papanicolaou-Varadhan, Kozlov

nonlinear Ca�arell-Souganidis-Wang

* stationarity: f (y; ! ) is stationary if� (f ! : f (y; ! ) > � g) independent ofy
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STOCHASTIC HOMOGENIZATION

F(D2u" ; Du" ; x
" ; ! ) = 0 F uniformly elliptic stationary ergodic*

convergence u" (�; ! ) ! u0 a.s. & F0(D2u0; Du0) = 0

linear Papanicolaou-Varadhan, Kozlov

nonlinear Ca�arell-Souganidis-Wang

rates of convergence strongly mixing media with algebraic rate

linear ku" � u0k = O(" 
 ) a.s. Yurinskii

nonlinear ku" � u0k = O(e� cj ln " j 1= 2
) off

Ca�arelli-Souganidis
a set with probabilityO(e� cj ln " j 1= 2

)

* stationarity: f (y; ! ) is stationary if� (f ! : f (y; ! ) > � g) independent ofy
ergodicity: all translation invariant quantities are constant a.s. in!
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Theorem: uh �!
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u u solution of (F)
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Proof
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Proof
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stability =)

u� (x) = lim
y! x
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Proof

S([uh]x; uh(x); x; h) = 0

stability =)

u� (x) = lim
y! x
h! 0

uh(y)

u� (x) = lim
y! 0
h! 0

uh(y)
exist

monotonicity

consistency
=)

u� subsolution

u� supersolution
of F(D2u; Du; u; x) = 0

comparisonfor (F) =)

de�nition of u� ; u� =)

u� 5 u�

u� 5 u�

)

=)
u� = u� = u solution of (F)

and
uh �!

h! 0
u
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w
w
•
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xh ! 0
� h ! 0

F(D2� (x0); D� (x0); u� (x0); x0) 5 0



28

Examples
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Examples

� Hamilton-Jacobi equation ut + H(ux) = 0

S([u]x; r; x; t; h) =
r � u(x; t � h)

h

� h
�
H

� u(x + � h) � u(x � � h)
2� h

�
�

�
�

u(x + � h) � 2u(x) + u(x � � h)
� h

�

Lax-Friedrichs

Un+ 1
j = Un

j � � t
�

H
� Un

j+ 1 � Un
j� 1

2� x

�
�

�
�

Un
j+ 1 � 2Un

j + Un
j� 1

� x

�
(� =

� t
� x

)

(CFL) 2� � � kH0k = 0 =) monotonicity
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� Isaacs-Bellman equation ut + F(D2u; Du; x) = 0
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� Isaacs-Bellman equation ut + F(D2u; Du; x) = 0

F(X; p; x) = max
�

min
�

[� tr (a�;� (x)X) � b�;� (x) � p] stochastic differential games
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� Isaacs-Bellman equation ut + F(D2u; Du; x) = 0

F(X; p; x) = max
�

min
�

[� tr (a�;� (x)X) � b�;� (x) � p] stochastic differential games

uxi � Dh;�;�
i u =

8
>><

>>:

u(x + eih) � u(x)
h

if b�;�
i (x) = 0

u(x � hei) � u(x)
h

if b�;�
i (x) < 0

uxi xj � Dh;��
ij u(x) =

8
>>>>>>>>>><

>>>>>>>>>>:

u(x + hei ) � 2u(x) + u(x � hei)
h2 if i = j

8
>>>>><

>>>>>:

if a�;�
ij = 0

if a�;�
ij < 0

if i 6= j
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S([u]h; r; x; t; h) =
r � u(x; t � h)

h

� hmax
�

min
�

h
� a�;�

ij (x) � Dh;�;�
ij u(x; t � h) � b�;�

i (x)Dh;�;�
i u(x; t � h)

i
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S([u]h; r; x; t; h) =
r � u(x; t � h)

h

� hmax
�

min
�

h
� a�;�

ij (x) � Dh;�;�
ij u(x; t � h) � b�;�

i (x)Dh;�;�
i u(x; t � h)

i

a�;� diagonally dominant a�;�
ii (x) �

X

j6= i

ja�;�
ij (x)j = 0 for all i; �; �; x

w
w
•

Smonotone
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RATES OF CONVERGENCE – Hamilton-Jacobi

F(Du; u; x) = 0 S([uh]x; uh(x); x; h) = 0

monotonicity

u 5 v and m = 0 =) S([u + m]x; r + m; x; h) = � m+ S([v]x; r; x; h)
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F(Du; u; x) = 0 S([uh]x; uh(x); x; h) = 0

monotonicity

u 5 v and m = 0 =) S([u + m]x; r + m; x; h) = � m+ S([v]x; r; x; h)

stability kuhk 5 C independent ofh
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RATES OF CONVERGENCE – Hamilton-Jacobi

F(Du; u; x) = 0 S([uh]x; uh(x); x; h) = 0

monotonicity

u 5 v and m = 0 =) S([u + m]x; r + m; x; h) = � m+ S([v]x; r; x; h)

stability kuhk 5 C independent ofh

consistency jS([ ]x;  (x); x; h) � F(D (x);  (x); x)j 5 C(1 + jD2 j)h (all  smooth)

Theorem: u Lipschitz solution ofF = 0 =)

ju � uhj 5 Kh1=2 (K = K(F; kDuk))

F convex � Kh5 u� uh5 Kh1= 2 Capuzzo-Dolcetta-Ishii
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proof of uh 5 u + Kh1=2
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inf - and sup - convolution regularizations

u bounded, continuous
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� �u" , u" twice differentiable a.e.

� u Lipschitz continuous) k�u" � uk 5 kDuk"; ku" � uk 5 kDuk"
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u(x) = �j xj

u" (x) = sup[�j yj � (2" ) � 1jx � yj2] u" (x) = inf[�j yj + ( 2" ) � 1jx � yj2]

u" (x) =

8
><

>:

�
1
2"

jxj2 for jxj 5 "

�j xj +
"
3

for jxj = "
u" (x) = �j xj �

3"
2
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parallel surface regularization
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parallel surface regularization

d(x; y) = dist(( x; y); graphu) ( x 2 RN; y 2 R)
d(x; u(x)) = 0

graph�u" = f (x; y) 2 RN+ 1 : d(x; y) = " and y = u(x)g
� d(x; �u" (x)) = "

�u" = u

graphu" = f (x; y) 2 RN+ 1 : d(x; y) = " and y 5 u(x)g
� d(x; u" (x)) = "

u" 5 u

� �u"

� u"

Lip. continuous,
semi-concave,

semi-convex,

�u" # u ;

u" " u ;

“F(D2�u" ; D�u" ; �u" ; x) 5 " ”

“F(D2u" ; Du" ; u" ; x) = � " ”
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proof of uh 5 u + Kh1=2

� u Lipschitz =) j u � u" j 5 kDuk"

� compare uh and u"

� use u" as a test function

m = max(uh � u" ) =) uh 5 u" + m
� consistency

F(Du" ; u" ; x) = 0 =) S([u" ]; u" (x); x; h) = � C(1 + jD2u" j)h = � C
�

1 +
1
"

�
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proof of uh 5 u + Kh1=2

� u Lipschitz =) j u � u" j 5 kDuk"

� compare uh and u"

� use u" as a test function

m = max(uh � u" ) =) uh 5 u" + m
� consistency

F(Du" ; u" ; x) = 0 =) S([u" ]; u" (x); x; h) = � C(1 + jD2u" j)h = � C
�

1 +
1
"

�
h

� monotonicity

S([u" ]x; u" (x); x; h) 5 S([uh � m]x; uh(x) � m; x; h) 5 � � m+ S([uh]x; uh(x); x; h)

=) � m 5 C
�

1 + 1
"

�
h
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proof of uh 5 u + Kh1=2

� u Lipschitz =) j u � u" j 5 kDuk"

� compare uh and u"

� use u" as a test function

m = max(uh � u" ) =) uh 5 u" + m
� consistency

F(Du" ; u" ; x) = 0 =) S([u" ]; u" (x); x; h) = � C(1 + jD2u" j)h = � C
�

1 +
1
"

�
h

� monotonicity

S([u" ]x; u" (x); x; h) 5 S([uh � m]x; uh(x) � m; x; h) 5 � � m+ S([uh]x; uh(x); x; h)

=) � m 5 C
�

1 + 1
"

�
h

� total error kDuk" + C
�

1 + 1
"

�
h � Kh1=2
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RATES OF CONVERGENCE – uniformly elliptic equations
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RATES OF CONVERGENCE – uniformly elliptic equations

F(D2u; Du; x) = 0 S([uh]x; uh(x); x; h) = 0

consistency

jS([� ]x; � (x); x; h) � F(D2� (x); D� (x); x)j 5 K(1 + jD3� j)h
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RATES OF CONVERGENCE – uniformly elliptic equations

F(D2u; Du; x) = 0 S([uh]x; uh(x); x; h) = 0

consistency

jS([� ]x; � (x); x; h) � F(D2� (x); D� (x); x)j 5 K(1 + jD3� j)h

problem no regularization of viscosity solutions
controlling “third-derivatives” and “preserving” equation



63

RATES OF CONVERGENCE – uniformly elliptic equations

F(D2u; Du; x) = 0 S([uh]x; uh(x); x; h) = 0

consistency

jS([� ]x; � (x); x; h) � F(D2� (x); D� (x); x)j 5 K(1 + jD3� j)h

problem no regularization of viscosity solutions
controlling “third-derivatives” and “preserving” equation

F convex stochastic control representation, special schemes Krylov

pde-switching systems Barles-Jakobsen
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RATES OF CONVERGENCE – uniformly elliptic equations

F(D2u; Du; x) = 0 S([uh]x; uh(x); x; h) = 0

consistency

jS([� ]x; � (x); x; h) � F(D2� (x); D� (x); x)j 5 K(1 + jD3� j)h

problem no regularization of viscosity solutions
controlling “third-derivatives” and “preserving” equation

F convex stochastic control representation, special schemes Krylov

pde-switching systems Barles-Jakobsen

F uniformly elliptic
new regularity,� -solutions Ca�arelli-Souganidis
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GENERAL STRATEGY

(� )

8
<

:

F(D2u) = f in U

u = g on @U
F uniformly elliptic
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<
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u = g on @U
F uniformly elliptic

� � -viscosity solutions
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� new regularity result
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GENERAL STRATEGY

(� )

8
<

:

F(D2u) = f in U

u = g on @U
F uniformly elliptic

� � -viscosity solutions

� new regularity result

� Theorem A: u 2 C0;1( �U) solves(� ), u� � -sub- (super-) solution of(� ) and
ku� � uk = O(� � ) on @U,

then

there exists a universal� > 0 st ku � u� k = O(� � ) in U.
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GENERAL STRATEGY

(� )

8
<

:

F(D2u) = f in U

u = g on @U
F uniformly elliptic

� � -viscosity solutions

� new regularity result

� Theorem A: u 2 C0;1( �U) solves(� ), u� � -sub- (super-) solution of(� ) and
ku� � uk = O(� � ) on @U,

then

there exists a universal� > 0 st ku � u� k = O(� � ) in U.

� Theorem B: numerical approximations are� -solutions for � = � (h).
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GENERAL STRATEGY

(� )

8
<

:

F(D2u) = f in U

u = g on @U
F uniformly elliptic

� � -viscosity solutions

� new regularity result

� Theorem A: u 2 C0;1( �U) solves(� ), u� � -sub- (super-) solution of(� ) and
ku� � uk = O(� � ) on @U,

then

there exists a universal� > 0 st ku � u� k = O(� � ) in U.

� Theorem B: numerical approximations are� -solutions for � = � (h).

� Theorem C: oscillatory solutions are� -solutions for� = � (" ) off a set of! 's
with probability less than� .
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� -viscosity solution ofF(D2u) = f in U



72

� -viscosity solution ofF(D2u) = f in U

u viscosity subsolution iff

(
for all x 2 U and all quadraticsP touchingu from above atx,

F(D2P) 5 f (x)

P touchesu from above atx

u(y) 5 u(x) + P(y � x) + o(jy � xj2) 5 u(x) + ( P + " I )( x � y) in B(x; � (" ))
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� -viscosity solution ofF(D2u) = f in U

u viscosity subsolution iff

(
for all x 2 U and all quadraticsP touchingu from above atx,

F(D2P) 5 f (x)

P touchesu from above atx

u(y) 5 u(x) + P(y � x) + o(jy � xj2) 5 u(x) + ( P + " I )( x � y) in B(x; � (" ))

u � -viscosity subsolution iff

8
><

>:

for all B(x; � ) � U and all quadraticsP such that

u 5 P in B(x; � ) ; u(x) = P(x) and D2P = O(� � � ) for some � > 0

F(D2P) 5 f (x)
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� -viscosity solution ofF(D2u) = f in U

u viscosity subsolution iff

(
for all x 2 U and all quadraticsP touchingu from above atx,

F(D2P) 5 f (x)

P touchesu from above atx

u(y) 5 u(x) + P(y � x) + o(jy � xj2) 5 u(x) + ( P + " I )( x � y) in B(x; � (" ))

u � -viscosity subsolution iff

8
><

>:

for all B(x; � ) � U and all quadraticsP such that

u 5 P in B(x; � ) ; u(x) = P(x) and D2P = O(� � � ) for some � > 0

F(D2P) 5 f (x)

subsolutions are always� -subsolutions
� -subsolutions are not always subsolutions
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Lemma: Any monotone, consistent approximationuh of
F(D2u) = f is anh-solution ofF(D2w) = f � Kh.

u � -viscosity subsolution iff

8
<

:

all B(x; � ) � U and all quadraticsP such that
u 5 P in B(x; � ), u(x) = P(x) andjD2Pj = O(� � � ) (�> 0)

F(D2P) 5 f (x)
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Lemma: Any monotone, consistent approximationuh of
F(D2u) = f is anh-solution ofF(D2w) = f � Kh.

u � -viscosity subsolution iff

8
<

:

all B(x; � ) � U and all quadraticsP such that
u 5 P in B(x; � ), u(x) = P(x) andjD2Pj = O(� � � ) (�> 0)

F(D2P) 5 f (x)

Proof: uh 5 Q in B(x; � ), uh(x) = Q(x)

monotonicity =) S([Q]x; Q(x); x; h) 5 S([uh]x; uh(x); x; h) = 0

consistency =) S([Q]x; Q(x); x; h) = F(D2Q) � f � Kh

Theorem: kuh � uk = O(h� ) � 2 (0; 1)
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HOMOGENIZATION

F(D2u" ;
x
"

; ! ) = 0 in U F uniformly elliptic, stationary ergodic

u" �!
" ! 0

u0 a.s. and F0(D2u0) = 0 in U
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HOMOGENIZATION

F(D2u" ;
x
"

; ! ) = 0 in U F uniformly elliptic, stationary ergodic

u" �!
" ! 0

u0 a.s. and F0(D2u0) = 0 in U

� For eachQ 2 SN, F0(Q) is the unique constant st

if

8
<

:

F(D2u" ; x
" ; ! ) = F0(Q) in B1

u" = Q on @B1

, then ku" (�; ! ) � QkC( �B1) ! 0 a.s.

 

if

8
<

:

F(D2u" ; x; ! ) = F0(Q) in B1=" ;

u" = Q on @B1="

then k" 2u" (�; ! ) � QkC( �B1=" ) ! 0 a.s.

u" (x) = " 2u" ( x
" )

!

Ca�arelli-Souganidis-Wang
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� Lemma: strongly mixing media with algebraic rate

9 A" � 
 st P(A" ) 5 Ce� cj ln " j 1= 2
and

ku" (�; ! ) � QkC( �B1) 5 C(1 + kQk)e� cj ln " j 1= 2
in Ac

"
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� Lemma: strongly mixing media with algebraic rate

9 A" � 
 st P(A" ) 5 Ce� cj ln " j 1= 2
and

ku" (�; ! ) � QkC( �B1) 5 C(1 + kQk)e� cj ln " j 1= 2
in Ac

"

� Lemma: If F(D2u" ; x
" ; ! ) = 0 in U, then

u" is e� cj ln " j 1= 2
– solution off a set A" 2 
 st P(A" ) 5 Ce� cj ln " j 1= 2
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back to sup- and inf-convolutions
some key properties of the regularizations

of Lipschitz sub- and super-solutions
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back to sup- and inf-convolutions
some key properties of the regularizations

of Lipschitz sub- and super-solutions

F(D2u; Du; u; x) = 0 F uniformly elliptic

�u" (x) = sup[u(y) � (2" ) � 1jx � yj2]

y(x) “maximizer” for x

�u" (x) = u(y(x)) � (2" ) � 1jx � y(x)j2

graph�u" = f(x; y) 2 RN+ 1 : d(x; y)= "
andy = u(x)g

y(x) “maximizer” for x

d(( x; �u" (x)) ; (y(x); u(y(x))) = "
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9 C > 0 (depending ONLY on ellipticity constants andN) st

� jx1 � x2j 5 Cjy(x1) � y(x2)j (Jacobian of y 7! y� 1(x) is bdd)

� if a quadraticP touches�u" from above atx, thenu is touched
aty(x) from above by a quadraticP"

and

D2�u" (x) = D2u(y(x)) + C" 2jD2u(y(x)) j2

� 9 t0; � st for t = t0 9 A"
t st jA"

t j 5 t� � and

u" has a second order expansion from above with error of sizet in A"; c
t

�u" has a second order expansion from below with error of sizet in A"; c
t
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u

>

>
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u

>

>
x

u

>

> D2u" (x) = � c
"
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u

>

>
x

u

y(x)

>

>

> D2u" (x) = � c
"
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u

>

>
x

u

y(x) >

>

>

> D2u" (x) = � C
"

jD2u(y(x)) j 5 C
"
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u

>

>

x

u

y(x) >

>

>

>
At

At
* |At   | < C|At |* ,c c

=

D2u" (x) = � C
"

jD2u(y(x)) j 5 C
"
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Sketch of proof
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Sketch of proof

� �u" (x) = sup[u(y) � (2" ) � 1jx � yj2] = u(y(x)) � (2" ) � 1jx � y(x)j2
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Sketch of proof

� �u" (x) = sup[u(y) � (2" ) � 1jx � yj2] = u(y(x)) � (2" ) � 1jx � y(x)j2

� �u" touched from above by a quadraticP at x )

P

x y(x)
u
ue-

P(z) � P(x) = �u" (z) � �u" (x) = u(z) � (2" ) � 1jz� yj2 � (u(y(x)) � (2" ) � 1jx� y(x)j2)

) u(y) 5 u(y(x)) � (2" ) � 1[jz � yj2 � j x � y(x)j2]

) u is touched from above aty(x) by a quadratic of opening" � 1
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Sketch of proof

� �u" (x) = sup[u(y) � (2" ) � 1jx � yj2] = u(y(x)) � (2" ) � 1jx � y(x)j2

� �u" touched from above by a quadraticP at x )

P

x y(x)
u
ue-

P(z) � P(x) = �u" (z) � �u" (x) = u(z) � (2" ) � 1jz� yj2 � (u(y(x)) � (2" ) � 1jx� y(x)j2)

) u(y) 5 u(y(x)) � (2" ) � 1[jz � yj2 � j x � y(x)j2]

) u is touched from above aty(x) by a quadratic of opening" � 1

� u solvesu uniformly elliptic equation

P

x y(x)
u
ue-

Harnack inequality =)
u is also touched from below aty(x) by a quadratic of openingc="
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Sketch of proof

� �u" (x) = sup[u(y) � (2" ) � 1jx � yj2] = u(y(x)) � (2" ) � 1jx � y(x)j2

� �u" touched from above by a quadraticP at x )

P

x y(x)
u
ue-

P(z) � P(x) = �u" (z) � �u" (x) = u(z) � (2" ) � 1jz� yj2 � (u(y(x)) � (2" ) � 1jx� y(x)j2)

) u(y) 5 u(y(x)) � (2" ) � 1[jz � yj2 � j x � y(x)j2]

) u is touched from above aty(x) by a quadratic of opening" � 1

� u solvesu uniformly elliptic equation

P

x y(x)
u
ue-

Harnack inequality =)
u is also touched from below aty(x) by a quadratic of openingc="

� u is differentiable aty(x) and hasC1-contact from above and below with convex
and concave envelops of paraboloids with openingc="

x = y(x) � "Du(y(x)) = ) j Du(y(x1)) � Du(y(x2)) j 5 c" � 1jy(x1) � y(x2)j

=) j x1 � x2j 5 (1 + c)jy(x1) � y(x2)j
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(NEW) REGULARITY RESULT

F(D2u) = f in U
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(NEW) REGULARITY RESULT

F(D2u) = f in U

� F uniformly elliptic, u, f Lip, U = B1 =)

9 t0; � depending on ellipticity andN st for t = t0

9 At � B1 st j(B1 n At) \ B1=2j 5 t� � , and for allx0 2 At \ B1=2

9 quadraticQt;x0 such thatF(D2Qt;x0) = f (x0), jD2Qt;x0 j 5 t, and

u(x) = u(x0) + Qt;x0(x � x0) + O(tjx � x0j3) in B1 Ca�arelli
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(NEW) REGULARITY RESULT

F(D2u) = f in U

� F uniformly elliptic, u, f Lip, U = B1 =)

9 t0; � depending on ellipticity andN st for t = t0

9 At � B1 st j(B1 n At) \ B1=2j 5 t� � , and for allx0 2 At \ B1=2

9 quadraticQt;x0 such thatF(D2Qt;x0) = f (x0), jD2Qt;x0 j 5 t, and

u(x) = u(x0) + Qt;x0(x � x0) + O(tjx � x0j3) in B1 Ca�arelli

�� F uniformly elliptic, u, f Lip, U = B1

u�
" sup, inf-convolution

9 t0; � depending on ellipticity andN st for t = t0

9 A"
t � B1 st j(B1 n A"

t ) \ B1=2j 5 t� � and for allx0 2 A"
t \ B1=2

9 quadraticQ"
t;x0

2 SN such thatF(D2Q"
t;x0

) � f (x0), jD2Q"
t;x0

j 5 t and

u�
" (x) � u" (x0) + Q"

t;x0
(x � x0) + O(tjx � x0j3) in B1
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Proof of regularity result

F(D2u) = f in B1
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Proof of regularity result

F(D2u) = f in B1

tr DxFD2uxi = fxi in B1

9 “universal” t0; � st, for all t � t0, v = uxi is touched from above and below
in At \ B1=2 by quadraticsPi; t

x0
and �Pi; t

x0
with openingt and

jAC
t j 5 C(kDuk1 + kDxf kN)t� �

=) uxi differentiable inAt \ B1=2, Duxi (x0) = DPi; t
x0

(x0) = DP
i; t
x0

(x0) and

jDu(x) � Du(x0) � D2u(x0)( x � x0)j 5 Ctjx � x0j
2
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Sketch of proof of

u solution,v � -supersolution ofF(D2w) = f in U
u 5 v + O(� 
 ) on@U

�
=) u 5 v + c� � (� > 0)

� several approximations/regularizations

u �! u subsolution F(D2w) = f � � � D2u = � � � 2� I

v �! v � -supersolution F(D2v) = f D2v 5 � 2� I
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Sketch of proof of

u solution,v � -supersolution ofF(D2w) = f in U
u 5 v + O(� 
 ) on@U

�
=) u 5 v + c� � (� > 0)

� several approximations/regularizations

u �! u subsolution F(D2w) = f � � � D2u = � � � 2� I

v �! v � -supersolution F(D2v) = f D2v 5 � 2� I

� � w concave envelope ofw = u � v

jD2� wj 5 c� 2� on contact set

ABP-estimate =) supw 5 c� � 2� jf � w = wgj1=N
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� if � � 5 sup
U�

w , then
(�� ) � ( � + 2� ) N 5 cjf � w = wgj

{ Gw =w}

U
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� if � � 5 sup
U�

w , then
(�� ) � ( � + 2� ) N 5 cjf � w = wgj

� covering argument and(�� ) =)

9 B(xi ; � 
 ) st jB(xi ; 1
2� 
 ) \ f � w = wgj = c� ( � + 2� + 
 ) N

{ Gw =w}

B(xi, 2-1dg)

U
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� if � � 5 sup
U�

w , then
(�� ) � ( � + 2� ) N 5 cjf � w = wgj

� covering argument and(�� ) =)

9 B(xi ; � 
 ) st jB(xi ; 1
2� 
 ) \ f � w = wgj = c� ( � + 2� + 
 ) N

{ Gw =w}

B(xi, 2-1dg)
At

x0

U

� apply regularity result toB(xi; � 
 ) with t = � � 1� ( � + 2� + 
 ) N

9 x0 2 contact set\ B(xi ; 2� 1� 
 ) and quadraticQt such that

jD2Qtj 5 t, F(D2Qt) 5 f � � � and

u(x) = u(x0) + Qt(x � x0) + O(tjx � x0j3)
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� if � � 5 sup
U�

w , then
(�� ) � ( � + 2� ) N 5 cjf � w = wgj

� covering argument and(�� ) =)

9 B(xi ; � 
 ) st jB(xi ; 1
2� 
 ) \ f � w = wgj = c� ( � + 2� + 
 ) N

{ Gw =w}

B(xi, 2-1dg)
At

x0

U

� apply regularity result toB(xi; � 
 ) with t = � � 1� ( � + 2� + 
 ) N

9 x0 2 contact set\ B(xi ; 2� 1� 
 ) and quadraticQt such that

jD2Qtj 5 t, F(D2Qt) 5 f � � � and

u(x) = u(x0) + Qt(x � x0) + O(tjx � x0j3)

� v � -supersolution
u 5 v + `
` linear

=) F(D2Qt � t� ) = f (x0)
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� if � � 5 sup
U�

w , then
(�� ) � ( � + 2� ) N 5 cjf � w = wgj

� covering argument and(�� ) =)

9 B(xi ; � 
 ) st jB(xi ; 1
2� 
 ) \ f � w = wgj = c� ( � + 2� + 
 ) N

{ Gw =w}

B(xi, 2-1dg)
At

x0

U

� apply regularity result toB(xi; � 
 ) with t = � � 1� ( � + 2� + 
 ) N

9 x0 2 contact set\ B(xi ; 2� 1� 
 ) and quadraticQt such that

jD2Qtj 5 t, F(D2Qt) 5 f � � � and

u(x) = u(x0) + Qt(x � x0) + O(tjx � x0j3)

� v � -supersolution
u 5 v + `
` linear

=) F(D2Qt � t� ) = f (x0)

� uniform ellipticity =) � � 5 c� 1� 1� ( � + 2� + 
 ) N

a contradiction if � � (� + 2� + 
 ) > ��
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HOMOGENIZATION
8
<

:

F(D2u" ; x
" ; ! ) = 0 in U

u" = g on @U
F uniformly elliptic, stationary, ergodic
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HOMOGENIZATION
8
<

:

F(D2u" ; x
" ; ! ) = 0 in U

u" = g on @U
F uniformly elliptic, stationary, ergodic

9 F0 uniformly elliptic st

u" ! u0
" ! 0

in C( �U) and a.s.

8
<

:

F0(D2u0) = 0 in U

u0 = g on @U
Ca�arelli-Souganidis-Wang
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HOMOGENIZATION
8
<

:

F(D2u" ; x
" ; ! ) = 0 in U

u" = g on @U
F uniformly elliptic, stationary, ergodic

9 F0 uniformly elliptic st

u" ! u0
" ! 0

in C( �U) and a.s.

8
<

:

F0(D2u0) = 0 in U

u0 = g on @U
Ca�arelli-Souganidis-Wang

rate of convergence ku" � u0k = O(� (" ))
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HOMOGENIZATION
8
<

:

F(D2u" ; x
" ; ! ) = 0 in U

u" = g on @U
F uniformly elliptic, stationary, ergodic

9 F0 uniformly elliptic st

u" ! u0
" ! 0

in C( �U) and a.s.

8
<

:

F0(D2u0) = 0 in U

u0 = g on @U
Ca�arelli-Souganidis-Wang

rate of convergence ku" � u0k = O(� (" ))

strongly mixing with algebraic rate*

F linear � (" ) = " 
 Yurinskii

* F strongly mixing with rate�

E[F(x; �)F(y; �) � EF(x; �)EF(y; �)] 5 � ( j x � yj )( E(F(x; �)) 2E(F(y; �)) 2)1= 2
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HOMOGENIZATION
8
<

:

F(D2u" ; x
" ; ! ) = 0 in U

u" = g on @U
F uniformly elliptic, stationary, ergodic

9 F0 uniformly elliptic st

u" ! u0
" ! 0

in C( �U) and a.s.

8
<

:

F0(D2u0) = 0 in U

u0 = g on @U
Ca�arelli-Souganidis-Wang

rate of convergence ku" � u0k = O(� (" ))

strongly mixing with algebraic rate*

F linear � (" ) = " 
 Yurinskii

F nonlinear � (" ) = e� cj ln " j 1= 2
Ca�arelli-Souganidis

* F strongly mixing with rate�

E[F(x; �)F(y; �) � EF(x; �)EF(y; �)] 5 � ( j x � yj )( E(F(x; �)) 2E(F(y; �)) 2)1= 2
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� rate for quadratic data =) rate for general data

F(D2u" ; x
" ; ! ) = 0 in U =) u" is � -subsolution ofF0(D2w) = � � � � = Ce�j ln " j 1= 2



112

� rate for quadratic data =) rate for general data

F(D2u" ; x
" ; ! ) = 0 in U =) u" is � -subsolution ofF0(D2w) = � � � � = Ce�j ln " j 1= 2

� P quadratic stjD2Pj 5 � � � , u" 5 P in B(x0; � ), u" (x0) = P(x0)

� assume F0(D2P) < � � �

P

Bd(x0)

x0

ue
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� rate for quadratic data =) rate for general data
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u�
" = P� on @B(x0; � )
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� u�
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in A"
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�
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F(D2u�

" ; x
" ; ! )= F0(D2P� ) < 0 in B(x0; � )

u�
" = P� on @B(x0; � )

)
� u�

" = u"

� ku�
" � P� k5 C� 2(1+ � � � )e� cj ln( "=� ) j 1= 2

in A"
�

� 0 5 u�
" (x0) � u" (x0) = u�

" (x0) � P(x0) + P(x0) � u" (x0)

5 C� 2(1 + � � � )e� cj ln( "=� ) j 1= 2
� �� � + 2< 0 for � = Ce� cj ln " j 1= 2



116

� rate for quadratic data
8
<

:

F(D2u" ; x
" ; ! ) = F0(D2P) in Q1

u" = P on @Q1

u" �!
" ! 0

P a.s.

8
<

:

F0(D2u0) = F0(D2P) in Q1

u0 = P on @Q1

Q1 unit cube
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� rate for quadratic data
8
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F(D2u" ; x
" ; ! ) = F0(D2P) in Q1

u" = P on @Q1
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" ! 0

P a.s.

8
<

:

F0(D2u0) = F0(D2P) in Q1

u0 = P on @Q1

Q1 unit cube

� estimate u" � P

or (better) v�
" � P

F(D2v+
" ; x

" ; ! )= ` + 1f v+
" = Pg(F(D2P; x

" ; ! ) � `)+ in Q1
obstacle problem with
obstacleP from below

F(D2v�
" ; x

" ; ! )= ` � 1f v�
" = Pg (F(D2P; x

" ; ! ) � `) � in Q1
obstacle problem with
obstacleP from above

v+
" = v�

" = P on @Q1 (` = F0(D2P))

� sup(v�
" � P) is controlled byLN-norm of rhs (total mass)
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REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE

� linearization

F(D2u; x) = 0
F(D2v; x) = 0

=)
w= u� v

� aij (x)wxi xj = 0 aij bdd meas
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REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE

� linearization

F(D2u; x) = 0
F(D2v; x) = 0

=)
w= u� v

� aij (x)wxi xj = 0 aij bdd meas

� Alexandrov-Bakelman-Pucci (ABP)-estimate

� aij wxixj = f in B1 =) sup
B1

w+ 5 sup
@B1

w+ + Ckf+ kLN (C universal)

� Fabes-Stroock (FS)-estimate
(

� aij wxi xj = f in B1

w = 0 on@B1

0< f < 1
=) wj B1= 2

= Ckf kLM (C; M universal,M large)

� obstacle problem

u smallest st
8
<

:

F(D2u; x) = 0 in B1

u = Q in B1

=)

� u = Q on@B1

� F(D2u; x) = 0 in f u > Qg
� 05 (u� Q)( y) 5 Cjx � yj2 (u(x) = Q(x))
� F(D2u; x) = 1f u= QgF(Q; x)+
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� rate for quadratic dataP – wlog F0(D2P) = 0
v�

" solution of obstacle problem from above (below) obstacleP
u" solution
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� rate for quadratic dataP – wlog F0(D2P) = 0
v�

" solution of obstacle problem from above (below) obstacleP
u" solution

� enough to �nd rate forkv+
" � Pk andkv�

" � Pk

kv�
" � Pk 5 Ch�

" (! )

h�
" (! ) = [

R
Q1\ � �

"
[F(D2P; y

" ; ! ) � ]Ndy]1=N � �
" contact set
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� rate for quadratic dataP – wlog F0(D2P) = 0
v�

" solution of obstacle problem from above (below) obstacleP
u" solution

� enough to �nd rate forkv+
" � Pk andkv�

" � Pk

kv�
" � Pk 5 Ch�

" (! )

h�
" (! ) = [

R
Q1\ � �

"
[F(D2P; y

" ; ! ) � ]Ndy]1=N � �
" contact set

� estimate Hk = E(h+
k )2E(h�

k )2 (" = 3� k)
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KEY STEP

Assume h�
k (! ) � � > 0

F(D2v�
k ; 3kx; ! ) = ( h�

k )N ) � aij (v
+
k � v�

k ) = 2� N FS) v+
k � v�

k j Q1= 2
= 2� MN

monotonicityof obstacle problem ) � �
k+ ` � � � ) if v�

k+ ` = P ) v�
k = P

each cell ofk + `-scale has diameter 3� k� `
k - scale

k + l  scale

v+
k � P

| {z }
= 0

+ P � v�
k| {z }

= 0

= v+
k � v�

k = 2� MN

either must have v+
k � P = � MN or P � v�

k = � MN

if � +
k+ ` \ B1=2 6= ; 6) 3� 2( k+ ` ) C = � MN impossible for̀ large!

� need to go tok + ` instead ofk + 1 leads to slow rate


