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Motivations: Wilks phenomenon

Context: maximum likelihood estimation
® (Py,6 € © C R™) distributions over X

® V9, pg : density of Py w.rt. p.
® Sample X1, ..., Xn, X; € X,
® (n(0) = 374 log py(x;).
® Assumption: 4®"-a.s. 3 € © such that
n

£n(8) = sup > log pg (x;)-
® |f model “smooth enough”, and Xy, ..., Xp, ... ~ii.q. Pg,then

2 (£n(8) — €n(0)) ~ x5,

and
2nD(Pg, Py) ~ X

o (Zn(é) - en(e)) excess empirical risk
°

2nD(Pg, Py) excess risk
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Applications

Embedded models © m-dimensional submodel of @’ C R™ ¢
fXy,...,Xn,... ~iiq. Pg,0 € ©then

2 (¢n(6") = £n(0)) ~ x5

Akaike AlC criterion for model selection [1972]

Csiszar [IEEE IT 2002] : Markov order identification
Consistency of penalized maximum log-likelihood BIC
Considering a growing family of models
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Generalizations

Possible directions
® Considering models of increasing dimensions
® Beyond likelihood ratio inference
® Generalized likelihood ratio statistics and Wilks phenomenon by Fan, Zhang & Zhang, AoS, 2001
® Nonparametric Gaussian regression model where the parameter space is a Sobolev ball

® Testing whether regression function is affine against Sobolev ball
® Maximum likelihood estimator in Sobolev ball tends to have ,~ dimension,
°

Asm /' (x3 — E[x3])/\/2E3] ~ N(0,1)

® Generalization | : When centered and scaled, the difference between the maximum log-likelihoods ~
non-degenerate random variable.
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Statistical learning

X x Y endowed with unknown P,

coordinate projections : X and Y.
® Binary classification : Y = {—1,1}
® Bounded regression : ) = [—b, b]

Lossfunction£: Y x Y — R
® Hardloss : £(f(X), Y) = 1qxy2y
® Hingeloss: £(f(X), Y) = (1 — f(X)Y)+

Risk of f € Y R(f) = PL(f(X), Y) = Epl((X), Y)

Assumption/notation : g minimizes R(f) € Y%
Example : Bayes classifier in binary classification
9(x) = 21y x>0 — 1 = sign(E[Y | X])

Goal : given a model £ C Y find § € F that minimizes risk R(.) over F
Recipes : minimize empirical riskRp(f) = Ppl(f(X), Y) = 1n 7 e(f(X), Y5)

Assumption/notation :  minimizes empirical risk over F
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Excess risks

Model bias R(g) — R(g)

Excess risk R(f) — R()

Excess empirical risk Rn(g) — Rn(7)
Notation: Rn(f) = Rn(f) — R(f)

Excess risk Excess empirical risk
—N—

_ . T -
Rn(9) — An(f) = R(f) — R(9) + An(g) — RAn(f)

Control of excess risk/empirical excess risk : control of increments of centered empirical process.
If random function ¢, satisfies

vfeF |"_?n(f) - "_qn(é_'i)} < #n(R(F))
looking for largest value of R(f) that satisfies

R(f) — R(@) < ¢n(R(F))

< upper bound on R(f) — R(g)
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Goal : controlling modulus of continuity of Rp(-) — Rn(g)
® Complexity of the L, neighborhood of g in F :

E sup [Bn(f) = Ba(@)|| < v(r)
fEF ,PL((X), Y)—£(5(X), V)2 <r?

® Noise conditions

1/2

sup { (PUe(1(X), V) — (0000, V)?) /% AL — Rlg) < 2} < wir).

® Assumptions : ¢ and w in C4
C4 : non-decreasing, continuous functions ¢ from ]RT*, such that ¢ (x)/x is non-increasing and
(1) =1

® /. : positive solution of nr? = v (w(r))
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K>1,6 >0,

r(8) positive solution of
2w(r r 1

P2 =K 4(1+5)M+m log - +

vn vn 5

if r(8) > rer, then, with probability > 1 — 26,

vie F %(Hm ~ R(@)) + (Ra(@) — Rn(f)

<

Learning : the setting ~ Deviation inequalites ~ Moment inequalities
o] o]

(

1
K

Concentration inequalities
000
[e]e]

11 logt
L ) 5
3 4e n

(R@ - R(g) + ~(9)) -
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With probability larger than 1 — 26:

® Forg>1

R(f) — R(@)

Rn(8) — Rn(f)

IR() - R@)llq

|Ra@ — Aah],

IN

IN

IN

IN
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1 ~
r— (R@) — R(g) +128K3(1 + €)°r2)

2K s 1 /1 1 1
+— (Kr* + = (* + —)) log —
K—1 n\3 4e 5

LR 22
x (R(9) — R(g)) + 128K(1 + €)°ry

> 171 1 1
+2 (Kr*+— (—+—)>Iog—A
n \3 4e s

1 -
7 (R@ — Rg) +128K%(1 + *1%)

2K o 1 /1 A 1/q
+— K+ -+ — Mg+1
K—1( * n(s 46))((q 2

LR 22
% (R(9) — R(9)) +128K(1 + €)°ry

+2 (Krf +1; (% + 4%)) (F@+1)"9.
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With probability larger than 1 — 44:

%P (i-3)*
< 2 (o (Vime - Aan)

344 1
+32K2(1 + €)2w? () + (2K2w2(r*) + 2K%W? (TE» o 7)
ne

(i)’

< %(&( ﬁ(ﬂ@)—ﬂ(g)))

128K2(1 + ) ,
k-1 oW

2K, 2 1
+—— (Kr§+— (—+—>) log —
K—1 n \3 4e 5

+A(5).

Concentration inequalities

Applications
fole}



Motivations  Learning : the setting  Deviation inequalites ~ Moment inequalites ~ Concentration inequalities ~ Applications

[e] [e] (e]e] [e] [e]e]e} (e]e]
[e] [e] [e] [e] (e]e]
(o] (o] @00

Proofs

Massart and Nedellec, AoS, 2005

® 7 countable index set.
Le RT,
Assumption: 3g € F, L(9) = infrc £ L(f).
B(r) = {/ L fe F L < rz}.
Z : stochastic process indexed by F.
Assumption: 3¢ € C4

vr, IE[ sup IZ(f)—Z(Q)I] < ap(r).
feB(r)

,.2
) [ISEU; m |Z(f) — Z(g)\] < 4y(r).

® See also Giné & Koltchinskii 2006, Giné, Koltchinskii, and Wellner 2003
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Proofs (Il)

Concentration inequality for suprema of bounded centered empirical processes
Talagrand, 1996...., Bousquet 2002.

L4 X1s <o Xn ~iid. X.

® 52 = suppc gy Var[h(X))].

® b= supp [|A(X) — B[AX)]|l -
[ )

n

Z = sup > (h(X;) — E[A(X)]) = n sup (Pn — P)h
heH (= heH

1 b 1
IP{Z; ]E[Z]+,/2v|ogg+§logg} < 6.

Let v = 2bE[Z] + no?.
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Proofs (lll)

® | et H denote a countable class of mesurable functions over X'.
® Assumptions

o SUPyxec x [h(x) — g(x)| < 1.
® | anon-negative function on H, which achieves its minimum at g € H.

® LetB(r) = {h c heH, Lh < r2}.
® | et p be some non-negative mapping on R such that for every h € B(r):

P (h(X) — g(X))® < % (r) -
® 3y € Cy

VIE [ sup (Pn — P)(h— g):| < P(r).

heH, E[(h—g)2]<r?

® | et K denote a number larger than 1. Let § > 0 be a positive number.
® (5) : positive solution of

2 ¥(p(1) flogd 1 1Y log}
r 7K<4(1+6)7+p(r) T+<§+Z> - s

® with probability larger than 1 — 24, for all h € H

L(h) + r?(8)

[(P—Pn)(h—g)| < K
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Efron-Stein estimates of variance

Efron & Stein AoS 1981, Steele, AoS, 1986
® 7= h(Xq,Xo, ..., Xn), (independent R.V)
® letX{,..., X, ~ Xq,..., Xp and independent from Xi, ..., Xp.

® Foreachi e {1,...,n}
® Z! = h(Xy, ..o, Xi_1, X!, Xip1s - Xn).-
® XD = (X, Xim 1y Xigty - o Xn)-
® h;: afunction of n — 1 arguments
® Zj=hy(Xy, ey X1, Xip1, Xn) = i(XD).

® Jackknife estimates of variance:

n
Vi =Y E[@Z =25 | X1, Xl

i=1

and

v=>(Zz-2)0?.

i

® Efron-Stein inequalities:
varlZ] < E[Vi] < E[V].
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General moment bounds

B., Bousquet, Lugosi & Massart, AoP, 2005

® Assuming
® (Xi,...,Xn)independent random variables
® Z—F(X,. ., Xn)
® X{,..., X, independent copies of Xy, ..., Xp.
® Z/ = F(X1, ., Xim1, X, X1, - -5 Xn).
°

Vi =S B [2 - 23]
® foranyq > 2:

2~ B2D:llg < /8qlVallgre = Vaa | VVH], -

® Assuming 3IM a random variable satisfying (Z — Z,-’)Jr < Mforalli < n,
® forallg > 2

lz-ma-l, < v (v, vimg) -
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Variance bounds for empirical excess risk

® |etF,g,L,p,1be defined as usual
® Assumption: the loss functions £(f(-), -), f € F are [0, 1]-valued.
® 7, minimizer of empirical risk when (Xp, Yn) removed from sample
°
Valn(An(@) — A < 2n (BIAN@) — An(] + o° (VEILGR) + PILCin) )
< enp’(Cr.)
® Proof

Rn(9) — R,,(?) is a supremum of bounded (non-centered) empirical process
® Refrain from using

E [(A(X) = h())? | X] < sup B [(RXX) — h(x))?]
heH

take advantage on bounds on the L distance between A and h
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Variance bounds (1)
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® |etF,g, L, p,1asusual

® Assumption : all functions in loss class are [0, 1]-valued.
[ ]

var [ (Ra(@) — Rn ()]
< 2n (B [Polh— )] + B [P( - o))

2
< on (2]E [P(E—Enﬂ + 43201 + )?)r2 + 2 (,; (re) | (1 L )) %) :

r2 3 4
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Sketch of proof

® First Efron-Stein inequality,

[ ]
@-z) < ((A-h) v - (A=h) X, )
.
Ve <2n (P,,(E — 2+ P(R— ﬁ)z) .
® Taking expectations over Xy, . . ., Xn:
Var [nPo(h = B)] < E[V4]
<

2nE [Pa(h — B)?] +2nE [P(h — B)?] .
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Main statement

LetZ = n (Rn(@) — An(in)) -

For some universal constants C and C’:
Forqg > 2.

I0Z - B2+l < ﬁ[c qu? (\/L@vr*)w’qw(r*)}

where L(g) = R(@) — R(g)
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Sketch of proof

e Use o o
V. <2n (Pn(h . h)z) .

e andforany g > 2:

IZ B2 lly < \/3al1Villye = VBa||VVe| -
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VC classes under gentle noise

® Classification. Hard loss. £(y, y') = 1y
® yc classes with dimension V

® Random classification noise |E[Y | X]| = h
® u(r)=+/1/hr

°

P(r) = Cry/ V(1 +log(1 v r=1)

o 22 (<V(1+|og(;h2/V))) N
* = n

E1ES

® L2 < c? ((V(1+Iogf1nh2/V))) A %)

® <. inrange V < nh?
Variance of excess empirical risk mostly depends on V/
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Learning VC classes under random classification
noise

Classification problem with efficient ERM algorithm
(Kearns, Mansour, Ng & Ron, Machine Learning, 1997)

Classification loss
VC-dimension of F: 1600
w(r) =

R(g) = 2

o

80 100 120 140

Frequency

- r
n= V2
n = 20000
1000 trials, , gap =.3,

Average value and median of empirical excess risk =
Empircal excess isk 956.

—T T T T T T
860 880 900 920 940 960 980 1000 1020 1040

Sample variance : 784.
Blue line : Gamma(1165, 1.21)
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