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First algorithm — from fine to coarse

Designed for approximating images given by luminances (grey levels)

over pixels.

Joint work with L. Demaret, M. Floater and A. Iske.

Second algorithm — from coarse to fine

Aims at approximating bivariate functions given everywhere

in a rectangular domain.

Work in progress with A. Cohen and F. Hecht.

Both algorithms are greedy and allow for error control.
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Linear Splines over Triangulations

3 Linear Splines over Triangulations

Definition. A triangulation of a planar point set Y = {y1, . . . , yN} is a

collection T (Y) = {T }T∈T (Y) of triangles in the plane, such that

(T1) the vertex set of T (Y) is Y;

(T2) any pair of two distinct triangles in T (Y) intersect at most

at one common vertex or along one common edge;

(T3) the convex hull [Y] of Y coincides with the area covered

by the union of the triangles in T (Y).

A triangulation of a point set.
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Linear Splines over Triangulations

Approximation Spaces.

• Given any triangulation T (Y) of Y, we denote by

SY =
{
s : s ∈ C([Y]) and s

∣

∣

T
linear for all T ∈ T (Y)

}
,

the spline space containing all continuous functions over [Y] whose

restriction to any triangle in T (Y) is linear.

• Any element in SY is referred to as a linear spline over T (Y).

• For given function values {I(y) :y ∈ Y}, there is a unique linear spline,

L(Y, I) ∈ SY , which interpolates I at the points of Y, i.e.,

L(Y, I)(y) = I(y), for all y ∈ Y.

IHP Summer School 2004 Zurich, August 2004 Nira Dyn and Armin Iske 8



Outline of our Approach

4 Outline of our Approach

On input image I = {(x, I(x)) : x ∈ X},

• determine a good adaptive spline space SY , where Y ⊂ X;

• determine from SY the unique best approximation L∗(Y, I) ∈ SY satisfying
∑

x∈X

|L∗(Y, I)(x) − I(x)|2 = min
s∈SY

∑

x∈X

|s(x) − I(x)|2.

• Encode the linear spline L∗ ∈ SY ;

• Decode L∗ ∈ SY , and so obtain the reconstructed image

Ĩ = {(x, L(Y, Ĩ)(x)) : x ∈ X}, where L(Y, Ĩ) ≈ L∗(Y, I).

OBS! Key Step: Selection of significant pixels Y ⊂ X.

• This is done by using an “adaptive thinning algorithm”.

• For the triangulation in SY , we take the Delaunay triangulation D(Y) of Y.
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Outline of our Approach

Popular Example: Test Image Lena.

Original Image (512 × 512).

Delaunay Triangulation.

3244 significant pixels.

Image Reconstruction.
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Delaunay Triangulations

1 Delaunay Triangulations.

Definition. The Delaunay triangulation D(X) of a discrete planar point set

X is a triangulation of X, such that the circumcircle for each of its triangles does

not contain any point from X in its interior.

Two triangulations of a convex quadrilateral, T (left) and T̃ (right).
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Delaunay Triangulations

Properties of Delaunay Triangulations.
• Uniqueness.

Delaunay triangulation D(X) is unique, if no four points in X are co-circular.

• Complexity.

For any point set X, its Delaunay triangulation D(X) can be computed in

O(N log N) steps, where N = |X|.

• Local Updating.

For any X and x ∈ X, the Delaunay triangulation D(X \ x) of the point set

X \ x can be computed from D(X) by retriangulating the cell C(x) of x.

x

Removal of the node x, and retriangulation of its cell C(x).
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Adaptive Thinning Algorithm

2 Adaptive Thinning Algorithm

INPUT. I = {0, 1, . . . , 2r − 1}X, pixels and luminances, where

X set of pixels, r number of bits for representation of luminances.

(1) Let XN = X;

(2) FOR k = 1, . . . , N − n

(2a) Find a least significant pixel x ∈ XN−k+1;

(2b) Let XN−k = XN−k+1 \ x;

• OUTPUT: Data hierarchy

Xn ⊂ Xn+1 ⊂ · · · ⊂ XN−1 ⊂ XN = X

of nested subsets of X.
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Adaptive Thinning Algorithm

Controlling the Mean Square Error.

• For a given mean square error (MSE), η̄∗, the adaptive thinning algorithm

can be changed in order to terminate when for the first time, the MSE value

corresponding to the current linear spline L(Xp, I) is above η̄∗, for some Xp

in the data hierarchy, n = p a posteriori.

• We take as the final approximation to the image the linear spline

L∗(Xp+1, I), and so we let Y = Xp+1.

• Observe that L∗(Xp+1, I) satisfies

∑

x∈X

|L∗(Xp+1, I)(x) − I(x)|2
/

|Xp+1| ≤ η̄∗,

as desired.
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