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Abstract

Non-oscillatory schemes are widely used in numerical approximations of
nonlinear conservation laws. The Nessyahu-Tadmor (NT) scheme is an example
of a second order scheme that is both robust and simple. In this paper, we prove
a new stability property of the NT scheme based on the standard minmod
reconstruction in the case of a scalar strictly convex conservation law. This
property is similar to the One-Sided Lipschitz Condition for first order schemes.
Using this new stability, we derive the convergence of the NT scheme to the
exact entropy solution without imposing any nonhomogeneous limitations on
the method. We also derive an error estimate for monotone initial data.

AMS subject classification: Primary 65M15; Secondary 656M12
Key Words: scalar convex conservation laws, second order non-oscillatory schemes,
Minmod limiter.

1 Introduction

We are interested in the scalar hyperbolic conservation law
(1) u+ f(u), =0, (x,t) € Rx(0,00),
u(z,0) =u’(z), = €R,

where f is a given flux function. In recent years, there has been enormous activ-
ity in the development of the mathematical theory and in the construction of nu-
merical methods for (1). Even though the existence-uniqueness theory is complete,
there are many numerically efficient methods for which the questions of convergence
and error estimates are still open. For example, there are many second or higher
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order non-oscillatory schemes based on minmod limiters which are numerically ro-
bust but theoretical results about convergence or error estimates are still missing
[18, 6, 7, 21, 8,9, 16]. Usually second order schemes are constructed to be Total Vari-
ation Diminishing (TVD) but that property only guarantees the convergence of such
schemes to a weak solution, see [10]. No property was known that implies conver-
gence of such schemes to the entropy solution even in the case of a genuinely nonlinear
scalar conservation law. The usual approach is to try to prove a single cell entropy
inequality which usually leads to additional nonhomogeneous limitations on a second
order scheme in order to fit it into the existing convergence theory. There are few
results on convergence of non-oscillatory second order schemes which do not require
nonhomogeneous limitations and we are going to mention them here. LeFloch and
Liu in [11] consider piecewise smooth data and prove a different entropy inequality
in different monotonicity regions of the numerical solution. Their result is valid for
a specific second order upwind scheme and it may work for other schemes but the
conditions are hard to check, the N'T schemes does not fit into their framework, and
there is little hope to prove any error estimates with that approach. In [22, 23|, Yang
reduces the convergence of a special type second order scheme to a convergence of
that scheme for a Riemann problem. Again, that type of argument has no potential
for any error estimates. Finally, P.L. Lions and P.E. Souganidis develop in [12] a
convergence theory for second order schemes for scalar convex conservation laws and
Hamilton-Jacobi equations. Unfortunately, their results for conservation laws do not
hold for any of the explicit second order schemes used in practice because of the very
strong restriction imposed on the CFL condition, see [12]. The main reason for such
difficulties is hidden in the fact that besides a TVD property very little was known for
non-oscillatory schemes because they use nonlinear limiters such as Minmod. This
is in contrast to the theory for first order schemes where in the convex case there
are many different approaches. For example, Tadmor’s dual approach based on Lip+
stability [19] and the Kruzkov-Kuznetsov argument based on an entropy diminishing
property [1, 2, 17]. In our previous work [13], in the case of a linear flux, we derive a
new stability result for a generic second order scheme (central or upwind) based on
the Minmod limiter. Here, we prove the one-sided analog of this result for the NT
schemes in the case of any scalar conservation law with a strictly convex flux. This
new property, to the best of our knowledge, is the first one-sided stability result for
a second order scheme. We use that result to prove convergence of the N'T scheme
to the unique entropy solution without imposing any nonhomogeneous limitation on
the method. This stability result and our results in [14] imply an error estimate in
the case of monotone initial data. The question of a general error estimate frame-
work based on the new stability will be addressed elsewhere. All results in this paper
are also valid for the non-staggered version of the NT scheme based on the Minmod
limiter given in [8].

The paper is organized as follows. In section 2, we describe the staggered NT
scheme. In section 3, we present our main result: a new one-sided stability property
of the NT scheme. Then, we use that property to prove the convergence of the
scheme to the entropy solution and derive an error estimate for monotone initial data
in section 4.



2 Non-Oscillatory Central Schemes

In this section, we are concerned with second order non-oscillatory central differencing
approximations to the scalar conservation law

2) e+ f(u), = 0.

The prototype of all such schemes is the staggered Nessyahu-Tadmor (NT) scheme
[18]. We limit our attention to the staggered NT scheme but all results in this paper
are valid for the corresponding non-staggered version in [8]. We now recall the basic
step in the NT scheme [18]. Let v(z,t) be an approximate solution to (2), and assume
that the space mesh Az and the time mesh At are uniform. Let z; := jAz, j € Z,

)\::% and

5 1 ZTj+1/2 d
3 w0 =5 [

be the average of v at time t over (z;_1/2,2j11/2). Let us assume that v(-,?) is a
piecewise linear function, and it is linear on the intervals (z;_1/2,%;41/2), j € Z, of
the form

(4) v(z,t) = Li(x,t) == v;(t) + (x — xj)Ava'

i Tj—1/2 < T < Tjpi)2,

where ﬁv} is the numerical derivative of v which is yet to be determined. Integration
of (2) over the staggered space-time cell (x;,2;11) X (¢, + At) yields

Tjr1/2 Tj41
(5) wvipplt+At) = == (/ Lj(z,t)dx +/ Ljii(z,t) dx)
Tj Tjt1/2

—2s (/tHAtf(U(xjHaT))dT - /tt+Atf(v(xj,T))dT> .

The first two integrals on the right of (5) can be evaluated exactly. Moreover, if the
CFL condition

(6) A\ max [Pl <s jer

zj<e<zji4l

is met, then the last two integrants on the right of (5) are smooth functions of 7.
Hence, they can be integrated approximately by the midpoint rule with third order
local truncation error. Note that, in the case of zero slopes ﬁv} and ﬁvg.ﬂ, the
time integration is exact for any flux f. Thus, following [18], we arrive at

(0 gapl+ 8 = S0 + o) + 50 - )
AUt + AL2) — floet o+ AL2)).

By Taylor expansion and the conservation law (2), we obtain
1
) o+ AL2) = uy{t) — LA
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where - f/ stands for an approximate numerical derivative of the flux f(v(z = z;,t)).
The following choices are widely used as approximations of the numerical derivatives
(we drop t to simplify the notation)

(9) v; = m(vjp — 5,0 — Uj1),

(10) fj/' = m(f(vj11) — f(vy), f(vj) = f(vj-1)) or f} = f/(U?)U;

where m(a, b) stands for the standard minmod limiter
1
(11) m(a, b) = MinMod(a, b) := §(sgn(a) + sgn(b)) - min(|al, |b]).

Using the approximate slopes (9) and flux derivatives (10), we construct a family of
central schemes in the predictor-corrector form

1
oyt AH2) = ut) = M),

(03(6) + w32 (8)) + (0 — W)
(f(u(@jrr, t + AL/2)) = f(o(z;, t + At/2))),

where we start with v;(0) == <= 2”:1//2 >ug(z) dx. Note that, this is the description
of the NT scheme when we compute the staggered averages from the averages on
the regular grid. The other step, from the staggered averages to the averages on
the regular grid, is completely analogous — we have to shift the index j to j + 1/2
everywhere. Therefore, we compute averages on two staggered uniform partitions
of the real line: (i) all intervals I; = (zj_1/2,%j41/2), j € Z for time t = 2nAt,
n = 0,1,...; (ii) all intervals J; = (z;,xj41), 7 € Z for time t = (2n + 1)At,
n=20,1,...

1
(12) Vip12(t + At) = 5
A

3 One-Sided Stability of the NT Scheme

In this section we present the main result of the paper: a new stability result for
the NT scheme. We will consider only the case of even n with the case of odd n
being analogous. Let us denote the numerical solution of the NT scheme at time
step t, = nAt with v™, v™ := v(-,t,), and its cell averages with vy, where the cell
averages of v¥ are equal to the cell averages of the initial condition u°: 1)]0- = u?,
J € Z. We define the numerical solution v(-,t,) to be a linear function on each cell

I; = (%‘—1/2, $j+1/2)

n n 1 n n n n
(13) V", = vj +(a:—xj)A—xm(Uj+1 Y —vj_l).
n+1
J+1/2
the cell averages at time t,41, and a(u) := f'(u) for the derivative of the flux. Then,
the averages at time ¢, ; are given by

We are going to use the notation: v} for the cell averages at time ,, v for

n ]'n n 1 n+1/2 n+1/2
(1) oty = S ) + g (0 = vh) = A FEE) = £
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where v/ is given by (9), QY2 e oy

J -
given in (10).
Denote the new jumps at time ¢,41 with 67" := U?jllﬂ ;L+31/2’ the old jumps (at
time t,) with 67 := v — v} |, and let |al| be the maximum speed of propagation

, and f7 is one of the flux approximations

J=Db

(15) lalleo :=" max [f'(w)].

|w]<[Juf] Lo
With this notation we have the following theorem which is our main result.

Theorem 1. Let u® € L>®(R) and f be strictly convex in the range of u°. That is,
there exist constants v, < 7o such that

0<m < f"(w) <y

for any |w| < ||u®|| . Then, there exists a constant > 0 which depends only on the
ratio v1/7v2 such that under the CFL condition

(16) Malloe < &

the lo norm of the nonnegative jumps of the NT scheme is non-increasing in time.
That is, the NT scheme satisfies the following One-Sided Lipschitz Condition

(17) S (orty? - <> ( (67) ).

JEZ JEL
for all m > 0, where we use the standard + notation: x, = max(z,0).

Proof. 1t is enough to prove the result for one time step, assuming that » . ez ( ”)
oo. We will always assume that the CFL condition (16) is satisfied with k < O 32
because this guarantees the TVD property of the NT scheme, see [18]. We will first
prove the stability estimate (17) for an arbitrary nondecreasing sequence. Proving
the general result will be the last step of the proof and follows from a localization
argument similar to the one in [13].

Hence, we assume that all jumps 47 are nonnegative. There are two different
choices for f}, see (10), and the proof is very similar for either one. We are only going
to consider the second one here

(18) fi =a(h)v,

We use (9) and (18) in (14) and derive the formula for the new jumps &} := 67*" from
1-

the old ones §; = vj v}"‘ That is

1 1 n+1/2 n+1/2 n+1/2
o = 50054 0501) = S — 205+ y5-1) = A [FOPR) = 20 )T + £
where we define y; := v} = min(d;, d;11) , see (9). Now, we consider the flux difference
n+1/2 n+1/2 — n+1/2 n+1/2
f(vjil/ ) — f(“j+ / )= aj+1/2(“j:1/ - Uj+ / ),
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where @12 is some averaged velocity. We will use the notation a; := a(v}) and the
standard divided difference notation @,/ = f [v?j_rll/ 2 U;H_l/ ?]. Note that

A
n+1/2 n+1/2
(19) i = = 640 - 5 (@j+1Y501 = a;;).

Then
, 1 1 i A
i1 = 505+ 05m) = S(Ayje = Ays) = Mgz | 9 — 5 (051551 — a;y;)
B A
= Q12| 05 — 5(%’1/]' —a;1Yi-1) | |

where we define Ay, :=y; —y;_1. Assuming k < }1, we derive

(20) 5;_,_1 S <%+%+/€+/€2) ((Sj+6j+1) S 6j+5j+1-
Our goal is to show that the [, norm of the jumps decreases in time. That is, 2(6;)2 <
>(0;)? for the NT scheme with a CFL condition Al|a||e < & with sufficiently small
but fixed k. We are going to follow closely the steps in our proof in the case of linear
flux, see [20]. Unfortunately, in the case of strictly convex flux the formula for {&}} is
more complicated. For this proof to work, we need to control certain new terms due
to the nonlinearity of the problem, while estimating other terms to prevent the proof
from becoming impalpable.
We break the rest of the proof into eleven steps.

Step 1: Replacing 5} by a simpler quantity.
First, we are going to replace the term a;1y;j41 — a;y; with @;11/2Ay;41, and the
term a;y; — aj_1y;—1 with @;_;Ay; in the the formula for ¢7,; above. Let

o1 = Gyp1y2 ((@541Y5101 — 595) — Gy4128Y541)

and

1 1 N A
= 5(53' + 0j41) — g(ij-H — Ay;) — A {aj+1/2(5j+1 - Eaj+1/2ij+1)

A
— Gj-12(8; — 5%‘—1/2ij)} :

Again, assuming k < }1, it is easy to derive that
(21) i1 < 0j 4 Gj4a-
We have that
!/ 1 )\2
Oj1 = Ojy1 = 5( j+1 = 0j)-
Using [@;-1/2| < [|al|oc, we get

loj] < llalloo |ys(a; = @j-1/2) — yi—1(aj1 — @j-12)| -
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Note that

_ n n+1/2 n+4+1/2 n n
aj — aj-1/2 = a(vj) - f[vj / 7%’—1/ | = a(”j) - a(ﬁj ),
n+1/2  n+1/2

where {7 € [vj_l ,V; | from standard properties of divided differences. Assuming

the CFL condition \Aa||« < 0.5, we have

n+1l/2  p )‘aj n 5j .t
/Uj —Uj—Tyj§U~+Z—.Uj
and \ 5
n+1/2 _  n aj—1 n s
Vi1 =Uj1— 9 Yj—1 2 Vg — 4 Vi1

The above bounds and the Mean Value Theorem give

(22) la; = @j-1p2] < max
we[vj__l,v;-F

o’ (w)| max (v} —v;_,v;

— an) S ’}/2(5]' + 5]',1).

Similarly, we obtain
laj—1 — aj_1/2] < 72(d; + dj-1).
Using the above estimates and y; = min(d;, d;41), we derive

0| < 2[lallocy20;(6; + 0;-1), and |8}, — 67, | < 4N*|lal|lsre max (63, ,, 67,67 ,).

Using the above estimates, (20) and (21), we conclude

(23) D097 =D (0))?] < 48lalloera® > (65)°.

We now shift the index (j := j + 1) in the definition of ] and regroup the terms the
following way

1 B 1 B 1
o] = (5 +A8j-3/2)05-1 + (5 = Aj-172)05 — S (Ay; — Ayja)
A2 _
+ 5 ((@j-1/2)*Ay; — (@j-3/2)*Ayj1) -

Let aj :=1/2 + Aaj_1/2 and p; := a;(1 — a;). With this notation, we have

1
(24) 07 = aj10j-1 + (1 — a;)0; — 5 (PiAY; = i1 8y;1) -
The above formula is close to the formula for the new jumps in the linear case [20],
which is 1
05 = ad;_y + (1 —a)d; — 504(1 —a) (Ay; — Ay;q) .

Let D := 25? — 2(59’)2.

Step 2: Rewriting D as Q1 + Q2 + 3+ an error term.
Next, we proceed similarly to the linear case. There we represent D as sum of two
certain quantities ()1 and ()2. Here we will have two similar quantities and a new
quantity (03 due to the nonlinearity of the problem.

7



We have the following representation
(25) D=) 8-> () =L+L+I,
where
L= Y 6= (a1 + (1 —a;)5)%,
L o= ) (aj181+ (1 - a;)6) (989 — 0 1Ay;1),
I3 = —i > (@AY — ¢ 1Ay, )
We transform the first term /7 in the following way
> 57> (0F 167 + 20501 — 0)6;-10; + (1 — )°67)
= D (51 —af = (1—a)?) = 20;-1(1 = @;)8;-16))
= > (a(1- Oéj)52 +a; (1= aj1)87 = 205 1(1 — a;)8;16;)

Zaj—l(l —a)(8; = 0j1)* + Z —a;-1) 043—15;2‘—1 +(1- O‘j)(;?‘)
Therefore, we have
(26) = aj( J(AG)? + Y Aay (0107 4 + (1 — a;)d?)
Recall that . .
(27) pi=a;(l— o) = (5 + A@j—l/z) (5 - Aaj—l/?) :

Similar to (22), we derive
(28) A = A |(@j-3/2)" = (@j-12)*] < 3N*[lalloov2(dj-1 +05).

The above estimate will help us replace ¢; with ¢;_; in I3. Define

1
(29) I = 1 Z(¢j—1A2yj)27

and let
B, =15 — ]é.

Using (28) and (29) we get

1| < 6X°lallocrz Y (65)°.

We use (29) in (25) and split D in the following way

(30) D=Q:+ Q2+ Q3+ Ey,
where ]
(31) Ql = Z Oéj 1 A5 ) + IQ — 5 Z(@j,1A25j>2,

8



(32) Q2 = i [2 D (10%6;)" — Z(%—lAQZ/jﬂ )

and

(33) Qg = Z AOéj (Oéj_l(gjzfl + (1 - OCJ)5J2) .

Again, if we take a;; = o and denote (3 := %a(l — «v), we are going to get the split we

used in [20] with Q; here equal to 28Q; in [20], Q2 here equal to 3?Q, in our notation

from [20], and @3 = 0 in [20]. The new term @3 is due to the nonlinearity of the flux.
Step 3: A lower bound for Q3.

Using that Aa; = A(@;-1/2 — @j_3/2), we derive

Acus = N flpiH1/2 ynH1/2  nk1/2y ndl/2 _ nt1/2 A& nrr2 nt1)2
Oy = f[“j yUj—17 V59 ](Uj — U9 >—T(Uj Ui )

Under the CFL condition A|ja]|s < 0.5, we have

U;LH/Q = v} — %a(v?)yj v} — 574]
and
U;ng/Q = U?ﬂ - %G(U?Q)yJQ < U?q + %
Using the above inequalities, we obtain
(34) Aa; > %(U?H/Q - ”ﬁgm) > g)\’h (65 + 6;-1),

where 7, is the minimum convexity of the flux. Hence, we derive a lower bound for
the nonlinear term

(35) Qs > 11—571A > )

Note that, both |>7(05)* — >2(87)?| and |Ey| are of order O (A*37(d;)*) and are be
dominated by A )~ 0% for a sufficiently small A. Using three lemmas (see lemmas 2-4 in
[20]), in the case of linear flux we proved that both terms (); and @2 are nonnegative

and their sum D = Q; + Q- satisfies D > ﬁ4—3 > (A%5;)% Going through the same steps
as in [20], we will prove the following lemma which concludes the proof of Theorem 1
in the case of non-negative jumps.

Lemma 2. For any \ sufficiently small, we have

(36) D=Qi+Qs+Qs+E >C <)\ 3 (6% + Z(A%Sj)?)

with a constant C' which depends only on the ratio 71 /72 and ||al|s-

Proof. We will transform ()7 and Q2 in the form needed to use the lower bound in
Lemma 1 from [20].
Step 4: Initial transformation of Is.



We start with . Using Abel summation we get
I = ) ¢y (10 + (1= a)d; — a;6; — (1= z41)d541)
= =D @Ay (1 A + (1= aj) Ay + 65(Aay — Aaji)).
We split I in two parts
I = =Y ¢y (a1 A8 + (1 = aje1)Adj)
+ Z%ij (Aajp1 — Aay).

Using the above in (31), we get

(37) Zaj (1= aj)(AS)* + Z%ij (Aaj1 — Aay)
n 1
- I - 3 Z(%—lﬁ25j)2,
where
(38) [é/ = Z ijAy] (Oéj,lA(Sj + (1 — Oéj+1)A5j+1) =A + B7

and we define

A= ZSOJ — a;+1)Ad;11Ay;, and B = ZSOJQJ 1A0;Ay;.

J

We are going to spht A and B in parts. We proceed exactly in the same way as in
the linear case, see the proof of Lemma 2 in [20]. The new elements here are that
we have »_; instead of ), and the additional multipliers (1 — j11) and a;-; in
each sum (in the linear case a; = « for all j). Replacing ¢; by ¢;_; in three of the

resulting sums, and using (28) to estimate the resulting error term FEs, we get

(39) A =B+ Y 01— a)(A0)2+ Y Z((1—az) + (1 - ) (AF)’
A6;<0 A§;>0
1 1
-3 > el —a)(Ag) - 5 > il —a))(Ag)
A5j20,A5j+1<0 A5j207A5j71<0
1
-3 > el=a)(A%)+ ) (1= ) ASAG L,
A(gj,lZO,A(szO A§j20,A5j+1<0
where
Bl <) 1A |((AG)* + (A%6;)%) < 90X *[lallocr2 D _(67)°.
Similarly,
(40) B = Bt Y poa(A6) + Y Tyt ay) (A6
A§;>0 A8;<0
1 1
-3 > piaa(As) - 5 > g a(AG)
A5j<0,A5j+120 A5j<O,A§j,120
1
-3 Y (%) ) a1 AGAG .
A5j71<0,A5]'<0 AJjEO,A5j+1<0
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where
Es] <) A |((AG)* + (A%5;)%) < 90X *[lallwrz Y _(6;)°.

(Again, the error terms Ey and Ej result from replacing ¢,_1 by ¢;).

Step 5: Simplifying A and B.
We replace in all but in the first two sums appearing in A and B, the o; by % and
the ¢; by 1. To estimate the resulting error terms, note that (19) and (27), imply

1 1
@ = 5l < Mllalles and ;= 7] < Nlall3.

Furthermore, only the first two sums in each representation, see (39) and (40), are of
order ) .(Ad;)?. All other sums either involve parts of ) (A%9;)? or the summation

Z(A(Sj)z is over an index set A which is determined by two consecutive first differ-
jeA

ences with different signs: Ad; and Ad;_;; or Ad; and Ad;;1. Therefore, in all such
cases either (Ad;)? < (A%);)? or (Ad;)* < (A%5;11)%

Replacing the a; and the ¢; in A and B in the way indicated above we obtain,

(41) A = Y gi(l—a)(Ag)*+ ) %((1—%+1)+(1—%)) (Ad;)*

AG;<0 A§;>0
1 1 5 1 1 9
~ 3 > g(A%)" =5 > 5 (A%)
A(szo,A(Sj+1<0 A5j207A5j71<0
1
2

1 1
g(A2(5]>2 + Z §A5]A5]+1 + E4,
A(Sj,lZO,A(stO A5j207A5j+1<0

where

Similarly,

(42) B = ) ¢+ ) T (o1 + ajo) (AG))?

1
2
AS;<0,A8;41>0 AS;<0,A8;_1>0
1
2

1 1
> (%) + > SO AG 1 + B

A5j71<0,A5]‘<0 A5j20,A5j+1<0
where .
|E5| < |E3] + §>\I|a||oo > (A%;)

Step 6: Simplifying and rearranging ().
We replace ;1 by 1 in the last sum of (37). This results in a new error term Eg
and we have

1
|Eo| < gAI\aIIwZ(A25j)Q.

11



Then, we use (41) and (42) in (38) and the modified (37), and obtain
(43) Q=R+ Q1 — Ey— Es — Eg,
where
Zaﬂ (1= aj)(AS)* + Z%ij (Aaj1 — Acy)
— D pil—ay)(Ag)* = > % (1= ajp) + (1 = ay)) (A5))?

Ad;<0 A§;>0
— D pia(Ad) Z o L (01 + @) (A5;)?,
A§;>0 A§;<0
and
* 1 1 2 1 2
(45)Q7 = sl3 > (A t3 > (A
A(SjZO,A(Sj+1<O AdeO,A(Sj_1<O
1
+ 3 D @) - Y A§AN
A(Sj,lZO,A(stO A5j20,A§j+1<0
1 1
+ 3 > (A0;)* + 5 Y. (Ag)
A6;<0,A8541>0 A§;<0,A6;_1>0
1 1
+ 5 YA - > A§AN. -3 > (A%;)2.
A&j_1<0,A5j<0 A517207A5j+1<0

Step 7: Simplifying ()5, obtaining a lower bound for Q7 + Qs.
As before, we replace ¢; with % in @2, see (32). Denote the resulting error term by

E7. Then,
1 25 )2 2
7| < TeAllaflw (2 D (A% + ) (A
Now, Lemma 4 in [20] implies > (A%y;)? < 2> (A?3,)? (and the Lemma applies in
our case too, since our definition of y; is consistent with [20]). Thus,
1
1 < T\ lalle 30(8%))7
We have ]
(46) Qs — Er = Q= o (2 D (A%) - Z(Nyj)?) ,

We now observe that Q7 + Q3 is identical to the term 23Q; + 3?Qs from Lemma 4
in [20] with a = § and § = §. We use the lower bound of that lemma and obtain

1

(47) Qi+ Q5= 30

Step 8: A lower bound for R;.

(A%;)°.

12



We need to find a lower bound for R;. Applying Abel summation to the second term
in (44) and replacing ¢;_1 by ¢; in one of the resulting terms, we get

(48) Rl - Eg = Z Oéj_l(l — Oé' A(5 2 + ZQOJ'AOZJ' (6j_1ij_1 — 5]Ay])

Oé] 1—|—ij 2

Z ( 5 > (Ad;)°
_ éz <1+% . *“J“) (A5;)°.

1—

2

where
|Es| < 6X*[lallZ72 Y (6;)°

(Es is the error term resulting from replacing ¢;_; by ¢; in the first term of the
second sum in (48)).

Recall that Aa; = a; — aj_1 > 0, see (34). Replacing o;_5 by a;_; in the third
sum of (48), and a4 by «; in the fourth sum we get

+ Y o (l - ay)(AS) Z% — Aaj) (AS;)?
= Ry + Rs,
where

Ry = ¢;Aa; (6;18y;-1 — 6;Ay;)
and
Ry =Y (aj1(1 = o) — 0;(1 — Aay)) (A;)”.
Combining (30), (33), (43), (46), and (47), we derive

1
2 " > 2
(50) > 82=) () =D Q3+R2+R3+—2048§ (A%6;)* + Fy

where EgZEl—E4—E5—E6—|—E7—|—E8.
Let Q3 := Qs + Ry + R3. Using ¢; = (1 — a;) we obtain

Q5= Qs+ Ry — Y _(1—a;)*Aa;(A5;)°.

Step 9: A lower bound for Q3.
Similar to (34) we estimate Ac; < 2Ay2(d; + d;-1). Next, we replace ¢; with ;
and «; with 2 5 in all terms of Q3 with a resulting change Eyy. We have [Ejo| <
>\2||a||0072 >(6;)3. Therefore,

1
(51) Q3—Eip = 1 ZA%‘ (25?—1 + 2532' + 6,18y — 6;Ay; — (A;)?)

1
= ZL Z AOéij,
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where

Zj = 2(5?_1 + 25]2 + 5j—1ij—1 - §jij - (A(%)Q

USil’lg that Ay] =Y; —Yj-1, A(SJ = 5j — 5]‘_1, and Y; = min(5j, 5j+1) > O, we derive

2 > (051 +6;)* = j-1yj—2 — 095 + y-1(0j-1 + 6;) = 20,105 +y;-1(dj-1 + J;).
Now, we claim that

3
(52) AOéij + Aaj_lzj_l Z Z—l’}/l)\((gj_l)?).
There are three cases to consider:
Case 1: 6; > d;-1. In this case y;—1 = 0;_1, 2; > 45J 1
9
Aajzj = TnA05)°.
Case 2: 0j_5 > 0;_1. Similarly, y;_o = d;-1, zj_1 > 45?_1 and using (34), we obtain
9
Aozj_lzj_l 2 171/\(5j—1)3‘
Case 3: 6;_1 > 0; and 0;_1 > 0j_o. In this case y;_o = 6;_2 and z; > (5?71 —
3

(53;16];2. ThUS, ACKJ'Z]' Z g’h)\(é?_l —5]2-_15]',2). Moreover, Zj—1 2 25]',25]',1, SO

and using (34), we obtain

jl]

Using (52) in (51), we conclude

3
Aoj_1zj-1 > Zyl)\é 0;_o proving the claim in this case, too.

(53) Q3 — By > @71)\2

Step 10: Assembling all pieces.

Combining (50), (53), and the estimates for the error terms £, we derive the lower
bound

3 1
> = E 3 - § 25\2

3
= 196[laflr2X® Y (6;)° — Sllallod Y _(A%))?

Therefore, when

1
Malloo < min [ —— L)
4000 30007y,
we have

(55) D=) 6> (5 le > (65) 9000 D (A%)”

This finishes the proof of Lemma 2. Il

Using (23) we prove that

(56) > 5= () 26571AZ 9000 D (M%) >0

provided

Malloo € =
2000,
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i.e., for small but fixed CFL bound & in (16). This completes the proof of Theorem 1
in the case of nonnegative jumps.
Step 11: The proof of Theorem 1 in the general case (Localization Argument).
We need to show that the one-sided /3 norms inequality (17) holds for any initial
sequence {d;}. Let {w;} be a generic sequence of cell averages and {d,} be its jump
sequence. That is,

(57) [{(05) 4 Hlis < 11{(35)+ H s

holds for any initial sequence {§;} with finite [, norm. Recall that we proved (57)
for any monotone sequence. The proof here will follow our localization proof in the
case of linear flux in [13]. We consider the sequence {w;} and restrict the index j to
a maximal subset A,, on which the piecewise constant function w is monotone, recall
that §; = w; — w;_1. Given a sequence {w,}, we can decompose it into monotone
subsequences. This decomposition also gives a decomposition of the sequence {J;}
into subsequences such that in each subsequence all jumps have the same sign (non-
negative or non-positive). Note that in the case of a sequence with non-positive
jumps we have a trivial inequality in (57). Without any limitations, we assume that
the jumps {¢;} are non-negative for alll < j <7, §_; < 0and d,4; < 0. That is, w;_;
is a local minimum and w, is a local maximum of the piecewise constant function w.
Let w™ be the following piecewise constant correction of w

Wy, if 1 S] S T,
(58) W= wy, if <l
w,, if j>r

<

Note that A,, = {j : [ < j < r} and the jumps sequence 6™ := {d]"} of w™ is given

by
m._ Jowj—wig, i 1< <
(59) % { 0, otherwise.

In the case of a non-increasing subsequence, we extend it with constant values anal-
ogous to (58). Hence, we have a sequence of monotone functions {w™} and the
corresponding jump sequences {0™} := {07" } jez such that

DD @M= 01 = @)

m  JEL m jEA,

because the sequence of the jumps of {d,} is decomposed into disjoint jump subse-
quences {(5;"} We only consider the nonnegative jumps because we are in the case
of convex flux and the /5 norm of the jumps decreases only for nondecreasing initial
data. There are two types of jumps d7. A jump 9} is of type 1 if it is equal to the jump
67(6™) — that is the jump generated with the starting sequence 6™, where the index
m such that j € A,,. A jump is of type 2 if it is not of type 1. Note that a type 2
jump 4%, occurs only inside an interval which contains a strict local extremum. Near

a local extremum we have two new nonzero jumps, say (6%.)" and (5}1)’ , generated
using the two monotone w™-s with index sets finishing/starting with j*. Let’s con-
sider the case of a strict local maximum of the sequence, for example take w,. The
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jump of type 2 is 6, , and the corresponding left and right jumps generated by the

monotone sequences {w™} and {w™™} are (0! ;) and ((5r+1)’. The jump (6L,,)" is

the last positive jump generated by the nondecreasing sequence {w™} and the jump
(67,,) is the first negative jump generated by the non-increasing sequence {w™+'}.
It is easy to verify that

(60) v = (61 + (614"
Hence, we have
(61) 00+ < ((041))4 + ((5r+1)’)+

because the jumps (0! ;) and (67,,)" have opposite signs. In the case of a strict
local minimum we derive (60) and (61) in the same way. In the remaining case of a
local extremum over more than one cell, there are no jumps of type 2. Therefore, we
conclude that

PCAED B DICIUDIEED B BICOED SO

J m jE€Am m jE€Am

where we use the notation §7%(0"™) for the new jumps generated by {0™}. O

4 Convergence and error estimates

In this section we are going to use our onesided stability result, Theorem 1, to prove
the convergence of the N'T scheme to the entropy solution of

u+ f(u), =0, (x,t) € Rx(0,00),
(62) { u(z,0) =u’(z), xeR.

In [18], convergence is proven via a single cell entropy inequality. Unfortunately, in
order to satisfy the inequality, the authors impose an additional restriction in all
regions where the numerical solution is increasing. This reduces the formal order
of the NT scheme in such regions to first order. They also note that the additional
restriction is not necessary in the applications and one should use the true N'T scheme
for numerical computations. In order to describe the next result, we need to introduce
some notation. A function g is of bounded variation, i.e., g € BV(R), if

9|Bv(R) —SUPZW ziv1) — g(xi)| < oo,

where the supremum is taken over all finite sequences x; < ... <z, in R. Functions
of bounded variation have at most countably many discontinuities, and their left and
right limits g(x~) and g(a™) exist at each point x € R. Since the values of the initial
condition u° on a set of measure zero have no influence on the numerical solution v
and the entropy solution solution w, it is desirable to replace the seminorm | - [gy(r)
by a similar quantity independent of the function values on sets of measure zero. The
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standard approach in conservation laws is to consider the space Lip(1,L!(R)) of all
functions g € L'(R) such that the seminorm

) 1
(63) |9/ Lip(1,L1 (R)) := lim sup ; / l9(x +y) — g(x)| dv
R

y>0

is finite. It is clear that |g|rip(1,1(r)) Will not change if g is modified on a set of measure
zero. At the same time the above two seminorms are equal for functions g € BV(R)
such that the value of g at a point of discontinuity lies between g(x~) and g(z™) (see
Theorem 9.3 in [5]). Similarly, we define the space Lip(s,LP(R)), 1 < p < oo and
0 < s < 1, which is the set of all functions g € LP(R) for which

(64) 19 —y) —9()lr@ < My®, y>0.

The smallest M > 0 for which (64) holds is |g|rip(s,Le(r))- It is easy to see that in the
case p = 1 and s = 1 the seminorm given in (64) is the same as the one in (63). In
the case p > 1, the space Lip(1, LP(R)) is essentially the same as W*(LP(R)), see [5]
for details. Because our stability result is onesided, for functions g € Lip(1,L'(R))
we consider the classes Lip(s, LP)+ defined by

(65) (g =y) = 9())s e < My, y > 0.

The smallest M > 0 for which (65) holds is denoted by |¢|Lip(s,Lr)+- When we set
p = oo and s = 1, we obtain the class Lip(1, L)+ which is the usual onesided
Lipschitz class used in conservation laws denoted by Lip+, see for example [19]. In
our previous work [13], we proved that for any u° € Lip(1,L?) the discrete [y norm of
the jumps satisfies

8712 = D () < hlle’ Iy 02):

J

see [13] for details. Similarly, it is easy to show the onesided analog

(66) > O3 < Al ip,coye-

J

We now use Theorem 1 and derive the following onesided bound

(67) D2 <> (0N < Al
J

J
for any n =0,1,.... Using the estimate
%
max(9y) < (Z(égf‘)i)
J
in (67), we derive the Onesided Lipschitz bound

1
(68) I{lfyx(f;?) < h2 ||u®||Lip(1,L2)-
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For piecewise smooth solutions, it is well known that the fractional bound (68) is
enough to guarantee convergence of the numerical method to the entropy solution. In
the general case of initial data u® € Lip(1, L'(R)), we refer the reader to [12] where
the authors develop a convergence theory for numerical methods for conservation laws
and Hamilton-Jacobi equations. They show that a function u is the entropy solution
of the conservation law if and only if the primitive function U(z,t) = [ u(x,t)dx
is the viscosity solution of the corresponding Hamilton-Jacobi equation, see [12] for
details. Moreover, it is shown that a class of TVD numerical methods with a weak
onesided bound on second differences converges to the unique viscosity solution. Let
V" :=h3_;.; v} be the point values of the primitive function of the numerical solution
v. The estimate which we need to verify is

(69) Tt Vi = 2V < C (k)

with 0 < o < 1, see (2.3), in [12], and this should hold for all i, k,n with a fixed

constant C'. Recall that 07 = v} —o7_;. It is easy to derive

i+k J

Vi Vi =2V =h Y >

j=it1 s=j—k+1

Then, we estimate

1
i+k i+k 2
T Vi =2V <kh Y (0)y < V2hk? ( > (5?)2+> :

j=i—k+1 j=i—k+1

where we applied Cauchy-Schwartz for the last inequality. Using (66) and (67) above,
we conclude

Vit + Vit — 2V < O (kh)?
which gives (2.3), in [12] with o = §. Therefore, we have the following theorem.

Theorem 3. Let u® € Lip(1,L*(R)) N Lip(1,L*)+. Then, there exists k > 0 such
that under the CFL condition \||a||. < K the NT scheme described in (14) converges
to the unique entropy solution of (62).

It should be possible to develop a theory for error estimates based on (67) for
u® € Lip(1,L'(R)) N Lip(s,LP)+, s > 1/2. But the results do not immediately
follow from the existing theory and are out of the scope of this paper. Here, we will
discuss the case of nondecreasing initial data only. In our proof of Theorem 1, we
considered only one approximation of the flux, see (18), and noted that the proof
for other approximation of the flux in (10) is analogous. In fact, one can derive the
inequality (23) and a perturbation formula similar to (24) for the NT scheme with
exact evolution in time — that is, when we compute the integrals in (7) exactly. Then,
one can argue the same way as here and prove a analog of Theorem 1 for the NT
scheme with exact evolution in time. We leave the proof to the reader and note that
Theorem 1 is not valid for first order in time approximations of the flux. This implies
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that Theorem 1 is a true second order result. Using the stability result (69) for
the NT scheme with exact evolution in time, we observe that the modified Minmod
scheme introduced in [14] (see (E2) on page 1763 in [14]) is actually never modified if
o = % and the constant C is chosen appropriately. Therefore, the error estimate in
Theorem 2 from [14] is valid (with a parameter v = ) for the NT scheme with exact

evolution in time.

Theorem 4. Let u® € Lip(1, LY(R))NLip(1,L?)+ be a nondecreasing function. Then,
there ezists k > 0 such that under the CFL condition M|a||. < k the NT scheme with
exact evolution in time converges to the unique entropy solution of (62) and satisfies
the error estimate

||U(,T) - U('aT)HLl(R) S C’hl/4|u0|Lip(1’L1(R)).

We include the above error estimate only to show that it is possible to derive
error estimates from our new onesided stability. A general estimate for initial data
u® € Lip(1,L*(R)) N Lip(1, L?)+ requires a modification of our arguments in [14] or
the dual Lip’-Lip+ arguments in [19] and will be addressed elsewhere.
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