MATH 638 PROJECTS

Question 1. Consider the initial-value problem for a scalar conservation law:

1) {ut+f(u)x—0 in R xRy

u=u" onRx {t=0}.

where u is a bounded and measurable function. Prove that the following two definitions are equiv-
alent if u € C([0,00); L}, .(R)) (assume that u is piecewise smooth if you do not know/understand
the notation).

Definition 1. u is a weak solution, if V¢ € CL(R x [0,00)), u satisfies
[ [ e 00nte.0) + falw0)x(w,0) di da+ [ 40(@)0(2,0) do =0
R J0 R

Definition 2. u is a weak solution, if V¢ € C} (R x [0,00)) and VT € [0, 00), u satisfies

w(z, T)p(x,T) — / u®(z)¢(x,0) da

R

/R /OTu(x,t)(bt(:EJ)-l— Flul, 1) bo(x, 1) dt do = /

R

Question 2. Let f in (1) be smooth and strictly convex (or just take f(u) = 0.5u?). Assume that
the initial condition v : R — R satisfies:

e 4 has a compact support, i.e., supp(u’) € [-C, C],
o [u'(2)| <O, Vz €R,

0/, _ .0
. Mg& Vz,y € R such that x # y,

r—y
where C' is a fixed positive constant. Consider one-step of the LxF scheme
o_ L [T g ;
v = —— u’ (z) dz, where z; = jAxz,
Az J, |
i=g
1 1 At
1 _*to 0 0 0
Vity = 5+ 50— 1 (f(Wh) = F(0)))-

Prove the following stability results:

.
a. For all j € Z, we have: max% < C and \fu?| <C.
J x
Uiy T Yy
b. For all j € Z, we have: max —2*———2 < (C and |vl, < C.
J Az Jt3
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c. Let {g;};ea be a finite sequence such that |g;| < C, 93.27—93 < Cforall j,j+1€A, and the
: : x

C
number of elements in the sequence |A| is such that |A| < N 1. Then we have that
x

> g —gil <G,
Jit1en

where C is a fixed constant that depends only on C, i.e., C is independent of Az.

Question 3. Implement NT and LxF numerical schemes for the following scalar conservation
law:

with periodic boundary conditions.

Test cases:

(1) Linear Transport: f(u) = u,

1 ,2<0

uo(m):{_l , x>0

(2) Burgers’ Equation: f(u) = u?/2,

1+z , 2€[-1,0)
, x €10,1]

, otherwise

uo ()

Ve
u?+(1—u)??

uo(x):{l , <0

0 ,x2>0

(3) Buckley-Leverett. f(u) =

Set the number of cells to 200, the CFL condition to 0.3, and test the schemes at times ¢t =
0.5,2 and 20. Use the minmod limiter in the NT scheme.



