Preface

These notes were written beginning in 1989 and arose from a graduate
course in the numerical solution of scalar hyperbolic conservation laws that
I taught a number of times at Purdue University. They’re rather focused,
and travel in a straight line to the results that I want to get to without
much discussion of related topics.

I thought at one time that I might make them into a book, but I
would need to learn what Bernardo Cockburn and his collaborators called
“a posteriori” error bounds for numerical methods for conservation laws in
order to “finish” them. I also never got around to adding the Besov space
regularity results by me and Ron DeVore to the notes.

In 1999 Bernardo and I talked, and I found out that he was thinking of
writing a book on conservation laws, and our material was almost comple-
mentary, so we thought we might put our material together (and I wouldn’t
have to learn about “a posteriori” analysis) to make a book. And, indeed,
Bernardo did a lot of work to merge the two sets of notes.

Then the book Front tracking for hyperbolic conservation laws by Helge
Holden and Nils Henrik Risebro came out, and the first half of their book
covers basically the same material as these notes (but with a somewhat
different emphasis and point of view) and Bernardo and I abandoned the
thought of a joint book.

As it is, there has been great progress in the area since the time these
notes were composed, especially by Bressan and his collaborators.

But these notes still exist, and I decided to write up this preface and
distribute them privately before I'm able to clean them up for more general
distribution.

So, if you got these notes from me, please don’t distribute them further.

And, if you got them from someone else, you shouldn’t have them:;
please e-mail me and I'll send you the latest version.

There are no references in the notes, so we gather them here, together
with the later papers on Besov space regularity on conservation laws.

Bradley Lucier, June 2009
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Chapter 1
Introduction

We shall be concerned with the mathematical properties of hyperbolic con-
servation laws, which are differential equations that arise, typically, as laws
of conservation in physics. Our motivating example of such laws will be the
Euler equations that describe the conservation of mass, momentum, and
energy in an inviscid, perfect gas. Given, for each point € R3, the initial
values of the density p, the momentum in each of the coordinate directions
m1, meo, and mg, and the total energy F, we attempt to find the values of
the vector U = (p, m1, ma, m3, E) for all points x and all positive time, ¢.
The laws of conservation of mass, momentum, and energy state that there
is a matrix function F' = F(U) such that the flux of U across any surface
S at a point x on § in the direction of the unit normal vector v is equal to
F(U) - v. Thus, if Q is a region in R? with boundary S and unit outward

normal v, we have
0
el - _ F . )
8t///QUda: //S (U)-vdo

Since this is true for all 2, we have by the divergence theorem if U is smooth

(0.1) aa—(t]—l-V-F(U):(), zeR3 t>0.

We shall be concerned with the mathematical properties and numerical
approximation of solutions of (0.1). One point of mathematical interest is
the fact that, regardless of the use of derivatives in formulating the problem,
solutions of (0.1) generally do not remain differentiable or even continuous
as time progresses. This leads one to consider the existence and properties
of discontinuous solutions of (0.1) through the addition of side conditions
called entropy conditions. Numerically, the computation of the solution of
the Euler equations and other special cases of (0.1) are important in many
areas of computational modeling.

The mathematical theory of (0.1) is far from complete. If U is a scalar
variable, then existence, uniqueness and continuous dependence of the so-
lution on the initial data is known in any number of spatial dimensions. As
for regularity, if U has bounded variation initially, then the variation does
not increase with time. In one space dimension, more is known—roughly
speaking, the solution can be approximated by moving-grid finite-elements
for positive time with the same accuracy as at the initial time, no matter
how many discontinuities arise in the solution.
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2 Chapter 1. Introduction

Much less is known for systems. In one dimension, Glimm has proved
under various conditions that a solution exists for all time. This theory has
been extended, but as of yet there is no general uniqueness theorem, even
less a proof of continuous dependence. In several space dimensions there is
not even a mathematical proof of the existence of solutions.

These equations are so important, however, that the mere fact that
mathematicians cannot prove that a solution is unique, or even exists,
should not dissuade people from trying to compute solutions numerically!
Many different numerical schemes have been proposed for (0.1); in the first
part of the course we shall emphasize methods for which proofs of conver-
gence are available. This will, of course, restrict us to the scalar case, and
for high order methods, to one dimensional problems.

Historically, numerical methods have played an important role in the
mathematical theory of (0.1). We shall take a numerical approach to almost
all the properties of solutions of (0.1). Specifically, existence of solutions for
scalar equations will be proved using monotone numerical methods, while
uniqueness and continuous dependence of solutions will be proved using
an approximation theorem of Kuznetsov. Later we shall consider Glimm’s
scheme and various moving grid numerical schemes for the scalar equation
in one dimension.

REMARKS. The book Shock Waves and Reaction-Diffusion Equations
by JOEL SMOLLER deals with earlier approaches to the scalar problem and
with systems in one space dimension. LLAX’S monograph Hyperbolic Sys-
tems of Conservation Laws and the Mathematical Theory of Shock Waves
is of interest in one space dimension. The book Introduction to Partial
Differential Equations with Applications by ZACHMANOGLOU AND THOE
contains a good explanation of the C'! theory of nonlinear, first-order, par-
tial differential equations.

§1. Motivation of Mathematical Properties

In this section we derive in a formal and nonrigorous way several properties
that we expect will hold for solutions of scalar conservation laws. It will be
necessary in later chapters to prove that solutions, as we define them, will
indeed satisfy these properties.

Consider the scalar equation in one space dimension
us + f(u), =0, zeR, t>0,
u(z,0) = up(z), z € R.

(1.1)

We can rewrite the differential equation as
V- (f'(u),1) =0,

so that in the z-t plane w is constant in the direction (f’(u),1). Because
this direction depends only on u, u is constant along the characteristic line
x = xo + f'(u)t. Because of the initial condition, in fact we have that
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81. Motivation of Mathematical Properties 3

u = ug(zo) for x = 2o + f/(u)t. Eliminating x( from these equations gives
the implicit formula

(1.2) u=up(z — f'(u)t)

for the solution u(z,t) of (1.1).

ExAMPLE 1.1. Consider the C?! initial data

() cos®(z), forz e |—m/2,7/2],
up(x) =
0 0, otherwise,

and the flux f(u) = u?. Then for zo = 0, u = ug(7o) = 1 along the line
x = xo + f'(uo(zo))t = 2t, while for g = 7/2, u = up(xp) = 0 along the
line x = x9 + f'(uo(zo))t = m/2. Clearly we shall have problems when

= 7m/4 and x = /2 — u cannot take on two distinct values there! (See

Figure 1.)

To =0
u=1wug(xg) =1
x =xo+ f'(uo(xp))t =2t

o :7T/2
u = ug(zg) =0
x = w9+ f'(uo(xo))t = m/2

0 /2

FIGURE 1. Characteristic lines in z-t space can cross.

So, discontinuities occur in u. We can see this in a different way by
differentiating (1.2) with respect to :

ue = ug(x — f'(u)t) x (1= tf"(u)us),

or
" — ug (7o)
© 1+ ug(zo) £ (uo (o))t

where zg = © — f’(u)t. Thus, one can see that u, is well-defined as long
as 1+ uj(zo)f"(uo(xo))t is not zero, and conversely, the first value of ¢
for which 1 + uf (o) f" (uo(z0))t = 0 for some zq is the time at which C*
solutions no longer exist. See Figure 2.

The above examples show that we must consider the existence and
properties of discontinuous solutions of (1.1). We shall attempt to extend
to discontinuous solutions selected qualitative properties of C' solutions,
which we now describe.
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4 Chapter 1. Introduction

u(z,t),t =0 u(z,t), t =2

FIGURE 2. The solution of u: + (u?); = 0 with wu(z,0) =
exp(—22/2)/v/2m at time 2, just before the shock time.

First, we shall assume that if

luoll gy ::/ g ()] dz < 00
R

then the integral of u(-,t) does not change with time, that is

/Ru(m,t) dm:/Ruo(x) da.

This is clear formally for smooth solutions in L*(R) with u, bounded be-
cause

0
E/Ru(a:,t)da:—/Rut(:c,t)d:c

:—/Rf(u(m,t))xdﬂf
= — lim (f(w(R,t) — f(u(=R,1))))

R—o0

=0,

because u(R,t) — 0 as R — +oo.

Next, we assume that the mapping uy — u(-,t) is a contraction in
LY(R), that is, for any two solutions u and v with initial data u and vy,
respectively,

(1.3) u(-,t) —v(-,t)|lLrw) < [luo — voll L1 (r)-

For two smooth solutions u and v one can show formally that equality holds
in (1.3). For each ¢, assume we can find a partition {z;} of R with no limit
points such that u(x,t) > v(x,t) on I; := (9, x2;4+1) and u(z,t) < v(x,t)
on J; := (29,1, T2;); see Figure 3
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81. Motivation of Mathematical Properties 5

u(x, t)

v(z,t)

902J71 Ji Tbi I; 902J+1

FIGURE 3. We assume that R can be partitioned into intervals where
u(z,t) > v(z,t) and u(z,t) < v(z,t).

We can write formally

0
() —v( )l

:%;/Ii(u—v m——Z/ w—v)
:Z/l(ut—vt)d:c—z./.(ut—vt)d:c

=—Z/ dm+Z/ (v)2) da
:_; (v) — f(v }Ii+zi: (u) — f(v) \Ji:O

because f(u(x;,t)) = f(v(z;,t)). Physically, we expect discontinuous solu-
tions of (1.1) to be limits as € — 0 of solutions of the viscous equation

ug + f(u)y = €Uy, r€e€R, t>0, >0,

(14) u(z,0) = up(x), z € R.

The above argument applied to (1.4) shows that

0
8tHU( t)_v('7t)HL1(R)

- - Z/I(f(u)a: — €Ugy — f(v)a: + evm) dx

+ Z /J (f(u)x — €Ugy — f(U)m + evm) dz
— Z (—euy + G/UCC)‘Ii + Z (—euy + G/UCC)}Ji

Because u > v on I; and v < v on J;, we have that
Uz (224, 1) > vz (T2, t) and Uz (T2i41,t) < Vz(22i41,1);
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6 Chapter 1. Introduction

substituting this into the previous equality shows that

0
5l t) = v D)) < 0.

Thus, if we expect the solution of the inviscid problem (with € = 0) to be
the limit of the viscous solutions as € — 0, then we expect (1.3) to hold for
solutions of (1.1).

A third property that is not obvious even for smooth solutions is that
if ug(z) > vo(z) for all  then u(z,t) > v(z,t) for all z and ¢. This may
be surprising because the characteristics coming into a point (z,t) will
generally start at two different points (xg,0) for v and (x1,0) for v, so
uo () and vg(z1) are not directly comparable. Nevertheless, this property
follows from the following useful lemma.

Lemma 1.1. (Crandall and Tartar). Assume that (§2,du) is a mea-
sure space (e.g., R™ with the usual Lebesgue measure dx) and that the pos-
sibly nonlinear mapping T : L*(Q) — L'(Q) satisfies for all u € L*(£2)

(1.5) /QTud,u:/Qud,u.

Then the following two properties are equivalent:
(1) For all u,v € L (Q), |Tu — Tv|| 1) < [[u—v|lL1 @)
(2) For all u,v € LY(Q), u > v a.e. (du) implies Tu > Tv a.e. (du).

REMARK 1.1. For any fixed ¢ > 0 we can apply this lemma to the
mapping T': ug — u(-,t) to substantiate the claimed property.

PROOF OF LEMMA 1.1. Assume that (1) holds and let u > v a.e. (du).
Then

/ Tu —Tv|dp = [|[Tu — Tv||z1(q) < ||lu—v| 1@
Q

:/u—vd,u
Q

:/Tu—Tvd,u by (1.5).
Q

Therefore, Tu — Tv > 0 a.e. (du).

Conversely, assume that (2) holds and consider u V v = max(u, v) and
u A v = min(u,v). Then by (2), T(uVv) > T(u) and T'(u V v) > T(v), so
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82. Weak Solutions and the Entropy Condition 7
T(uVwv)>T(u)VT(v). Also, [u —v|=uVv—uAv. So

||TU/—TU||L1(Q):/ |Tu—Tv|d,u:/Tu\/Tv—Tu/\Tvd,u
Q Q
S/T(u\/v)—T(u/\v)d,u
Q

:/UVU—U/\vd,u by (1.5)
Q
= |lu—=vlrr). O

Finally, we shall assume that u satisfies a maximum principle: for all
t>0and u(-,t) € L}(R)

ess sup u(z,t) < ess supug(x), and

z€R z€eR
. S o | .
esxse]%nf u(x,t) > esxseknf uo(z)

Because of (1.2), this is clear for smooth solutions of (1.1).

§2. Weak Solutions and the Entropy Condition

The example in the previous section shows that continuous solutions of
(1.1) generally do not exist. In this section we shall give examples to show
that so-called weak solutions of (1.1) are not unique. We shall then go on
to motivate the entropy condition, which we shall prove in later chapters
specifies a unique weak solution of (1.1).

If u(z,t) is a smooth solution of (1.1) then for any C! function ¢(z,t)
with bounded support and any value of 7' > 0

O:/OT/R(utJrf(u)m)gbd:vdt

or, after integrating by parts in x and ¢,

(2.1) _/OT/R“qbtJff(U)quda:dt
+/Ru(ac,T)¢(:c,T) d:c—/RuO(g;)d)(x’O) dz =0,

where, of course, we have used the fact that u(x,0) = up(x).

Definition. If u is bounded and measurable and satisfies (2.1) for all
¢ € C' with bounded support, then we say that u is a weak solution of
(1.1) in R x [0, T7].

We can readily give a necessary and sufficient condition that a piecewise
smooth function be a weak solution of (1.1). Assume that u(z,t) is a weak
solution of (1.1) in a rectangle € := [zg, 1] X [to, t1], that u is a pointwise
solution of (1.1) in each of Q; := {(z,t) € Q| z < s(t)} and Qs := {(=,t) €
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8 Chapter 1. Introduction

Q| z > s(t)}, and that u has well-defined, continuous, limits from the left
and right as z approaches the curve S := {(z,t) € Q | z = s(t)}; see Figure
4.

t1

0

to

o T
FIGURE 4. The weak solution u(z,t) is assumed to be smooth in Q4
and Q2, with a discontinuity along S = {z = s(t)}.

By the definition of weak solutions, we have for any ¢ € Cj(£2)

0= / udy + f(u)d, dx dt
(2.2) “

— [ it fbndzdt | i+ f(w)s,dodt
0

Q2

Because u is a pointwise solution of (1.1) in £, we can write

/ udy + f(u)d, dedt
951

:/Q (ug)s + (f(u)d), d:z:dt—/Q usd + f(u)¢ dx dt
(2.3) ' '

- / (u)e + (f(w)d)s de dt

- / (F(0)é, ud) - v do
o001

by the divergence theorem; here v is the unit outward normal of €2;. By
assumption, ¢ is zero on the boundary of {21, except possibly on S. Because
of this, calculus shows that (2.3) is equal to

[ olsle). 01 uls(e) 1) = o/ Oulste) 0] .
where u(s(t)~,t) means the limit of u(z,t) as you approach (s(t),t) from

the left, i.e., from ;. Substituting into (2.2) this value and a similar one
for the integral over (25 shows that

t B(s(0), DA ()™, 1)~ F(u(s(0)*, )= () [u(s()~, )—u(s(e)*, )]y
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82. Weak Solutions and the Entropy Condition 9

is zero for all ¢ € C3(2). Because ¢ is arbitrary, this is true if and only if
the quantity in braces is identically zero, i.e., for all t,

Ht,t) — t),t
on v LEE0N0) - S0 _ (]
u(s(t)*t,t) —u(s(t)~, 1) [u]
where we have introduced the notation [g(u)] to mean the jump in a quan-
tity g(u) at a point. The relation (2.4) is called the Rankine-Hugoniot
condition. Thus, if u(z,t) is a piecewise smooth function that satisfies (1.1)

pointwise where it is C*, and whose jumps satisfy (2.4), then it is a weak
solution of (1.1).

EXAMPLE 2.1. Let f(u) = u? and let
1, z€][0,1],
uo(z) = _
0, otherwise.
It is left to the reader to verify that both

(z.1) 1, zelt,1+t],
u(zx,t) = .
0, otherwise,

and
xz/2t, x € ]0,2t,
u(z,t) =< 1, x € [2t, 1+,
0, otherwise,

are weak solutions of (1.1) on the strip R x [0, 1]; see Figure 5.

0 1

u(, 3)

?
0 1
u(z,0)

I I
0 1

u(®, 3)

FIGURE 5. There are at least two weak solutions at time 1/2 with
uo = X[o,1] and f(u) = u?.
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10 Chapter 1. Introduction

EXAMPLE 2.2. A rather more striking example of lack of uniqueness
is the following. Let f(u) = u? and ug(z) = 0 for all z. Then of course
u(z,t) = 0 is a weak solution of (1.1). Nonetheless, the function

1, —1<z/t<0,
u(x,t) = 1, 0<a/t<l,

0, otherwise,

is also a weak solution of (1.1) with zero initial data.

So, classical solutions do not exist for all time, and weak solutions are
not unique. However, we shall prove later that weak solutions that satisfy
the properties listed in the previous section are unique. First, we use an
idea of Crandall and Majda to show that the properties in the previous
section, together with the assumption that the correct weak solution for
the data ug(z) = cis u(z,t) = ¢, imply that u satisfies the so-called entropy
condition: for all c € R

[u—cf¢ + (sgn(u = )(f(u) = f(c)))z < 0.

This inequality is to be understood in the weak sense, i.e., for all C* ¢ > 0
with compact support and all T" > 0,

- / / [u— clr + sgn(u — o) (f(u) — £(c))¢s dadt

(2.5)
+ /R |u(z, T) — c|¢(z, T) dax — /]R lup(x) — c|p(x,0) dz < 0.

Inequality (2.5) can be derived for piecewise smooth solutions as follows.
Assume that for any continuous, piecewise C'! initial data ug one can solve
(1.1) for a short time and that the solution will satisfy the properties of the
previous section. For any T' > 0 consider the solution to the problem

ve + f(v), =0, zeR, t>T,

v(z,T) =u(z,T) Ve, z € R.
Because we hope that the solution operator of (1.1) is order-preserving, for
t > T we know that v(z,t) > u(z,t) and v(z,t) > c (the function u(z,t) = ¢

for all z and t is, by assumption, a solution of (1.1)), so v(z,t) > u(x,t) Ve.
Therefore

v(z.t) —v(z,T) v(zxt)—ulz,T)Vec S u(zt)Ve—u(z,T)V c

t—T t—T - t—T
Let t — T to see that

—f(uv C)m}t:T = _f(“)w}t:T = Ut‘t:T > (uV CMt:T'

Therefore

(uVe)+ f(uVe), <O0.
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82. Weak Solutions and the Entropy Condition 11

Similarly,
(uAc)r+ f(unec), >0.

Because |[u—c| = uVe—uAcand sgn(u—c)(f(u)—f(c)) = f(uVe)— f(unc),
(2.5) follows. Any u that satisfies (2.5) will be called an entropy weak
solution of (1.1).

If u is a bounded entropy weak solution of (1.1), then it is also satisfies
(2.1). For if ¢ < infwu, then sgn(u—c) =1, [u—c| = u—c, and (2.5) implies
that

0>- / / (=) + (f(u) — F(0))o da
n / (u(z, T) — )(x, T) dz — / (uo () — €)b(, 0) da

(2.6) R

- OT/R“@JFJ‘(u)%dxdt
+/Ru(a:,T)¢(m,T) dm_/ﬂ@“o(:ﬁ)gb(m,o) do.

(The terms involving the constant c integrate to zero.) On the other hand,
if ¢ > supwu, then sgn(u — ¢) = —1, |u — ¢| = ¢ — u, and we have

0>+ / / (1= ) + (F(u) — £())s da
— / (u(z,T) — c)p(x, T) dx + / (up(z) — c)o(z,0) dz

(2.7) R

= OT/R“@JFJC(U)%dmdt
_/Ru(a:,TW(m,T) d90+/u0(g;)¢(3;,0) .

R
Inequalities (2.6) and (2.7) together imply (2.1).

In the same way that (2.1) implies (2.4) for piecewise smooth solutions
of (1.1), the entropy inequality (2.5) will imply an inequality, which we now
derive, for the speed of valid, or entropy satisfying, shocks. We assume that
u(x,t) is an entropy weak solution of (1.1) in a rectangle Q := [xg, x1] X
[to, t1], that u is a pointwise solution of (1.1) in each of Qy := {(z,t) €
Q| z < s(t)} and Qo := {(x,t) € Q| > s(t)}, and that u has well-
defined, continuous, limits from the left and right as x approaches the
curve S := {(z,t) € Q| z = s(t)}; see Figure 4. For any ¢ € R and any
nonnegative ¢ € C}(£2), we now have

(2.8) 0< /Q lu— ¢l + sen(u— ) (f(u) — F(c))by da dt.

Assume for a particular ¢t € (to,t1) that no two of u(s(t)",t), ¢, and
u(s(t)~,t) are the same. Then, because u is continuous in both Q; and
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12 Chapter 1. Introduction

5, there is a ball B around (s(¢),t) such that ¢, u(z,t) for (x,t) € BNy,
and u(z,t) for (z,t) € BNy are in the same order as ¢, u(s(t)~,t), and
u(s(t)™,t); for example, u(s(t)™,t) < ¢ < u(s(t)*,t). In BN Qy we obvi-
ously have

(2.9) lu—cle + [sgn(u — )(f(u) = f(¢)]l. =0 for (z,1) € O

since sgn(u — ¢) has a fixed sign in this ball. Therefore, when we consider
the weak equation we can restrict ¢ to have support in this ball, and all the
following arguments are valid. Whenever ¢ = u(s(t)™,t) or ¢ = u(s(t)*,t)
then a different argument is needed.

Proceeding now in the same way as we did to derive (2.2) and (2.3),
we see that

[ = el +sgnu = ) 7) = £(0)6 dadt
is equal to
ty

Plsgn(ur, — c)(f(ur) — f(c)) = s'(t)|ur — cl] dt,

to

where ur, :=u(s(t)”,t) and ¢ = ¢(s(t),t). Similarly,

/Q fu — e + sen(u — o) (f(w) — F(c)) e dt

is equal to
t1

— | dlsen(ur — )(f(ur) — f(c)) = s'()|ur — cl] dt,

to
where ug := u(s(t)",t). Since (2.8) holds for all ¢ > 0, adding the integrals
over €)1 and €25 implies that
(2.10)  sgn(ur — ¢)(f(ur) — f(c)) —sgn(ur — ¢)(f(ur) — f(c))
—s'(t)[Jur —¢| — Jur —¢c|]] >0 for all c € R.

When c is either less than both u; and ug or greater than u; and ug,
then sgn(ur, —c) = sgn(ur —c). When ¢ < min(uy,ug), then (2.10) implies
that

flur) = f(ur) = 8'(t)[ur — ugr] = 0.

Similarly, when ¢ > max(up,ug), then

flur) — flur) — s'(t)[ur, —ur] <0,

so (2.10) implies the Rankine-Hugoniot condition
(2.11) fug) = f(ur) — s'()[ur, — ur] = 0.

(This is good, because (2.5) implies (2.1), from which the Rankine-Hugoniot
condition was derived!)
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82. Weak Solutions and the Entropy Condition 13

Let us restrict our attention for the moment to the case u; > ug. For
all ur, > ¢ > ug, (2.10) implies that

(212)  fur) = fle) + f(ur) = f(c) = ' (t)[ur — c— ¢+ ug] > 0.
Adding (2.11) to (2.12) shows that

2f(ur) —2f(c) — §'(t)[2ur — 2] > 0.
So, we must have for all uy, > ¢ > ug,

Uy —URr ur — C

Geometrically, this says that the slope of the line joining the points
(ur, f(ur)) and (ug, f(ugr)) must be less than the slope of the line joining
the points (ur, f(ur)) and (¢, f(c)) for all ¢ between uy, and ugr. This is
equivalent to saying that the line joining (ur, f(ur)) and (ug, f(ugr)) must
be above the graph of the function f(u) for u between uy and ug. See
Figure 6

UR u’p up ur

FiGURE 6. The constant states uy and ugr can be joined by an
entropy satisfying shock; the states u and u, cannot be so joined.

We can derive an inequality that is equivalent to (2.13), but which
involves the value at the right endpoint ug. By subtracting (2.11) from
(2.12) we obtain

2f(ur) — 2f(c) — §'(t)[2ur — 2¢] > 0,
which gives for all u;, > ¢ > ug, because ug — c < 0,

flur) = flur) _ S(t) > flur) = f(c)

(2.14)
ur —URr URr — C
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14 Chapter 1. Introduction

Now, by letting ¢ — wy, in (2.13) and ¢ — ug in (2.14), we derive the
following inequality that is a necessary condition for a shock to be entropy-
satisfying:

f(ur) — f(ur)

U —UR

fllur) = s'(t) = > f'(ur).

Geometrically, this says that the characteristic speed on the left of the shock
must be greater than the shock speed, which in turn must be greater than
the characteristic speed on the right. In other words, the characteristics
must point into the shock.

We leave it to the reader to show that whenever u; < ¢ < ug the
same inequality (2.13) results. However, (2.13) has a different graphical
interpretation in this case: it requires that the line joining (ur, f(ur))
and (ug, f(ur)) be below the graph of f(u) for u between u; and ug.
Inequality (2.13) (or one algebraically equivalent to it, using (2.11)) is called
the Oleinik entropy condition for piecewise smooth solutions of (1.1).

If the flux f(u) is convex (f”(u) > 0), then the line joining (ur, f(ur))
and (ug, f(ug)) is always above the graph of f(u) for u between uy and
ugr. Therefore, the entropy condition requires for convex f(u) that any
entropy-satisfying shock with left state u; and right state ug have uy >
ug. Similarly, if f(u) is concave then the line joining (ur, f(ur)) and
(ug, f(ugr)) is always below the graph of f(u) for u between uy and ug, so
any entropy-satisfying shock must have uy < ug.

We can use (2.13) to see which (if any) of our several weak solutions
given in Examples 2.1 and 2.2 are entropy weak solutions. In both examples,
f(u) = u?, so the entropy condition requires that all discontinuities have
ur, > ug. By this criterion, it is easily seen that neither

1, zelt,1+1,

u(z, t) = { )

otherwise,
nor
-1, —-1<z/t<0,
u(x,t) = 1, 0<zx/t<l1,
0, otherwise,

satisfies the entropy condition, whereas both u(x,t) = 0 and

xz/2t, x € |0,2t],
u(z,t) =< 1, xe2t,1+¢t, for0<t<I,
0, otherwise,

are entropy weak solutions of (1.1) with f(u) = u?. This leaves open the
questions of whether there are other entropy weak solutions of (1.1) with
the same initial data (in our case ug(x) = 0 and ug(x) = X[o,1(x)), or if
entropy weak solutions of (1.1) exist for other initial data. It will be a
corollary of Kuznetsov’s approximation theorem in Chapter 2 that entropy
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83. Norms and Spaces 15

weak solutions of (1.1), as defined by (2.5), are unique, and we shall show
in Chapter 3 that, under fairly general conditions, entropy weak solutions
of (1.1) exist.

¢3. Norms and Spaces

R™ will denote the set of n-tuples of real numbers z := (z1,...,z,), and
Z™ will denote the set of n-tuples of integers v := (v4,...,v,). In either
case e; will denote the n-vector with the ¢th component equal to 1 and all
other components 0. The norm of x will always be taken to be the L*°
norm, |z| := max;<j<n |;|.
The space of real integrable functions will be given by
LR = {F B 2 R | |l i= [ 1f(@)]do < oo,

Rn

Similarly, the space of “integrable” functions on Z™ will be given by
LNZ") = {f: Z" = R || flzr@n) == Y Ifs] < oo}
vEL™

The variation of a function on R" is defined to be
I lveany = Z o 1 [ 196 7e) ~ S

(BV stands for “bounded variation.”) This is not really a norm, because if
there is a constant c such that for all z € R", f(x) = ¢, then || f|[gy(®~) = 0
but f # 0. The variation of a function on Z" is defined similarly:

| fllBv(z) = Z Z | fote, — f

j=1lvezn

If X is a normed linear space (such as R®, L'(R"), and L'(Z")) then
C([0,T], X) is the space of continuous functions f : [0,¢] — X. This means
that for all t € [0, 7], limy ¢ || f(t) — f(¢')||x = 0. If X is a Banach space
(a complete, normed, linear space, again such as R™, L1(R™), and L!(Z")),
then so is C'([0,T7], X), with norm given by

I fllcqo,m,x) == sup [|f(t)]|x-
t€[0,T]
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Chapter 2
Kuznetsov’s Approximation Theorem

In this chapter we consider entropy weak solutions of the scalar conservation
law in several space dimensions

ug + Vg - f(u) =0, zeR™ t>0,

(0-1) u(z,0) = up(x), z € R".

More precisely, we first consider approzimate entropy solutions of (0.1),
and we bound the difference of such approximate solutions in L'(R") at
time 7" > 0 in terms of their difference at time zero, their smoothness, and
how well they satisfy the entropy condition in a certain technical sense.
Next, assuming that entropy solutions do exist (which we prove in the next
chapter), we show that they are unique, and depend continuously on the
initial data; i.e., that problem (0.1) is well-posed in the sense of Hadamard.
Finally, we state the approximation theorem originally presented by N. N.
KUzZNETSOV that compares an entropy solution of (0.1) to an approximate
entropy solution.

§1. Comparing Approximate Entropy Weak Solutions

Definition. The bounded measurable function u is an entropy weak
solution of (0.1) if for all positive ¢ € C1(R™*!) with compact support, all
c € R, and all positive T’

A(u, e, T, ¢) :
ay - f / el 64+ sl (f(w) — () - Vo de
+ [ Jute )~ o@ )~ [ Juo(e) | o(s,0)dis < 0.

We introduce a smooth, nonnegative, function 7(s), s € R, with
support in [—1,1], integral 1, decreasing for positive s, and satisfying
n(—s) = n(s). For each positive €, define n.(s) = %n(é) Assume that
for each parameter pair (z’,t’) there is a value v(z’,t") and set

c=uv(d",t)

n

bla, ) = wla — o't — ) = e, (t ) [ me (s — 2

i=1

DRAFT—not for distribution. (© 1989, 1990, 1991 Bradley Lucier =~ 3/16/1993—1278



2 Chapter 2. Kuznetsov’s Approximation Theorem

€ and ¢y are to be chosen later. Next define

T
A (u,v,T) ::/ / Au,v(z',t), T,w(- —a', - —t"))dx’dt’.
0 n

If w is an entropy weak solution of (0.1), then A (u,v,T) <0 for all v and
T > 0. In addition, if A (u,v,T) < C for some small positive constant
C, then we say that u is an approximate entropy solution of (0.1). (Of
course, any function u is an approximate entropy solution of (0.1) for some
value of C, but you get the idea.) In fact, if u and v are two approximate
solutions of (0.1) we can bound |[u(-,T) —v(-,T)||z1®») in terms of the
difference in the initial data |u(-,0) —v(-,0)|/z1(r"), and the average weak
truncation errors A (u,v,T'), and A (v, u,T), together with the following
measures of smoothness: For any w € L (R"), we define the L' modulus
of smoothness in space

wi(w,€) == sup / e+ €) - w(z)| dr,

|€|<e JR

and for any wu: [0,7] — L>°(R™), we define the modulus of smoothness in
time

v(u, t,€) = Sup Ju(-,t") —u(, D)L wn)-
max(t—e,0)<t’ <min(T,t+e)

Our most general result is the following theorem.
Theorem 1.1. Ifeg <T and u,v: [0,T] — L>®°(R™) then
[(T) = (D)l L2 (mny < [1u(0) = v(0)][ L1 @n)

(1.2) + % {01(u(T), ) +w1(0(T), €) +w1(u(0), €) +wi (v(0), €)}
+ % {v(u,0,€) + v(v,0,6) +v(u,T,e) +v(v,T,€)}

+ A (u, v, T) + AL (v,u, T),
whenever the quantities on the right hand side of (1.2) exist and are finite.
PRrROOF. It follows from the symmetries of w(z — z’,t — t’) that
Veow(x—z't—t)=-Vew(@—2,t-t),
and

iw(a:—:z:',t—ﬁ') = —gw(m—m’,t—t’).

ot’ ot

In addition, we obviously have that
u(z, t) — v(a’, )] = v(a', ) — u(z, )]
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81. Comparing Approximate Entropy Weak Solutions 3

and

sgn(u(z, t) —v(a', t)(f(u(z, 1)) — fv(@', 1)) =
sgn(v(e’, t) — u(z, t))(f(v(2',1) — f(u(z, 1))).

Therefore, if we fully expand the definitions of A% (u,v,T) and A% (v, u,T)
into integrals, the quadruple integrals will cancel and we are left with

AL (u,v,T) 4+ AL (v, u,T)
T
:/ / / lu(z,T) —v(a', t)|w(x— o', T — t') de da’ dt’
0 n n
T
(1.3) - /0 / / lu(z,0) —v(a’, t")|w(z — 2,0 — t') da da’ dt’
T
—|—/ / / lv(z, T) —u(x', )| w(x —2', T —t') dzx dx’ dt/
0 n n
T
—/ / / lv(z,0) —u(z', t")|w(x —2',0 — ') de dx’ dt'.
0 n n

This is the fundamental identity on which Kuznetsov’s theorem is based; no
approximations are involved, and various inequalities can be derived based
on how we write the right side of (1.3).

All the terms in the right hand side of (1.3) have the same form; we
shall analyze the first. We can write by the triangle inequality

T
/ / / lu(z, T) — vz, )| w(x — 2, T — t') de dx’ dt’
0 n n
T
> / / / lu(z",T) —v(2', T)|w(x —2',T —t') de dz’ dt’
0 n n
(1.4) g
—/ / / lu(z, T) —u(z',T)|w(x — ', T — t') de dz’ dt’
0 n n

T
— / / / lo(z',T) —v(z', t)|w(x—2', T —t')de dz’ dt’.
0 n n
When the first term on the right of (1.4) is integrated over = and ¢’ we get
1
S (D) = o(D) lgagar.

Because w(&,t) is zero if || > €, the second term on the right of (1.4) can
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4 Chapter 2. Kuznetsov’s Approximation Theorem

be bounded as

T
/ / / lu(z, T) —u(z',T)|w(x —2', T — t') de dz’ dt’
0 n n

:/T/n/” u(z' +&T) — u(@, T)|w(&, T —t') dé da’ dt’
/ / e U (@' +&T) —u(@', T)de’| w(§, T —t') dg at’

€| <e

= iwl(u(T), €).

Finally, because w(s,t) is zero if |[t| > €p, the third term on the right of
(1.4) is bounded by

/ /n/n o', T) — v, t')|w(x—a', T —t') de de’ dt’

</0 sup [/n|(x,T)—u(az,t)|da; neo (T — t')

o T—eo<t/<T

1
= il/(v,T, €0)-

So the first term on the right hand side of (1.3) satisfies

/// w(z,T) —v(x' )| w(x—2, T —t)dedx’ dt’

> 2 ulT) — o(T) sy — 51 (u(T), &) — (0, T o).

Similarly, we find for the second term on the right hand side of (1.3),

T
/ / / lu(z,0) — vz’ t") | w(z —2',0 — ') dz dz’ dt’
0 n n

< = [uw(0) —v(0)|| L1y + %wl(u(O), €) + %V(U, 0,€0)-

N —

1.3) can be bounded as

—~

The other two terms in

/ / / v(z,T) —u(x', )| w(x—2, T —t)dedx’ dt/

> Lo(T) ~ ulT) 13y — ger(o(T),0) — v, Toco),

and

T
///|v(:c,0)—u(w',t')|w(az—x',0—t')da:dm'dt'
0 n n

1 1
< 5l0(0) = w(0) L1 @n) + Gwi(v(0), €) + 5v(u, 0, o),

N —

[\DlH
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82. Consequences of the Approximation Theorem 5

which proves the theorem. 0

REMARK 1.1. It is left as an exercise to analyze the case T < €.

§2. Consequences of the Approximation Theorem

At this point we shall move a little ahead of ourselves to discover what prop-
erties of entropy weak solutions of (0.1) are implied by Theorem 1.1. In the
next chapter we shall prove that if u(0) € L*°(R") satisfies w; (u(0),€) — 0
as € — 0, and if f is Lipschitz continuous, then an entropy weak solution
of (0.1) exists. Furthermore, we shall show that u(x,t) is a bounded, mea-
surable function of z € R™ and t € [0,7] and that u — u(0) is a continuous
mapping of [0, 7] into L!(R™). Of course, an entropy weak solution u also
satisfies A (u,w,T) < 0 for all € > 0, ¢¢ > 0, T" > 0, and bounded, mea-
surable w. In this section we shall consider only entropy weak solutions of
(0.1) with the preceding properties.

Corollary 2.1 (Continuous dependence). Ifu and v are entropy weak
solutions of (0.1), then for all T >0,

(2.1) [(T) — o(T) | ey < [12(0) —0(0)]] 11 gy

PROOF. We shall show that the terms in the right hand side of (1.2)
that depend on € and €y are either zero or negative in the limit as € and ¢
tend to zero. We remark explicitly about the terms involving u; the same
arguments hold for v.

By assumption, A (u,v,T) < 0 for all € and €. Also by assumption,
w1(u(0), €) vanishes as € approaches zero.

Because u — u(0) is assumed to be in C([0,T], L'(R™)), we know for
any t € [0,T] that ||u(t') — u(t)| L1@wn) — 0 as t’ — t. Therefore v(u,0, €)
and v(u, T, ey) approach zero as €9 — 0.

Finally, we note that

w1 (u(T), €) <wi(u(T) —u(0),€) + wi(u(0),€).

By assumption, the second term on the right vanishes as ¢ — 0; since
u(T) — u(0) € L (R™), so does the first term. Therefore, w; (u(T), €) tends
to zero as € — 0. The theorem follows by letting € and ¢y approach zero. [

Corollary 2.2 (Uniqueness). If u and v are entropy weak solutions
of (0.1) and u(0) = v(0), then for all T > 0 we have u(T) = v(T).

PrROOF. The result obviously follows from Corollary 2.1. O
Corollary 2.2 implies that if we let v(z,0) = u(x + &£,0), then the
entropy weak solutions u and v of (0.1) satisfy for all T' > 0,

v(z, T) = u(x + &, 1),

since our assumptions are invariant under translation of the initial data.
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6 Chapter 2. Kuznetsov’s Approximation Theorem

Corollary 2.3. (Spatial smoothness). Ifu is an entropy weak solution
of (0.1) then for allT >0 and € >0

(2.2) w1 (u(T),€) < wi(u(0),e€).

PROOF. For each £ € R™ with |£| < € and for all T" > 0, (2.1) implies:

/n lu(z +&T) —u(z,T)|dz < / lu(z +€,0) — u(z,0)| dz.

n

Therefore, (2.2) follows from the definition of w. 0

Corollaries 2.2 and 2.3 imply that the operator S;: u(0) — u(t) is a
semigroup: S;Ss(u(0)) = Ss4+(u(0)) = u(s + t). Explicitly, if w(z,0) =
u(zx, s) for all z then for all T > 0,

w(z, T) =u(x, T + s).

Corollary 2.4. (Temporal smoothness). If u is an entropy weak so-
lution of (0.1) then for all T > 0 and € > 0

(2.3) v(u,Tye) <v(u,0,¢).

PRrROOF. For each 0 < s < € and for all T' > 0, we have by (2.1):
[u(T + 8) = w(T) |1 @ny < llu(s) — w(0)l|Lr @)

Therefore, (2.3) follows from the definition of v. 0

¢3. Bounding the Error of Approximations

Being symmetric in u and v, the right side of (1.2) is suitable for comparing
two approximate solutions of (0.1). We can use the a priori information
derived in the previous section to give a new, asymmetric, bound for ||u(T")—
v(T)| 1 (rny that is useful when comparing an entropy weak solution v to
an approximate solution u. In addition to the properties proved in the
previous section, we shall prove in Chapter 3 that

v(v,0,€) < Lwi(v(0),€),

where L = supgcp Z?:l |f]/ (&)
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83. Bounding the Error of Approximations

Specifically, we bound (1.4) in the following way:

/T/n /n lu(z, T) — vz, t")|w(x— 2, T —t') de dx’ dt’
/ /n/n (,T) —v(z,T)|w(x—2', T —t") de dz’ dt’
_/ /n /n lv(z,t") —v(@', t)|w(x— 2, T —t') de dz’ dt’
/ /n/n (2, T) —v(z,t")|w(z — 2, T —t') de da’ dt’

1 1
> §||U(T) — (D)l @y = 5w1(v(0),€) = 5 Lwi(v(0), €o)-
Similarly, the second term of (1.3) satisfies

T
- / / lu(z,0) —v(z', t")|w(x — 2',0 — t') de dz’ dt’
o JrrJr

T
2—/ / / lu(z,0) — v(z,0)|w(z —2',0 — ') dz dz’ dt’
o Jrr Jrn
T
—/ / / lv(z,t') — vz, t")|w(x —2',0 —t') de dz’ dt’
o Jrn Jrn
T
—/ / / |v(z,0) — v(z,t')|w(x—2',0 — t') doe dz’ dt/
o Jrn Jrn
1 1 1
> L al0) = 0(0) 12y — 2 (010). ) — 2 Lr(0(0), o).

The final two terms of (1.3) can be simplified to

/ / / v(x, T) —u(x', t)|w(x -2, T —t") drdx' dt’

> L o(T) — ()] ey — 5 (0(0), €) — 5w, o),

/ / / v(z,0) —u(z', )| w(x — 2,0 — ') dz dz’ dt’

> 2 [0(0) — u(0) |1z — gr(v(0),€) ~ (0, o).

DO |

Anticipating Chapter 3 somewhat, we can therefore state the following
theorem, which is more or less how Kuznetsov stated it in the first place.

Theorem 3.1. Assume that vy is a bounded, measurable function,
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8 Chapter 2. Kuznetsov’s Approximation Theorem

with wy(vo,€) — 0 as € — 0, that f is Lipschitz continuous, with

n

L:=sup) |f;(6)] < oo,

35 St
and that v(z,t) is the entropy weak solution of
ve+ V- f(v)=0, zcR", t>0,
v(z,0) = vo(x), z € R".
Then for any bounded, measurable u defined on R™ x [0,T] we have

[(T) = o(T)|| 1 ny < [1u(0) = 0(0)|| L2 (@) + 2w1(vo, €) + L wi(vo, €0)

1 1
+ iy(u, 0,€0) + EV(U,T, €0) + A (u, v, T).
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Chapter 3
Monotone Finite Difference Methods

In this chapter we study monotone finite difference methods for the approx-
imation of u(z,t), the solution of the scalar equation

us + Vg - f(u) =0, xeR"” t>0,

(0-1) u(x,0) = ug(x), z € R".

The solutions of the finite difference equations will be used as approximate
solutions of (0.1) and analyzed using KUZNETSOV’S theorem in Chapter 2.
We study in depth only the ENGQUIST-OSHER scheme; this will allow us
to prove existence of solutions of (0.1). The analysis of other monotone
schemes is so similar that it does not warrant repeating. The references for
this chapter are the papers by SANDERS and CRANDALL AND MAJDA.

§1. The Engquist-Osher Method

Let us first consider the equation in one space dimension,

us + f(u), =0, zeR, t>0,
u(z,0) = up(z), z € R.

(1.1)
To derive a numerical method for (1.1) it is natural to substitute finite
difference approximations to the derivatives in (1.1). To that end, let h
and At be fixed positive numbers and introduce the quantities

UF ~ u(ih, kAt), ieZ, k>0,
UFtL —UF  Ou(ih, kAt)
A-l- k ;= 7 i ’ . 7 >
t (U ) At 8t ) (S 9 k - 07
Uk.,) — f(UF ih, kA
A:E(f(Uk))z = ul H_l)zhf( 1) ~ 8f(u(28h:;k t)), 1€ Z, k>0.

The quantity A, (f(U¥)); is a second order, centered difference approxima-
tion to f(u(ith,kAt)),. Then a possible finite difference scheme is

AF(UR) + AL(F(UR); =0, i€Z, k>0,

- uo(x) dz, i€Z.

ih
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2 Chapter 3. Monotone Finite Difference Methods

In this equation we can solve explicitly for Uf“ if we know UF for all i:

(13) U = U - SR — FUE)).
We would like the finite-difference scheme to have the same qualitative
properties that we expect the entropy solution of (1.1) to have. In partic-
ular, we would like it to be the case that if UF > V¥ for all i € Z, then
UFT > VF+ for all i € Z. But this will not be so for (1.3)—if f is increas-
ing, for example, then increasing Ui’fH will decrease Uf“. Thus, there is
no chance that the finite difference formula (1.3) will be order preserving.
One can attempt to rectify this problem by introducing a one-sided
divided difference in =,

FUF) = f(Uf) _ Of(u(ih, kA?))
h - Ox ’

AL (f(U*))i = ieZ, k>0,

and solving the problem

AF(UR) + AL (fU*)i=0, €2, k>0,

(1.4) o _ l/(z’—l—l)h

; uo(x) dx, 1E€ZL.

ih
For this equation, one has the explicit formula

(15) USR]

This formula will be order preserving if and only if the function

At

Glr,s) =1 = S (£(r) = 1(5)

is increasing in r and s, i.e., G,- > 0 and G5 > 0. We can calculate explicitly
Gr(r,s)=1— %f’(r) and Gs(r,s) = %f’(s)
Thus, (1.4) is order preserving if and only if
f(§)=0 and
e <

for all £ € R. Condition (1.5) means that the scheme is an upwind scheme:
the characteristic lines have positive slope, and to calculate the value of
UikJrl we are using spatial differences taken to the left of UF, “into the
wind.” Condition (1.5) is called a CFL condition and was introduced first
by COURANT, FRIEDRICHS, AND LEWY.
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81. The Engquist-Osher Method 3

So, we have an order preserving scheme if At is small enough and f’
is positive and bounded. If f’ is negative and bounded then we can set

fUfL) = FUF)  0f(u(ih, kAt))
h Ox ’
and solve the finite difference equations

AF(UR) + AT (F(UR)i =0, €2, k>0,

(1.6) | DR
U = E/ uo(x) dz, i€Z.
ih

In the same way as we analyzed (1.4), we see that (1.6) will be order
preserving if

AF(FU)); = i€Z, k>0

A
-~ <1, ger.

For a general function f(§) that increases for some £ and decreases
for others, neither (1.4) or (1.6) is satisfactory. ENGQUIST AND OSHER
introduced the following method that ¢s suitable for any f.

Without loss of generality, we let f(0) = 0. We shall assume that
f is Lipschitz continuous, i.e., there exists a constant L such that for all
G, EER, |If(C)— f(&)| < L|IC —&|. Then, by the Radon-Nikodym theorem
there exists a.e. a derivative f/(§) with |f/(£)| < L and for all £,{ € R,

_ /; F(s)ds

Using this f’, we can decompose f into its increasing and decreasing parts:

13
(17) f*(&)z/0 FOV0de and f( /f ) A0dC.

Because f'({)VO0 >0, f/() A0 <0, and f'(¢) = f'({)VO+ f({) A
we know that fT is increasing, f~ is decreasing, and for all e R f(¢ )
FT(¢) + f(¢). For later purposes we also define f* = f* — f~: note that
() =) =) =FVo-f A0=]|f]

Now that we have decomposed f, we can difference the increasing part
to the left and the decreasing part to the right to get the Engquist-Osher
scheme:

AF(UR)+ A7 (FHUR))s + AF(f-(UF)i =0,  i€Z, k>0,

(1.8) 1 [U+DR
U = E/ uo(z) dz, 1€ L.
ih

We next consider approximating (0.1) in several space dimensions. In
(0.1), f(u)is avector (f1(u),..., fn(u)), so one extends the one-dimensional
Engquist-Osher method by splitting each of the components f;(u) into its
increasing and decreasing parts, f;(u) = fj+ (u) + f; (u). The index i € Z
will no longer suffice; now points in Z"™ are indexed by the multi-index
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4 Chapter 3. Monotone Finite Difference Methods

v = (v1,...,Vp). Recall that the unit vector e; has a single 1 in the jth

component. Now the approximations for each v € Z™ and k > 0 will be
U* ~ u(vh, kAt),

Uttt — U} du(vh, kAt)

AUy - At ot
SO - 7 WUE_.)  0f (u(vh, kAt
AT (fFUR), = S ) hj( )L E%j )),
—(TTk o ([Tk ~(ulv
aF (g ), o= e T 10D 01 (ubh kED),

Using this (increasingly Byzantine) notation, the Engquist-Osher method
in several space dimensions can be written as

A (UM), + i (A7 (f7 (U)o + AT (f7 (UF)] =0,

j=1
(1.9) vez" k>0,
Ul = e / uo(x) dz, vezpr.
I/lh Vnh

REMARK. A general explicit finite difference scheme of the form

FUf N, - Uzk+N+1) ~FUfy - Uz'k+N)
h

AS(U"); + =0, i€Z,

for the problem
us + f(u), =0, xR, t>0,
is said to be conservative, since
Sur =y
i€z i€Z

whenever U¥ € L'(Z). The Engquist-Osher scheme is conservative, with
N =0 and
F(UF, Ufa) = £ (U5 + £~ (Uf).

A general method is consistent if for all ¢ € R,
F(e,...,c) = f(e);
the Engquist-Osher method is consistent, since, by (1.7),
F(e,c) = f*(c) + () = f(o).

Finally, a method is monotone if, under some conditions on At, h, and f,
we have that

UF >VF forallieZ = Ut >V forallicZ.
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82. Properties of the Engquist-Osher Method 5

To show this, it is sufficient to show that

oUFH ,
T >0, JjE L.
J

For the Engquist-Osher scheme, we have the explicit formula

(L10) UFT=Uf - %{f*(Uf) — FHUL) + 7 (UE) — £ U}

ouU; Tt
If |j — 4| > 1, then Uf“ does not depend on Uf, SO 8;]1‘“ = 0. We
j
calculate from (1.10) that
QU At oUFtt At
b= () (UL) 20 and —f— = ——(f7)'(Ul,) > 0.
ouk, h Uk h *

Finally, we have that

Ukt
aUF

=1 2Haywh - gy why
At .,
—1-Zhrwh

which will be nonnegative if the CFL condition

At

lp@l<1,  cer,

holds.

Other examples of consistent, conservative, monotone, finite differ-
ence schemes are Godunov’s scheme (described later) and the Lax-Friedrich
scheme

f(Uzk—l—l) - f(Uik—l) . Uik—l - 2U7,k + Uzk—l—l
2h H 12

AF(UR); + =0, i€Z, k>0,

when g > 2 max |f/(£)|.

§2. Properties of the Engquist-Osher Method

Theorem 2.1. Assume that there exists a number L such that

A
(2.1) sgpgi]f;(&n <L and SL<1

Assume U* and V¥ are given, and that U and VF+1 are defined by (1.9).

DRAFT—not for distribution. (© 1989, 1990, 1991 Bradley Lucier 2/21/1994—563



6 Chapter 3. Monotone Finite Difference Methods

(1) IfUF > VF for all |v| <141, then UFT > VFHL for all |v| < 1.
(2 D mT =V -V

Vi<l v|<i+1
3) sup UK < sup U¥ and inf UK > inf UP
lv|< lv|<i+1 lv|<l | <l+1
LAt
k k k
@ Ukt - U|<—ZZ|U
lv|<I lv|<l4+1 j=1
k
B Y3l -ukis Y Ywk-vk)
lv|<tj=1 lv|<l+1j=1

REMARK 2.1. The following inequalities, which we shall now take for
granted, can be derived by letting [/ tend to infinity in (1) to (5):

(1) IfU*>VF for all v € Z", then U > V ! for all v € Z7.
2) U =V pigny < (|UP = V| i zn.

(3) sup UP < sup U¥ and inf UM > inf UF.
I/EZ"’ I/EZ"’ I/EZ” I/EZ”

LAt LAt
@) U = U@ € == 10" lvan < =10y (see (5)).

(5) ||Uk+1||BV(Z") S ||Uk||BV(Z") S ||U ||BV(Z")7 by induction.
PROOF OF THEOREM 2.1. We have the explicit formulae for U*+!:

k k k k k k
U = G(U Ul/ elﬂUu—l—el"' Ul/ en? Ul/—f—en)

= UF — At f: (AT (fFUR), + AT (f(UF),)]
(

A
= Uk SUN O UE) — g )
j=1
A n
_Tt (fji( I/+€J) f+( v— ej))
j=1
= UE = SUS U W) + 1 W)
j=1
A n
FSES U UE + fFUE)
j=1
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82. Properties of the Engquist-Osher Method 7

It’s clear from these formulae that U**! for |v| <1 depend only on U¥ for
lv] <141, and that if U¥ = C for |v| <1+ 1, then U*! = C for |v| < 1.

(1) It suffices to show that

oG oG .
a—leIfZO and @ZO, j:1,...,n.

We calculate explicitly

oG At e
a0 =1~ 3 W~ (5w
A n
—1- U wh
j=1
AtL
=T
>0

by assumption (2.1). In addition,

le: At
8U5+e- B _T(fj )/(UV+€j) >0
and
oG At
U F(ff)/(Uffej) > 0.

So U**! is a monotone function of U¥.

(2) We have from (2.1) that

k+1 k+1 _
UI/ - Vr/ -

At At -
U = V= SES W — £ V) + 5 S U5 W) - £ (V)
j=1 Jj=1
A n
F UL - L)
j=1
A n
- Ft (fj_(Uerej) - fj_(Vl/k+€j))'
j=1

Because fjJr increases, fj* decreases, and (2.1) holds, the quantity in square
brackets above? ((]111c - Vl/k)7 (f;—(Uf) - fj+(vl/k))7 and _(f]_(Uf) - fj_(Vl/k))
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8 Chapter 3. Monotone Finite Difference Methods

all have the same sign. Therefore, taking absolute values we have
|Uk:+1 . Vk+1|
At At =
S U~ £ + 5 25 I Vo

7j=1

A
tZ|f+ 1/ eJ - (Vkaej)|

[y

<.

+ 7 Z |fj7(U5+ej) - fji(VVk+ej)|
j=1
At & At &
= U~ VE = SO AR — - S5 W) - £ (v
j=1

At &
+ 7 Z |f;_(U5—ej) - fj_(vl/k—e]')|
j=1

At —

_|__
h

|fj_(Uf+ej) f (Vuk+ej)|

Summing this inequality over all |v| < yields

S USTt VI < Y UE =V

lv|<l \1/|<l

SO Uk = (Ve
=0
At i
+ 5 20 20 15 Whirne,) = 15 (Vi)

At &
+ 7 Z Z |f;—(U5—(l+1)ej) - f;—(VVk—(l—i—l)ej)"

The sums here are over the (n — 1)—dimensional hypercubes |v| < [ with
v; = 0, each of which when added to le; gives the jth “side” of the n-
dimensional hypercube |v| < [. Because of (2.1), we only increase the right

side of the previous inequality by substituting |U* —Vk | for

v+(l4+1)e; v+(l4+1)e;
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82. Properties of the Engquist-Osher Method 9

At|f ( V+(l+1)ej) fj-*(VVk+(l+1)ej)|, etc. Thus we arrive at
PN LA A D D AR A
v|<i lv|<i+1
which proves (2).
(3) Let V;¥ = sup), ;1 Uy for [v| <14 1. Property (1) implies that

VE+L > Ukt for all |v| < I, which implies the first part of (3). The second
part follows in the same way.

(4) Equation (2.1) and condition (2.1) imply that

> uEtt - U

lv|<l

< 2 Z Z{W UF) = WU )+ 1f; Uhse,) — f7 UH1}

lv|<lj=1
At
<= Y Zlft Uh) - Uk,
lv|<l+1j=1
AtL
<BL S SwE-uk,
lv|<l+1j=1

In fact, our argument shows that in the last inequality we can replace
L = sup, 377, [£5(§)] by max; sup, | £7(£)]-

(5) This property follows directly from Property 2. For each j let
vk .= Uz’f—ej- Then Property 2 implies that

k k k
DT U< Y U US|
lv|<i lv|<l+1
Summing this inequality over j = 1,...,n gives (5). O

REMARK 2.2. Because solutions of (1.9) satisfy the maximum and
minimum principles (3), we can replace the definition of L in (2.1) by

L= sw MU

inf, UF<¢<sup, U u] 1

If we are working with a family of bounded U*, with |U¥| < M, say, for all
v e Z" and k > 0, then we can take

L= s 35O

€l<M ;=

This allows us to consider flux functions like f;(u) = u?, which otherwise
would not satisfy (2.1).
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10 Chapter 3. Monotone Finite Difference Methods

§3. Discrete and Continuous Norms of Approximations

Before using Kuznetsov’s Theorem to bound in L!'(R") the difference of
two numerical approximations to (0.1), we must first interpret the function
Uk, defined for the discrete values of v € Z™ and k > 0, as a function u”(x)
defined for all x € R".

As in the previous section, we fix positive numbers hA and At, and we
assume that (2.1) is satisfied. Let x(z) := xjo,1)»(z) be the characteristic
function of the n-dimensional unit hypercube I :=[0,1)" C R", i.e.,

1, 0<z;<1,5=1,...,n,
x(x) = :
0, otherwise.

For each v € Z™ define x!(z) := x(%£ — v), so that x! is the characteristic

function of the cube I, := [[;_, [vjh, (v; +1)h). For each k > 0 let

ut(w, KAL) == Y USxE(2),
veZ™

and for kAt < t < (k+ 1)At, so that t = (k + «)At for some 0 < a < 1,
define

(3.1) ul(z,t) == au(z, (k + 1)At) + (1 — a)u"(z, kAt).

From the definition, it is clear that u"(z,t) is piecewise constant in 2 and
piecewise linear in t. The following Lemma allows us to relate continuous
norms of u"( -, t) to discrete norms of U*:

Lemma 3.1. If for all k > 0, U* € L (Z"™) then
(1) [Ju" (-, kA prgny = K| UF|| L1201y, k > 0.
(2) u"(-, kAt |lpv@n) = A" |U*|Bv(zn)s k > 0.
(3) For kAt <t < (k+ I)At

[ )HLl(R"— ||U'“+1 Utllpi@ny, k0.

PROOF. (1) This is clear from

" (- kA [ prny = D U [ xibda

vezn Rm
= > |un”
VEL™

- hnHUkHLl(Zn)

(2) We note that for any € > 0,

o] Bv(®n) Z sup lv(z + Tej) — v(x)| de,

1'ﬂ<6|T’ R"
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83. Discrete and Continuous Norms of Approximations 11

That is, we can take the supremum over small 7 rather than over all 7 and
get the same result. This is simply because if |7| > €, and o = 7/d satisfies
|o| < e, then

1
m . lv(x + Te;) —v(z)| dz
1 d
< o Z|v(a:+laej) —v(x+ (I —1)oe;)| dz
T Rnl:l
d
= — lv(z + oej) —v(z)| dx
17| Jgn
1
= — lv(z + oej) —v(x)| de.
lo| Jgrn

Therefore the supremum over all 7 is the same as the supremum over all o
with |o| < € for any positive e.

So we can assume that |7| < h/2 when calculating |[u”(-,t)||pv(rn),
with t = EAt. We calculate

[ @t rest) = @) do = el Y (UL, - UE)
" veEL™
(See the (missing) picture for what happens in two space dimensions.) So

[u" (-, ) | Bvn) sup [u"(z + Tej,t) — o™ (x,t)| da
( Zl |7|<h/2 |T| Rn ’

= Zh”‘l > U, U
j=1

veZL™
= h"HU* By (zn)-
(3) Note that a = (t — kAt)/At, so da/dt = 1/At. From (3.1), we
have that

ul(z, (k4 1)At) — u(x, kKAL)
At

g (2, )| 2 ey =

L} (R")

h?’L
= —|[U* = U*|| 11 n
Al L2 (zn)
by Property (1). 0
The initial data for the numerical method is calculated from the for-
mula

(3.2) U =

v = uo(z)dz, veZm™.

Ihu

We now calculate norms of U° in terms of norms of ug.
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12 Chapter 3. Monotone Finite Difference Methods
Lemma 3.2. Let U° be calculated by the formula (3.2). Then
(1) R™|U°|| 1 (zny < lluollr@ny,
(2) " MU Bv(zn) < lluollBy(mn), and
(3) lluo — (-, 0)l|lLr(mry < hlluollBy@n)-

PRrOOF. (1) We have for each v € Z™,
o< [ o) de,
Ihu

Summing this over all v € Z" gives (1).

(2) For the variation bound, we calculate

WU gy =R"Y YUY -US_,

j=1lveznr
:Z Z / (uo(x) —uo(z — hej)) dx
j=1veznr IV Iny
- 1
< hz Z E/ |uo(x) — up(z — hej)| dx
j=1vezn " Inv

< hljuol|Bv ®n)-

(3) We apply the triangle inequality to calculate,

luo — u™ (-, t) || L2y

1
=3 [ Juot) - 5 [ wole)da| dy
vEZ™ Ihu Ihu
1
= Z o (uo(y) — uo(z)) dz| dy
(33) veZn Ihu Ihy
1
<o [ o) - uola)lde dy
h veZ™ Ihu Ihu
1 n
<= S [ ol 00) — (et — 1) dody,
I/EZ’” Ihu Ihu J:l
where z(z,y,j) == (x1,...,Z,Yj+1,- - -, Yn). Weshall examine the jth term
in the sum on j, and assume for simplicity that v = 0, i.e., that the cube
is situated at the origin. The jth term does not depend on yi,...,y;_1 or
Zjt1,---,Tyn; SO, integrating with respect to these variables gives a factor

of h"~1. If we set s = y; — x; and rename the variables y;,1 to y, to be
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84. Convergence of the Engquist-Osher Method 13

Zj+1 to x,, we can write

/1 /1 |uo(2(z, y,4)) — uo(z(z, y,j — 1)) dz dy

h—x;
=h"" 1/ / |uo(z + se;) — uo(x)| ds dx
Ty J—

gh"l/ s |{| I/Ih,, |u0(:v+sej)—u0(m)|da:} ds

We substitute this into (3.3) to give

Huo—uh( )| 2w

1 n

Sh_zhn—l/ { Z/ lup(z + sej) — uo(z )|da:} ds

j=1 veznr Y Inv

1

< —/ |S|Zsup{ / |u0(:c+sej)—u0(a:)|d:c} ds
h —1 s€R | | "
hHUOHBV(Rn) []

¢4. Convergence of the Engquist-Osher Method

In this section we shall prove that the solutions of the Engquist-Osher
numerical method are Cauchy in C([0,T], L*(R™)), and hence converge to
a function u € C([0,T], L'(R™)) as h and At tend to zero. This function
u satisfies A% (u,v,T) < 0 for all bounded measurable v and all T' > 0; it
requires another simple argument (which we omit) to show that in fact u is
an entropy weak solution as defined in Chapter 2. By the previous chapter,
this entropy weak solution is unique. Finally, we give error bounds for the
Engquist-Osher scheme and give examples to show that these bounds are
sharp.

To simplify things somewhat, we shall consider a sequence of approxi-
mations u”(x,t) with h = 2=M M = 1,2, ..., with At chosen as a constant
multiple of h such that the assumptions of Theorem 2.1 hold. The initial
data will be chosen by the formula (3.2).

Consider now two solutions u;, with parameters hy and Atq, and us
with parameters ho < hy and Aty < Aty. First, we note that it is sufficient
to show that [Jui(-,t) —u2(-,t)||L1(mn) is small when t=kAt;, for if kAt; <

< (k+ 1)Aty, then

Hul( : ,t) — Uz( : ,t)HLl(Rn) < Hul( *y ]{IAtl) - Uz( ‘Y kAtl)HLl(Rn)
+ [lua (-5 8) —ua (-, kAG) || L1 mn)
k

+ fluz (-, t) —ua( -, kKAL) | L1 (rm)
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14 Chapter 3. Monotone Finite Difference Methods

and

ui(-,t) —ui( -, kAt L1 (wn)
< (t — kAty)sup ||Opui (-, t)| L1rny sup over kAt <t < (k+1)Aty

Aty h}
< ZL L UR —UR||pagny by (3) of Lemma 3.1
2 Aty
h} LAt
< 71 I ! IU*|IBv(zn) by (4) of Theorem 2.1
hn—l
< 12 LAt1||U0||BV(Zn) by (5) of Theorem 2.1 and induction
At
< LTlHUOHBV(R”) by (3) of Lemma 3.2.

If (k+ 3)At; <t < (k+ 1)Aty, then the same bound holds by comparison
with uq(x, (k + 1)At1). Because kAt; is a multiple of Ats, a similar ar-
gument shows that [[uz(-,t) — ua(-,kAt1)|L1(rn) is bounded in the same
way. Thus,

(4.1) sup HUl(',t)_UZ(',t)HLl(Rn) <
0<t<T

sup  lui(-, kAty) —uz( -, kAt)|| L1 @ny + LA [uol|Bv (@R,
0<kAt,<T

and we need show only that the right hand side tends to zero as h; (and
hence hg) tends to zero.
For the rest of the section, we redefine u; by

up(z,t) = Z UFxM (2) for kAt; <t < (k+1)At;.
vEZL™

We similarly redefine uy to be constant in time for kAts <t < (k+ 1)Ats.
This new way of “filling the gaps” between time steps does not change the
values of uy (z, kAty) or ua(z, kAty), so bounding the right side of (4.1) for
these new functions will give us the result we desire. We propose to bound
the relevant quantities in Theorem 1.1 of Chapter 2 with u = uy, v = uo,
and T = KAtl
We bound the difference of the initial values by
Jur(+,0) —u2(+, 0)|| Lr(rny

< flua(-,0) —uoll L1 ®n) + [lua(-,0) — uoll L1 (&n)

< (b1 + h2)|luolBV(®n)
by (3) of Lemma 3.2. We always have the bound

wi(w, €) < e|lw|[pyv(rn),

SO
(4.2) wi(ui(-,0),€) < ellur(-,0)l[Bvrn) < €lluollBy@n)
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84. Convergence of the Engquist-Osher Method 15

by (2) from Lemmas 3.1 and 3.2. One combines (5) from Theorem 2.1, (2)
from Lemma 3.1, and an argument by induction to show that

Jur (-, T)lBven) < lJua(-,0)IBvn)-

Therefore, we can bound w(ui(-,T),€) by €| uolgy®n). The same ar-
guments show that both w(uz(-,0),¢) and w(us(-,T"),€) are bounded by
€ [[uollBv(®n)-
We next set out to bound
sup [[u1(-,0) —ui(- ’t)HLl(IR{n)-
0<t<eg

Note that u; is piecewise constant in time, with jumps only at the points
kAt;, and that it is right continuous. There are |ey/At; | such jumps for
0 <t < €, where |s| denotes the greatest integer less than or equal to
s. Therefore, Inequalities (4) and (5) of Theorem 2.1, together with our
typical generous application of Lemmas 3.1 and 3.2, show that

€0
su ur(+,0) —ur( -, )| pirey < | —— | LAt ||u .
0<t£eo lua-0) 10 D) e en) {AHJ 1l|uollBv (®m)

< eoL|uollBv@n)-

It is a little more delicate to bound

sup  |ui(-,T) —ui(-, 1) 1wny-
T—eo<t<T
The number of jumps in u; between T'— ¢y and T is [€y/At1 |, where [s] is
the smallest integer greater than or equal to s. This is because there is a
jump right at t = T'; uq is continuous from above, not from below, in time.
Therefore

€0
su ur(-, 1) —ur( -, )| pimrny < | — | LAt ||u n
s (D)~ (Ol < | 0 | Latluolav
< (60 + Atl)LHUOHBV(R")-
The above arguments and Theorem 1.1 of Chapter 2 imply that
Jur (-, T) = ua( -, T) |21 (rn)
1
(4.3) < [hl + ho + 2¢ + 2¢g L + §(At1 + Atg)L] HUOHBV(RTL)
+ AEO (’11,1, Uz, T) + AEO (U'Qa Ui, T)

The only thing left to do is show how A (uy,us,T) is bounded in terms of
hl, Atl, €, and €0-

In order to bound A (uy,us,T), we shall show that u; satisfies a nu-
merical entropy condition, the form of which was first derived by CRANDALL
AND MAJDA. We used their argument in “deriving” the entropy condition

from our observations about smooth solutions of (0.1) in Chapter 1; we
repeat it here.
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16 Chapter 3. Monotone Finite Difference Methods

Let us denote by U¥ the discrete solution associated with u; at time

kAt;. Let ¢ € R, and define V¥ := UF Vv ¢ for all v € Z". We calculate
V#+1 as the solution of the Engquist-Osher scheme with initial data V*:

(4.4) ASF(VF), + Z TV AT (VR =0, vezm

We note that V¥ = UF v ¢ is greater than both U* and ¢, so by (1) from
Theorem 2.1, we have that V¥ > Uk+1 v ¢ for all v € Z". We substitute
these expressions into (4.4) to see that for all v € Z",

(45)  AS(UFVe), + ) [AT(fT (UM Vo), + AT (f; (UFVe)] <o.
j=1

Similarly, by setting V¥ = U* A ¢, we find that for all v € Z",

(4.6)  Af(UF Ao+ (AT (fH(UR Ae)) + AT (f5 (UR Ae))] > 0.
71=1

Note that U¥ vV ¢ — UF A ¢ = |[UF — ¢|. To make our notation a little more
concise, we define

Fj(Uy, ) = f;(US v ) = [;(US A e) = sgn(Uf — o) (£;(Uy) = f())

and

Fi(U*,0)y = f; (Ulye, V ©) + (U V ) = £ (U, A o) = fH (UL Ae)

=sgn(Usse, — O (f; (Ulse,) — f7 ()
+sgn(Uy — o) (ff (U) — £ ()
The difference of (4.5) and (4.6) can now be expressed as
(4.7) AFIUF — ¢, + En:Aij(U’f,c)y <0
j=1

for all v € Z™ and k > 0. This is our numerical entropy condition.
If we let uy = uy(x,t), ug = ug(2’,t"), h = hy, and At = Aty, then

A (uy, ug,t) ////|u1—uz|wt:c—:c t—1t')

+ZFj Uy, Up) Wy, (x — 2’ t — t') de dt da'dt’

T
+/ / / lui(x, T) —uz (2, t") | w(x — 2', T — ') de dz'dt/
0 n n

T
—/ / / lug (z,0) — ug (2’ )| w(x — 2,0 — t') dw dx'dt’.
0 n n
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84. Convergence of the Engquist-Osher Method 17

Because u; — us is piecewise constant in x and ¢, the time derivative can
be integrated to yield

T T
_/ / / / |ur — ug| wi(z — ', t — t') dz dt dx'dt’
o JrnJo Jre

K-1 ,.rT
:_Z/ / AtZ/ |U5—U2|At+w(a:—a:',tk—t')d:cdx’dt’

VEL™
K-1 T
= Z/ / AtZ/ AF|UY —ug|w(z — 2/, 5T — ) da da’ dt’
k=0 YO0 R ezl
T
—/ / Z/ UK —us|w(x — o', T —t') do da'dt’
0o Jrn S L
T
+/ / Z/ |UY —us|w(z — 2,0 — ') da dx’dt’
0o Jre I,

vVEL™

where t* := kAt and I, is defined to be the hypercube [v, v + 1]h. Now,

T
/ / / lug (2, T) — uz (2, t)|w(x — 2/, T — t') do dz'dt’
0 n n

SS>

/ UK —us|w(x — o', T —t') do da'dt’
I/EZ"’ Iu

and
T
/ / / lug (z,0) — ug (2’ )| w(z — 2',0 — ') dz dz’dt’
0 n n

T
:/ / Z/ U — ug|w(z —2',0 —t') do da’dt’,
0 . I,

ez

so that A (uy,us,T) equals

T K-1
/ / Z At Z / AS|UF —up|w(x — 2/, tF — ) da da’dt!
0 JR™ k=0 L,

vVEL™

T T n_
_////ZFj(“l’Uz)wxj(w—w’,t—t’)d:cdtdx’dt’.

0 n J0 nj:l

We now hope to transform the spatial derivatives into something man-
ageable. Let’s fix 7 and analyze one term alone:

T K-1 tk+1
_/ / Z/ Z/ Fj(Uf7U2)wxj(fc—w',t—t')d:cdtdx’dt’.
0 " =0 Yt* yezn /v
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18 Chapter 3. Monotone Finite Difference Methods
We'll first substitute Fj(U¥,up), for F;(U* ug); on each interval I, we
incur an error of
(4.8)  fi(U}Vuz) — f5(U) Aug)

—[f; U, Vua) + [ (UF Vug) = £ (US o, Nug) — [ (UF Aug)].
We've defined fj+ and f;” so that f; = fj+ + f;, so we can rewrite (4.8) as

£ (UEV w) = f5 Uk, v ua) = f5 (UF Aws) + £ (U, Aua).
The above expression is bounded by
|f37(U5+eJ) - f]i(Uf)L

as can be seen by examining the cases us < min(UF Jrej,U,’f), uz >

max(Uerej,Uf), and min(Uerej,Uk) < ug < max(Uerej,Uf). In total,

14
we have incurred an error by this substitution of at most

T K—1 tht1
/0/ Z/k Z/I 5 US o) = f (US| lwa, (w—a! t—t)| da dt dz'dt.
" k=0 71" pezn v

The only factor in the integrand that now depends on z’ and t' is |w,, (z —
't —t)| = |wm;, (x —a',t — t')|. When we integrate with respect to t’ we
get a factor of

T
/ Ne, (t — ) dt' <1;
0

the integral equals 1 except possibly when ¢ < €y or t > T'— €. Integrating
with respect to each of the variables x}, i # j, yields additional factors of
1; however, integrating with respect to :1:3 gives a factor of

L.
EHW HLl(R),

because of the scaling 7. () := n(z} /€)/e. The terms involving z and ¢ are

constant for x € I, and t* <t < tF+1, so integrating with respect to 2 and
t on each space time interval I,, x [t¥, t*+1] gives a factor of h"At. So, we
can bound the sum of the errors incurred in each coordinate direction by

K—-1 n

h" A
i ey SN0 S0 15 (R, ) — £7(UF)

€ ;

Because |f; (£) — f; (¢)| < M[§ (|, where M < L and because of (5) from
Theorem 2.1 and (2) of Lemma 3.2 and Lemma 3.1, the the error incurred
by this substitution is bounded by

h™ At

€

hT M
17| L) KM U ||y 20y < — 17"l ) llwo | Bv (rny -

Note that there is no error if all the functions f; are nondecreasing.
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84. Convergence of the Engquist-Osher Method 19

ATTENTION: BIG NOTATIONAL SIMPLICATION AHEAD!

The notation in n dimensions for what I want to do next is too arcane
to be useful, so for this next estimate (which is the main estimate), I shall
restrict attention to one space dimension. In n dimensions one performs
the same calculation in each coordinate direction separately.

In one dimension we shall work with

t’“r
// / / we(z — 2t —t')de dt da'dt’.
R

k=0

On each interval I;, F(UF,uy) is constant in z, so we can integrate w, to

get
thtt
/ / / / Fug) we(x — 't —t') da dt da’dt’
R

k=0

= // /ZF Foug) Afw(xy — 2! t — ') dt da’dt!
R

1€EZL
th+1
B / / / Z AFF(UF u)w(wipr — 2’ t —t') dt da'dt!
R k 0 tk Z’eZ
K-1 R+l

Z h/ Z A F(UF, up) w(x; — ', t —t') dt da’ dt’
— k

(Summation by parts does not have a boundary term because w(z—2x',t—t')
has bounded support in z for each fixed 2/, ¢, and t’.) So, with an error of
at most “LM ||/ || 1 gy ||luo ||l Bv(r), A% (u1,uz,T) is equal to

/ / AtZ/ AS|UF — up|w(z — 2/, tF — ') da da’dt!
R k=0 ez
gkt

/ /hZ/ ZA Yw(z; — ', t —t') dt do'dt’

SRl

k=0

t“
/ / / /A F(UF ug)w(z; — o't —t') da dt da’dt’.
R

k=0

/ AF|UF —ug|w(z — 2/, t* — t') da dt da’ dt’

If w were evaluated at the same arguments in each term above, then
A (ug, ug,T) would be no greater than zero and all would be well; for (4.7)
declares that the terms involving UF are nonpositive for all values of i, k,
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20 Chapter 3. Monotone Finite Difference Methods

and ug(z’,t"). That is,

[Ixls

Now |A[|UF — ug|| < |AfUF| so the error incurred by substituting w(z —
2/t —t') for w(x — 2, t**! — t') is bounded by

tk+1
/ [AS|UF —ua| + AL F(UF u2)] w(z — 2/, t — t') de dt dz’dt’ < 0.

e+l

// / Z/ AFUF| [w(@—a ) —w(a—a!, 1 —t')| dw dt da' ¥,
R k=0 7t" jez

Only the terms involving w, which can be written as

wx—a t—t) —w@—o " —t') = n.(x — ") [ne, (t —t') —ne, (T =),

depend in any way on x’ and ¢'. When we integrate with respect to =’ we
get a factor of 1; integrating with respect to ¢’ yields

thrl /

/ g (£ — 1) — g (1 — )] dt’ < / / i (€)] dé dt’
t—t/
tk+1
= 760 ||77 HLl(R)

Therefore, the error in the time term is bounded by

R+l

—||77 HLl(R)Z/ Z/ |AFUF| (¢ — 1) dz dt

At*h —
= —||77 21 ®) Z > AU

k=0 1€Z
LKAt2
< 17| L2 @) 1U° By 2)
LTAt
< 7 ®) lluollBv()-

For the spatial term, we have that |A7 F(UF, up)| < |AZ f4(UF)|. Arguing
in the same way as for the time term, we can see that substituting w(z —
't —t') for w(x; —a',t —t') introduces an error of at most

Ath? - B LKAth
—||77 1 (®) Z Z AL fHUF)| < 7”77 @) 1U°lBv(z)
k=0 icZ

LTh
Q—HU 21 @) lluoll BV (R)-

IN

In several space dimensions exactly the same arguments are used, only
now they are repeated in each of the n spatial dimensions. The same bound
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84. Convergence of the Engquist-Osher Method 21

results:

LTAt LTh MTh
AL (ug,up, T) < { -+ -+ 1} 17"l @) [lwo | BV @) -

- 2¢€g 2¢

This bound does not depend in any way on the fact that us is another
approximation generated by the Engquist-Osher scheme. In other words,
for all measurable, locally integrable v(z’,t') we have

17" [l 1 &) lwo By (&)

(49) A(up,v,T) < [LTAtl L LTh MThl}
€

2¢€g 2¢

We can determine 7 as we choose, as long as it satisfies our hypotheses.
By letting n — $x(_1,1, we have [[1[|L1r) — 1. Therefore, we can use
(4.1), (4.3), and (4.9) for u; and us to see that for any 0 <t < T

lur (-, ) = ua (-, 8) [ 1)

3 1
S [hl —I— hQ —I— 26 —I— 260L —I— (§At1 —I— §At2)L]HUO||BV(R”)

. LTAt LTh MTh
(4.10) L [ETAL | LTh MTR
260 2€
LTAty, LThy MTho
+ + +
2¢€g 2¢

[uollBv(®n)

||U0||BV(]R<n)

At this point our purpose is to show that the sequence of numerical ap-
proximations is Cauchy in C([0,T], L'(R™)). We just note that hy < hq,
Aty < Aty, and if we set € = ¢g = (h1T)/? we have that

ur (-, T) — ua( -, T)|| prmny < Clha + Aty + (A T)?)||uo| By (gn)-

Since hy € {27M}, this shows that, indeed, the approximations generated
by the Engquist-Osher scheme are Cauchy in C([0, T, L*(R™)) for any fixed
T > 0. Therefore, they converge in C([0,T], L'(R™)) to a function u(z,t).
By letting h; and At; tend to zero in (4.9), we can conclude by the Lebesgue
Dominated Convergence theorem that for fixed € and €y and for all bounded
v we have

(4.11) AL (u,v,T) <0.

By Kuznetsov’s theorem, there is at most one function in C([0, T], L*(R™))
that satisfies (4.11), and it is the limit of our numerical approximations.
We shall now show that u satisfies the entropy condition. From our

numerical entropy condition (4.7), we know that for all ¢ € R, all T' =
KAt >0, and all ¢ € C}(R"™!) with ¢ > 0, we have

K-1 Rt n
0>> [ > / (AF|UF — e+ ATF;(UE, o)) ¢, t) da dt
k=0 tk vezn Y 1v j=1
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22 Chapter 3. Monotone Finite Difference Methods

1 pht1
Z/ |UF+L c|A+¢mt+ZF v—e;r O)A; O(z,t) dr dt
k:O vezLm
+Z/ |UK—c|d>a:Tda:—Z/ \U° — ¢|é(z,0) dx

I/EZ"’ I/EZ’”

by summation by parts. As h and At tend to zero, u" — u, |[u?—c| — |u—¢|,
and Fj(u", c) — Fj(u,c) in C([0,t], LY(R)), while A ¢(x,t) — ¢¢(z,t) and
A7 ¢(x,t) = ¢u,(z,t) boundedly in R™*+1. As u is uniformly bounded, by
the Lebesgue Dominated Convergence theorem we conclude that

_/0 / ule, ) — el 1) + 3 By, 1), ), (v,1) do de
+ / lu(z, T) — clé(z, T) dz — / lu(z,0) — clé(z, 0) dz < 0,

n

or A(u,c,¢,T) < 0. Thus, we can conclude that u is the unique entropy
solution of (0.1).

5. Properties of the Entropy Solution

In this section we derive the properties of entropy solutions of (0.1) that
we expected to find on the basis of our heuristic calculations with smooth
solutions and the viscosity approximation in Chapter 1.

Theorem 5.1. Assume F: R — R"™ is Lipschitz continuous, that
there exists a constant L such that supg Y5, |F{(§)| < L, and that that
ug and vy are bounded and in BV(R™). Then there exist unique functions
u(x,t) and v(z,t) in C([0,T], L*(R™)) that are weak entropy solutions of
(0.1) with initial data ug and vy, respectively. Furthermore, we have:

(1) If up(x) > vo(z) a.e. then u(x,t) > v(z,t) a.e.

(2) Forallt >0, ||u(x,t) —v(z,t)||L1@n) < [Juo(z) —vo(x)| L1 @n)-

(3) For all t > 0, esssupyepn u(x,t) < ess sup,epn Uo(z) and
ess inf crn u(x,t) > ess infyern ug(z).

(4) For allt,t' >0, [Ju(-,t) —u(-,t")|p1@ny < Lt —'|||uollBv®r)-

(5) For allt >0, [[u(-,t)Bvrn) < [luollBvrn)-

Finally, for any t > 0, u(z,t) for |x| < R depends only on ug(zx) for
|z| < R+ Lt.

PROOF. We have shown that the limits in C([0,T], L*(R™)) of u" and
v" are entropy weak solutions of (0.1). That u and v are unique follows from
Theorem 1.1 of Chapter 2. Our numerical approximations u" satisfy (1),
(2), (3), and (4), so u and v, the limit in C([0, 7], L'(R™)) and pointwise
almost everywhere of u” and v" as h — 0, also satisfy these properties.
Property (5) follows immediately from Property (2) with vg(z) := ug(z +
he;), 7 =1,...,n. Finally, if R = Nh, then u”(z, kAt) for |z| < R depends
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86. Error Bounds for Monotone Finite Difference Methods 23

on u”(x, (k — 1)At) for |z| < R+ h < R+ LAt. The final remark follows
by induction. N

§6. Error Bounds for Monotone Finite Difference Methods

In this section we shall derive rather sharp error bounds for the discrete
(At > 0) and the semidiscrete (the limit as At — 0) Engquist-Osher
schemes. We also remark about error bounds for general conservative,
consistent, monotone finite difference methods for (0.1). We give an exam-
ple where we estimate (rather than bound) the error in the Engquist-Osher
scheme, and show that our bounds are close to the estimate.

To bound the norm of the error u — u" we can take the limit of (4.10)
as ho and At, tend to zero. This shows that
(6.1)

3
[u" (-, T) = u(-, T)||prrny < [h+ 2e+ 2e0L + §AtL]||U0||BV(Rn)

LAtT LRT  MART
+ +
260 2€

} A

We wish to choose € and ¢y to minimize this bound on the error. Any
expression of the form ae 4 b/e is minimized when ¢ = y/b/a; the minimum

value is 2v/ab. Therefore, the minimum value of the right side of (6.1) is
3
(6.2) h+ iAt + 2V L2AtT + 2+/(L + 2M)hT} o || B (Rn)-

This is our final error bound for the discrete Engquist-Osher scheme.

Note that as At increases our error bound (6.2) also increases. (Re-
member, though, that our CFL condition requires that LAt < h.) We can
imagine a so-called semi-discrete scheme, where the values at each point
v € Z™ are not discrete values U¥, where k = 0,1,..., but are defined for
all t > 0, U,(t). This corresponds to letting At — 0 in the definition of the
scheme:

dUL(t) = s - - )
a +;[AJ~ £ UL0) + AT £ (U,(0)] =0, vezm

We can set At = 0 in (6.2) to find an error bound for the semi-discrete
method:

(6.3) |lu"(-,T) = u(-,T)llpr@n < [h+2\/(L+2M)ht} [uollBv (®n).-

We claimed at the beginning of this chapter that the analysis for other
conservative, consistent, monotone schemes will be so similar as to not
warrant repeating. Here we make good on this claim. If our scheme is of
the form

FUf N, - Uzk+N+1) ~FUfy - Uz'k+N)
h

A (U + =0, i€Z,
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24 Chapter 3. Monotone Finite Difference Methods

then the analysis for the Engquist-Osher scheme goes through if we can
find an L such that if LA¢/h < 1 then the scheme is monotone and (4)
of Theorem 2.1 holds. The constant M is taken so that the bound on
F(U%,c) — F(U¥,c) holds. In general, we can take

N+1
I 23 OF(Uk y,...,U%. )
- k
and
N+1

8PKUEN,”.,U§+Q
ouk

M= 3l

Note that this gives us the correct bounds for the Engquist-Osher scheme.

It is natural to ask if our O((hT)/2 + (AtT)'/?) error bound is sharp,
i.e., if the error in the numerical scheme is actually of this order. For the
simple linear problem

us +uy =0, reR, t>0,

0, <0,
u(z,0) = L 20 z € R,

(6.4)

we can calculate an asymptotic expression for the error in the Engquist-
Osher scheme. Of course, the solution of (6.4) is simply u(z,t) = ug(x —t).
For this problem the numerical method is given by

;o {Q i <0, 7 and
S = 1 y an
: 1, i>0,
At
Uik+1 = Uzk o F(Uzk - Uik—l)
At At
ZFWﬁﬂ—FMZMZkM.

We claim that UF can be given the following probabilistic interpretation.
Consider an off-balance coin with a probability p := At/h of coming up
heads and q := 1 — p = 1 — At/h of coming up tails, and let X* be the
random variable that is the number of heads that come up in k& tosses of
our coin. Then if we define V¥ := Prob{X* < i} of our funny coin, we have

0, <0,
Vioz Z 1€ 7,
1, +>0,
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86. Error Bounds for Monotone Finite Difference Methods 25

while

VFHL = Prob{ X* ! < i}
= Prob{X" <i — 1} + Prob{ X* = i} x Prob{a tail}

At
=VE (VP -vE)(1 - =)

h
AL, At
hV (1_7)‘/1,

for k > 0 and i € Z. Thus UF and V* satisfy the same initial condition
and the same recurrence relatlon SO U"C VE for all k>0 and i € Z. We
let T'= K At. By the binomial theorem,

min (%, K)

vk=%" (K)pj(l —-p)*,
=0 N
and X* has mean
p=pk ="tk =2
and variance
o = Kpll-p) = (1= 50)

where N(0, 1) denotes the normally distributed random variable with dis-
tribution

If, as before, we set v (z,T) := Y ,., UXxs,(x), then the error in the
numerical method is

u(+,T) = u (-, T)| i m)
_ %/Z u(z, T) — uh (2, T)| da
:%/Tuh(m, m——/ (1 — uh(z,T)) dz
2af/ / e €12 d¢ da
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26 Chapter 3. Monotone Finite Difference Methods

as h — 0. The last integral has value 1 (change the order of integration),
so we have that asymptotically

2ho
u(-,T) —u (-, )| prr) ~ ——
[ ( ) ( iz (R) V2r

_(2v12, (T1j2,0 Atyiya
~ &)Ly AL

2
T

= Gy oy -y
as h tends to zero.

Thus, the error in our approximation is > C(ht)'/2, so our error bound
is the right order. The error is zero when At = h; this is because the
numerical and real discontinuities move exactly one space interval in each
time step.

For the Engquist-Osher method applied to (6.4), we have that L = 1,
M =0 (f~=0),and ||ug||gv(r) = 1, so if we ignore terms of order At and
h, our bound is

[u(-,T) —u" (-, T)|| 1y < 2VAT + 2vAT
At\1/2
= 2\/E<1 +(5°) )

So if At is much less than 2h, our bound is no more than 3 times as large
as the real error. This is fairly sharp, as error bounds go!

§7. Existence and Error Bounds without Bounded Variation

Existence and uniqueness of entropy weak solutions of (0.1) for initial data
ug that does not have bounded variation, together with error bounds for
numerical methods applied to such solutions, can easily be derived. We
shall do the first here with a limiting argument; the second result can be
derived by assuming that wi(ug,€) < Ce® for some o < 1 and deriving the
other bounds where we have previously used the bounded variation of uy.

Given any initial data ug € L'(R™) and an € > 0 we can calculate the
smoothed initial data

U(e) = UQ * T)e,

where 7. is our standard molifier introduced in Chapter 2. Then one can
derive

ugllBv@®n) < ;HUOHLI(R%

and
HUO — UBHLI(RTL) < C’wl(uo, 6) — 0

as € — 0. If we denote by u* and u* the entropy weak solutions of (0.1)
with initial data ugy' and wug?, respectively, then for all T > 0 we have

||u61( . ,T) — u62( . ,T)HLl(Rn) S ||u81 — uff ||L1(Rn),
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87. Existence and Error Bounds without Bounded Variation 27

so the set {u¢} is Cauchy in C([0,00), L*(R™)). Therefore, the sequence
converges to a function u € C([0, 00), L*(R™)); it is this u that we consider
to be the entropy weak solution of (0.1) with initial data ug. Because each
of the functions u¢ satisfies the weak entropy condition, u also satisfies the
weak entropy condition; u also satisfies

w1 (u, €) < wi(ug,€)

for all € > 0. Thus, Kuznetsov’s theorem shows that u is unique.
I’ll have to get around to doing the error estimates for numerical meth-
ods for non-BV data later.

TO BE CONTINUED
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Chapter 4
Godunov’s Method and the Random Choice Method

In this chapter we discuss Godunov’s method and Glimm’s random choice
method, two numerical methods that are of great historical importance
both computationally and theoretically, mainly for their applications to
hyperbolic systems of nonlinear conservation laws. Both schemes are based
on the solution of the Riemann problem, which we discuss in §1 for the
scalar problem in one space dimension. In §2 we present a corollary of
Theorem 1.2 in Chapter 2, proved originally by Kuznetsov. We use this
corollary to provide, in §3, error bounds for the random choice method
applied to scalar problems, and then, in §4, error bounds for Godunov’s
method.

¢1. The Riemann Problem

In this section we consider the solution of the so-called Riemann problem
us + f(u)y =0, xR, t>0,
(1.1)

u(m,O):{uL’ w20, z € R.
ugr, x>0,
In one-dimensional gas dynamics this problem arises when a gas is contained
in a tube with an impermeable membrane at the point z = 0; the gas has
constant density and pressure on each side of the membrane. At time t = 0,
the membrane is removed and we study the evolution of the system. Our
problem is much simpler, as we consider only the scalar equation.
Necessary and sufficient conditions were given in Chapter 1 for a piece-
wise smooth function u to be a solution to the scalar conservation law; we
shall construct the solution of (1.1) from this class of functions. Let us
assume first that uy, > ug and that f/(u) is continuous and in BV(R). We
consider the set S, defined to be the convex hull of the set

{(u,v) [v < f(u), ur <u<wur},

and the function f(u) := SUP(y,»)es V- Note that as u declines from uy, to

ug, f'(u) increases monotonically, with f constant on intervals where f is
linear. Under our assumptions on f, f is onto the interval [f'(ur), f'(ug)]-

We claim that if u(x,t) solves (1.1), then u(z,t) := u(z/t,1) =
(f)"Y(z/t). (Wherever f’ is constant, u has a shock, and we consider
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2 Chapter 4. Godunov’s Method and the Random Choice Method

u to be multivalued.) In other words, 2/t = f(u). In an interval where u
is smooth, so that f” is strictly negative, then f(u) = f(u) and

B 1 1 A

1) =@ e
Wherever f(u) > f(u) is linear on a maximal interval (u1,us), then there
is a discontinuity in the solution u(x,t) between v = u; and u = uy at the
location z/t = f'(u) = (f(u1) — f(u2))/(u1 — uz); one sees that both the
Rankine-Hugoniot condition and the entropy condition are satisfied for this
shock, since the line joining the points (u1, f(u1)) and (us, f(us2)), is, by
the definition of f, above the graph of f(u).
When u;, < ug, we define S to be the convex hull of the set

us + f(w)a (~3) + )

{(u,v) [v = f(u), ur <u<ugr},

and the function f (u) := inf (u,w)es V- The same construction as before now
works to define u(z,t) by z/t = f'(u).

We shall also want to solve the Riemann problem in the case when f(u)
is a continuous, piecewise linear function in u. By the above construction,
f is always piecewise linear, but it is not C!'. Let us consider when f
has discontinuities in its first derivative at the points ugp = ug < u; <
.-« < uy = ug. Then, we say that u(z,t) = v for z/t € [f'(v7), f'(v1)].
We find that u is now piecewise constant, with constant states ug, ..., un,
separated by discontinuities at the points z/t = f’(u,;), k=1,...,N.
Where u is constant, it obviously solves (1.1), and one can see trivially that
the discontinuities satisfy the Rankine-Hugoniot condition and the entropy
condition. One can obviously make the same construction when uy < ug.
Therefore, this is the solution of the Riemann problem for any piecewise
linear flux f.

§2. A Corollary of Kuznetsov’s Theorem

There are many important numerical methods based on the solution of the
Riemann problem. In this section we discuss the random choice method for
the scalar hyperbolic conservation law

ug + f(u)y =0, z€R, t>0,

(2.1) u(z,0) = up(x), x € R.

GrLiMM introduced and used this scheme to prove the existence of global
weak solutions to hyperbolic systems of conservation laws. In the next
section we discuss GODUNOV’S method, one of the first successful numerical
methods for hyperbolic conservation laws.

To analyze versions of the random choice method and Godunov’s
method, we prove the following lemma, due to KUZNETSOV.
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82. A Corollary of Kuznetsov’s Theorem 3

Lemma 2.1. If ug is in BV(R), f is Lipschitz continuous, and u
is the entropy weak solution of (2.1) on [0,T], and v is a function that
is right continuous in t, uniformly bounded in BV(R) for t > 0, and an
entropy weak solution of vy + f(v), = 0 in each strip R x [tF tF+1) for
0=t"<t! <...<t& =T, then

(2:2) (-, T =0) =u(-, D)z @) < lluo —o(+,0)|[L1@) + 2¢luoll v ()

K—-1

+ D [pe(u(th), u(t?)) — pe(v(t* — 0),u(t"))],
k=1

where pe(w, z) = [5 Jo Tn(5Z4) w(z)—2(y)| dz dy, and n is any nonnegative
smooth functwn with support in [—1,1], integral one, and n(—z) = n(z).

ProOOF. We shall use Theorem 1.2 of Chapter 2 and a bound on
Ag (v, u, T — 0) to bound the difference |[v(-,T —0) —u(-,T)|[L1(r)-

Because v is an entropy weak solution of v; + f(v), = 0 on each strip
R x [t*, t*T1), we know that with w := w(z—a',t—t') := . (x—2")ne, (t—1'),
u:=u(z',t"), and v := v(x,t), we have

th+1

/ / / / v — uwi +sgn(v — u)(f(v) — f () wa dz dt da'dt’

+ / / / lo(z, t* T = 0) —u(z’, )| w(z — o', t" — ') do dz’dt’
o JrJr
T
- / / / lv(z, t*) —u(z', )| w(x — o', t* — ') ded2’dt’ <0.
o JrJr

(Here we use v(x,t**1 — 0) because we assume that v is right continuous,
so v may have a jump in ¢ at t = t**1.) We add each of these bounds for
th <t < tFt1 to see that

AL (v,u, T —0)

/// /|U—U’Wt+sgn(v—u)(f() f(u)) wy dx dt d'dt’
+/0 /R/R|U($’T_O)_“(m/’t/)W(m—ﬂfl,T—t')dmdm’dt’

T
—/ //|v(a:,())—u(:c',t')|w(:c—a:',O—t')d:cdx'dt'
o JrJR

K-1 T
< Z [/ //|v(m,tk) —u(z, V)| w(x — ', t* — ') de dz’dt’
i— LJo JrJR

T
—/ //|v(:1:,tk—O)—u(m',t’)|w(az—m’,tk—t')dmdm’dt’
o JrJR

We shall let € tend to zero and see what our bound for A% (v, u, T —0)
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4 Chapter 4. Godunov’s Method and the Random Choice Method

tends to. We see that if ¢y < ming [t* — t*+1]| and 0 < k < K then

T
/ //|v(:c,tk)—u(:c',t')|w(:c—a:',tk—t')da:dm'dt'
o JrJr
T
:/ //|U(37atk)—U(iﬁl,tk”w(m—x/,tk—t’)da:d:v’dt’+E
o JrJr
://|U(fl3,tk)—u(fcl,tk)lne(:c—:c’)da:dac’+E
R JR

where F is an error that is no greater than
T
/ / / lu(z’, 1) — uw(z', t*)|w(x — 2/, t* —t') dx dz’dt’
o JrJr
T
- / / (!, ) — u(@’, )| ne. (£ — ) da’dt’
o Jr

< sup ||’U,(,t/) _u('7tk)||Ll(R)
[t —tk|<eo

< Leo||uollBv®n)-

Therefore, for any fixed €y, we have by Theorem 1.2 that

[v(, T —0) —u(-,T)|L1(r)
< luo —v(+,0)|[1(wr) + 2¢€||luol|Bv(®) + €oL|luol BV (®")
K—1
+ ) [pe(w(t), u(th)) — pe(v(t* — 0),u(t"))]
k=1
+ (K — 1)60LHUOHBV(R”) + €oL sup HU( . >t)HBV(R")-
0<t<T

We now let ¢g — 0 to prove the lemma. N

¢3. The Random Choice Method

The random choice method, introduced by GLIMM, is a probabilistic
method for proving existence of solutions for the hyperbolic system of con-
servation laws (2.1). Glimm showed that if the total variation of ug is
sufficiently small, and if the equation is hyperbolic and genuinely nonlinear
in the sense of Lax, then the approximate solution generated by his scheme
converges almost surely to a weak solution of (2.1); later HARTEN AND
LAX showed that any Glimm weak solution satisfies the entropy condition.
Glimm’s scheme has also been applied with some success as a numerical
method. Here we bound the expectation of the L' error of the approximate
solution in the special case where (2.1) is a scalar equation. In particular,
we prove the following theorem.
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83. The Random Choice Method 5
Theorem 3.1. If u"™(x,t) is the solution of Glimm’s method for t" <
t <t w(z,t) is the entropy solution of (2.1), and T = (N + 1)At, then

V3

where h is the mesh spacing, At is the time step, and t" = nAt.

92 h 1/2
E(u-,7) = u™ (-, 1)) < <h+ (%) (hT)1/2> Juollzviey

We note first that although Glimm’s scheme is usually defined on al-
ternating meshes (the approximate solution is piecewise constant on the
intervals [ih, (i + 1)h) at time t™ if n is even, and piecewise constant on
[(i —1/2)h, (i + 1/2)h) when n is odd) this in no way affects the error es-
timates given below. Consequently, a fixed mesh is used for all time as a
notational convenience.

We prove Theorem 3.1 for the following formulation of Glimm’s
scheme. We assume that uo has bounded variation, and that || f’[|f )
is finite. Choose a positive mesh size h. For each integer 7, let I; be
[ih, (i + 1)h), and let x7, be the characteristic function of I;. We assume
that the time step, At, satisfies 0 < At < h/(2[[f'||z(®)), and we define
t"™ = nAt. For each nonnegative integer n, we define a function U™: Z — R
of bounded variation in the following way. Let

0o 1
(3.1) Uo — ﬁ/fi wo(z) dz

for each integer i. If U has been defined for all ¢, solve the initial value
problem

uy + f(u"), =0, reR, t" <t <t
(3:2) uo,th) = YU (@), wER
1€EZL

The function u™(z,t) is found by piecing together the solutions of the Rie-
mann problems at the points ¢h, ¢ € Z. The nontrivial parts of these
solutions do not overlap because of our bound on At.

We now choose a random variable X"™*! uniformly distributed on
[0, h), so that the set of random variables {X*,..., X"*1} are independent;
the values of U/**! are then given by

(3.3) UMt = u™(ih + X" ¢t

for every i. CHORIN seems to have been the first to use exactly one random
choice for all intervals I;.

As can be seen from the definition, U™ is itself a random variable
that depends on the sequence of random variables X!, ..., X™; we propose
to bound the expected value of the error at time tN+! E(|lu(-,tVN 1) —

uN (N | L wy)-
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6 Chapter 4. Godunov’s Method and the Random Choice Method

Because, for any values of X! through X% the approximate solution
satisfies the differential equation exactly for (z,t) € R x (¢, t" 1), Lemma
2.1 applies to bound the error. From this lemma it follows that

E(Hu( ' 7tN+l) - U’N( ' 7tN+1)HL1(R))

If we let E™(f) denote the conditional expectation of f given X!, ..., X"~1
and X"t ... X% then (writing ¢ for ", X for X", and n.(z) for 1n(2)),

€ €

(3.4) E™(p(u" — pe(u" 1(lt),U(lt)))

"(pe ), u
/Om/ ;/

X — {|u”71 ih+ X,t) —u(y,t)] — [u" (2, t) —u(y, t)|} de dy dX

2 fre

1EZ

X {|u”*1(z, t) —u(y, t)] — [u" N (z,t) — u(y, )|} dz dz dy

%/Z/ /Iz_(m(x—y)—ne(z—y))

X {0 (2 1) — ()] — [0 () — uly, 0]} de da dy

/Z//Ine:v— —ne(z = y)|

1EZ

1
X E|u" Yz, t) —u" Yz, t)| dz dz dy.
If we now integrate over y, we find that
17l 21 m)
(@ =y) =n(z =y)ldy < |2 =2l =——

Trivially, [u"!(z,t) — u™ *(2,t)| < [[u” ' ()| Bv(z)- So it follows that
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83. The Random Choice Method 7

(3.4) is bounded by

1 |z — z| 7'l r@®) | s
iz/f /I —dz do——C " () sy
162 T T

P20 low) | e
<> g%”“ BBy
iez

L L T,

6 HBV(R)

The inequality |[u™ ' (¢)||sv®) < |luollv(r) is clear, because the choice of
the initial data (3.1), the evolution of w1 through (2.1) (3.2), and the
random choice process (3.3) are all variation diminishing. Thus,

B (pe(u (), ut)) — o 1), u(e))) < o TV

uniformly with respect to the other random variables X*?, implying that
E(pe(u™(t),u(t)) — pe(u™1(¢),u(t))) is bounded by the same quantity.
Therefore, if T = (N + 1)At, by using an obvious bound for the initial
error, we have

(3.5) E(Ju(-,T) = u™ (-, )l r2w))

T 1?0
< luollBy(e) + 26l uollBy@) + = = |y

AL 6 ollBV(R)-

By letting n — %X[fl,lb |n’||z1(r) may be chosen arbitrarily close to 1.
Minimizing (3.5) with respect to € gives

(3:6) E(fu(-,T) = u™ (-, T)lr1r))

2 (RN
<(n+ (%) 0072) huoleve,

The theorem is proved. We remark that if one chooses to interpret Glimm’s
method as providing that the approximate solution is equal to U on [ih, (i+
1)h) x [t™,t"T1), then the above inequality still holds with a small change
for the error incurred in at most one time step.

Extensive numerical evidence, and some theoretical work, shows that
monotone finite difference schemes, such as the Engquist-Osher scheme,
perform better for problems with uniformly convex fluxes than for problems
with linear fluxes; in fact, the Engquist-Osher method is O(h) accurate for
the problem

u
(3.7) ut + (=) =0, reR, t>0,

u(m, O) = X(—oo,O](m)a r €R.
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8 Chapter 4. Godunov’s Method and the Random Choice Method

For problems, such as this one, whose solution consists of a single shock
of height one, the expected error in Glimm’s scheme can be estimated
directly by applying the Central Limit Theorem. If the shock speed is s,
and p = sAt/h, then after N time steps, the probability distribution of the
shock location (measured in spatial intervals) is binomial with parameters
N and p; therefore, for large N, the shock location error is approximately
normal with mean 0 and variance 02 = Np(1 — p)h?. Asymptotically, the
expected value of the L!(R) error, which is the absolute value of the shock
location error, is

]. o0 2 2 2 oo 2 2 52 2
—&% /20 de = \/j —£%/20 d= — “
Voro /_Oo e ¢ 0 J/0 © 202 g

or (2p(1—p)L)/2(Th)"/2, where T = NAt. Our bound on the ratio At/h
implies that 0 < p < 1/2. For example, when Glimm’s scheme is applied
to (3.7) with At = h/2, p = 1/4, the expected value of the error is about
0.3455(-L-)1/2(hT)/2. Theorem 1 gives a bound of 1.1547(-L)1/2(hT)1/2
independently of the value of p, a fairly close result. Note that Glimm’s
scheme does not converge for this problem when h%/At does not tend to
zero as h and At tend to zero.

¢4. Godunov’s Method

GoDUNOV’s method was one of the first numerical methods for hyperbolic
systems of nonlinear conservation laws. We shall give two different bounds
for the error in Godunov’s method applied to the scalar equation (2.1).
The first bound is derived by showing that Godunov’s method falls into
the general class of monotone scheme. The second bound, which we shall
use later, can be derived much as our previous bound for the random choice
method.

Godunov’s scheme differs from Glimm’s scheme only in that Godunov
determines U by averaging u™( -, t"*1) over I;:

1 h
(4.1) Urtt = E/ u"(ih + X, ") dX.
0

We first determine how to calculate these quantities efficiently when At
and h satisfy the CFL condition.

We shall consider specifically how to calculate U}. Because u°(z,t)
depends only on ug(§) for [§ — x| < Lt, where L = supy [ f'(£)], if we restrict
LAt < h then the value of u°(0,t) for t < At depends only on UY; and UQ.

OK, I don’t really understand yet what’s going on, but I want to hand
out these notes tomorrow when I’ll try to offer an explanation. So let me
just define

minuL<u<uR f(’U,), ur < UR,

ma’XuR<u<uL f(u)7 UR < ur.

F(ur,ur) := {
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84. Godunov’s Method 9

Then the Godunov scheme can be written
Uz‘kJrl - Uzk + F(Uk Uzk—l—l) F(Uik—l’ Uzk)
At h

This scheme is monotone because the underlying differential equation and
the averaging process (4.1) are monotone. Thus, it can be analyzed using
the techniques of Chapter 3, and it has an error bound of C(vVAtT +
VAT)||uo||Bv(r)- This bound decreases as At decreases. Our next bound,
based on Lemma 2.1, decreases as At increases. This makes sense in a way,
because the only entropy “violation” occurs when we average u®(z,t**1)
on each interval I; to obtain Uik“; the approximation can be considered
an exact entropy solution between time steps.

The following theorem shows that the error in Godunov’s method is
bounded by the same expression that bounds the expected error in Glimm’s
scheme.

=0, i€Z, k>0.

Theorem 4.1. If u"(x,t) is the solution of Godunov’s method for
th <t <"t u(x,t) is the entropy solution of (2.1), and T = (N + 1)At,
then
(4.2)

9 h 1/2
||u( . ,T) — uN( T — O)HLl(R) < (h + % (E) (hT)1/2> ||'UJ0||BV(R)'

PRrROOF. We proceed as in Theorem 3.1. Again, with ¢t = t",

— peun (), u(t)
/Z/w— {107 = uly, )] = [u"~(z,8) = u(y,0)} da dy

1EZ

/ /ne JT—
1€EZ

« {1 / Lk + X, 1) dX — u(y, 8)] — [u" (2, £) — u(y, 1)}z dy

<[ [E e

1E€EZL
x> {|u”_1(ih + X, t) —u(y, t)] — [u" (2, t) — u(y, t)|} do dy dX.

One may now follow the series of inequalities in (3.4) and the subsequent
arguments to obtain the estimate in the statement of the theorem. [
The estimate is rather sharp, as can be seen by considering

us +uy =0, reR, t>0,

4.3 0, z<0,
(4.3) u(z, 0) = { z <
1, x>0,

z € R.
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10 Chapter 4. Godunov’s Method and the Random Choice Method

For this problem, Godunov’s method and the Engquist-Osher method are
identical. In §3.6 we showed that the Engquist-Osher scheme has an as-

ymptotic error of

2\12 /2 (g — By,
(=) T (- 2=)

when At/h = % the error is asymptotically (1)1/2(Th)/? = 0.564(Th)/2,
compared to our estimate of 2\/g(Th)1/2 = 1.633(Th)'/2.

Note that our analysis applies even if the CFL condition At <
R/||f'|| L= (m) is violated, as long as the wave interactions in the solution
of (3.2) are calculated exactly; this will prove important in the next chap-
ter.
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Chapter 5
Stability and Moving Grid Numerical Methods

Beginning in this chapter, we shall study more closely the properties of
scalar conservation laws in one space dimension. In §1 we shall study the
stability of conservation laws when the flux, as well as the initial data, is
perturbed. We shall use this result in §2 to analyze a moving grid method
introduced by Dafermos based on piecewise constant approximations that
will exhibit a convergence rate of first order in the number of parameters;
this is to be contrasted with the convergence rate of order % exhibited by
monotone finite difference schemes. We go on in §3 to devise a numerical
method based on piecewise linear approximations on a moving grid that
achieves second order approximation in the number of parameters. In the
next chapter we shall study what these new approximation results imply
about the regularity of solutions of such scalar conservation laws.

§1. Stability

In this section we consider the stability of the entropy weak solution of the
conservation law

us+ V- f(u) =0, xeR™ t>0,
1) ¢ f(u)

u(z,0) = up(z), z € R",

under changes in the flux f as well as the initial data ug. Specifically, we
prove the following theorem.

Theorem 1.1. Assume that u(x,t) is the entropy weak solution of
(1.1) and that v(z,t) is the entropy weak solution of

v+ V-g(v) =0, zeR" t>0,
v(z,0) = vo(z), z € R",

with ug and vg € BV(R™) N L>®(R™) and f and g Lipschitz continuous.
Then

(1.2) u(-,T) =v(-,D)|zr@mny < [luo — vollLr(gn)

+Tf — 4] ||L°°(IR<) min(HuOHBV(R")a ||Uo||Bv(JR<n))~

PROOF. For notational convenience we first prove the result in one
dimension.
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2 Chapter 5. Stability and Moving Grid Numerical Methods

We shall use Kuznetsov’s approximation Theorem 1.2 of Chapter 2
to compare u and v, considering v as an approximation to u. Because
we are considering two different fluxes f and g, we shall use the slightly
expanded notation A (w, z, T, f) and A (w, 2, T, g) for the average entropy
inequality for the fluxes f and g respectively.

When we consider v as an approximation to u, we need to bound
A (v,u, T, f) in Theorem 1.2 of Chapter 2. We set v := v(z,t), u
u(z’,t'), and w := w(x — 2',t — t') and note that A (v,u,T,g) < 0 to
calculate

e o )

_ /// /|v—u|wt—|— FoV @) — f(v A )| wp de dt de’dt’
+/0 /R/R|v(3c,T)—u|w(w—x',T—t')da:dac’dt'
—/OT/R/R|v(:1:,0)—u|w(m—m’,0—t’)dmdm'dt’

_ _/OT/R/OT/R|v—u|wt+[g(vVu)—g(v/\u)]wxdl’dtdm'dt’
+/0T/R/R|v(a:,T)—u|w(a:—:c',T—t')da:dac’dt'
—/T//|v(:1:,0)—u|w(m—m’,0—t’)dmdm'dt’

/// / (f = g)wVu) = (f — g) (v Aw)] wp d dt da'dt’

= A% (v, u,T, g)

—/0 // [ =0 wv ) = (7 = )0 Ay dodt '
< —/OT/R/OT/R[(J"—Q)(UVU)—(f—g)(v/\U)]wmdardtdx’dt’-

This is the basic inequality of this theorem; we must now bound the right
side of (1.3) in a suitable way.

_ We define h(v) := (f—g)(v) and h(v, u) := h(vVu)—h(vAu). Note that
|h(vy,u) —h(ve, u)| < |h(v1) —h(ve)|. Because u, v, and w, are bounded, we
have by the Lebesgue Dominated Convergence Theorem that the absolute
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82. Moving Grid Methods I: Dafermos’s Method 3

value of the right side of (1.3) is equal to the limit as Az — 0 of

—/T//T/ h(v,u) [w(z+ Az — o', t —t') — w] dz dt dz'dt’
Ag;/ // / (v(z — Az, t), u)] wdz dt da’dt’
\Afvl/ // /!h v(z — Az, t))|wdz dt dz'dt’

- A
\A:c|/ /]h (x x,t))| dx dt
< Hh/HLOO(R)M/O /R\v—v(:c—Aa:,t)]dxdt

ST = gl @) llvollBv(r)-

This bound is independent of Az, €, or ¢g. We let these parameters tend
to zero in Theorem 1.2 of Chapter 2, to see that

Ju(-,T) —v(-, T)|lLrw) < luo —vollzr®) + Tl f — g'll e ) lvol Bv(®)-
The theorem follows from symmetry in u and v.
In several space dimensions we note that

[1/(€) = ' (O] := max [fj(§) — g;(§)|

1<j<n

and apply the same argument in each space dimension. 0

REMARK 1.1. Just as in Kuznetsov’s theorem, the right side of (1.2)
can be written in different ways depending on how one bounds (1.3).

§2. Moving Grid Methods I: Dafermos’s Method

DAFERMOS came up with a technique for proving the existence of entropy
solutions of

ug + f(u)y =0, zE€R, t>0,

(21) u(z,0) =up(z), z€R,

that involves solving a perturbed problem. We can interpret his construc-
tion as a numerical method for approximating solutions of (2.1). HED-
STROM implemented his technique as a numerical method both for scalar
equations and hyperbolic systems of two conservation laws.

We shall assume that ug has bounded variation, and additionally that
the support of ug is contained in a finite interval, [0, 1], say. We choose a
positive number N and set h = N~! and I; := [ih, (i + 1)h). The initial
approximation ug is given by

i@y, = 7 [ o(s) .
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4 Chapter 5. Stability and Moving Grid Numerical Methods

We now choose an approximation f to f. The function f will be continuous,

piecewise linear, with breakpoints at the points ih, such that f(ih) = f(ih)
for ¢ € Z. We solve the following perturbed problem ezactly:

s+ f(), =0, reR, t>0,

(2.2) ~ ~

a(z,0) = tp(z), xz € R.
We must show two things: that the error is bounded in a reasonable way,
and that we can in fact solve (2.2) in a finite number of steps.

If we wish to apply Theorem 1.1, we need to bound ||f’ — f/HLoo(R).
On the interval (0, k), we have that

716 - Fo =1 - 110

h
SUAGEEY WLOL!
1 h

<i [ 1F©-rmla

0
I ey [
< B [y
0

- £ | oo ()

< 9N (achieved when £ =0 or £ = h).

The same inequality holds for any £. We have the by now obvious inequal-
ities HUO — a()HLl(R) < hHUOHBV(R) and H’&J()HB\/(R) S H’UJ()HB\/(R). Therefore,
Theorem 1.1 allows us to conclude that

- 1 1
lu(-,T) —a(-, T)llprw) < (1+ 5Hf"HLOO(R)T)NHUOHBV(R), T>0.

We must bound the complexity of solving the perturbed problem (2.2)
if we are to consider this a practical numerical method. We shall assume
that f, and hence f , are convex. First, we bound the number of constant
states that can occur immediately after ¢ = 0. Because we assumed that
the initial data has support in [0, 1], we start with NV + 2 constant states
in @y (including the zero values for z < 0 and « > 1), denoted by Uj,
i=0,...,N +1. In order to solve (2.2) we must solve the N 4+ 1 Riemann
problems between U; and U;;;. We have described the solution of the
Riemann problem for a piecewise linear flux in §1 of Chapter 4; in our case
a constant state in 4(x,t) will arise for each j with U; < j/N < U1,
since the break-points of f are at the points j/N. We can bound the
number of these new constant states in terms of the variation of @y by
noting that if there are \; constant states introduced between U; and U1,
then |U; — U;+1| > (N; — 1)/N. Therefore, N; < 1+ N|U; — U;41| and the
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82. Moving Grid Methods I: Dafermos’s Method 5

total number of added states is bounded by

N-—1 N-—1
STNEN+1+N Y |U; = Ui
1=—1 i=—1

=N+1+Nlaolpvr) <N+ 1+ Nluolpvw)-

Therefore, for a short time after ¢ = 0, there are no more than 2N 4 3 +
Nlluo||Bv(r) constant pieces in @(x, t). These pieces are separated by shocks
that move at a speed determined by the Rankine-Hugoniot condition. (Here
we abuse our previous terminology, and refer to all discontinuities as shocks,
even if they can be considered rarefaction waves of the piecewise linear flux.)

These moving shocks could collide, or interact, for large times. If f
is convex, then each time two shocks collide, with three constant states
given by uy, (to the left of the left shock), up; (between the two shocks),
and ug (to the right), then only one shock emerges, with left state wup,
right state ug, and speed given by the Rankine-Hugoniot condition. (This
can easily be shown based on a trivial, but tedious, case analysis of the
six possible orderings of ur, ups, and ug.) Thus, interaction of waves
causes a reduction in the number of constant states. Since there are O(N)
constant states initially, there can be at most O(N) wave interactions in
the solution of @(z,t) for all time. Thus, one can completely determine
the solution @(x,t) as constant on O(N) polygonal regions in the z-t plane,
with all of the regions determined by at most O(N) line segments.

One would program this numerical method as a simulation, where the
events are the intersection of two shocks. We shall briefly describe an
algorithm that allows one to completely calculate 4(z,t) for all z € R and
t > 0in O(N log N) steps.

First, one determines, left to right, all the constant states and shocks
that will emerge from the initial data. The shocks to the left and right of
each constant state are noted, as are the constant states to the left and
right of each shock. This takes O(N) time.

For each pair of adjacent shocks, the time of intersection is noted (if
the shocks are diverging, then this time is infinite); this information is put
on a heap. A heap is a binary tree with the following properties. The tree
is complete, i.e., all levels but the last are full, and the last level has all its
vacancies on the right. There is an ordered key associated with the heap (in
our case it is the time of intersection), and the key of each node in the tree
is smaller than the keys of the children (if any) of that node. Consequently,
the earliest time of intersection between two shocks will be at the root of
the tree.

There are simple algorithms for adding and removing elements from
a heap while maintaining these data invariants. Each algorithm takes but
O(log N) time. Therefore, it takes O(NN log V) operations to construct the
heap originally.

The root of the tree contains the first wave interaction that will occur
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6 Chapter 5. Stability and Moving Grid Numerical Methods

in the solution of u. Let’s say that it involves the three states uy, uys, and
uRr, and that there are states uy; to the left of uy and urg to the right
of ug. After the uy /up and ups/ur waves interact, the state up; and the
ur /ups and upr/ur waves no longer exists, so these are removed from the
list of states and waves, respectively, The new shock between u; and ug
is calculated, and the root of the tree, which used to represent the wave
interaction is removed from the tree. The interaction between the ur, /uy,
shock and the uy, /ups shock, now no longer valid, is removed from the tree;
so is the similar interaction on the right. Finally, the interaction between
the upr /ur shock and the new uy /ug shock is added to the tree; again, a
similar calculation is performed on the right.

When manipulated in this way, a heap serves as a priority queue, a
useful tool for programming simulations. The data manipulations for each
wave interaction in @ requires O(log N) operations to calculate; since there
are at most O(IN) wave interactions, the calculation of % requires at most
O(N log N) operations.

Our analysis is summarized in the following theorem.

Theorem 2.1. Let ug € BV(R) have support in [0, 1] and assume that
there ezists a constant M such that 0 < f"" < M. Let u(x,t) denote the
solution of (2.1). Then for each positive N, there exists a function u(z,t)
that is piecewise constant on no more than 2N + 3+ N ||lug||gv(r) polygonal
regions in x-t space, and

- 1 1
Ju(-,t) —a(-, 0@ < (1+ EMt)NHUOHBV(R)a t>0.

Furthermore, @ can be calculated as the solution of (2.2) in O(N logN)
operations.

Dafermos’s method is much more computationally efficient than mono-
tone finite difference methods. On an interval in z-t space, [0, 1] x [0, 7],
say, it takes O(NN?) operations to calculate the solution of a monotone finite
difference method (with » = 1/N) that achieves an accuracy of O(N~1/2).
In other words, Error = Work—'/4 for monotone finite difference schemes.
In contrast, Dafermos’s method achieves an error of O(N 1) with roughly
O(N) operations (log, N is bounded by 20 for N < 1,000, 000), achieving
Error = Work™1.

§3. Moving Grid Methods II: The Large-Time-Step Godunov
Method

LEVEQUE introduced several interesting techniques in a numerical method
for (2.1) that he considered to be a large-time-step generalization of Go-
dunov’s method. We shall describe and analyze a variant of his method in
this section.

We shall again assume that 0 < f” < M, that ug is of bounded vari-
ation and has support in [0, 1], and that N is a positive integer parameter
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83. Moving Grid Methods II: The Large-Time-Step Godunov Method 7

with h = 1/N. The approximation to the initial data ug is the piecewise
constant average of ug on each interval [ih, (i + 1)h), i =0,..., N — 1.

A procedure, called (appropriately enough!) an approximate Riemann
solver, is used to approximate the solution of the Riemann problem between
adjacent constant states with the flux f. (Approximate Riemann solvers
are an integral part of many numerical methods.) This approximate Rie-
mann solver works in the following way. If the solution of the Riemann
problem consists of a single shock separating the two constant states of
the initial data, then that is also the solution of the approximate Riemann
solver. If, however, the solution of the Riemann problem for f consists of a
rarefaction wave, then that rarefaction wave is replaced by a “staircase” of
small, entropy violating shocks (whose speeds are still determined by the
Rankine-Hugoniot condition for f), between the left state and the right
state. To be precise, we shall assume that the added, artificial, constant
states are located only at the points u = j/N for uy, < j/N < ug. Thus,
the height of these entropy-violating shocks is at most 1/N.

LeVeque wished to have a Godunov-type scheme, where after some
time At he would project the approximate solution onto the original grid,
but one must decide how to deal with the interaction of the waves generated
by our approximate Riemann solver when || f'|| o ®)At > h/2. In later pa-
pers LeVeque allowed these waves to pass through each other as though in a
linear wave equation, but in his first paper his algorithm strove to calculate
their interaction exactly; i.e., whenever two waves came together, he would
calculate anew the waves that arose from the new Riemann problem. The
method continues in this way for a time At, at which point the approxi-
mate solution is projected onto the original grid and the process starts over
again.

LeVeque presented intriguing computations in his paper that showed
that as one increased the time step, until eventually At = T, the error in
his scheme decreased. Our analysis will be able to account for this behavior.

The method as we have described it can (almost) be analyzed as a
combination of Dafermos’s method and Godunov’s method. The intro-
duction of entropy-violating shocks is algebraically identical to Dafermos’s
piecewise linear approximation f to f; in each case the discontinuity speed
between the states uy = j/N and ug = (j + 1)/N is

flup) — f(ur)  f(ur) — f(ur)

U — UR U —UR

The speed of numerical shocks will differ slightly between the two methods,
however, because for general u # j/N, f(u) # f(u). Therefore, let us as-
sume that LeVeque’s ingeneous entropy-violating “staircase” arises from the
piecewise linear approximation of f by f. Thus, the approximate Riemann
solver and the exact calculation of wave interactions can be considered an
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8 Chapter 5. Stability and Moving Grid Numerical Methods
approximation by problem (2.2), which introduces an error bounded by
- 1
[u(-,T) = a(-, T)llzre) < (1+ 5MT)h||U0||BV(JR<)-

The averaging step can be considered an application of Godunov’s method
to (2.2), which was analyzed in §4 of Chapter 4; it introduces an error

bounded by
9 /K \1/2
V3 (Kt) (RT)! 2 uollv ).

(The O(h) term is missing because the initial data of (2.2) is piecewise
constant on the grid of size h.) Thus, we achieve the final bound for the
large-time-step Godunov method of

1 2 [ n\'?
Hu( . ,T) — ﬁ( . ,T)HLI(R) < (h + iMTh + ﬁ <Kt> (hT)l/Z) HUOHBV(R)'
Thus, when At ~ h, (e.g., when the CFL number is 1), the error is
O((hT)Y/?) and the method is order-3 accurate If, however, At = T,
and only one time step is taken, then the error is O(h) and the method
is first-order accurate. This explains the success of LeVeque’s numerical
experiments.

§¢4. Moving Grid Methods III: Piecewise Linear Approxima-
tion

In this section we describe a method for approximating solutions of (2.1)
by piecewise linear functions, and in so doing we achieve an approximation
rate of O(N~2) with O(N) linear pieces. Just as for Dafermos’s scheme,
the computational complexity will be O(N log N).

This method is based on several observations. The first observation is
that if f(u) := au?® 4+ bu + c is quadratic in u, and ug(x) := ax + 3 is linear
in z, then u(z,t) will be linear in x for as long as the solution exists. We
calculate from the method of characteristics

u=up(x — f'(u)t) = a(x — (2au + b)t) + S,

so that

ax + 3 — abt

4.1 t) =
(4.1) u(z, ) 1+ 2aat

The second observation is that the above property is purely local. For
example, if

0, x<0,
u(z,0) =14 z, 0<zx<1,
1, =z>1,
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84. Moving Grid Methods III: Piecewise Linear Approximation 9

and f(u) is quadratic only for u € [0, 1], then between the characteristics
emenating from x = 0 and = = 1, the solution of (2.1) is linear. Thus,
one need track only the trajectories of these two points, and the solution is
linear between them.

The third and final observation is that one can determine exactly the
trajectory of a shock at x = 0, say, when immediately to the left of the
shock u is linear and f(u) is quadratic, and to the right u is a possibly
different linear function and f(u) is a different quadratic function. This
follows from the following shock propagation condition, which is equivalent
to the Rankine-Hugoniot condition.

Let us consider a shock propagating from x = 0 at time t = 0 along
a curve x = £(t). At each point (&,t) on the curve, let (z1,0) and (zg,0)
be the starting points of the characteristics passing through the point (¢, t)
from the left and right, respectively. Then x; < 0, xg > 0, and z, xR, &,
and t satisfy the two equations

(4.2) E=xp+ f(uo(zp))t
and
(4.3) E=zRp+ f’(uo(a:R)) t.

The points (zr,0), (xg,0), and (&,t) form the vertices of a triangle T in
the z-t plane. If we assume that the solution u of (2.1) is smooth to the
left and right of the shock, we can integrate (2.1) over T to see that

0— /Tut—i—f(u)xdm
-/ (f(w).u)ndo

= — [f(uo(zr)) — f'(uo(zr))uo(zr)]t
+ [f(uo(zr)) — f'(uo(zr))uo(zr)] t

- / uo(z) dz.

Here we have used the fact that u, and hence f(u) and f'(u), are constant
along the top sides of 7, and that the length of the top left line segment of
T, for example, is

\/t2+( —33L2_\/t2 [f'(uo(zr)) 2—t\/l "(up(x))]?.

Thus, the propagation of the shock is totally determined by the system
of equations (4.2), (4.3), and (4.4). This is a system of three (nonlinear)
equations in &, t, and the two auxiliary variables z; and xg. In our example,
we have that

arx + B, x <0,
uo(z) =
arz + Br, = >0,
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10 Chapter 5. Stability and Moving Grid Numerical Methods

with

aru?® +bru+cr, unear ug(0”) = Bz,

=

aru® +bru + cg, u near ug(0T) = Bg.

In this case, (4.2), (4.3), and (4.4) form a system of polynomial equations in
&, t, xp, and z g, and the two auxiliary variables can be eliminated through
a process called, well, elimination, leaving us a single equation in the two
variables of interest, £ and t. We can use MACSYMA to find this equation,
which leads to

(2ararpt +1)(2agagrt + 1)

(2aLaRaRt§2 —2arapantt? — aré? 4+ apé?

— 4bLaLaRaRt2§ + 4bRaLaRaLt2§ + 48rararté

— 4Brararté + 2brarté — 2bpanté — 26r€ + 2018

+ 8crarararart® — 8craparanapt® + 2b%aLaRaRt3
— Qbizoz,;ozRaLt3 — 4ﬂ%aRaLaRt2 + 4ﬂ12%aLaLaRt2

— 4Bbrarapt® + 4cparapt® — depagapt?

+ 4ﬁRbRaLaLt2 +4egapart® —depapant® — b%ath
+ b2apt? +26%apt — 262art + 28rbgt

—28pbrt + 2cgt — 2¢pt) = 0.

The first two factors are zero when the solution to the left and right of
the shock no longer exists; compare with the denominator in (4.1). The
third factor is a cubic polynomial in £ and ¢, which the shock trajectory
must satisfy. Thus, the shock trajectory forms part of the zero set of a cubic
polynomial, or a cubic curve. (Newton attempted to classify these curves in
Enumeratio linearum tertii ordinis, published as an appendix of his Opticks
in 1704 and excerpted extensively in A Source Book in Mathematics, 1200-
1800, edited by D. J. Struik. Struik indicates that Newton’s paper formed
the greatest advance in algebraic geometry since the time of the Greeks.)
In fact, since the equation is quadratic in &, the shock path can be written
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84. Moving Grid Methods III: Piecewise Linear Approximation 11

down as a function of ¢:
¢={=[(-1)(2arart + 1)(2aragrt + 1)
(4aLcRaRaRt2 —deraragart? — apbr?agt® + 2brarbragt?
—dapapcrapt® + depapapapt® — bLzaLaRt2 — QB%aRaRt
+ 2aL/6’12%aRt — 28rbragrt — 2craprt + 2ﬁ%aLaRt + 28rbragt
+ 2crapt + 2o, Brbrt — 2aLaL,6’12%t — 2brarOrt

1/2
+ 2aLth — 2crapt — ,812% -+ 2ﬂLﬁR — ﬂ%)] /
+ 2aLaR(bLaR — aLbR)t2
— (26LaRaR + bRaR — 2aLaLﬁR — bLaL)t

+ Br — Br}/(Rapag(ag — ap)t — ar + ag).

If f is convex then an entropy-satisfying shock has 8;, > (g, so the plus
sign is needed to ensure that £ = 0 when ¢t = 0. If ay = ag, then we need
to find a more useful expression for the shock trajectory near zero.

To summarize, our new formulation of the shock condition allows us
to solve for the shock trajectory ezxactly when w is piecewise linear near the
shock and f is piecewise quadratic near the values taken on by u near the
shock.

From these observations we can build a numerical method based on
piecewise linear approximations that achieves an error of O(N~2) when
there are O(N) pieces in the approximation. In some sense, this method
is the next higher-order generalization of Dafermos’s method, in that we
solve (2.2) with approximations f to f and g to uo.

We choose a parameter N, set h = 1/N, and we assume f is a C1,
piecewise quadratic function with breakpoints at j/N, such that

FE)=f(L), jez, and j0)=0).

Then for £ € (0, h) we have that

13 / ol
= [ o - HE SO g

h
5 " _l 4 1
= [ rrm—g [ r@acan

h  rg

-: | [ ro-raa
h  rg

=5 | ] o= r@anac
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12 Chapter 5. Stability and Moving Grid Numerical Methods

Thus,

ey I Neemwy (™ (5.
1€ - P @ [ [T nanac

1" | 2o ) 1
h 2

1
< S oy 2.

(4.5) < h(h —€)¢

The same inequality holds for all £&. Therefore, Theorem 1.1 shows that if
ilp is any approximation to ug with ||@g||gv(r) < ||uolBV(R), then

- - t 1
Ju(-,t) = (-, O)rw) < [luo — tollLrw) + ng/"HLOO(R)HUOHBV(R)W-

For example, if uy is C? and has support in [0, 1], then the continuous,
piecewise linear interpolant at the points j/N, j =0,..., N, satisfies

- - 1, , 1
luo = tolla(r) < lluo = tollz=@) < glluollze®) 73

In this case we have the error bound

- 1 1
luC-8) = a(- Oller@) < gllluollzoe @) + ¢l =) luollsv ) 373

Just as for Dafermos’s method, we must now characterize the form of the
solution #(z,t) and bound the computational complexity of an algorithm
to calculate it.

TO BE CONTINUED
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