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M602: Methods and Applications of Partial Differential Equations
Mid-Term TEST, Feb 12th
Notes, books, and calculators are not authorized.

Show all your work in the blank space you are given on the exam sheet. Always justify your
answer. Answers with no justification will not be graded.

Question 1

Let u solve Oyu — Ogpu = 5, x € (0, L), with 0,u(0,t) = «, Ou(L,t) = =3, u(z,0) = f(x).
(a) Let a = 1. Compute fOL u(z,t)dx as a function of .

Integrate the equation over (0, L):
L L L
dt/ u(z, t)dr = / Opu(x, t)dx = / Opzudzr + 5L = dyull + 5L.
0 0 0

That is d; [ u(z,t)de = —4 + 5L. This implies [\ u(z,t)de = (=4 +5L)t + [\ f(x)dz.

(b) Let « be an arbitrary number. For which value of «, fOL u(z,t)dz does not depend on 7

The above computation yields fOL u(z,t)de = (-3 —a+5L)t + fOL f(z)dz. This is independent
of tif (—3 —a+5L) =0, meaning « = =3+ 5L.
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Question 2

Consider the differential equation ‘f% +Xp =0, t € (0,7), supplemented with the boundary
conditions ¢(0) =0, ¢'(w) = 0.
(a) What is the sign of A? Prove your answer.

Multiply the equation by ¢ and integrate over the domain.

—/ (¢'(t))%dt + ¢'o|7 + A/ $*(t)dt = 0.
0 0

Using the BCs, we infer
- [ @wra=x [ @
0 0
which means that )\ is non-negative.

(b) Compute all the possible eigenvalues A for this problem and compute ¢.

There are two cases: Either A > 0 or A = 0. Assume first A > 0, then
o(t) =1 cos(ﬁt) + ¢y sin(\/Xt),

The boundary condition $(0) = 0 implies imply ¢; = 0. The other BC implies ¢ cos(v/Ar) = 0.
¢ = 0 gives ¢ = 0, which is not a proper eigenfunction. The other possibility is v/ Ar = (n+ %)77
n € N. In conclusion

o(t) = casin((n + 3)t), n € N.

The case A = 0 gives ¢(t) = ¢1 + cot. The BCs imply ¢; = ¢o = 0, i.e. ¢ = 0, which is not a
proper eigenfunction.
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Question 3

Consider the Laplace equation Au = 0 in the rectangle = € [0, L], y € [0, H] with the boundary
conditions u(0,y) =0, u(L,y) =0, u(z,0) =0, u(z, H) = f(x).
(a) Is there any compatibility condition that f must satisfy for a smooth solution to exist?

f must be such that f(0) = 0 and f(L) = 0, otherwise u would not be continuous at the two upper
corners of the domain

(b) Solve the Equation.

Use the separation of variable technique. Let u(xz) = ¢(x)¥(y). Then, provided ¢ and ¢ are non

zero functions, this implies %I = —i = A. Observe that ¢(0) = ¢(L) = 0. The usual technique

implies that \ is negative. That is to say é(z) = acos(vVAx)+bsin(v/Az). The boundary conditions
imply @ = 0 and VAL = nm, ie., ¢(z) = bsin(nwz/L). The fact that X is negative implies
¥(y) = ccosh(v/Ay) + dsinh(v/Ay). The boundary condition at 4 = 0 implies ¢ = 0. Then the
ansatz is

z,y) = ZAn sin(%)sinh(%),
n=1

and the usual computation gives

nmwé
An = Lsmh _/ F(€)sin T)dg
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Question 4

Let f(z) =z, x € [-L, L].
(a) Sketch the graph of the Fourier series of f for z € (—o0, 00).

The Fourier series is equal to the periodic extension of f, except at the points (2n + 1)L, n € Z
where it is equal to 0 = (1 —1).

(b) Compute the Fourier series of f.

f is odd, hence the cosine coefficients are zero. The sign coefficients b,, are given by

1 L L1 L L
bn = Z/_L.%‘SIH(%)CL’E = Ez/;[{ COS(%)dIA—2E COS(nﬂ‘)-

As a result b, = —2cos(nr)-% =2(—1)"*!1 L and

nm

nmwx

FS(f)(x) = 3 2(-1)" 2= sin("70).
1
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Question 5

Let L be a positive real number.
(a) Compute the Fourier series of the function (=L, L) > x —— z°.

The Function is even; as a result it sine coefficients are zero. We compute the cosine coefficients
as follows:

+L +L
/ x? cos(mmz/L)dx = cm/ cos(mmx/L)?dzx,
-L -L

fm=0,c= ﬁ ffLL z2dr = %L. Otherwise,

1 +L
Cm = —/ x? cos(mmx/L)dx.
LJ-r

Integration by parts two times gives

1L [t
Cm = ———/ 2z sin(mma/L)dx

Lmm J_p
L 2 "
= QWJS cos(mmz/L)|*, = 4m(—1) ’

(b) For what values of « the Fourier series is equal to z%?

The periodic extension of 22 over R is piecewise smooth and globally continuous. This means that
the Fourier series is equal to 2% over the entire interval [—L, +L].

(c) Using (a) and (b) give the Fourier series of  over [—L, +L] and say where it is equal to .

Since we can derivate cosine series, the Fourier series of x over [—L, 4+ L] is obtained by differentiating
that of z2,

S —dF512 _002 1n+1L_1’L7T.%‘
(@)(x) = Iz (555 )(z) = 2 (1) ESIH(T>'

We have equality z = F'S(x)(z) only on (—L,+L). At —L and +L the Fourier series is zero.
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Question 6

Using cylindrical coordinates and the method of separation of variables, solve the Laplace
equation, 28, (rd,u) + 5dppu = 0, inside the domain D = {6 € [0, Z], r € [0,1]}, subject to
the boundary conditions dpu(r,0) = 0, u(r, 7) = 0, u(1,6) = cos(30).

We set u(r,0) = ¢(0)g(r). This means ¢ = —A¢p, with ¢'(0) = 0 and ¢(3) = 0, and
rd,(rd.-g(r)) = Ag(r). Then using integration by parts plus the boundary conditions we prove
that A is non-negative. Then

#(0) = ¢1 cos(VAG) + ¢ sin(VAG).

The boundary condition ¢(0) = 0 implies ¢c; = 0. The boundary condition ¢(%) = 0 implies
VAZ = (2n+1)Z with n € N. This means VA = (2n + 1). From class we know that g(r) is of
the form r®, o > 0. The equality rd,.(rd,r®) = Ar® gives a®> = . The condition a > 0 implies
2n + 1 = . The boundary condition at 7 = 1 gives cos(36) = 12"*1 cos((2n + 1)8). This implies
n = 1. The solution to the problem is

u(r,0) = 13 cos(36).




