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THE GAUSS-BONNET THEOREM FOR THE
NONCOMMUTATIVE TWO TORUS

ALAIN CONNES AND PAULA TRETKOFF

ABSTRACT. In this paper we shall show that the value at the origin, ¢(0), of
the zeta function of the Laplacian on the non-commutative two torus, endowed
with its canonical conformal structure, is independent of the choice of the
volume element (Weyl factor) given by a (non-unimodular) state. We had
obtained, in the late eighties, in an unpublished computation, a general formula
for ¢(0) involving modified logarithms of the modular operator of the state.
We give here the detailed computation and prove that the result is independent
of the Weyl factor as in the classical case, thus proving the analogue of the
Gauss-Bonnet theorem for the noncommutative two torus.
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1. INTRODUCTION

The main result of this paper, namely the analogue of the Gauss-Bonnet theorem

for the noncommutative two torus T%, follows from the computation of the value

at the origin, ¢(0), of the zeta function of the analogue of the Laplacian for non-

unimodular geometric structures on TZ. The two authors did this computation at

the end of the 1980’s. The result was mentioned in [G], but it was never published
1
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except as an MPI preprint [5]. At the time the computation was done, the result
was formulated in terms of the modular operator but its significance was unclear.
In the mean time the following two theories have been developed:

e The spectral action
e The non-unimodular spectral triples

The spectral action [2], [4], allows one to interpret gravity coupled to the standard
model from spectral invariants of a geometry which encodes a fine structure of
space-time. In the two dimensional case the constant term in the spectral action is
(up to adding the dimension of the kernel of the operator) given by the value at the
origin, ((0), of the zeta function. This value is a topological invariant in classical
Riemannian geometry.

The twisted (or non-unimodular) spectral triples appeared very naturally [I0] in
the study of type III examples of foliation algebras.

Thus, in more modern terminology, our computation was that of the spectral action
for spectral triples on the non-commutative two torus T3 both in the usual and
the twisted cases. Initially, the complexity of the computation and the lack of
simplicity of the result made us reticent about publishing it. It is only recently
that, by pushing the computation further, we could prove the expected (cf. [3])
conformal invariance.

Theorem 1.1. — Let 6 be an irrational number and consider, on the non-commutative
two torus T%, a translation invariant conformal structure. Let k be an invertible
positive element of C*>°(T3) considered as a Weyl factor rescaling the metric. Then
the value at the origin of the zeta function ((s) of the Laplacian of the rescaled
metric is independent of k.

In fact we must retract a bit after stating this theorem since we have only performed
the computation for the simplest translation invariant conformal structure but we
do not expect that the general case will be different.

There are two main actors in the computation and they display an interesting
interplay between two theories which look a priori quite distinct, but use the same
notation for their key ingredient:

e The spectral theory of the Laplacian A
e The modular operator A of states on operator algebras

The second is part of the scene because of the non-unimodularity of the spectral
triple, or in simpler terms because the state defining the volume form is no longer
assumed to be a trace and hence inherits a modular operator A. While both the
Laplacian and the modular operator will be denoted by the capital letter delta, we
hope the distinction] between these two operators will remain clear throughout to
the alert reader.

2. PRELIMINARIES

Recall that for a classical Riemann surface ¥ with metric g, to the Laplacian
Ay = d*d, where d is the de-Rham differential operator acting on functions on
the Riemann surface, one associates the zeta function

((s) = Z A7 %, Re(s)>1,

IWe use a slightly different typography for the two cases
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where the summation is over the non-zero eigenvalues \; of A, (see, for example,
[12]). The meromorphic continuation of {(s) to s = 0, where it has no pole, gives

the important information
) 1 1
C(0) + Card{j | A, = 0} = 33~ [ R=5x(®).

where R is the scalar curvature and x(X) the Euler-Poincaré characteristic. This
vanishes when Y is the classical 2-torus R?/Z2, for example, and is an invariant
within the conformal class of the metric, that is under the transformation g — efg
for f a smooth real valued function on .

2.1. The noncommutative two torus T%.

Fix a real irrational number 6. We consider the irrational rotation C*-algebra Ay,
with two unitary generators which satisfy

VU =0y, Ur=U""', vi=v"1,

We introduce the dynamical system given by the action of T?, T = R/27Z on Ay
by the 2-parameter group of automorphisms {a,}, s € R? determined by

as(Un Vm) _ eis.(n,m)Un vm , (S c R2) ,

We define the sub-algebra Ag® of smooth elements of Ag to be those z in Ay such
that the mapping
R? — Ap, 5+ as(x)

is smooth. Expressed as a condition on the coefficients of the element a € Ay,
a= Z a(n,m)U"vm

this is the same as saying that they be of rapid decay, namely that {|n|* |m|? |a(n, m)|}
be bounded for any positive k, q. The derivations associated to the above group of
automorphisms are given by the defining relations,

hU)=U, &6{lV)=0,

5(U)=0, &(V)=V.
The derivations d1, do are analogues of the differential operators %8/ oz, %8/ Jy on
the smooth functions on R? /2772
2.2. Conformal structure on T3.

As 0 is supposed irrational, there is a unique trace 7 on Ay determined by the
orthogonality properties

FUTV™) =0 if (n,m)#(0,0), and 7(1)=1. (1)

We can construct a Hilbert space Hy from Ay by completing with respect to the
inner product

(a,b) =7(b%a), a,be Ag, (2)
and, using the derivations 1, d2, we introduce a complex structure by defining
0=01+1i0y, 0" =01 —ids (3)

where (extending 9, 9* to unbounded operators on Hy) 0* is the adjoint of 0 with
respect to the inner product defined by 7. As an appropriate analogue of the space
of (1,0)-forms on the classical 2-torus, one takes the unitary bi-module H*?) over
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A given by the Hilbert space completion of the space of finite sums ) a 0b,
a,b € AZ°, with respect to the inner product

(adb,a' "y = 7((a')* a(0b)(OV')*), a,a’,b,b" € A . (4)

The information on the conformal structure is encoded by the positive Hochschild
two cocycle (¢f. [§] [9]) on AZ° given by

P(a,b,c) = —7(adbd*c) (5)

2.3. Modular automorphism A.

In order to vary inside the conformal class of a metric we consider the family of
positive linear functionals ¢ = ¢y, parameterized by h = h* € Ag°, a self-adjoint
element of A5°, and defined on Ay by
ola) =7(ae™™), acAg.
Note that, whereas for 7 we have the trace relation
7(b*a) =7(ab*), a,be Ay,
for ¢ we have
p(ab) = p(be™"ae") = p(bo; (a)), a€ Ay,

which is the KMS condition at 8 = 1 for the 1-parameter group oy, t € R, of inner

automorphisms

o (CL‘) _ eithxe—ith'

This group is o, = A~% where the modular operator is
Az) = e "xeh
which is a positive operator fulfilling
(A2 AY22), = (z*,2"),, Yz € Aq. (6)
where we define the inner product (, ), on Ay by
(a,b), = p(b"a), a,be Ayp.

We let H,, be the Hilbert space completion of Ay for the inner product ( , ),. Itisa
unitary left module on Ay by construction. The 1-parameter group o; is generated
by the derivation — log A

—logA(z) = [h,z], x€ AF.
2.4. Laplacian and Weyl factor on T%.
The Laplacian A on functions on T3 is given by
A =09%0=062+52, (7)
where 9 is viewed as an unbounded operator from H to H10).

When one modifies the volume form on T3 by replacing the trace 7 by the functional
© the modified Laplacian A’ is given by

N =950, (8)

where 0, is the same operator 0 but viewed as an unbounded operator from H,, to
H10) | By construction A’ is a positive unbounded operator in He.
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Lemma 2.1. The operator A\ is anti-unitarily equivalent to the positive unbounded
operator kAk in the Hilbert space Ho, where k = /2 € Ay acts in Ho by left
multiplication.

Proof. The right multiplication by £ extends to an isometry W from Hg to H,,
Wa =ak, Ya € Ay 9)
since
(Wa,Wb), = 7((bk)* (ak)k™?) = 7(b*a), Ya,b € A,.
The operator d, o W from Hy to H19) is given by
O0p0W(a) =0(ak) =00 Ry,
where Ry, is the right multiplication by k. Thus A’ = 0,0, is unitarily equivalent
to (0o Rg)*0 o Ry, = Ry0*ORy. Now, let J be the anti-unitary involution on H

given by the star operation Ja = a* for all a € Ap. The operator J commutes with
A and fulfills JRyJ = k using k* = k. This gives the required equivalence. O

It is the dependence on k in the computations of the behavior of the zeta function
of kAk at the origin that will feature in what follows.

2.5. Spectral Triples.

With the notations of the previous section, consider the Hilbert space and operator

H=MH,eHWO, D_<80 ‘990). (10)
. 0

We recall that H19) is naturally a unitary bimodule over Ag.

Lemma 2.2. 1) The left action of Ag in H = H¢®H(1’O) and the operator D yield
an even spectral triple (Ag, H, D).

2) Let J,, be the Tomita antilinear unitary in Hy, and a — Jya*J, the corresponding
unitary right action of Ag in H,. Then the right action a — a°P of Ag in H =
H, ® HLO) and the operator D yield an even twisted spectral triple (AP, H, D),
i.e. the following operators are bounded

Da®® — (k™ 'ak)°’D, Va € Ajp. (11)

3) The zeta function of the operator D i.e. (p(s) = Trace(|D|®) is equal to
2Trace((kAk)~5/2).

Proof. 1) In order to show that [D, a] is bounded, it is enough to check that [0y, a]
is bounded which follows from the derivation property of d, and the equivalence of
the norms ||.||, and ||.||o.
2) Let us first show that the twisted commutator d, a°® — (k~'ak)°P d,, is bounded
or equivalently that

Dy (kak™)°P — a9, (12)
is bounded as an operator from H, to H(1.0) . Using the isometry W from Hy to
H, defined in (@), replaces J,, by 0o Ry, and replaces a®P by the right multiplication
R, by a for any a € Ag. Thus it replaces the operator ([I2) by

0o RpoRypgr-1 —R,000 R, = Rogg 0 Ry,
which is a bounded operator from Hy to H™?). Thus () is bounded and so is its
adjoint
((kak™")°P)* 0% — 95 (aP)*.
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Thus the boundedness of ([I]) follows from the equality
((kak™")) = (kak™")")"® = (K~ a*k)

so that 8% a® — (k™ 'ak)°? 97 is bounded for all a € Ay.

3) We have seen in Lemma 2.T] that the spectrum of A’ = 930, is the same as that
of kAk. Since the non-zero part of the spectrum of a product A*A is the same as
the non-zero part of the spectrum of AA*, using the unitary equivalence given by
the polar decomposition, one gets the required result. O

3. STATEMENT OF THE THEOREM

With the notation of §I] we study the Laplacian zeta function defined for Re(s) > 1
by the Mellin transform

((s) = m
Here, A ~ kA k, and

Trace™ (e ') = Trace (e **") — Dim Ker(A),

) / Trace™ (e *2") t5~ 1 dt = Trace(A'™*).
0

where by Trace(-) we understand the ordinary trace of the operator. The definition
of ((s) can be extended by meromorphic continuation to all values of s, barring
s = 1 where the function has a simple pole. We now state the main result.

Theorem 3.1. — Let 0 be an irrational number and k an invertible positive element
of Ay°. Then the value at the origin of the zeta function ((s) of the operator
N~k Nk is independent of k.

Our proof relies on a long explicit computation whose main ingredient is the fol-
lowing lemma:

3.1. Main technical Lemma.

Lemma 3.2. — Let 0 be an irrational number and k an invertible positive element
of A3°. Then the value at the origin of the zeta function ((s) of the operator
N ~kNEk is given ng

¢(0) +1 =2mo(f(A)(6;(k))d; (k) (13)

where ¢ is the functional ¢(x) = 7(xk~?), A is the modular operator of ¢ and the
Junction f(u) is given by
1 1

Flu) = Gu™2 = 54+ La(w) =20+ w2 Lo(u) + (L4 0" 2)? Lo(u) - (14)

where L,,, m a positive integer, stands for the modified logarithm

m

Lon(u) = (1) (w= 1)~ [ logu — 3 (~1p7*!

j=1

(u—1)
J

2summation of repeated indices over j = 1,2 is understood
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FI1GURE 1. Graph of the function h.

The proof of this lemma will occupy the remaining sections of the paper. In the
present section, we shall show how it implies Theorem[3.Jl The statement of Lemma
is the samd] as that of the main Theorem in [5], where the right hand side is
written as 7(h(6, k)) where

h(0, k) = %kflzﬁ(k:) - %”k*lzsj(k)zsj(k)k*l +2m Dy (k185 (k))0,; (k)E~L (15)

—4mDy(1 4+ AY2) (k716 (k))0;(k)k ™! + 2aD3(1 4 2AY2 + A) (k=16 (k))d; (k)k™*
where D,, = L,,(A). One has indeed
T(k71 05 (k) = —7(0;(k~1)0;(k)) = T(k ™" 8;(k)k ™85 (k) = T(k>A7V2(8;(k))8; (k)

which accounts for the first term in the right hand side of (I4]), while the other
terms are easily compared since the left multiplication by £~ commutes with any
function of A.

3.2. Result in terms of log(k).

The function f(u) is of the form h(log(u)) where h is the entire function

e=7/2 (=1 4 3€7/2 4 37 + 6637/23 — 32T — 3¢50/2 4 ¢37)
6 (—1+ev/2)" (14 e7/2)? '

Thus one can rewrite (I3) in the form

¢(0) +1 = 2w p(h(log A)(6;(k))d; (k) (17)
As pointed out in {Il in the commutative case the corresponding value for the zeta
function at the origin is zero. In fact in that case one has log A = 0. The function
h vanishes at 0 and its Taylor expansion there is

X I2 IB $4 5
+

hz)= —— + 2 - 2 -
(*)==30% 26 ~ 210 " 3360 * 201600 T

h(z) = — (16)

Ol[z]°.

3up to adding 1 to ¢(0)
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In fact, one obtains a further simplification in general by expressing the result in
terms of the element 1) = log k. We introduce the function

K sh [%} — shfz] + %sh [37””]

K(z) = (18)
2?sh [2]°
Lemma 3.3. — With the notations of Theorem[3Z2, one has
€(0)+1=2r7(K(logA)(d;(logk))d;(logk)). (19)
Proof. One uses the following formula
1
k=16;(k) = / A32(8;(log k))ds (20)
0
which gives
15500 =2 27 = (5 log 21
i(k) = m(j(og ) (21)
and similarly
ATY2 1
AV R _
8k~ = =2 S 6y (log ).

One then rewrites (I3) in the form
C0) + 1= 2 m(F(A) (k™28,(k))5; (k)™
and one uses the following identity, where F' is an entire function,
T(aF(log A)(b)) = 7(F(—1log A)(a)b), Va,be Ag° (22)
which shows that (I9) holds with

2
K(x)=4 (—1 + em/2> z 2 h(x)
which simplifies to (IS]). O

3.3. Proof of Theorem [B.1]
By ([@8) the function K (x) is an odd function. Thus using (22]) one has
(K (log A)(;(log k))d;(log k)) = —7(K (log A)(9;(log k))d;(log k)) = 0.

4. PSEUDO-DIFFERENTIAL CALCULUS

With the notation of the preceding sections, we introduce in the present one the
notion of a pseudo-differential operator given the dynamical system (A45°, o) as
developed in [I] and [7]. First of all, for a non-negative integer n, we define the
vector space of differential operators of order at most n to be those polynomial
expressions in d1, d2 of the form

P(,62) = Y a; 010, a; € AP, j=(jrj2) €L, lil=4+j2.
[71<n

To extend this definition, let R? be the group dual to R? and introduce the class of
operator valued distributions given by those complex linear functions P : C*°(R?) —
Ag° which are continuous with respect to the semi-norms p;, ;, determined by

Pinia(P(9) = 07 62 (P(@))Il . i1yiz € Zzo, ¢ € CF(R?).

We use the notation y; = 2™ yy = 2™82 ¢ = (£, &) € R2, for the canonical
coordinates of R?, and 9; = 0/0&;, O = 0/0&, for the corresponding derivations.
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We may now introduce the algebra of pseudo-differential operators via the algebra
of operator valued symbols.

Definition 4.1. — An element p = p(§) = p(&1,&2) of C™°(R?, AZ®) is a symbol of
order the integer n if and only if for all non-negative integers i1, 12, j1, Jo

Piria (0" 037 p(€)) < e (1 +[¢)" 1!,
where ¢ is a constant depending only on p, and if there exists an element k =

k(&1,&) of C(R?* —{0,0}, A3°) such that
Jim AT p(A &, A&2) = k(&1, &)

We denote the space of symbols of order n by .S,, the union S = U, ¢z .S, form-
ing an algebra. Symbols of non-integral order are not required for this paper.
An example of a symbol of order n a positive integer is provided by the polyno-
mial p(§) = 1<, @; &1 &%, a; € AF, and one has p(n,m) = 3 ,, a; n’* m’?
so that p(n,m)U" V™ = 3., a; 87 62 (U™ V™). For an element a = Y,
a(n,m)U" V™ of A one therefore has > (n,m)a(n,m)U" V"™ = 3.,
a; 67" 832 (a), associating to the symbol p the differential operator P, = P(4y,ds)
=\ 1<n @; 07" 057 on AZ°.

For every integer n, a symbol p of that order determines an operator on A via
the map 1 : p — P, given by the general formula

Pfa) = @n)* [ [ e pauayasds. (23)
In our case this gives, using

Oés(Un Vm) _ eis.(n,m)Un vm

n,m P

the simpler formula

P,(a) = Z p(n,m)a(n,m)U" V™, a= Z aln,m)U" V™. (24)

n,me”z n,m

For example, the image under 1 of the symbol (1 + |£]?)~%, & > 1, of order —2k
acts on Ag°.

Definition 4.2. — The space ¥ of pseudo-differential operators is given by the
image of the algebra S under the map 1.

Definition 4.3. — The equivalence p ~ p’ between two symbols p,p’ in Sk, k € Z,
holds if and only if p — p’ is a symbol of order n for all integers n.

Definition 4.4. — The class of pseudo-differential operators is the space b modulo
addition by an element of W(Z), where Z is the sub-algebra of S with elements
equivalent to the zero symbol.
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It is possible to invert the map v to obtain for each element P of ¢) a unique symbol
o(P) up to equivalence. Recall from §Ilthat the trace 7 on A3° enables one to define
the adjoint of operators acting on Ag° via their extension to Hy. By direct analogy
with [I1], Chapter 1, Theorem, p. 16, one may deduce the following result.

Proposition 4.5. — For an element P of ¥ with symbol o(P) = p = p(§), the
symbol of the adjoint P* satisfies

o(P*)~ D (1/(0)! (62)Y) [0 05 67 85 (p(€))"]
(61,£2)€(Z>0)?
If Q is an element of ¥ with symbol o(Q) = p’ = p' (&), then the product PQ is also
in 1 and has symbol

a(PQ)~ > (1/(0) ) [0 952 (p(€)) 67 632 (' ()]

(£1,£2)E(Z>0)?

Notice that in the above Proposition as throughout the present paper, given symbols
{pj}32o the relation p ~ Z;io p; signifies that for any given k there exists a
positive integer h such that for all n > h, the difference p — Z?:o pj is in Si. The
elliptic pseudo-differential operators are those whose symbols fulfil the criterion
which follows.

Definition 4.6. — Let n be an integer and p a symbol of order n. Then p = p(§) is
elliptic if it is invertible within the algebra C*°(R?, A3°) and if its inverse satisfies

lp(&) Ml < e(1 + e~
for a constant ¢ depending only on p and for |¢] = (€3 + £2)V/? sufficiently large.

An example of an elliptic operator is provided by the Laplacian A = §2 + §2 on
A% introduced in §Il which has the corresponding invertible symbol o(A) = |€]?.

5. UNDERSTANDING THE COMPUTATIONS

The arguments of this section are kept brief, being direct analogues of standard
ones. Bearing in mind the definition of the zeta function given in 3] we observe
that by Cauchy’s formula we have

et = (1/27Ti)/ e MA = A1) 7had
c

where A is a complex number but not real non-negative, and C encircles the non-
negative real axis in the anti-clockwise direction without touching it. One then
obtains a workable estimate of (A’ — A1)~! by passing to the algebra of symbols
with the important nuance that the scalar A is now treated as a symbol of order two
in all calculations. Using the definition of a symbol, one can replace the trace in
the formula for the zeta function by an integration in the symbol space (argument
along the diagonal), namely,

¢(s) = (1/T(s)) / " [yt asan
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The function I'(s) has a simple pole at s = 0 with residue 1 so that,

Resso/ / e YOt dedt .

Just as in the arguments employed in the derivation of the asymptotic formula (see
for example [I1]),

[ o ®) @ ds ~ 1S Ban(aen, e,

n=0
one may appeal to the Cauchy formula quoted above. In particular, if B) denotes
(a chosen approximation) to the inverse operator of (A1 — A’), its symbol has an
expansion of the form

o(Bx) = a(Bx)(§) = bo(§) + b1(§) + ba2(§) +

where j ranges over the non-negative integers and b;(§) = b;(§, \) is a symbol of
order —2 — j. As we shall explain at more length in §8 these symbols may be
calculated inductively using the symbol algebra formulae beginning with bg(§) =
(A — k2[€]?)~1 which is the principal (highest homogeneous degree in ¢) symbol of
(AL — A')~1. Tt turns out that ¢(0) equals the coefficient of A™! in [ 7(b2(€)) d€.
By a homogeneity argument one has in fact

qm=/#@@»%. (25)

6. COMPUTATIONAL PROOF OF THE MAIN LEMMA

Following on from the arguments of §5, by homogeneity there is no loss of generality
in placing A\ = —1 throughout the computation of {(0) and multiplying the final
answer by —1. The problem is then to derive in the symbol algebra a recursive
solution of the form o = by(§) + b1(§) + b2(§) + . .. to the equation

o (o(A" = X)) =1+0(¢7°).

The accuracy to order —3 in £ on the right hand side is in practice sufficient as
we are only interested in evaluating o up to b2(£). Throughout this section the
convention of summation over repeated indices in the range i, 7 = 1,2 is observed.

Lemma 6.1. — The operator ' has symbol o(/\ ) az(§) + a1 (&) + ao(§) where,
with summation over repeated indices in the range i = 1,2, one has

az = ax(§) = K& &
a1 = a1(§) = 2&(kdi(k))
apg = ao(f) = kél 51(16) .
These expressions are deriwved by applying the product formula within the algebra of

symbols given in Proposition §l to 01(§) = & & and 02(§) = k and then multiplying
on the left by k.

To begin the inductive calculation of the inverse of the symbol of A" — A, set

bo = bo(€) = (k* [¢[* +1)7" (26)
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and compute to order —3 in ¢ the product by - ((a2 + 1) + a1 + ag). By singling
out terms of the appropriate degree —1 in £ and using the Proposition of §4 one
obtains

bl = —(bo aq bo + (91' (bo) 61' (ag) bo) . (27)
Note that by appears on the right in this formula, unlike what is given in the formula

of page 52 of [I1] which is valid for scalar principal symbol only. In a similar fashion,
collecting terms of degree —2 in & and using ([27)) one obtains

by = —(boagby+ byaiby+ 0i(bo)i(ar)bo
+ (91(1)1) 61'((12) bo + (1/2) 81 (9j (bo) 51 5]‘ (az) bo) . (28)

A direct computation of these terms (up to the last multiplication by bg) gives,
ignoring the terms which are odd in ¢,

—bokd? (k) — bokds (k) + (&5 + 5¢7) (k*b3) k67 (k)
)81 (k) + €3 (k
) 2(k) + &5 (k

+ (563 + €7) (K°05) ka3 (k) +
265 (K?bp) 61 (k)61 (k) + 667 (k*b3) 61 (k *b3) 61 (k)k + &7 (K*b3) 67 (k)
6£3 (k2bo) 52(k )52( ) + 267 (K°b3) 02(k %bp) 65 (k)k + &3 (k*b3) 63 (k)
463¢7 (k*b7) k62 — 4¢t (k*b3) l<:51 —4£5 (k4bo) ko3 (k) — 4€3€3 (k:4b0) 63 (k) —
8E3€7 (k*b3) 61(k) — 8¢t (K*b3) 61(k)o1 (k) — 4€3¢7 (kb)) 0% (k)k — 41 (kb)) 07 (k
852 (k4b3) da(k )52( ) 85251 (k4bo) b2(k )52( )= 452 (k4bo) 5%("7)1‘7 45251 (k4bg) 5§(k
265bokd (k)bokdy (k) + 6£7bokdy (k)bokdy (k) + 2£5bokdr (k )bod (k )k+2§1bok61( )bodi (k
4€3€7bokdy (k) (K*b3) ko1 (k) — 4€1bokdy (k) (k*b3) ké1 (k) — 4€3€7bokdr (k) (k*b3) 61 (k)
4€1bokdy (k) (k*b3) 61(k)k + 6£3b0kd2 (k)bokda (k) + 267 bokd (k )bgkéz( )+
2£5b0kd2 (k)boda (k)k + 263bokda (k)boda (k)k — 4€5bokda (k) (k*b3) ko2 (k) —
4€3€7bokd2 (k) (k*b3) kda (k) — 4€3bokd2 (k) (k*b3) 62(k)k — 4€5€7bokda (k) (kao) Sa(k)k —
265 (k*b3) kdy (k)bokdy (k) — 16€367 (k2b3) kéy (k)bokdy (k) — 14€7 (kb3) kdy (k)bokdy (k) —
285 (K2b3) ké1 (k)bodi (k)k — 126363 (Kb3) kb1 (k)bod (k)k — 10€1 (k*b3) kb1 (k)bobr (k)k +
46567 (k*b3) kv (k) (K*b3) kb1 (k) + 8E3&1 (K°b3) kéa (k) (k*bp) ko (k )
469 (k*b3) k1 (k) (K°b3) kb1 (k) + 4£5€7 (K*b3) ko (k) (K*b3) 01(k)k +
¢3¢t (K203) ko1 (k) (K*bg) 61(k)k + 49 (K*b3) Koy (k) (kbg) 61 (k)k —

14&5 (k*bp) ko2 (k)bokdz (k) — 166567 (k*b3) k2 (k)bokda (k) — 261 (k*b3) k2 (k)bokda (k) —
10&5 (k*b5) kd2(k)boda(k)k — 126567 (k*b3) k2 (k)boda(k)k — 21 (k*b3) kda(k)bodz (k)k +
48 (KB3) kba(k) (K*03) ko (k) + BEAER (K203) kb (k) (K203) ko (k) +
AEBEL (K02) kb (k) (K203) koo (k) + 468 (K203) ko (k) (K203) 82(k)k +
86567 (K*bp) ko2 (k) (K*b3) 62(k)k + 4€5¢1 (Kb3) ko2 (k) (K°b3) 02(k)k —

265 (K2b3) 61(k)kbokdy (k) — 12€5€7 (kb3 61 (k)kbokda (k) — 10&7 (k*b3) 61(k)kbokdy (k) —
265 (k*b3) 61(k)kbod1(k)k — 86367 (k2b3) 61(k)kbod1 (k)k — 6€1 (k*b3) 61(k)kbody (k)k +
46367 (K*b3) 61(k)k (K*b3) ko1 (k) + 8&5€1 (k*b3) 61 (k)k (K*b5) kdy (k) +
4€5 (K?b3) 61 (k)k (k2b3) ké1 (k) + 4567 (k2b3) 51( ) (k2b3) 61 (k)k +

8¢3¢1 (K2bp) 61(k)k (k*b3) 61(k)k + 47 (k*b3) 61 (k%o) o1(k)k —

10&5 (k*bp) 82(k)kbokdz (k) — 1265€7 (k*b3) d2(k )k:bokrég(k:) — 251 (k*b3) 62(k)kbokda (k) —
6¢5 (k*b3) 62(k)kboba(k)k — 86567 (k2b3) 62(k)kboba(k)k — 261 (k*b3) 62(k)kbodz (k)k +
465 (kb3) 62(k)k (K°b3) kb2 (k) + 8£5&7 (K*b3) 62(k)k (K*b3) ko2 (k) +
463¢1 (K*b3) S2(k)k (k*b3) kéa (k) + 45 (k*b3) 62(k)k (K°b5) 02(k)k +
86367 (KPb3) S2(k)k (K*b3) 62(k)k + 4€5€1 (K*b3) 62(k)k (K*b3) 02(k)k +

8¢5€7 (K*b3) ko1 (k)bokd (k) + 16€51 (k*b5) kér (k)bokér (k) + 85 (k*b) ké1(k)bokd: (k) +

8367 (K*b3) ko1 (k)bodr (k)k + 16£5€1 (k*b3) ko1 (k)body (k)k + 8¢5 (k*b3) ké1(k)body (k)k +

8¢5 (k'b3) kd2(k)bokda (k) + 16€57 (k*b) kda(k)bokda (k) + 8E5€T (K*b5) kéa(k)bokda (k) +

8¢5 (k*b3) kd2(k)boba(k)k + 16£57 (k*b) ko2 (k)bodz(k k+8§2§1 (k4b3)k62 Yboda (k)k +
(k*b3) o1

I +

i (k)k
2 (k)k

)k —
)k +
)k —
k—

8¢5€7 (K"b3) 61 (k)kbokd (k) + 16£5€1 (kb)) 61(k)kbokér (k) + 85 (k*b3) 61(k)kbokd: (k) +
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8¢5€7 (K"b3) 61 (k)kbody (k)k + 16€5€1 (kb)) 61(k)kbody (k)k + 85 (k*b3) 61(k)kbody (k)k +
8¢5 (k*b3) da2(k )kbok5z( ) + 168567 (K*b3) 02(k)kbokdz (k) + 86561 (K*b3) d2(k)kbokdz (k) +
865 (k*b3) d2(k)kbodz (k)k + 16£5£7 (k*b3) 82(k)kboda(k)k + 8€5€1 (k*b) 02(k)kboda (k)k

It is extremely useful during the computation to exploit the fact that in the target
formula for ¢(0) given in (25]), 6] one invokes the trace, so that members of the
factors of the individual summands may be permuted cyclically without loss of
generality for the answer. In our case this means that instead of multiplying the
above sum by by on the right we can just multiply it on the left, thus simply adding
one to the exponent of the first occurrence of by. By formula (23]), one then has to
sum the integrals of each of these terms over the whole &-plane. After multiplying
by by on the left, passing in polar coordinates and integrating the angular variable
one gets, up to an overall factor of 27,

—bgk(s%(k) — bgkds (k) + 3r® (k*b3) ko7 (k) + 3r° (k*b3) ké5 (k) + 4r® (k*b3) 61(k)d1 (k) +
r? (k*b3) 67 (k)k + 4r® (k*b3) 62(k)d2(k) + 2 (k*b3) 65 (k)k — 2r* (k*bg) k67 (k) —
(k4bo) k&5 (k) — 4r* (k*b5) 61(k)o1(k) — 2r* (k*b6) 67 (k)k — 4r* (k*b5) 62(k)02(k) —
2rt (k* bo) 52 Yk + 41203 kb1 (k)bokd1 (k) 4 2r2b3kd1 (k)bod (k)k —
2r'bgkdy (k) (k*b7) k61 — 2r*b3 ko (k) (k*b3) 61(k)k + 4r°b3kda (k)bokda (k) +
2r2b2kda (k)bod2 (k)k — 2r4b3k52(k) (K*b3) kb2 (k) — 2r*b3kda (k) (k°b3) 02(k)k —
8r* (k2b3) ko1 (k)bokdr (k) — 6r* (k2b3) k1 (k)bod (k)k + 2r® (k*b3) k1 (k) (k*b3) ké1 (k) +
% (k*b3) ko1 (k) (k*b3) 61(k)k — 8r* (k*b3) kda(k)bokda (k) — 61 (k*b3) kda(k)boda(k)k +
2r% (kb)) koo (k) (K2b3) ko2 (k) + 2r% (k?b3) kéa(k) (K2b3) d2(k)k —
r (kb5) 01(k)kbokdy (k) — 4r* (k*b3) 01(k)kbod1 (k)k + 2r° (k*b3) 01(k)k (k*b5) ko1 (k) +
r® (k?b3) 61(k)k (k*b3) 61(k)k — 6r* (k*b3) 62(k)kbokda (k) — 4r* (k*bg) 62(k)kbodz(k)k +
7% (K*b3) b2 (k)k (k*b3) kéa (k) + 2r® (K*b3) 62 (k)k (K*b3) 02(k)k +
ko1 (k)bokdy (k) + 4r° (k*b3) kdl( )bod1 (k)k + 4r® (k*b5) kda(k)bokdz (k) +
ko2 (k)boda2(k)k + 4r° (k*b5) 61(k)kbokdy (k) + 4r® (k*b5) 61(k)kbody (k)k +
r° (k*b5) 62 (k)kbokda (k) + 4r° (k*b3) 62(k)kboda (k)k

% (k"b5)
% (k"bg)

where by = (r?k? — A\)~! and where the integration is in rdr and from 0 to oco.

1. Terms with all by on the left. Using the trace property these terms give
the following:

—b2k62(k) — bRkS2(k) + r2(3k2b3ko2 (k) — 2k4r2b3ks2 (k) + 3k2b3ko2 (k) —
2k r2b3 k62 (k) + Ak2b361 (k)61 (k) — 4kAr2b86, (k)61 (k) + k2b36% (k)k —
2020352 (k) + Ak2b3 65 (k)02 (k) — Ak4 120305 (k)62 (k) + k26302 (k) k — 2k*r2b62 (k) k)

which gives the same result as

(4k>r2b% — 4k*r1bg) (01(k)? + d2(k)?) +
(—kbZ + 43263 — 4kPr4b3) (53 (k) + 63(k))

and the coefficient of 1/ in the integral f e rdr gives, up to an overall coeflicient
of 2,

1 1 _
= k77 (01(k)7 + 02(k)%) + Sk (37 (k) + 03 (k)) (29)

which corresponds to the first two terms of the formula for h(0, k) in the statement
of the Lemma in the form (IH).
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6.2. Terms with 0% in the middle. They are the following

—2r4b2k61 (k) (K2b2) kor (k) — 2r*03k6 (k) (K2b3) 61 (K )
27402k () (K203) kda (k) — 2r*b3kda( (k2b2) 8o (k

2 (k203) ko1 (k) (k202) Koy (k) + 2r© (k203 k2b2)

2 (k2b3) kda(k) (k2b2) kda(k) + 2r® (K203) k2b2)

2r6 (K263) 81 (k)k (K2b3) ki (k) + 2r° (k2b3) k2b2)

rS (K203 83 (K)k (K203) ko (k) + 2rS (k23 (k203

b k) ( 1(k)k +
b ) ( 2 k)k +
k) ( 1(k)k +
k)k d2(k)k

()
kd,
k6
8 (
)2

5
s
5
)

One has
Or(bo) = —2krb3

and one can use integration by parts in r to transform terms such as

/O h 5 (k203)61 (k)k(K*b3)d1 (k) krdr

and replace them by

1

5 /O “o, (S (K203)) 61 (k) kbody (k) kdr

where now by only appears at the first power on the second occurrence.
After performing this operation, and combining with those which have by in the
middle, namely

47‘2()3]{561 (k)b0k§1 (k) + 2T2b3k61 (k)b061 (k)k + 4T2b(2)/€52 (k)bokég(k) +
2T2b%/€52(]€)b062(k)k — 87‘4 (kag) k61 (k)b0k61 (k) — 67‘4 (k2bg) k61 (k)bQ(S]_ (k)k —
7”4 (kag) k&g(k)bokég(k) — 67‘4 (kag) k&g(k)boég(k)k — 67‘4 (kag) 51 (k)kbok51 (k) —
4r (K263) 81 (K)kbody (k)k — 61 (k203) 02 (k) kbokdz (k) — 4% (K2b3) 82 (k)kboda (k)k +
47”6 (k4bg) k51 (k)b0k61 (k) + 4T6 (k4bg) k51 (k)boél( )k + 47" (k4b4) k&g( )b0k52 (k) +
47”6 (k4bg) k&g(k)boég(k)k + 47" (k4b4) kb0k61 )
T6 (k4bé) 51(]{3)]{31)051 (k)k + 47"6 (k4bé) 52( )kb0k52( ) —|— 4T (k4b4) 52( )kbo(sQ(k)k

one obtains the following terms

T = —2 (r2b3) (ko1 (k)bod1 (k)k + kda(k)boda(k)k) + 2 (k2r1b3) (k1 (k)bokdy (k) +
2161 (k)bo6y (k) k + ko (k)bokda (k) + 2k (k)boda (k) k + 61 (k)kbody (k)k +
82 (k) kboda (k)k) — 2 (k*rSb3) (k&1 (k)bokdy (k) + kb1 (k)bod1 (k)k + kda(k)bokda (k) +

=N

which all have by in the middle.

6.3. Terms with by in the middle. Since we are in the non-commutative case,
when in particular k and 0;(k), ¢ = 1,2, do not commute, the computation of such
terms requires us to permute & with elements of Ag°. This is achieved using the
following lemma.

Lemma 6.2. — For every element p of Ag® and every non-negative integer m one

has,
e o] k2m+2um 1
du =D,,(p), 30
| i g o= Pl (30)
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where the modified logarithm function is Dy, = L, (A), A is the operator introduced
in g1, and

e ™ 1
Lo (u) = /0 Gr D @a g D) dx . (31)

Proof. On effecting the change of variables u = e one obtains, with k = e//2,

ee] k2m+2 m 1
/ p du
o (u+ ) P 2u+ 1)

(m+1)j+ms es
p ds
- ( (s+f) 4+ 1)m+1 (e(s-i-f) + 1)
0 o(m+1/2)(s+f) (s+£)/2
A2 ST g

(e(s+F) 4 1)m+1 (es+) 4+ 1)
e(m+1/2)(s+f) 00 it(s+f)

—( (S+f)+1>m+1 A*1/2(p) [ — _dtds
e(m+1/2)(s+f) oo git(s+f)

- ( (s+f) + 1)m+1 /—oo ent + et

00 eitf 00 e(m+l/2)(s+f)eits )
P Rp—" / s+f m—+1 ds A_1/2+lt (p) dt
emt + e~ oo (e 4 1)mt

88

88

ATY2H () dt ds

- /.
-/
-/
-/
-/

o0

Now one has

0 (m+1/2)(s+f) ,its
e e  itf
/,oo (e(sH)) 4 1)m+1 ds = ™" Fun(t)

where F,, is the Fourier transform of the function
e(m+1/2)s

() = ey

We thus get

0o k2m+2 1
/ p du
y RRutr 1P a1
/ Fm(t) A71/2+it(p) dt .

it —mt
_ €Mt e

Moreover one has
> Bt -
( ) u—zt dt
e eﬂ't + efwt
/oo 2MH1/2)  =1/2,1/2 g,
o

S VoS
x4+ 1M+t g=ly 4+ 1 x “ m(u™).

Replacing v by A~! one gets the required equality ([B0). One can check the nor-
malization taking v = 1. Then the integral £,, equals I,

= Oovm v M2y =1/(m
Lo= [ om o1y 20 = 1/m o+ 1),

for every positive integer m. On the other hand, by inspection one sees that L£,, is
of the form

Lon(u) = em (log(u) = P(u) /(u— 1)+,
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where P is a polynomial of degree at most m. In the neighborhood of © = 1 one

has
RS
tog(u) = 3. =

Jj=1

(u_ 1)j7

and from its value at u = 1, where L£,, is non-singular, one sees from this last
expression that £, is the modified logarithm D,,, introduced in §3] where,

Do(8) = (~1)" /(A — 1)) Llog(a) - 3 EUT

=

(A-1)

This completes the proof of the Lemma. 1

We now split the sum T of §6.2 as a sum of three terms T = T7 + T» + T3 and
compute the coefficient of 1/ in the integral with respect to rdr in each of them
using the above Lemma.

6.3.1. Terms involving D1. These terms come from

Ty = =2 (r*by) (ko1 (k)body (k)k + kb2 (k)boda(k)k)
With u = r? the integrand is rdr = Jdu and thus (up to the overall factor of 2r)
these terms give, by setting A = —1 and changing the overall sign,

P [ Gty ) s ) = (DL 9 K (32
) (k:2u+1)2 7 (k2u+1) 7 — 1\9¢ 7

6.3.2. Terms involving Dy. These terms come from

Ty = 2 (K2r403) (kby (k)bokoy (k) + 2k (k)body (k)k + ks (k)bokds (k) +
25 (k)boda (k) + 61 (k)kbody (k)k + 82 (k) kboda(k)k)

Since k£ commutes with by and one works under the trace, they give the same as
4 (K*rbg) (ko (k)kbod; (k) + k85 (k)bod; (k)

One has kd;(k)k = k*A/2(5;(k)). Thus after setting A\ = —1 and changing the
overall sign, one gets

o [ kS 1
= —27((D2 AY?)(8i(k)) 8 (k) k%) = 27(D2(8i(k)) 6i (k) k~2) (33)

6.3.3. Terms involving Ds. These terms come from

Ty = —2 (k*rSb3) (ko1 (k)bokdy (k) + k1 (k)bod1 (k)k + kba(k)bokda (k) +
e (k)bo S (k) k+ 61 (k) kbokdy (k)61 (k) kbody (k) k+ 02 (k) kbokda (k) + 62 (k) kbods (k) k)

Since k£ commutes with by and one works under the trace, they give the same as
—2 (k*r0bg) (k26;(k)bod; (k) + 2kd;(k)kbod; (k) + 6;(k)k*bod; (k))

One has kd;(k)k = k2AY2(5;(k)) and d;(k)k? = k2A(5;(k)). Thus after setting
A = —1 and changing the overall sign, one gets

7 ((Ds(0:(k)) 85(k) + 2(Ds AV2)(6,(k)) 6:(k) + (D3 A)(3:(k)) 8:(k) ) K72) - (34)
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