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Multiplicative dependence and bounded height,
an example

Paula B. Cohen™ and Umberto Zannier

Abstract. We show that every algebraic number 7 such that t and 1 — ¢ are multiplicatively
dependent has absolute logarithmic height h(r) bounded above by log?2, this bound being
moreover an isolated value attained only when r = 2, 1/2. We also find all algebraic v 0, &1
such that 7, T 4+ 1, v — 1 generate a multiplicative group of free rank 1.

1. Statement of results

In a forthcoming paper [BMZ], it will be shown that rational functions on a curve
which are multiplicatively independent modulo constants may take multiplicatively
dependent values at most in a set of bounded absolute height. In the present note, we
treat what may be considered as a particular example of this situation involving the
curve x +y = 1.

Before stating our results, we define the height we shall use. If K is a number field
and x € K, the absolute logarithmic Weil height 2 (x) of x is defined as follows. Let
Mk be the set of places of K. For v € Mk, we normalise the absolute value | . |, of
K by requiring that, for x € K,

| Il = [l VIR
where | . ||, is the unique extension to the completion K, of the ordinary real or p-

adic absolute value in Q,. For real @ > 0 we set log™ a = log max(1, a). With these
conventions, we define

h(x) = ) log" |xl,

| where the summation is over all v € Mg. The value of A(x) is independent of the
; field K containing x used in the above formula. A few basic properties of the height
; are as follows. For an algebraic number x # 0,

h(x) = h(x~1).

*The first author thanks the CNR of Italy for supporting her visit to the Dipartimento di Costruzione
dell’ Architettura, Istituto Universitario di Architettura (IUAV), Venezia, where this research was undertaken.
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For algebraic numbers x, y # 0,
h(xy) < h(x) + h(y)
and
h(x +y) < h(x) + h(y) +log2.

In this paper we study the set of algebraic numbers 7 at which the multiplicatively
independent functions fi(r) = ¢ and f>(t) = 1 — t take multiplicatively dependent
values and find a sharp upper bound for their absolute height. Namely, we prove the
following result.

Theorem 1. Let T # 0, 1 be an algebraic number for which Tt and 1 — t are multi-
plicatively dependent. Then h(t) < log2, with the upper bound being attained exactly
whent =2o0rt =1/2.

We also show the following.

Proposition 1. Let t be as in the theorem with T # 2, 1/2. Then there is an absolute
constant 0 < ¢ < log2 such that h(t) < c. Therefore log?2 is an isolated value for
h(z) with T as in the theorem.

We have as an immediate consequence of the proposition.

Corollary 1. Let t be as in the theorem. Then h(t) + h(l — 1) < 2log?2, with the
upper bound being attained only when © = 1/2. If t # 1/2, there is an absolute
constant 0 < ¢’ < 2log?2 such that h(t) + h(1 — ) <.

We recall for comparison an unconditional result of Zagier [Z] who showed that
for every algebraic number t with T # 0, 1, —p, —p, with p a primitive cubic root of
unity, we have

h(t) + k(1 —7) > (1/2) log((1 ++/5)/2).

The lower bound is in fact achieved when 7 is a primitive tenth root of unity.

In Section 2 we give a proof of the theorem, in Section 3 a proof of the proposition
and we briefly discuss in Section 4 a higher rank example. We wish to thank D. Masser
for suggesting we look at the problem of the theorem and that of Section 4.

2. Proof of the theorem

In what follows, let €1, &2, ... and 51, m2, ... denote roots of unity. Let 7 be an
algebraic number such that v and 1 — t are multiplicatively dependent.
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We can therefore write, for some non-zero algebraic number ¢, not a root of unity,
and certain integers a and b,

t=etY, 1-t=mt, (1)
so that
1% = e2t? + 1. (2)
It follows that,
174 =317 @0 4 s 3

One may clearly assume in (2) that a > b > 0 and that a and b are coprime.
We first check the cases b = 0 and a = b. If b = 0, then by (2)

t* =&+ . 4)

By basic properties of heights (see Section 1), this shows that 2(7) < log?2. Ifa = b,
by (3) we can apply the same argument to ! and use that #(t) = h(z~!). One
checks easily that the upper bound log 2 is only attained here for T =2 or t = 1/2.

We may assume therefore that @ > b > 0. Then, in particular, both ¢ and t~! are
algebraic integers, so that ¢ is a unit. Therefore 7 is also a unit. If d denotes the degree
of  and 01 (%), ... , 04(7) the conjugates of 7, it follows, using h(t) = h(r 1), that
7 has absolute logarithmic Weil height given by

1< 1<
h(@) =5 3 log*(loi(0)) = = 3 log*(loi (1) ™', (5)
i=1 i=1

where | . | is the usual euclidean absolute value on C. By (2), we have
9 <[] +1 (6)
so that |¢| does not exceed the positive real root xg of
x4 =xP 1. 7
Clearly xo > 1 since a > b. We introduce a real parameter A > 1 defined by
a = Ab. (8

Let £ = x(’)’ . Then by (7), we have that £ = £(A) is the unique real number greater
than 1 satisfying,

r=f41. )

The implicit function theorem implies that £ = £(1) is a differentiable function of A.
We have |¢|” < & so that

1
log|t] < ; log§
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and so by (1) and (9)
log|t| < Alogé& =log(¢ +1). (10)
We can apply the above discussion also to r~!. Namely by (3),
N < e (11

Let £ be the unique real number greater than 1 satisfying

Fr=F 41, (12)
where
= . 13
P (13)
We have, as the analogue of (10), that
log|t~'| < Xlog& = log( + 1). (14)

By a similar discussion to the above, we deduce that both (10) and (14) remain true
when we replace t by any of its conjugates. Let 1 with 0 < p < 1 be the rational
number such that ud conjugates of t exceed 1 in absolute value. Then (1 — p)d
conjugates of 7 do not exceed 1 in absolute value. Together with (5), it follows from
(10) applied to the conjugates of T exceeding 1, that

h(t) < plogE + 1) (15)
and from (14) applied to the conjugates of t not exceeding 1, that
h(z) < (1 = wlog& +1). (16)

The following lemma completes the proof of the theorem.
Lemma 1. Whena > b > 0in (1), we have h(t) < S(A) where, for A > 1,

S(A) = {log(€ + 1)1og(§ + 1)}/{log(€ + 1) + log(& + )}.

The minimum of S()\) is attained when » =2 and S(2) = log(%(l + «/5)), whereas
S(X) is strictly bounded above by log 2.

Proof. For any positive reals A and B

min(Au, B(1 —u)) <

T A+B’
To see this, suppose that Ap > XA%. Then & > ﬁg andsol—pu < A"ﬁ. A similar
argument applies to the case B(1 — u) > %. This shows that the first statement of

the lemma follows from (15) and (16). Let
1
+ ~ .
log(§ +1) log¢ +1)

RO = S0~ = (17)
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As2 — 1% then § — oo and as A — oo then £ — 1. Notice that A — 17
corresponds to A — o0 and vice versa. In both these limits R(X) tends to 1/(log?2).
We now show that there is a unique solution A to d%R = 0, namely A = 2. We write

R = f)+ f(N) (18)
where
1
log(€() + 1)

Recall that £ = £(A) is the unique real solution of (9) greater than 1. Using =
A/(A — 1) and differentiating (18), we see that solving % R = 0 amounts to solving

fQ) = (19)

R0 =RF0) (20)
where f' is % f. Differentiating (9) gives, after some simplifications,
—& log§
T 21
v (21)

where £’ = %S . A simple computation using (21) gives

g = A2/ = g = 1) logk. (22)

Notice that one solution of (20) is givenby A = % and as we require A > 1, this implies
A = 2. As A increases, the function A decreases and vice versa, so that if g(X), and
therefore A2 f'(X), is monotonic in A > 1 then the only solution of (20) is A = 2. To
check monotonicity, we differentiate g(A) with respect to A. After a straightforward
computation using (21) we obtain,

1y = Mog? )Er!
EW =TT

and as A, & > 1 the right hand side is always positive. Hence, the function g(}) is
monotone increasing in the region A > 1, so that A2 f/(1) is monotone decreasing,
proving that (20) holds only at A = 2. We have shown that there is a unique zero of
4R =0atr=2. Now R(2) = 1/log(A(1 +v/5)) > 1/log2, 50 as R(2) is greater
than its limits at 1 and at oo we see that 1/(log 2) is a strict lower bound for R(A) when
A > 1. Therefore log 2 is a strict upper bound for S(A) when A > 1. This completes
the proof of the lemma. O

E -

3. Proof of the proposition

Let t be as in the statement of the proposition and adopt the same notations as in the
previous section. We write, as in Section 2, for some non-zero algebraic number ¢,
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not a root of unity, and certain integers a and b,
T = g4t%, 1—t=n4tb.

We can assume a > b > 0. The cases b = 0 and a = b being easy to settle, we
assume that a > b > 0 with a and b coprime. Then

eqt? = —n4tb + 1.

By replacing ¢ by t~! if necessary (see (3), section 2) and using h(t) = h(t™1), we
may further assume that a > 2b > 0. Let &5 satisfy sg’ = —n4. Then, setting u = ¢st

and g6 = €465 “, we have
ceu® = ul + 1. (23)

It suffices now to estimate A (u?) = h(t?) = h(t). Let A = a/b > 2. We have, from
the lemma of Section 2,

hu®) < S(A).

By (23)
(a—b)h(u) <log2
and so
log?2
hu?) < —== 24
w’) < 1 24

We now appeal to the following consequence of a result of Bilu.

Lemma 2 (Bilu’s Lemma, see [B], Theorem 1.1). Let {ak}ren be a sequence of non-
zero algebraic numbers such that deg(oy) — 00 and h(ay) — 0 as k — oo. Let
f : C* = R be a bounded continuous function. Then

1
lim
k—oo [Ly : Q]

1 2 .
> few) =5 / f(?)as.
a 7 0

Here Ly is any number field containing oy and the summation is over all distinct
embeddings of Ly into C.

Let L be a normal extension of Q containing g and u. Let G = Gal(L/Q) and
D = |G| = [L : Q). The average

1
Auby = > > logt |1 + o)’ (25)
oeG
does not depend on the above choice of L. From (23), since A > 2, for any conjugate
o (u) of u over Q we have either |0 (1)??| < 1 or

lo )| < lo@)?] < |om)®| + 1

TS | -

Mutltipli

so that in any case |o (
height of u? satisfying
assumed that # is not a
with A, by (24) and Nor
to the u? and to f(z) :=

lim A(
A—>00

Letcy = (c1+log2)/2.

On the other hand, sinc

!

Hence, for all A > 2,

since S(Ag) > S()) for
the proof of the proposi

A suitable constant.
effective version of Bil
point of max(h(t), k(1

as can be seen by puttir

There are numerous que
As an example conside

Problem 1. Find all al
pendent multiplicative 1

We are able to show

Answer 1. Iftisasin
that is a primitive 12-th




‘ter

=: b being easy to settle, we

.‘1d using h(z) = h(r‘l), we
- —n4. Then, setting u = &5t

(23)

| =a/b > 2. We have, from

(24)
isult of Bilu.

‘i Yken be a sequence of non-
2ag) = 0as k — oo. Let

1
i
i

7 o,

tmmation is over all distinct

i
1
i

|
'du. Let G = Gal(L/Q) and

)| (25)

since A > 2, for any conjugate

i
!

+1

Multiplicative dependence and bounded height, an example 99

so that in any case |0 (u?)| < 2. Therefore log™ |1 + o (1)?| < log3. By (24), the
height of u? satisfying (23) tends to zero as A tends to infinity. Moreover, since we
assumed that u is not a root of unity, the degree of u? satisfying (23) tends to infinity
with A, by (24) and Northcott’s Theorem. We therefore have, applying Bilu’s Lemma
to the u® and to f(z) := min{log™ |1 + z|, log 3}, that

1 2 .
lim A@w?) = —/ log™ (14 ¢|d6 = ¢1 < log2. (26)
A—>00 2 0
Let c; = (c1+log2)/2. Then there exists a Ao, independent of 7, such that for A > A,

A@b) < c; <log2. (27)

On the other hand, since u is an algebraic integer, we have by (23),

1
hw) = > logt o)’ = A@”).

oeG

Hence, for all A > 2,
h(u®) < max(S(ko), c2) < log2,

since S(Ag) > S(A) for Ap > A > 2, by the arguments of Section 2. This completes
the proof of the proposition.

A suitable constant c as in the statement of the proposition may be found using an
effective version of Bilu’s Lemma. For 7 as in the statement of the theorem, a limit
point of max(h(z), (1 — 1)) is

1 2n )
— / logt |1 + €/%|d6
2 0

as can be seen by putting T = 1 — e2™/? where p is a prime.

4. A higher rank example

There are numerous questions related to those of the present paper that may be asked.
As an example consider the following.

Problem 1. Find all algebraic t # 0, x1 such that T, t + 1, T — 1 satisfy two inde-
pendent multiplicative relations, that is generate a multiplicative group of free rank 1.

We are able to show:

Answer 1. If T is as in Problem 1, then t is either a 12-th root of unity not equal +1,
that is a primitive 12-th, 6-th, 4-th or 3-rd root of unity, or t is one of the following:
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() £ £ V/5)*,
(il) £s*! where s satisfies s$34+s2-1=0,
(iii) a solution of x* — £x — 1 = O for any 6-th root of unity § # £1.

In all of the above cases the degree of T is at most 4.

A 7 such as in the statement of the problem satisfies #(t) < log2, by the result
of the theorem in Section 1 of this paper. Once we show that 7 has degree at most 4,
there is only a finite list of possibilities for r. We did the direct computation of the
possible 7’s by hand. Although we only give an outline here, the remaining details
are straightforward, if a little tedious, to complete.

Sketch of proof.- By the multiplicative dependence assumption, there is a non-zero
algebraic number ¢, not a root of unity, and integers a, b, ¢ such that,

T = et T+ 1 = egt?, 7 — 1 = gotf,
with g7, g, 9 roots of unity. We can suppose that b, ¢ are not both 0, and that a, b, ¢
are not all equal 1. Moreover, we can suppose that the non-zero a, b, ¢ are coprime.
Suppose a # 0. Let 7’ be any conjugate of 7 over Q, and put

T =re?, r>0, 6¢l[-mnmn). O

We have, letting @« = 2b/a and 8 = 2c/a,
It/ + 1|2 — |T/|Cl’
T/ — 112 = |/|)P.
Therefore,

2+ 1+2rcosb = r%,
r24+1—2rcosd = rP.

so that
202+ 1) =r* +rF.

A straightforward calculus argument shows that there are at most two positive roots r
of this equation for given o and B. Also, for r given, it is clear that cos 8 is uniquely
determined so that re'? has at most two possibilities. There are therefore at most 4
possibilities for 7/, proving that 7 is of degree at most 4. Moreover, t is necessarily a
unit and so the product of the absolute values of its conjugates over Q equals 1. This
further restricts the possibilities. When a = 0, so that 7 is a root of unity, we may
argue in a similar way with 7 4 1 replacing t if b # 0 and with r — 1 replacing 7 if
¢ # 0. We again show that T must have degree at most 4.

It would be interesting, in the light of [BMZ], to find explicit upper bounds for
the heights of points on curves where multiplicatively independent rational functions
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become multiplicatively dependent for more complicated examples than the one con-
sidered here. At the same time, the example x + y = 1 motivating this paper occurs
in many important contexts.

References

[1] E.Bombieri, D.W. Masser, U. Zannier, Intersections of curves with multiplicative algebraic
groups, in preparation.
[2] D. Zagier, Algebraic numbers close to both 0 and 1, Math. Comp. 61 (1993), 485-491.

{31 Y. Bilu, Limit distribution of small points on algebraic tori, Duke Math. J. 89 (1997),
465-476.

Addresses of the authors:

Paula B. Cohen Umberto Zannier
CNRS, Université de Lille 1 Istituto Universitario di Architettura
Math. Bat M2 Dipartimento di Costruzione dell’ Architettura
59655 Villeneuve D’ Ascq cedex Santa Croce 191
France 30135 Venezia
Italia

E-mail: pcohen @ gat.univ-lille1.fr
E-mail: zannier @brezza.iuav.unive.i




