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FEWNOMIALS AND INTERSECTIONS OF LINES WITH
REAL ANALYTIC SUBGROUPS IN G/,

PAULA B. COHEN anp UMBERTO ZANNIER

ABSTRACT

In this paper, the authors study intersections of a special class of curves with algebraic subgroups of
the multiplicative group of complex dimension at least 2. They show how results of Khovanskii on
fewnomials can be used to derive finiteness results and bounds for the degrees of algebraic points for
such intersections from more general results on intersections of curves with non-algebraic subgroups.
They thereby generalise their earlier results, and recover in some cases, using different methods, more
uniform bounds than those given in related work of Bombieri, Masser and Zannier.

1. Introduction

This paper is motivated by the problem of intersecting curves with algebraic sub-
groups of the multiplicative group G}, of complex dimension n > 2, which has
been studied in [2]. A very special case was treated in [4] by completely different
techniques which yielded more explicit results, and the present paper represents a
natural generalisation of such methods. In particular, a new feature is that we apply
results of Khovanskii [6] on fewnomials. This leads us to consider intersections of
curves with more general subgroups which are not algebraic. Our results enable us
in many cases to recover the finiteness results of [2, Theorem 2], and in these cases
we obtain more uniform bounds. The cases where we do not recover the results
of [2, Theorem 2] represent a limitation of the present method. For clarity, we
study only a special class of curves, which are in fact lines, generalising the one of
[4], but the method can be adapted to apply in a more general context. The true
restriction of the method does not come from considering just lines, but rather from
the appearance of the set S below.
More precisely, we study the curve X parametrised by

Xy =1+, where ry € Q, 1y Fry, sF 5, (1.1)

and where the x; for s = 1,...,n are coordinates in GJ,. Note that this curve is
not contained in a translate of a proper algebraic subgroup of GJ,. This property
is relevant for the finiteness statement of Corollary 1 below. We intersect X with
non-algebraic subgroups Gy of GJ,, where V' < R" is a real vector space and Gy is
defined by the equations of the form

xa[ x| - Xl = 1 (1.2)

with the real vectors (oi,...,,) running through V. The real analytic subgroup
Gy has real codimension twice the dimension of V. We apply results from real
analytic geometry, in particular estimates for the number of solutions of systems
of real equations of polynomial-exponential type as in [6]. Note that we expect,
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for dimensional reasons, that generically X will intersect a translate of Gy only in
a finite set when V has real dimension at least 2. Theorem 1 confirms that this
expectation is fulfilled up to few exceptions: we shall see in Section 5 that such
exceptions can nonetheless occur.

Our main result is as follows.

THEOREM 1. There is a finite set S = Sx of vector spaces W < R", defined over Q,
with the following property. Let V' be a real vector space of dimension at least 2. Then
there is a point P € G}, such that the set (X NP - Gy)(C) has infinite cardinality if and
only if V. W for some W € S. If, for P € G}, the cardinality of (X NP - Gy)(C)
is finite, then it is bounded above by 24,

We have not attempted to obtain an optimal upper bound in Theorem 1. The
method in any case gives a bound depending at least quadratically exponentially
on n. We may effectively determine the equations of a suitable set S such that
Theorem 1 holds, and this is useful for applications. Notice that Theorem 1 gives
an upper bound for the cardinality of (X N Gy )(C), when it is finite, which depends
only on n but not on the height of X, and this is the main point, especially in view
of the applications. For more general curves X, this bound should depend only on n
and the degree of the curve. The set S = Sy may depend on the curve. However, the
proof will show that it is contained in a finite set of subspaces which are independent
of X.

PROPOSITION 1.  Given a curve X parametrised as in equation (1.1), it is possible to
effectively determine a suitable set S as in Theorem 1, such that the following holds.
To each W € S, we associate the lattice Ly = W NZ". Then Vol(W /Ly) < (16n%)".

Here Vol(W /Ly ) denotes the euclidean volume of a fundamental region for Ly in
W. The effective procedure will be described in Section 4, in the course of the proof
of Proposition 1. It allows us to check whether one can implement the applications
described by our Theorem 2 and Proposition 2 below. Any vector space W defined
over @ determines a subtorus I'y, and conversely, any subtorus 'y determines
a vector space W defined over @Q. This enables us to deduce the following result
directly from Theorem 1.

THEOREM 2. Let S be a finite set with the properties of Theorem 1, and consider
the corresponding tori I'yy, where W € S. Let H be an algebraic subgroup of G},
of codimension at least 2. Then either I'yy < H for some W € S, or the points of
(X N H)(@) are of degree bounded above by 24"

Recall the result of [2, Theorem 1], which states that the absolute height of the
points in (X N H)(@Q) is bounded independently of H. This, together with Theorem 2,
implies the following corollary.

COROLLARY 1. In Theorem 2, if T'w & H for any W € S, then the points of
(X N H)(Q) lie in a finite set which can be chosen independently of H.

We compare this to [2, Theorem 2], which implies that for any curve X not
contained in a translate of a proper algebraic subgroup, we may omit in Corollary 1
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the condition ‘if I'yy ¢ H for any W € S”. On the other hand, the method of proof
in that case gives a bound for the degree of the field of rationality of the points

in (X N H)(Q) which is independent of H but which depends on the height of the
curve X.

PROPOSITION 2. When X is such that we may choose the spaces of the set S of
Theorem 1 all to be of dimension 2, then for all subgroups H of G the points of

m

(X N H)®) are of degree bounded above by 24" and, moreover, lie in a finite set
which can be chosen independently of H.

2. A result on fewnomials

Let P be a fixed point of GJ;,. We begin by stating a result of [6]. Fori=1,...,[, let
P, e R[Wy,..., W}, Yy,..., Y] be polynomials of degree m;, and define the functions
of real variables

I I
Si(wi,...,w)) = P; <w1,...,w1,exp <Zc1jwj>,...,exp (chjw])), (2.1)
Jj=1 J=1
withc,j e R, n=1,...,k and j = 1,...,]. We consider the system,
Si(wi,...,w;) =0, wherei=1,...,L (2.2)
A solution of the system (2.2) is called degenerate if it is a zero of the jacobian
determinant [(0S;)/(0w;)|.
ProPOSITION 3 ([6, p. 12]). The number of non-degenerate solutions of the system
Siwi,...,w)) =0, wherei=1,...,1
is finite and of cardinality at most my ... m; ((Zz['=1 m;) + 1)k2k(k*1)/2.
We reformulate the problem introduced in Section 1 so as to apply this proposition
to prove Theorem 1. As in the statement of that theorem, let V' be a real vector space
of dimension at least 2, and choose two linearly independent vectors o = (g, ..., %),

B =(P....0n) € R"in V. Let P € GJ,. Points of the intersection X N P - Gy give
rise to solutions of simultaneous equations of the form

Y e e o I B e (2.3)

for certain positive real constants ¢, and cs. We set [ = n+ 2 and k = n, and we
make the substitutions

t = Wn+] + '\/—IWn+2 (24)

and
exp(wy) = |t + 15> = (a1 + 75> + w2, wheres=1,...,n. (2.5)

If ¢ satisfies equation (2.3), then using equation (2.5) we see that

exp (Z asws> =c2 exp <Z ﬁsws> = c%;.
s=1 s=1

To rewrite the system (2.3) in the form of the system S; = 0 of Proposition 3, we
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make the following choice:

P(Wi,.oo,Wyin, Y1, Yy) = Yo — (Wypy +15)* — Wi, wheres=1,...,n,
Pl1+1(W17"'7Wn+27 Yly"'y Zas 5_210g (’Ct)
Poa(Wi, o, W2 Y1, Y,) = Z Bs W —2log(cp). (2.6)

The S;,i=1,...,n+ 2 are obtained by substituting exp(ws) for Yy, s =1,...,n in the
above polynomials, and the resulting equations S; = 0 are equivalent to equations
(2.3) and (2.5). Throughout, the variables wy run over the reals. We remark that
the upper bound for the number of non-degenerate solutions of the system S; = 0,
where i = 1,...,n + 2, is, by Proposition 3, given by (2n 4 3)"2""*+D/2_ To prove
Theorem 1, we must therefore deal only with the degenerate solutions.

3. The degenerate solutions and a proof of Theorem 1

Recall from Section 2 that the degenerate solutions are given by the zeros
of the jacobian of the system S; = 0, where i = 1,...,n + 2. This jacobian

J = J(Wy,...,W,y2) is given up to a non-zero constant explicitly by the deter-
minant of the following matrix.
e 0 - 0 Whrr+r1 Wy
0 e .. 0 We+rn W
(3.1
0 0 L Wyt +10 Waga
o o ... Oy 0 0
B B oo P 0 0

Recall from Section 2 that o = (o1, %,...,0,) and f = (B, f2,...,B,) are linearly
independent vectors in V. For i,j = 1,...,n, let A;; be the determinant of the 2 x 2

Pi Pj ’

Then we find by the Laplace expansion along the last two rows that

J = Z+Alj(rl_ n-‘rZCXp <ZW>

i<j sFi,j

We use equation (2.5) to replace the exponentials by quadratic polynomials in w;4;
and w,,. Therefore, the jacobian J restricted to the corresponding points equals the
restriction to (w1, wy42) of a polynomial function F = F (W,,H, W,12) given by

F =2 +Ai(ri—rpWapa [T (Wara + 1 + W) (3.2)
i<j S, J

We now show that the polynomial F is not identically zero. Assume the contrary.
Let I € {1,...,n} and substitute W1, = /—1(W,4; + r/) into F.
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We have the resulting equation:

0="> Ay —r) [ = r)Q@Wass +r14ry).

A s#{1.j)

We then substitute W, = (—r; — ry)/2 for a given m # 1 € {1,...,n}, and we
deduce that we must have Aj, = 0. This works for any I,m € {1,...,n}. Moreover,
not all the Aj, can vanish, since (a1, 0%0,...,%,) and (S, f2,..., ;) are independent.

We therefore deduce a contradiction, so that the polynomial F cannot be identically
Zero.

Let Q = (wy,..., Wy, Wyr1, Wyp2) be a degenerate solution of the system of Section 2,
derived from equation (2.6) and equivalent to equations (2.3) and (2.5). For ease of
notation, we put (U, V) = (W1, Wuy2) and (u,v) = (Wya1, War2). Let f = f(U, V)
be an irreducible factor of F(U, V) over the reals which vanishes at the point (u,v)
corresponding to Q.

From now on we assume that f is fixed, and we estimate the corresponding
number of possibilities for Q. We must therefore at the end multiply our estimates
by the number of possibilities for f, which is at most the degree of F, namely at
most 2n — 3. Suppose first that f is singular at (u,v). Then by Bezout’s theorem we
find that the number of possibilites for (u,v) is at most (2n — 4)(2n — 3). Therefore,
we suppose that f is non-singular at (u,v). Our point (u,v) satisfies f(u,v) = 0 in
addition to the equations S; =0, fori = 1,...,n 4+ 2, derived from equation (2.6).

We may consider the system given by any n + 2 of these n + 3 equations, and
apply to it Proposition 3 of Section 2. For each of these n + 3 systems, we can
thereby bound the number of non-degenerate solutions. Overall, the number of
non-degenerate solutions, once we multiply through by the (2n — 3) to allow for the
possibilities for f, is bounded above by

((n+2)(2n —3)(4n —1)" + (2n + 3)") 2" V220 — 3) + (2n — 4)(2n — 3).

We next assume that the solution is degenerate for all the n 4+ 3 systems derived
from a given f. This means that the matrix

e o0 ... 0 U+n |4
0 "™ ... 0 U+nr |4
(3.3)
0 0 ... " U+r, |4
oy 0 ... Oy 0 0
B B ... Ba 0 0
0 0 ... 0 of/oUu of/ov
has less than maximal rank at the point Q = (wy,...,w,,u,v). As before, we may

express each of the subdeterminants of order n + 2 evaluated at the point Q as the
value of a polynomial function in U and V which depends only on f. The degree of
this polynomial function is at most 4n— 7 (in fact, it may even vanish). Suppose first
that not all of these polynomials are divisible by f. Then since Q is a zero both of f
and of all the polynomials, by an application of Bezout’s theorem, we deduce that
our point has at most (2n — 3)(4n — 7) possibilities. Therefore, combining this with
our previous estimate for the non-degenerate solutions, we so far have an upper
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bound for the number of solutions given by

((n+2)2n—3)(4n —1)" + (2n + 3)")2""*D/2(2n — 3)
+(2n — 4)(2n — 3)* 4 (4n — 7)*(2n — 3)%.

This is clearly bounded above by 24 (which is far from optimal), which corresponds
to the bound in the statement of Theorem 1. In fact, we shall show that the remaining
solutions, if any, are not isolated. We therefore in this case have infinitely many of
them, which we now analyse in more detail.

We may therefore assume that f divides all the polynomials coming from the
subdeterminants of the matrix (3.3), and this for all pairs of linearly independent
vectors o and f in V, one of which we fix. We shall show that we are then in the
situation described in the first part of Theorem 1.

In a neighbourhood of the point (u,v), we parametrise the curve f(U, V) = 0 by
U= uw(T), V=v(T) where p and v are smooth functions in a neighbourhood of
T = 0. We have u(0) = u and v(0) = v. We may choose p and v such that, in a
neighbourhood of T = 0, not both u/(T) and v/(T) vanish, by appealing to the
implicit function theorem. We have

of

W) S ) v) 4 () vr) =0 (34)

For every point in a small neighbourhood of T = 0, define the (n + 3) by (n + 2)
matrix M(T) as the matrix obtained from that of (3.3) by substituting

U= uT), V =v(T) (3.5)
and
exp(Ws(T)) = (W(T) +rs)*> +v*(T), wheres=1,...,n. (3.6)

We remark that the entries of our matrix are smooth functions of T near T = 0.
For all such T, the rank is less than (n + 2), so that there is a non-zero vector
orthogonal to all the rows, which we denote by A(T) = (41(T),..., Ans2(T)). Since
it is in particular orthogonal to the last row, and since the last row is non-zero for
T near to zero, we see from equation (3.4) that (4,+1(T), An+2(T)) is proportional
to (4 (T),v'(T)), and in fact we may assume that they are equal after multiplying
A(T) by a non-zero constant. From the orthogonality of A(T') to the first n rows, we
obtain that

25(T)e™ D)+ /(T W (T) + 1) +V(TW(T) =0, wheres=1,....n.
Differentiating equation (3.6), we find that in fact
J(T)=—3W/(T), wheres=1,...,n.

Finally, since A(T) is orthogonal to the (n 4+ 1)st and (n + 2)nd rows, we have
n n
> o WU(T)=> BW/(T)=0, (3.7)
s=1 s=1
so that there are constants C,, Cs # 0 such that

[[expwi(T)* =,
s=1
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and

n
[[expwi(1)) = Gy
s=1
Putting T = 0, we find that C, = ¢, and Cy = cg. By using equation (3.6), we write
the last two equations as

n
TT((T) + 1> +v2(T)* = ¢, and H( Y+ AT = (38)
s=1
Let g = g(U, V) be an irreducible factor over (E of f(U, V), vanishing at the points
(u(T),v(T)) in a neighourhood of T = 0. (Note that f(U, V') may not be absolutely
irreducible). Let € be a non-singular model of the curve corresponding to g. The
total degree of g is at most 2n — 3. Consider the rational functions on the curve %
given for s=1,...,n by
Ps(U, V)= (U +r) + V2

By equations (3.6) and (3.7), and as « and  can be any two linearly independent
vectors in V, we have

"\ (d/dT)e;
S s 7y (7)) =,
s=1 Ps

for all vectors y = (y,)5_; in V and for all T in a neighbourhood of T = 0. This
implies the global relation among differentials on & given by

n

>0 2% o (39)
s=1 Ps

for all y € V. For convenience, we give the following standard lemma.

Lemma 1. Consider the real vector space

{(51,. o) ER" Za d“"—o}.

1 s

Then V is defined by linear equations over Q.

Proof. For R € ¢(C) and s = 1,...,n, we denote by mg(¢,) the multiplicity of
¢s at R. Consider the vector space

n
Z = {(51,...,5,,) €R":) Smp(eps) =0, R € fg(a:)}.
s=1
We observe that Z is defined over @Q. Looking locally at its defining equations,
we see that V < Z. Moreover, the converse inclusion is also true. To see this, let
(01,...,0,) € Z" N Z. Then the rational function on ¥ defined by ¢ = [[._, oY
has no zeros or poles. Indeed, by the definition of Z, we see that ¢ has vanishing
multiplicity at every point of ¥. Therefore ¢ is constant, and so dop/¢@ = 0. This is

equivalent to
~ . doy
oo r =0
—1 Ps
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that is, (dy,...,6,) € V. As Z has a basis made up of vectors in Z", we see that
Z < V as required. Hence V = Z, and so V is defined over Q. O

We define the set S of vector spaces of the statement of Theorem 1 as the set
of these V' arising in this way. Observe that V' < V for all V' € S by equation
(3.9) and the definition of V. We now show that this set is finite. Continuing with
the notations of the proof of Lemma 1, the polynomial g to which the curve %
corresponds has degree bounded above by 2n — 3. Recall that ¢, = (U + rs)? + V2.
The lattice L = V NZ" is given by

L = {mg = (mg(1).....mp(n)) : R € G(O)}"™.

We recall that the degree deg(y) of a rational function y on € is the sum of the
orders of its poles. We have

D Imr(es)| = 2deg(p;) < 8deg(g) < 8(2n — 3). (3.10)
Re%(T)

We have used here the fact that deg(gy) < 2(deg(U)+deg(V)) and deg(U),deg(V) <
deg(g). On summing inequality (3.10) over all s = 1,...,n, we deduce that

> llmell < 8n(2n—3), (3.11)
RE%(T)
where || - || is the supremum norm. We remark that inequality (3.11) shows that the

number of lattices L obtained in this way, and hence the cardinality of S, is finite
and is bounded above by a function of n only. This completes the proof of the ‘only
if” part of Theorem 1. B
To prove the ‘if” part, we start by observing that for [ = (Iy,...,1,) € L, the
function (pll‘ ...k is a constant ¢; on %. Recall that % contains the infinitely many
real points given by equation (3.5), and hence ¢; is real and positive. In fact, we
claim that there exist real positive constants cy, ..., c, such that
e =ch...ch foralll = (Iy,...,1,) € L. (3.12)

noe

To see this, it suffices to show that it holds for a basis of L. This reduces to solving
a linear system of the form

loge = lixy +...+ Lixy,

where | runs over the elements of a basis of L and the x; are the unknowns. We

then set, for a given solution, ¢; = exp(x;), where i = 1,...,n. This gives a solution
of equation (3.12).
We now select any complex numbers ¢y, ..., g, such that |g;| = ¢;, wherei = 1,...,n.

Observe that the set X N Q- Gy has infinite cardinality. Indeed, it contains the points
of X parametrised by t = u(T) + +/—1v(T) introduced above. We conclude that for
all W e S, there exists a Q € G, such that

IXNQ- Gyl = o (3.13)

Now, if a vector space V is contained in W € S, then Gy < Gy, so that by
equation (3.13) the set X N Q - Gy has infinite cardinality. This is precisely the ‘if’
part of the statement of Theorem 1.

This completes the proof of Theorem 1.
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We end this section with the following remark. The proof of Theorem 1 shows in
fact that the number of isolated points in (X N P - Gy )(C) is bounded above by 24,

4. Proofs of the remaining results

Proof of Proposition 1. We begin by bounding the volume of a lattice Ly =
W NZ" for W € S. By the arguments of Section 3, there exists a basis wy,...,w, for
L™ such that

> llwill < 8n(2n —3). (4.1)
i=1
From this we deduce the rather crude bound (see also [1]),
vol(W /L) = vol(W /Ly™) < T [ lIwill < (16n°)". (4.2)
i=1

As stated in Proposition 1, the set S may be effectively determined. Recall that we
have W € S if and only if there exists a Q € G/, such that X N Q - Gy is infinite.
The proof of Theorem 1 given in Section 3 shows that we have a corresponding
lattice Ly with volume bounded as in inequality (4.2). For each of the finitely many
lattices L satisfying this bound, we check whether the corresponding vector space is
in S as follows. Let r be the rank of L, and pick a basis of L. For a vector [ € L,
where [ = (Iy,...,1,), we consider the function

p=p(U,V)=0 ... o}

for o = (U +r,)> + V2 € Q(U, V). Denote 1,...,y, the functions obtained in this
way from the chosen basis of L. From the proof of Theorem 1 given in Section 3,
it is clear that the vector space generated by L will belong to S if and only if there
are real positive constants cy,..., ¢, such that the zero locus of the rational functions
ypj—cj, for j=1,...,r in U,V, share a common component. By elimination theory,
it follows that the set of non-zero complex constants cy,...,c, such that this holds
form an effectively determined algebraic set of dimension at most 1. By using, for
example, [3], we may effectively find whether this algebraic set contains real positive
points. O

Proof of Theorem 2 and Corollary 1. Let H be an algebraic subgroup of G/, of
codimension at least 2. Then H corresponds to a lattice L and to a vector space V
defined over Q. Clearly, H < Gy. If V ¢ S, then X N H is finite and bounded above
by 24, But if P € (X N H)(@), then so are its conjugates over @, since both X and
H are defined over Q. Therefore the degree of P is also bounded above by 247" This
proves Theorem 2. Combining this with [2, Theorem 1], we deduce that the absolute
height of the points in (X N H)(®) is bounded independently of H, and the result of
Corollary 1 follows from Northcott’s theorem. O

Proof of Proposition 2. By assumption, for all W € § the corresponding torus
I'w has codimension 2 in Gj,. Therefore, if H is an algebraic subgroup of G}, of
codimension at least 2, and I'yy = H, then I'yy is of finite index in H. Therefore, we
may write H = Urcp{I'y, where F is a finite set of roots of unity {. We may suppose
that the torus Ty is defined by the equations [, x% = []x” = 1, where the vectors
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a and b span a lattice of volume bounded by (16n%)", by Proposition 1 of Section 1.
We consider the map f : X — G2, given by (x1,...,x,) — ([, xf',fo"). The image
Y will in turn be a curve of degree bounded above by 2(16n°)". We remark that Y
is not contained in a torsion coset.

We then apply an explicit bound for the number of torsion points on Y. We may
use [5, Theorem 1.3], for example, with the V' of that paper replaced by our Y. In
our situation, the parameters g, d(V) and d of [5] satisfy g = 2, d(V) < 2(16n?)"
and d = 1. We obtain finally an upper bound for the number of torsion points g
on Y of the form g < 2°7((16n?)")>. This is also an upper bound for the number of
cosets {I'y for which the intersection X N{I"y is not empty. For a given coset {T 'y,
the cardinality of X N {I'y is bounded above by deg(I'y ). This last quantity is in
turn bounded above by vol(Ly) < (16n?)". In total, we obtain at most 2°7((16n%)")®
points.

5. Some remarks on the structure of Sx

PROPOSITION 4. There exists a proper algebraic subset E of C" such that, if
(ri,...,ra) & E, then the set Sy of Theorem 1 may be chosen to consist of spaces
of dimension 2.

REmARK. The proof will effectively (and easily) construct a suitable E, for any
given integer n. Inspection will also show that for n < 4 we can take E = ().

Proof. Let the notation be as in the proof of Proposition 1. We change variables

by putting
X=U+ -1V, Y =U-—.-1V.

Let W € S be of dimension > 3, and let L = Ly be the corresponding lattice. Recall
that, for given n, L has finitely many possibilities, which may be (easily) computed
in terms of n.

In Proposition 1 we have seen that, if 1 = (Iy,...,1,) € L and
R(X) = Ri(X) = [J(x + )", (5.1)
then there exist nonzero constants ¢ such that the curves defined by
R(X)R\(Y) =q (5.2)

share a common (irreducible) component. We now view X and Y as rational
functions on such a component.

By Liiroth’s theorem, the field generated over C by the Ry(X), where 1 € L, is of
the form €(G(X)) for some rational function G. We first show that, provided that
(r1,...,ry) lies outside a certain proper algebraic set E{, we may take G(X) = X.

We may certainly write

R\(X) = K(G(X)), (3.3)

for suitable rational functions Fj. It follows that if o € C is a zero or pole of some
F, then G(X) — o has zeros in the set 4 := {—ry,...,—ry,00}. As L has rank at least
2, there is a § # a with the same property, and G{(X) := (G(X) —a)/(G(X) — f) has
zeros and poles in 4. On the other hand, C(G(X)) = C(G(X)), so by replacing G
with G, if necessary, we may assume that G has all zeros and poles in A. Note that
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by equation (5.3) the degree of G is bounded in terms of n only. We may therefore
write

G(X) = [ (X +ro®, (5.4)

for certain integers g; bounded in terms of n. (The abc theorem for rational functions
leads to a good bound. In fact, if « € C* is a zero or pole of some F), we see that
both G and G — o have zeros and poles in A. Therefore degG < #A4A—1=n) [

Let o € €* such that Fi(z) = 0, so G(X) — « has all zeros in A. Suppose that G
has degree at least 2; then there are two zeros, say —r; and —r; (the argument is
similar if co is a zero). If ; # r;, we have a nontrivial relation G(—r;) = G(—r;) # 0.
If there is a single zero —r;, we get similar relations by substituting —r; for X, where
rg is any zero of G(X).

In this way we deduce that at least one out of finitely many relations among
ri,...,r, is valid, the relations depending only on n. The union of the sets defined
by each single relation constitutes a certain proper algebraic set E; < C".

We have shown that if (r1,...,r,) € Eq, then G(X) has degree 1, so that we may
take G(X) = X. From now on, we assume that this is the case.

REMARK. Observe that the relations that we have obtained so far for E; imply
that, if (ry,...,r,) € Ey, then the r; —r; are multiplicatively dependent. Therefore, if
we impose a priori that the r; —r; are multiplicatively independent, we may forget
about the special form of the relations.

The relations Ryj(X) = ¢;/Ry(Y) now show that €C(X) < €(Y), and by symmetry
we actually get C(X) = C(Y ). Therefore Y = o(X), where ¢ € PGL,(C) is some
linear fractional transformation satisfying identically

Ri(X)Ri(6(X)) =c¢, wherel e L. (5.5)

Putting ¢(X) in place of X in these identical equations, we find that all the Ry are
invariant by ¢. Since the Rj(X) generate C(X) over €, we get

o> =1, where o # 1.

Observe that equation (5.5) shows that the set A’ of zeros and poles of all the R,
is preserved by o, and we have A" = A. From equation (5.5) we also deduce that A’
does not contain any fixed point of ¢.

Moreover (using, for example, Hilbert Theorem 90), the multiplicative group of
rational functions R satisfying R(X)R(a(X)) € C* is generated by C* and by the
functions (X —a)/(X —a(«)), for o € P!(C) (where a term X — o0 is to be interpreted
as 1). Therefore, since L has rank > 3, we have A" > 6 (and, in particular, n > 5).

Since ¢ has order 2, we may write

aX +b
X)= .
o(X) cX —a
Suppose, for example, that A" contains the set = A” = {uy, v1, ua, v2, 3, v3} of six

complex numbers, where
o(u)=v;, fori=1,273.
We get
cuivi —a(u +vi)—b=0, wherei=1,2,3.
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This gives a linear system of three equations in the unknowns ¢, —a and —b. If
the determinant is nonzero, we get a = b = ¢ = 0, which is excluded. If, on the
other hand, the determinant is zero, we obtain a nontrivial equation among the
Ui, vi. Recall now that A” is a subset of A, and it may be chosen and ordered in
at most 6!(2) ways. We therefore obtain a corresponding set of equations in the r;,
one of which is satisfied. The argument is similar if A” contains co. We have thus
constructed an algebraic set dependent only on n and containing (ry,...,,), and this
concludes the proof. O

REMARK. We conclude by observing that the above construction, in particular
equation (5.5), allows us to show that the set Sy may be non-empty. For example,
for n = 3, let L be generated by (1,0,0),(0,1,—1), and let W = L ® R. We may
take Ri(x) = x and Ry(x) = (x —a)/(1 —ax) for « € Q" and o(x) = 1/x. This
corresponds to the line X defined by

x| =t, Xy =1t—o, x3=t—1/a.

Let P = (1,1,—a). Then it is immediate that X N P - Gy contains the unit circle.
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