MATH 609-602
Homework #5
Polynomial interpolation of functions of one variable

(1) Let f(x) = 2™ and f[xg, x1, ..., T,] be the divided difference of order n using
the points o < 27 < ... < x,,. Prove that:

(a) (10 pts) flzo,z1,....,xs] = 1;
(b) (10 pts) flxo, 1, ..., Tn_1] = To + 1 + ... + Tp_1.

(2) (10 pts) If flzo,x1,...,x,] denotes the divided difference of order n prove the

Leibnitz formula

(fg)[x()axb s 7xn] = Z f[l'o,l'l, s 7xk]g[xkazk+lv s axn]-
k=0

(3) (10 pts) Find the Lagrange and backward Newton divided difference interpo-
lating polynomials for the data (0,1), (0.5,2), (1,3), (1.5,4).

(4) (20 pts) Let

(x —zg)...(x — xp_1) (T — Tpy1)...(x — )
(v — o). () — Tp1) (T — Tppn) e (T — )
Show that for any x the following relations are valid:

(a) Xfoo Lnk(2) =1;

(b) r_gal Lpg(z) =a™ form=1,..,n

ank(x) =

(5) (20 pts) Estimate the interpolation error of cosz in the interval (0,0.4) by a
polynomial of degree 2 using the interpolation nodes o = 0, x1 = 0.2, 25 =
0.4.

(6) (20 pts) Sop_o(x — k)™ Lyx(x) =0 form=1,...,n

In your free time and for your amusement:

Show that if w(x) = (x — zg)(x — 1)...(x — x,,) then:
(1) Xioo(@ — 24)" " Ly p(2) = (—1)"w(z)

(2) Xioo(@ — 2p)" Ly p(z) = (= ) ( ) Xi—ol — k)
(3) Theo Lngk(0)ap™ = (=1)"wo.21..



