MATH 609-601 Numerical Analysis
Homework #8
Runge-Kutta Methods for ODE’s

(1) (20 pts) Consider the initial value problem 3’ =t — 3, y(0) = 0. Suppose we use
Euler’s method with step-size h to compute approximate values 7(t;; h) for y(¢;) at
t; = jh. Find an explicit formula for n(z;; h) and for e(x;; h) = n(t;; h) — y(t;) and
show that e(t; h) for t fixed, goes to zero as h = t/n tends to 0.

In all problems below we consider the Cauchy problem ¢’ = f(t, ), y(to) = %o
and its approximation by Runge-Kutta method

(1) Mo = Yo, Miy1 =1 +h @i, iz h), i=0,1,...
Here 7; is the approximation of y(t;).
(2) (20 pts) Show that if

1 2 2
O(t,z;h) = Z(kl + 3ko), where k1 = f(t,x), ko = f(t + gh,x + ghkl)
then the method is of second order.

(3) (20 pts) Show that if
1
O(t,z;h) = E(kl + 4ky + k3),

where k?l = f(t, CL’), ]{32 = f(t + 05h, T+ 05hk1>, kg = f(t + h,ZE - hkl + 2]7,]{?2)
then the method is of third order.
(4) (20 pts) Let
(t,a;h) = f(t,x)+0.5hg(t + sh,x+ 3 f(t,x)),

@ Of(tx)  9f(t,)
g(t,z) = T + e St o).
Show that this method is of order 3.
(5) (20 pts) For the above initial value problem consider the following Runge-Kutta

method (1), where:
(b(t, X, h) = h((llk’l + &2/{32)

(3) ki = f(t+arh,x+ Biihk)

kQ = f(t -+ Oégh, T -+ 621]1]51 + 622]1]52).

(a) Find the conditions that the coefficients a, «v, 3 need to satisfy so that the explicit
method (i.e. 317 = fae = 0) is of second order. Give at least one set of coefficients
that satisfy these conditions.

(b) Find the conditions that the coefficients a, cv, 5 need to satisfy so that the implicit
method (i.e. f11 # 0 and [y # 0) is of second order.



