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ON POLYNOMIALS OF BEST ONE SIDED APPROXIMATION

by R. Bojanic * and R. DeVore

1
. Introduction. For any extended real valued function / defined on

[a, b], let P
n (/) be the class of ail polynomials Pof degree n satisfying

the condition P (x) S /(*) for ail x e [a, b] and w a non négative Lebesgue
b

integrable function on [a, b] such that Jw (t) dt > 0. We say that P eF
n (/)

a

is a polynomial of best one sided approximation to/on [a, b] corresponding
to the weight function w if

If / is integrable on [a, b], this is équivalent to

The polynomial P defined hère is clearly a polynomial of best approxi
mation to / from below. The polynomial of best approximation to / from
above is defined similarly.

The problems of one sided approximation appear frequently in analysis.
It is well known (see [I], p. 65, Aufg. 137) that for every Riemann integrable
function / on [a, b] and e> 0 there exist polynomials p and P such that

and

A spécial case of this resuit corresponding to the function

Présentée at the Symposium on Inequalities at The Wright-Patterson Air Force Base, Ohio, August 19
27,1965.

*) This author's work was carried out in the Summer Quarter 1965 during his stay at The Ohio State
University Computer Center.



played a significant rôle in J. Karamata'spro of [2] of the famous Hardy
Littlewood's Tauberian theorem. By a refinement of Karamata's method,
based on a more précise one sided approximation to the same function,
G. Freud [3] obtained an estimate of the remainder term in the Hardy
Littlewood's theorem. More gênerai results of this type based on one

sided approximation to

hâve been obtained by T. Ganelius [s].

From a more practical point of view, one sided approximation by poly
nomials to an integrable function / gives immediately upper and lower

estimâtes for the intégral of wf.

However, the polynomials of best one sided approximation hâve not

been studied systematically, and they hâve been found explicitly only in

few spécial cases by G. Freud [4] and T. Ganelius [6].

In the first part of this paper we shall consider the problems of existence

and uniqueness of polynomials of best one sided approximation. We shall

prove the existence of a polynomial of best one sided approximation to /,

of degree n, assuming that /is bounded from below on [a, b] and that J

is either Lebesgue integrable on [a, b] or flnite on certain subsets of n+ 1

distinct points of [a, b].

While the existence of a polynomial of best one sided approximation
has been established under very gênerai hypothèses, it is not difficult to see

that a polynomial of best one sided approximation is not necessarily unique

even for continuous function s.

Consider for example the function n* defined by

where n n
is the orthogonal polynomial of degree n on [a, b] corresponding

to the weight function w. It is easy to see by means of the Gauss quadrature

formula that for any polynomial Q of degree <; 2n - 1 such that Q(x)

<; te*(je), xe[a, b], we hâve



On the other hand, we hâve Xn
n (x) n» (x) for every 0 X 1 and

.y s [a, b] and

This shows that Xn
n

is a polynomial of best one sided approximation to

7r
n

+
,

of degree 2n—l, for every 0 2 1.

Thus, the continuity of a function does not guarantee the uniqueness

of its polynomial of best one sided approximation. We shall however prove
that a polynomial of best one sided approximation to a differentiable func
tion is necessarily unique.

In the second part of this paper we shall consider the problem of explic
itly determining polynomials of best one sided approximation from above

and from below.

Our first theorems deal with polynomials of best one sided approxima
tion of degree n—lto functions whose w-th derivative is of constant

sign on {a, b).

We mention in particular polynomials tt* and tt* of best one sided

approximation from below and from above, of degree n— 1, to x
n

on [—1, I],

corresponding to the weight function 1 :

where P
(

n

aJ) is the Jacobi polynomial of degree n, normalized so that the

coefficient of x
n is 1. We recall that the Jacobi polynomials (P

(

n

a ' p)
) form an

orthogonal séquence on the interval [—1, 1] with respect to the weight
function w (x) = (1 -xf (1 +*)*.

As another application of thèse results we obtain trigonométrie poly
nomials of best one sided approximation on [—n, n] to



where

with a non decreasing a on [0, I]. In particular we obtain trigonométrie
polynomials of best one sided approximation to the even Bernoulli poly
nomials

since

The trigonométrie polynomials of best one sided approximation to Bernoulli

polynomials both even and odd hâve been obtained by T. Ganelius [6] in

connection with the problem of one sided approximation to functions whose

r-th derivative is of bounded variation.
In addition to results of this type we shall obtain polynomials of best

one sided approximation of degree to functions of the form h (x
2

) on

[— 1, 1] assuming that the weight function w is even and that the [J n] + 1-th

derivative of h is of constant sign on (0,1). Choosing in particular h (t) = y/1

we obtain polynomials of best one sided approximation from above and

from below to \x\, of any degree. The polynomial of best one sided approxi
mation to |x| from below of degree 4n+l has been obtained already

by G. Freud [4] by a différent procédure based on certain results of

T. J. Stieltjes and A. A. Markov.

2. Existence and uniqueness of polynomials of best one sided approxi
mation, (i) The proofs of the existence theorems are based on the follow
ing well known results:

Lemma 1. IfiQm) is a séquence of polynomials of degree such that

then there exists a subsequence (Q
mk

) converging to a polynomial Qof
degree n and the convergence is uniform on every finite interval.



Lemma 2. If (Q m
) is a séquence of polynomials of degree which is

bounded at n+ 1 distinct points, then there exists a subsequence (Q mk
)

converging to a polynomial Q of degree and the convergence is uni

form on every finite interval.

Our first resuit can be stated as follows:

Theorem 1. If fis bounded from below and Lebesgue integrable on [a, b],

then the polynomial of best one sided approximation tofon [a, b], of degree

exists.

Proof Since /is bounded from below and

we hâve —oo < A(f)< 00.

Let (Q m
) be a séquence of polynomials in P

n (f) such that

We hâve then

for ail m = 1, 2

By Lemma 1, the séquence (Q m
) contains a uniformly convergent sub

sequence (Q mk
) on [a, b] converging to a polynomial Pof degree

Since Q
mk (x) f(x), it follows that P (x) f(x) for ail xe [a, b] and

so P g P
n (/). On the other hand, from

follows that P is the polynomial of best one sided approximation to / on

[a, b].



The following existence theorem requires only that/be finite on certain
subsets of n+l points of [a, b].

Theorem 2. Let { fO,f

0 , ..., £„ }ben+l distinct points of [a, b] such thatfor
any polynomial R of degree we hâve

with W" > 0, v = 0, 1, ..., n.

Let f be an extended real valued function on [a, b] which is bounded

from below on [a, b] and finite at the points { £
0 , ..., Ç

n }.

Then the polynomial of best one sided approximation to f on [a, b] of
degree exists.

Proof Since/is finite on {£ 0 , ..., Ç
n

} we can find M>o such that

(2.1)

Since/is bounded from below we hâve clearly A(f) > -00. On the

other hand, for any geP n (/) we hâve by (2.1)

Thus —oo < A{f) <co.

Next, let (Q m
) be a séquence of polynomials in P

n (/) such that

Since

ail séquences (Q m
(£ v )), v=o, ..., n are bounded from above. We shall

prove that they are also bounded from below.

Assume that at least one of thèse séquences, (Q m
(Ç

r )), 0 r n, is

not bounded from below. Then there exists a subsequence (Q mk
(£ r

)) such

that



This implies that

and since W" >o,it would follow that A
mk

-> —oo (k-^co) which is im
possible.

Thus, there exists a constant K>o such that

The rest of the proof, based on Lemma 2, is the same as in Theorem 1.

(ii) In order to simplify the proof of the uniqueness theorem we shall

introduce the concept of the point of contact.
Let / be continuous on [a, b] and let Q be a polynomial such that

Q (x) <; f(x) for ail xe [a, b]. Any point x 0 e [a,b] such that Q (x 0 ) = f(x 0
)

will be called a point of contact.
The proof of the uniqueness theorem is based on two lemmas. The

first lemma states that the number of points of contact of the polynomial
of best one sided approximation to/on [a, b], of degree is [i n] +1.
The second lemma states that none or at most one of the end points of the

interval [a, b] can be a point of contact, according to wether n is odd or

even, if the number of points of contact is exactly equal to [\ n] + 1.

Lemma 3. If fis continuous on [a, b] and Pa polynomial of best one sided

approximation to f on [a, b] of degree then there exist at least

[i n ] + 1 distinct points of contact in [a, b].

Proof The lemma is obviously true if n=o or n=l. Thus we can

assume that n>2.
We have/O)- (x) ;> 0 for ail x e [a, b] and the equality sign holds

clearly for at least one x e [a, b]. Assume that there are at most k < [i n] + 1

points of contact x t < ... < x k
in [a, b].



Let e>o be such that 2e < min (x i+1 ~x i
) and let QEQ

E
be the poly

nomial i^*-i

Since fc< [i«]+ 1 we hâve k <L [^n] and so

Since

uniformly on [a, b] and

we can choose e>o such that

(2.2)

n

Let,/ = v (x v —B,xv+ s). For xg [û, b]\J we have/(x)— P (x) >0
v=l

and since both functions are continuous on the compact set [a,b]\<f we

can find a d>o such that

for ail x e [a, b]\S.

Let

We shall show that the polynomial P+f]Q E
is in P

n (/) and that it approxim
ates/from below on [a, b] better than P.

We hâve clearly deg (P+rjQ e
) n. On [a, è] n / we hâve Q

e (x) S 0

and consequently

On [a, b]\*f we hâve



Thus P + r]Q
E

is in P
n (/). On the other hand, from (2.2) follows that

This however contradicts the hypothesis that P is a polynomial of best one

sided approximation to / on [a, b] of degree Consequently, we hâve

k [i «] +1 and the lemma is proved.

Lemma 4. Suppose that fis continuous on [a, b] and that Pisa polynomial
ofbest one sided approximation to f on [a, b] of degree Suppose also

that there are exactly [\ n] + 1 points of contact on [a, b].

If n is odd, then ail [£ n] + 1 points of contact are in the interior of
[a, b]. On the other hand, ifn is even, then at least [\ n] points of contact

are in the interior of [a, b].

Proof Assume first that n is odd, n= 21— 1 (/^2). We hâve then

[| n]+ 1 = /points of contact a S *i < ••• < */ ë; b. Suppose that x x = a.

For each e>o such that 2&< min (x i+l — x t
) we define QEQ

E by
i < i < i - 1

We hâve clearly deg QEQ
E

= 21— \ — n. Since

uniformly on [a, b] and

we can choose e>o such that

As in the proof of Lemma 3, we can find rj>o so small that

for ail xe [a, b]. This shows that P+nQ E
is in P

n (/). On the other hand,
we hâve



which is impossible.
If /= 1, the same argument can be used if we define QEQ

E
by Q

e
(x)

Using a similar argument we find that b cannot be a point of contact.
Next, assume that nis even, n= 21, l 2 and that both a and b

are points of contact. We hâve then [i«]+l = /+1 points of contact

a= xx i <xx 2 <...<x l <x l+l =b. For each £>0 such that 2e <

mm(x i+l — Xi) we define QEQ
E

by

We hâve

Since

uniformly on [#, b] and

we can choose e>o such that

As in the proof of Lemma 3, we can choose rj>o so small that

for ail xe [a, b]. This means that P+rjQ e
is in P,, (/) and as it is easy to

see that P+ rjQ e approximates / from below on [a, b] better than P, which

is impossible. Thus, a and b cannot be both points of contact and conse

quently we hâve in this case at least [\ n] points of contact in the interior

of [a, b].

If /= 1, the same argument can be used if we define Q
e

by

The uniqueness theorem can be stated as follows.



Theorem 3. If fis continuous on [a, b] and différent iable on (a, 5), then the

polynomial of best one sided approximation to f is unique.

Proof. Suppose that P
x

and P2P
2 are two polynomials of best one sided

approximation to/in P
n (/). Then i(P l^-P 2

) is also a polynomial ofbest

one sided approximation to / in F
n (/).

Thus, by Lemma 3, there are k [^ n] +1 distinct points x l9 ..., x k

in [a, b] such that

(2.3)

Since Pj (*,) /(*,.) i=l, ..., k, j=l,2, from (2.3) follows that

(2.4)

Since f(x) - Pj (x) H,xe [a, b], the function f-Pj in view of (2.4)

assumes its minimum value at x l9 ..., x k .

Suppose first that k>[in]+l, i.e. k [i n] +2. Then we hâve at

least [^n] points of contact x 2 , •- .x^-i in the interior of [a, b]. Since/— Pj

assumes its minimum value at thèse points and f—P. exists in (a, b), it

follows that

(2-5)

Since

and since both P
t

and P2P
2 are polynomials of degree from (2.4) and

(2.5) follows that P
x = P

2 .

Next, suppose that k = [i«]+l and that n is odd. By Lemma 4 ail

[^/i]+l points of contact are in the interior of [a, b]. Consequently, we

hâve

(2.6)

In this case we hâve 2k =2 ([| «]+ l) = «+ 1 conditions and from (2.4)
and (2.6) it follows that P t = P 2 .

Finally, suppose that k= [i «]+ l and that «is even. By Lemma 4, we

hâve at least [\ n] points of contact in the interior of [a, b] and ?i and P2P
2

hâve the same values at thèse points. From this fact and (2.4) follows that

we hâve at least 2 [| n] + 1 =n + 1 conditions and again we conclude that

Pi = JV



3. Polynomials ofbest one sided approximation to differentiable functions.

(i) In this section we shall consider first functions whose n-th derivative is

of constant sign on (a, b) and we shall détermine explicitly their polynomials
of best one sided approximation of degree n—l corresponding to the

weight function w.

Our proofs are based essentially on a remainder formula for Hermite's

interpolation and on certain quadrature formulas of highest possible degree

of précision.

Remainder Theorem [7]. Let x 1 < ... <x n
be n points in [a, b], ml,m

1 , ..., m
n

non négative integers, N= mm l -\- ...-\-m n
-\-n and H f the polynomial of

degree TV— 1 defined by

where /is continuous on [a, b] and f (N) exists on (a, b). Then for every

xg [a, b] there exists a£ such that min (x, x t ) <Ç< max (x, x n
) and

Quadrature formulas [B]. Let (n m
) be the séquence of orthogonal poly

nomials on [a, b] corresponding to the weight function w.

We shall dénote by (n%' p)
) the séquence of polynomials which are

orthogonal on [a, b] with respect to the weight function

(a > -1, jB> -1). Actually,we needonly the polynomials (^0
' 0) ),(7ri0>1)

),

( n m'
0)

) an( ï i^m-i) l thèse polynomials can be expressed easily in terms of (7i
w

).

We hâve n^ 0) = n m9

and



If a= - 1, b=l and w (x) =I,xe [- 1, I], the polynomial tt^ is

equal to the Jacobi polynomial P% tP)
except for a constant factor. We hâve

in particular

where P
m

is the Legendre polynomial of degree m. On the other hand, if

w(x) = (1-JC
2 )"*, xe(-l, 1), the polynomial n%' fi) is equal to the Jacobi

polynomial P%~** fi ~^ except for a constant factor. We hâve in particular

where x= cos 0 and c
m = — (see [9], p. 60)

2 • 4 ...(2m)

The zéros of the polynomials n (^
0 \ n%'JL n^ l) and n%* 0) play an im

portant rôle in the construction of quadrature formulas of highest possible

degree of précision.
We hâve first the well known Gauss quadrature formula:

I. Let x u ..., x m
be the zéros of 7c^°' 0)

. Thenfor every polynomial Qof
degree 2m - 1 we hâve

(3.1)

where A™ > 0, v = 1, ..., m.



In addition to this we shall need the following quadrature formulas
obtained independently by A. Markov [10] and R. Radau [11]; the first of
thèse formulas is also attributed to R. Lobatto [12].

11. Let y u ..., yy m _ 1
be the zéros of xc^iV. Then for any polynomial Q

of degree 2m —Iwe hâve

(3.2)

where B™ > 0, v = 0, ..., m.

111. Let £ l5 ..., £
m

be the zéros of n^ A)
. Then for any polynomial Q

of degree 2m we hâve

(3.3)

where CC
v

n > 0, v = 0, ..., m.

IV. Let r\ u ..., rç m
be the zéros of n^'°\ Then for any polynomial Qof

degree 2w we hâve

(3.4)

where £% > 0, v = 0, ..., m.

We shall consider first polynomials of best one sided approximation to

a function whose n-ih derivative is non négative.

Theorem 4. Assume that fis continuous on [a, b] and that /(n)/
(n) (x) 0 for

ail x e (a, b).

A. The polynomial P ofbest approximation to ffrom below on [a, b]

of degree n—lis defined as follows :

If n = 2/, then

(3.5)

where x u ..., x t are the zéros of 7r/°' 0)
.

If n = 2/+l, then



(3.6)

where Ç l9 ..., are the zéros ofn\ oil \

B. The polynomial P ofbest approximation to f from aboyé on [a, b]

of degree n—lis defined as follows :

If n = 21, then

(3.7)

where y1?y 1? ..., yy z _ x are ?/?<? zmw ofnil'P.

Ifn = 21+1, then

(3.8)

where rj 1 , ..., y\ x are the zéros of n\ I^
.

Remark. If / (/l) (x) 0 for ail xe (a, b), then (3.5) and (3.6) define the

polynomial of best approximation to / from aboye, while (3.7) and (3.8)

define the polynomial ofbest approximation to/from below.

Proof A. Assume first that n= 21. If Pis the polynomial defined by

(3.5) we hâve clearly deg P 21— I=n—l and by the remainder theorem

i.e. P(x) £f(x), x g [a, b]. Further, from (3.5) and (3.1) follows that

On the other hand, for any polynomial Qof degree 2/— 1 =n—l
such that Q (x) f(x), xe [a, b] we hâve



If n= 21+ 1 and Pis defined by (3.6), we hâve deg P 2/ =n-1 and

i.e. P(x) x e [a, b]. The rest of the proof is the same as before,

except that we use the quadrature formula (3.3) instead of (3.1).

B. First assume that n = 21. The polynomial P defined by (3.7) is of

degree < 2/— 1 =n—l and

.e. P (x) f(x), xe [a, b]. From (3.7) and (3.2) follows that

On the other hand, for any polynomial Q of degree 2(l— 1)+1 = 2/— 1

=72—1 such that Q (x) f(x), xe [a, b] we hâve

If n= 21+ 1 and Pis defined by (3.8), we hâve deg P 2/ = n- 1 and

i.e. f(x) P (x), xe [a, b]. The remaining part of the proof is the same

as before, except that we use the quadrature formula (3.4) instead of (3.2).

(iï) From the Theorem 4 we obtain immediately the polynomials i%

and P* of best approximation from below and from above to x
n

on [a, b],

of degree n— 1, corresponding to the weight function w:



and

Hère n\ a^ )

is the polynomial nl a ' P) normalized so that the coefficient ofx"
is 1.

As another application of the Theorem 4 we shall obtain certain results

about trigonométrie polynomials of best one sided approximation.
Let h be a real valued function defined and bounded from below on

[a, b] ç= [— n,n]. We shall dénote by T
n (h) the class of ail trigonométrie

polynomials

of degree n such that q{x) h (x) for ail xe [a, b].

A trigonométrie polynomial p eTn (/z) is the polynomial of best approxi
mation from below to h on [a, 6] if

The trigonométrie polynomial of best approximation from above is defined

similarly.
We hâve the following resuit:

Theorem 5. Let (À
n

) be a séquence of real numbers such that

(3.9)

with a non decreasing a on [0, 1] and

(3.10)

Let h be defined by



A. The trigonométrie polynomial of best approximation to h from
below on [0, n] of degree n—lis the cosine polynomial p defined as

follows :

Ifn = 2h then

(3.11)

lfn = 2/+l, then

(3.12)

B. The trigonométrie polynomial of best approximation to h from
above on [0, n] of degree n—lis the cosine polynomial p defined as

follows :

Ifn = 2l
9

then

(3.13)

Ifn = 2/+l, then

(3.14)

Remark. Since both p and h are even functions, the polynomial pis
the trigonométrie polynomial of best one sided approximation to h also

on the interval [ — ti, n].

Proof For |jc| 1 let/be defined by



We hâve then

where (T n
) is the séquence of Tchebishev polynomials. The function /is

clearly continuous on [—1, I].

From the well known expansion

which is valid for \x\ < 1, \t\ < 1, and the hypothèses (3.9) and (3.10)

follows that for |jc| < 1

Differentiating we get

We shall first construct the trigonométrie polynomial of best approxi
mation to h from below.

A. By Theorem 4, A, the polynomial P of best approximation to /
from below on [—I,l], of degree n—l, corresponding to the weight
function w (x) = (1 — x

2 )~*, is defined as follows:
If n = 21, then

where x u ..., x t are the zéros of the Tchebishev polynomial T
t

i.e. P\ h i}
:

If n = 2/+l, then

where Ç
19 ..., are the zéros of the Jacobi polynomial P} hV

:



Let p{9) = P (cos 9). Then p is clearly a cosine polynomial of degree
< n—\. From

follows that p (9) <: /* (0), 9e [o, 7i] and it is easy to see that the polynomial
p satisfies conditions (3.11) or (3.12) according to whether^ is even or odd.

Finally

and so

B. Next we consider the polynomial of best approximation to h from

above. By Theorem 4, B, the polynomial P of best one sided approximation

to/from above on [— 1, I], of degree n— 1, corresponding to the weight

function w(x).= (1— x
2 )~* is deflned as follows:

If n = 21, then

where y u ..., y t - 1 are the zéros of the Tchebishev polynomial of the second

kind C/j-^-.Le. Pfcf:

If n = 21+1, then

where rj l 9..., rj t are the zéros of the Jacobi polynomial P,
( *' i)



If we define p (9) = P (cos 0), then p is the cosine polynomial of degree

n— 1 satisfying conditions (3.13) or (3.14) according to whether n is even

or odd. Using the same argument as in part A, we find finally that p is the

polynomial of best trigonométrie approximation from above toA on [0, n].

(iii) Our next theorem deals with polynomials of best one sided approxi
mation to even functions on [—I,l]. We shall consider the function /
defined by

where h has derivatives of constant sign on (0, 1). We shall assume hère

also that the weight function w is even. In that case, as it is well known, the

polynomials (n n
), orthogonal on [-1, 1] with respect to w, hâve symmetric

zéros, i.e. if x 0
is a zéro of n n

then —x0 is also a zéro of n n9
and ail thèse

zéros are in the interior of [— 1, I].

Theorem 6. Suppose that his continuons on [0, 1] and that

(3.15)

Letfbe defined on [- 1, 1] byf(x) =h (x
2

).

A. The polynomial Pof best approximation toffrom below on [— 1, I],

of degree nis defined by P (x) =Q (x
2

), where the polynomial Qis
defined as follows :

Ifn = 4r— l or n=4r — 2, then

(3.16)

where v t
v , v= 1, ..., r are positive zéros of the polynomial n^.' o

' \

If n = 4r or n = 4r+l, then

(3.17)

where y/t y ,v=l,... 9 rare positive zéros of the polynomial n^r+i

B. The polynomial P of best approximation to f from above on

[-I,l], of degree is defined byP(x) =Q (x
2

) where the polynomial Q

is defined as follows :

If n= 4r— l or n=4r — 2, then



(3.18)

where y/t 0 , v= 1, ..., r— 1 are positive zéros of the polynomial n 2 \'l.\.

If n=4rorn= 4r+ l, //ze«

(3.19)

vv/zere v = 1, ..., r are positive zéros of the polynomial n 2
\' 1)

.

Remark, If

then (3.16) and (3.17) and P (x) = g (%
2

) define the polynomial Pof best

approximation from above to f(x) = h(x 2
), while (3.18), (3.19) and

P ( x ) =6 (*
2

) define the polynomial Pof best approximation from below

tof(x) = h(x 2
).

Proof A. Suppose first that n= 4r— l or n=4r—2.We hâve then

[^«] = 2r— l. If g is the polynomial defined by (3.16) we hâve

deg Q 2r— 1 and by the remainder theorem and (3.15)

i.e. ô(0^*(0, te [o,l].
Let P (x) =Q (x

2
). Then deg P 2 (2r- l) = 2[in]^n and

Since the weight function wis even, the zéros of n
(

22

°

r

' 0)
are

and from the définition of Q follows that

Since degP 4r— 2 4/*— l, from the quadrature formula (3.1) with

m = 2r follows that



On the other hand, since

for any polynomial R of degree such that R(x) ie[~l, I],

we hâve

This proves the first part of the statement A.

If n=Arorn=Ar + 1, then [% n] = 2r. If Qis the polynomial defined

by (3.17), we hâve deg Q and by the remainder theorem and (3.15)

Le. Q(t)^h(t% te [o,l].
Let P (x) =Q (x

2
). Then deg P 4r =2[^n] « and as before

The zéros of n^ril are

and as in the preceding case it folio ws thatP (x v
) = /(x v

), v= 1, ..., 2r+ l.

Since deg P 4r 2 (2r+ l) —1, using the quadrature formula (3.1) with

m= 2r+ l we find that

On the other hand, for any polynomial R of degree « such that
R (x) /(x), xe [- 1, I], we hâve

This proves the second part of the statement A.

B. Consider first the case n= 4r— lorn= 4r— 2. We hâve then

[i«] = 2r—l. If g is the polynomial defined by (3.18) we hâve deg Q

S 2r— 1 and by the remainder theorem and (3.15)



i.e. Q(t)^h(t),te[o,l].
Let P (x) =Q (x

2
). Then deg P 2 (2r- 1) =2[in]Sn and

P(x) xg [— 1, I]. Since the weight function is even, the zéros of

4\'l\ are

It follows that

Since degP 4r — 2 4r— l, using the quadrature formula (3.2) with

m = 2r we get

On the other hand, since n 2[\n]+l = 4r— 1, for any polynomial R

of degree « such that R (x) /(x), xe[-l, I], we hâve

This proves the first part of the statement B.

Finally, if n = 4r or n = 4r-f 1, then [^ «] = 2r. If g is the polynomial
defined by (3.19), we hâve deg Q 2r and by the remainder theorem and

(3.15)

i.e. Q(0 A (0, re [0, I].

Let P (x) =Q (x
2

). Then deg P 4r =2[in]gn and P (x) /(*),
xe [- 1, 11. If v,, ..., yy 2 r are zeros °f

1 '
we hâve



and so

Since deg P Ar 4r+ I=2 (2r+ l) —1, using quadrature formula (3.2)

with m= 2r + 1 we get

On the other hand, since n£2[in]+l = 4r+l = 2(2r+l) - 1, for

any polynomial i? of degree such that i? (x) x e [— 1, I], we

hâve

This proves the second part of the statement B.

(iv) Finally we shall mention explicitly a spécial case of the preceding

theorem, corresponding to the function h (t) = y/1. We shall assume again

that the weight function w is even.

Observingthat/* (2m) (0 < oand/i (2m ~1)~ 1) (0> 0, te (0,1), and taking into

account the remark following Theorem 6, we obtain immediately the

following results:

A. The polynomial Pof best approximation to f(x) = \x\ from below

on [— 1, 1] is defined by P (x) =Q (x
2

), where the polynomial Qis defined

as follows:
If n = Ar— 1 or n = Ar —2, then

where jt v ,
v = 1, ..., r— 1 are positive zéros of tt^'-i

If n=Arorn=Ar + 1
,

then

where
v , v=l, ..., r are positive zéros of n

(£'+\.



B. The polynomial P of best approximation to/(x) = |jc| from above

on [- 1, 1] of degree <*n is defined by P (x) =Q (x
2

), where the polynomial
Q is defined as follows:

If n= 4r- 1 or n= 4r-2, then

where yfi v9 v= 1, ..., r are positive zéros of 7T2°' O)

If « = 4r or n = 4r+ 1, then

where yft v , v= 1, ..., r are positive zéros of n
(

2l2

l

;
l \
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