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We denoteby C*{—n, x], the space of 2z periodic continuous functions and |||,
the supremum norm. Let (L,) be a sequence of convolution operators on C¥* given by

(1) Lulf.2) = (fedi)@) == [ flz+ tidmle)

where dp, is an even Borel measure on [—x, 7] mth%f dp,(t) =1, For du,,

the real Fourier-Sttielties coefficients py, and the complex coefficients i (k) are
defined by

Pow = [ cos Bt dpuft) =2 [ ) = 2palh).

¢ Thus, the measure dy, has as its Fourier-Stieltjes series

dpnlti~ 3 BnlRleH ~ o+ 3Py o0 B

K= —oa kml

Similarly, for a function f< C*, we let (%) =— f' e fle) dt and A, z)
=a; cos kx+b; ’smka:mth :

=t f' Aeyeoske dt, by=-1- f' Fle)sinkt i
Then f has the Fourier series

Fe 3 Pl A 5 adf.

kwm~oo t 25 |
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364 R.A. DEVORE

" We shall consider the problem of determining the saturation properties of (L,.)
from the Fourier coefhicients of dp,. For this purpose, assume that there is a
sequence (¢{n)) of positive numbers converging to 0 such that for each £=1,2,+.-,

(2)  mioPea g, 0,

- 95(?1)

Then, we have the following saturé;tion theorem,

oy

THEOREM.1. If (L,) is a sequence of convolution operators 'of the form
{1) which satisfies (2), then

i, For feC* |f—LA =oln), if and only if f is constant.
ii. If feC* and Ilf"-_Ln(.ﬂ | = Olé(n)) then

(3) S ¥Alfsz) € L.,

kml

iii. Swuppose in addition that

(4) the sequences( I ')‘ )Mare multipliers

from L. to L.. with norms mzz_'formly bounded in n. Then if f<C* with
S ¥oAslf; z) € Lo, we have
k=1

If = La(A)l = O((n))

Part ii of Theorem 1 is the so-called converse theorem of saturation which was
given by Sunouchi and Watari [2] and also independently by Harsiladge [1], Part
ili is called the direct theorem of saturation and was given by Sunouchi [3] The
object of this theorem is to characterize the saturation class S(L,)={£:f—L.(N]
= O(¢(n))}. Of course, this is achieved under the additional hypothesis (4) since

in this case S(L,) —{ feC*: 2 P Alfix)e L } Actually, if -(%,‘1) is a multiplier
Kwel

from C* to C* then (4) is necessary for the saturation class to be characterized

by (3) (see the proof of theorem 2). For this reason, much interest has centered

about determining the true nature o£ (4). .

428




ON THE DIRECT THEOREM: OF SATURATION 365

Tureckii [ 5] has ¢laimed that if the measures du, have uniformly bounded
norms ie., there is a constant M>0 such thatf |dpa{t) ] =M for n=1,2¢-+

then (4) is satisied. However, his proof was not correct and Sunouchi has given
a counterexample to- this claim. Sunouchi [ 4] has shown that if @>0, thereis a

sequence of even functions (k,), A, <€ L,{~m7], with uniformly bounded Ll norms
such that .

lim #hy(k) =k E=1,2+--

and yet there is a function f, € C* such that

>k A(fo z) € Lo

kel

fo—Forhall  Ol~).

Now, if we assume that the measures dpu, ar;: positive then the situation
changes. For one thing, if (L,) is a sequence of positive convolution operators
. which satisfies {2) with 1{:-,‘ k* then Tureckii [6] has shown that fe S(L,) if
and only 1f2k’Ak(f z)€ L Secondly, the examples given by Sunouchi are not
Ewml
positive operators, Thus the question as to whether (3) always characterizes the
saturation class for positive operators that satisfy (2) has not been settled,
In this paper, we shall give a general procedure for constructing examples of
positive operators which satisfy (2) but nevertheless (3 ) does not characterize the

saturation class. Of course, we must avoid the case Yn.=k*. We do this by assuming
~ that t

')’=_

(5) | . = o(k?) .

It is important to note, that for posxtwe operators we always have ¥, = O(#*)
since -

L= pra=i [ (= cos ) dinlt) =2 [ s E gy

. '
=“2":"f_',8m’ 5 Apalt) = Bl —p.,). 429
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366 | R.A. DEVORE
We will also assume that

(6) (¥5') is a multipliérs from C* to C*,

This means that for wéhfe C%, i\h‘ﬂk(ﬁx) ¢ C*, We also wish to state

kw1
‘our theorem for a more general class of operators than those that are positive.
Yor this purpose, we will assume that for du, we have

.

(7) {L—pra) =0 for each % and 7, v
Of course {7) is always satisfied when du, is positive.
THEOREM 2. Let (L,) be a sequence of comvolution operators for which

(2) and (7) hold. Also let (Y) satisfy conditions (5) and (6). Then there
exists a sequence (£,) of posittve numbers converging to O such that the opemtors '

L, defined by - |
L(f,a) = fedps | |

with - dpaft) =5 ldmle—b) + e+ satisfy

(8)  mighesw
andA
(9) | there is a function f,c C* with
S hehulfor)c Lo
and

Ifo— Z{fo)l # Olg(n)) .
PROOF. We first note that (7) implies that ¥, > 0 for all .
| Let0<a, = - max fr: m > () )

Then (5) shows that a,,->0 We shall show that the theorem holds with &,
= a, M(${m)™
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ON THE DIRECT THEOREM OF SATURATION 867

We first compute the Fourier-Stieltjes coefficients Fy,, of dfi.. We.have
3 =—:1'-—fcos Rt d (t)=1—f'cos bt d (t;f)
ko z J_ i) x J_. . Pn n
=L [ foos e EnJoos B, —sin Be—£) sin K] dpalt — £

= COS kEn(Pk}n)

where we have used the fact that dp, is even. Hence,

J-"'ﬁk.n = 1—cos kE, + cos k_fn(l—Pk.n) = 2sin’

A ]

B 1 cos k(1 pi.a)
Thus, for k=1,2,--«

- lkfﬂ

‘1—Pi.n . Pk,_
i g~ it + lmoos 45, S5 .

where ﬁe have used the i;act that sin’% =O(§ﬂ*)#6(¢(n)). Th1s Gtaﬁlishes (8).

Now, for each-n, let dr, be the even Borel measure whose Fourier
coeflicients are '

i) = 5PEs

That such a measure exists follows from ( 6) and the fact that (1— g, .} is a.Fourier-

Stieltjes. -sequenoe. If m,,-[ E ]+1, then?—_m i-+1 Thus, for = sufficie-
ntly large
é <. 1
s (o8 Mo Lmpy ) _ B
il =g, ¢(n) V90 = ¥, 9

where we were able to omit the last term since cos m,,E,,—»cos 1>0.
Since m, =£; l2(95(1:))‘“, we have ‘ :
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Vo $(n) S aym,'d(n) < alasg(m) ™ + 116 (n)-0.

Therefofe, \i.(mn)-*éo; Thus, we must have
[ 1dnie)i—es.

From the wniform bomdedness pnnmple we can’ conclude that there is a
function g € C* for Whlch . ) :

[ gxdn,] o0,

Let £, be the function with Fourier coefficients /y(£) =Tl Then f,e C* by
k
virtue of (6), It is easy to see that '

2.L.%.;iL__ grdn,

by merely checking Fourier coefficients, Therefore,

2 %)é*&.n___ lg=dnl # O(1)

and the theorem is proved,
One interesting example oocurs when we let dp(t)=F,(t)dt where F, is the

Fejér kernel
. S;!ﬁ_ .
1 (3
Fule) = sz( . ¢t )
| sma

- Then the Fejér operators ay,(f) = f*F, are saturated with order (n™!), A simple
-~ check shows that we can take £, =4~ Thus the operators

L(f) =feAq

LY

where
432




ON THE DIRECT THEORSM OF SATURATION | " 359
| Ae) = —lz—“[Fn(t —#) + Fo(t + n~)]
 are saturated with order (%) and rthe Fourier coeflicients of (A,) satisfy
Jim a{L— 28,(8) = 2.
Yet, the saturation class S{L,) #-—{f :ZkA.( frx)e L.-.,_}. A

More generally, we can consider the typical means of the Fouﬁerseﬁes, for
0<A<2, ’ - o

Ri(f,z)= :Zﬂ(l" (—:—)h)AJf, z) =feXi

which are saturated with order (n7*) and saturation class

S(RY) = f:iklAk(f, z)e 'L,,}, The sequence (_k;‘) is a multiplier from C* to

| u_a - o
C*. In this case, we can take EP=n" ¢ Then the modified operators
Li(f) = feA}

where

AMe) = -S-[X3e— £P) + X3+ £
satisfy

lim AL —20Mk) = B

and yet

. 'S(L,l,) # {f:Z::k‘Ak(f,x)eL.,}.
' 433
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