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Abstract

Adaptiv e Finite Elemen t Metho ds for n umerically solving elliptic equations are

used often in practice. Only recen tly [11], [16 ] ha v e these metho ds b een sho wn

to con v erge. Ho w ev er, this con v ergence analysis sa ys nothing ab out the rates of

con v ergence of these metho ds and therefore do es, in principle, not guaran tee y et

an y n umerical adv an tages of adaptiv e strategies v ersus non-adaptiv e strategies. The

presen t pap er mo di�es the adaptiv e metho d of Morin, No c hetto, and Sieb ert [16 ]

for solving the Laplace equation with piecewise linear elemen ts on domains in I R

2

b y adding a coarsening step and pro v es that this new metho d has certain optimal

con v ergence rates in the energy norm (whic h is equiv alen t to the H

1

norm). Namely ,

it is sho wn that whenev er s > 0 and the solution u is suc h that for eac h n � 1, it can

b e appro ximated to accuracy O ( n

� s

) in the energy norm b y a con tin uous, piecewise

linear function on a triangulation with n cells (using complete kno wledge of u ), then

the adaptiv e algorithm constructs an appro ximation of the same t yp e with the same

asymptotic accuracy while using only information gained during the computational

pro cess. Moreo v er, the n um b er of arithmetic computations in the prop osed metho d

is also of order O ( n ) for eac h n � 1. The construction and analysis of this adaptiv e

metho d relies on the theory of nonlinear appro ximation.

Key W ords: elliptic equations, �nite elemen t metho ds, adaptiv e re�nemen ts, rates of

con v ergence, nonlinear appro ximation.

1 In tro duction

Adaptiv e metho ds are frequen tly used to n umerically compute solutions to elliptic equa-

tions. While these metho ds ha v e b een sho wn to b e v ery successful computationally , the

theory describing the adv an tages of suc h metho ds o v er their non-adaptiv e coun terparts

is still not complete. F or example, only recen tly [11], [16 ] ha v e there ev en b een pro ofs of
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con v ergence of suc h metho ds. These pro ofs of con v ergence still do not pro v e an y guar-

an teed adv an tage of these adaptiv e metho ds since there is no analysis of their r ate of

c onver genc e in terms of the n um b er of degrees of freedom or the n um b er of computations.

Recen tly , an analysis of rates of con v ergence for w a v elet based adaptiv e metho ds w as

giv en in [5],[6]. These pap ers deriv e an adaptiv e w a v elet based algorithm for solving

elliptic problems and sho w that this algorithm has optimal e�ciency in the sense that if

the solution u can b e appro ximated (using complete kno wledge of u ) in the energy norm

b y an n -term w a v elet expansion to accuracy O ( n

� s

), n ! 1 , then the adaptiv e metho d

will do the same using only kno wledge of u gained through the adaptiv e iteration. W a v elet

metho ds v ary from their FEM coun terparts in that they can b e view ed as solving linear

systems that are �nite sections of one �xed in�nite dimensional matrix problem whose

solution giv es the w a v elet co e�cien ts of u .

The theoretical foundation of Adaptiv e Finite Elemen t Metho ds (AFEM) is less sat-

isfying. There is no kno wn algorithm with a pro v en rate of con v ergence sa v e for the

univ ariate case [3]. The purp ose of the presen t pap er is to giv e an AFEM and pro v e

con v ergence rates for this metho d whic h are the analogue of the w a v elet case. Our al-

gorithm is not m uc h di�eren t from existing adaptiv e metho ds based on bulk c hasing of

a p osteriori error estimators. The one main di�erence is the utilization of a coarsening

strategy . W e should men tion that coarsening also pla y ed an imp ortan t role in the analysis

of adaptiv e w a v elet metho ds. Ho w ev er, in the practical implemen tation of the adaptiv e

w a v elet metho ds, for man y problems, coarsening is not needed. The same ma y b e the

case for AFEM.

W e primarily view the presen t pap er as a con tribution to the theoretical analysis of

AFEM rather than the construction of an adaptiv e metho d that outp erforms other adap-

tiv e metho ds in practice. In particular, w e wish to clarify whether a-p osteriori information

can lead to an adaptiv e algorithm that exhibits asymptotically optimal p erformance. In

spite of the theoretical emphasis it should not b e excluded that some of the ideas of the

presen t pap er ma y b e useful in practice. One of these to ols is the theory of nonlinear

appro ximation b y piecewise p olynomials. Since adaptiv e metho ds are a form of nonlin-

ear appro ximation, this theory will on the one hand help us to pro vide a b enc hmark for

measuring the success of adaptiv e metho ds, and on the other hand, pro vide an e�ectiv e

implemen tation for the coarsening (see x 4.5).

Adaptiv e Finite Elemen t Metho ds ha v e sev eral complications that mak e their analysis

more cum b ersome. These include the need for graded meshes, the problem of hanging

no des, and the analysis of a-p osteriori error estimators. If not for these complications, the

analysis in this pap er w ould b e considerably simpli�ed. In order to presen t the ideas of

this pap er in their simplest form, w e shall try to minimize these obstacles. In particular,

w e shall restrict ourselv es to the P oisson problem

� � u = f in 
 ; u = 0 on @ 
 ; (1.1)

where 
 is a p olygonal domain in I R

2

and @ 
 is its b oundary . W e shall also consider

only appro ximations of the solution u b y piecewise linear elemen ts using a v ery sp eci�c

adaptiv e re�nemen t strategy (called new est v ertex bisection) w ell-kno wn in the FEM

literature. In this w a y , the essen tials of our argumen ts will b e clear and w e can also call
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on sev eral kno wn results concerning a-p osteriori error estimates that can b e found in the

literature.

W e conclude this in tro duction b y brie
y describing the structure of this pap er. In

x 2 w e discuss the general form of adaptiv e Finite Elemen t Metho ds whic h is marking,

sub division, and completion (to remo v e hanging no des). W e then consider in detail the

structure of sub division using new est v ertex bisection. W e shall in tro duce a simple la-

b elling for edges that will facilitate the analysis of this t yp e of sub division. The main

result of this section is Theorem 2.4 whic h b ounds the n um b er of cells in the completion

pro cess b y the n um b er of mark ed cells. This b ound is vital in pro ving optimal con v ergence

rates. x 3 recalls Galerkin appro ximations.

In x 4 w e study adaptiv e appro ximation b y piecewise linear functions on adaptiv ely

generated triangulations. The spirit of this section is to understand ho w to construct

go o d adaptiv e appro ximations to a known function w . In particular, w e in tro duce the

algorithm of [2] whic h will b e used hea vily in our adaptiv e Finite Elemen t Algorithm for

solving (1.1). Namely , it is used to appro ximate the righ t hand side f (see x 4.4) and

for our coarsening strategy (see x 4.5). W e also discuss in this section what are optimal

appro ximation rates to a kno wn function. This will pro vide a b enc hmark for our analysis

of adaptiv e Finite Elemen t algorithms.

In x 5, w e recall the adaptiv e FEM metho d in [16] (w e call it the MNS algorithm), and

record some of the pro v en facts ab out this metho d that will b e used in the presen t pap er.

This includes their in tro duction of lo cal a-p osteriori error estimators and their analysis

of ho w these estimators can b e used to b ound global errors. In x 6, w e mak e some minor

mo di�cations of the MNS algorithm describ ed in x 5.

In x 7, w e describ e the main ingredien ts of our new adaptiv e algorithm. W e sho w

its optimal rates of con v ergence in x 8. W e conclude the pap er with an app endix whic h

discusses the smo othness conditions that go v ern rates of con v ergence b y adaptiv e metho ds.

These results are not imp ortan t for the analysis in the presen t pap er but ma y b e of in terest

to the reader.

2 New est v ertex bisection and completion

This section has three purp oses. The �rst is to set forw ard some of the notation w e shall

use in this pap er. The second is to in tro duce the main form of adaptiv e Finite Elemen t

Metho ds whic h is marking, sub dividing, and completing. The third is to in tro duce and

analyze the particular form of sub division w e shall use in this pap er, the so called newest

vertex bise ction metho d.

Let 
 b e a p olygonal domain in I R

2

. W e shall use P to denote a partition of 


in to triangular cells �. This means that 
 = [

� 2 P

� and an y t w o � ; �

0

2 P satisfy

meas (� \ �

0

) = 0 where here and later in this pap er meas denotes the Euclidean measure

in I R

2

. Giv en suc h a partition, w e let S

P

denote the space of con tin uous, piecewise linear

functions sub ordinate to P whic h v anish on @ 
. A function S is in S

P

if and only if S

is a linear function on eac h � 2 P , S is con tin uous on 
, and S v anishes on @ 
, i.e.

S

P

� H

1

0

(
).

W e denote b y E

P

the set of edges of P and b y

_

E

P

the set of interior e dges . Th us,
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E 2

_

E

P

means that E is an edge of some � 2 P and that the in terior of E is in the

in terior of 
. All other edges are called b oundary e dges . W e also denote b y V

P

the set of

all v ertices v of P and b y

_

V

P

the set of interior vertic es . Th us, v 2

_

V

P

means that v is

a v ertex of one of the � 2 P and v is in the in terior of 
. All other v ertices are called

b oundary vertic es .

There are t w o sp ecial conditions that w e shall imp ose on a partition P that are im-

p ortan t in Finite Elemen t constructions. First, w e sa y that a partition satis�es a minimal

angle c ondition if for eac h � 2 P all of its angles are � a

0

for some p ositiv e n um b er a

0

.

Second, w e shall require a partition P to b e c onforming whic h means that the in tersec-

tion of an y t w o cells is either empt y or a common edge or a common v ertex. A family of

partitions whose elemen ts are all conforming and whic h satisfy a minimal angle condition

with resp ect to a common constan t a

0

> 0, is called admissible .

The uniform minimal angle condition implies that for eac h cell � in an y partition

P from an admissible family P , the ratio of the radii of the smallest circumscrib ed and

the largest inscrib ed circle of � is uniformly b ounded indep enden t of � and P . This

is sometimes referred to as lo c al quasi-uniformity or shap e r e gularity . In particular, this

implies the existence of a constan t

^

C =

^

C ( P ) suc h that

1 � diam (�)

2

= j � j �

^

C for all � 2 P ; P 2 P ; (2.1)

where j � j = meas (�) denotes the Leb esgue measure of �. Moreo v er, there exists a

constan t G

0

= G

0

( P ) suc h that for an y t w o cells � ; �

0

2 P , for whic h � \ �

0

6= ; , w e

ha v e

diam (�) � G

0

diam (�

0

) : (2.2)

Lo cally quasi-uniform partitions allo w one to con trol the global error in appro ximating a

function b y lo cal errors. T ypical estimates in FEM dep end on a

0

and deteriorate if a

0

is

small.

Conformit y fa v ors common �nite elemen t data structures b y con v enien tly relating

lo cal and global sti�ness matrices since global basis functions are comp osed of the lo cal

shap e functions on eac h elemen t in a simple w a y . In our sp eci�c con text the global basis

functions will b e the Couran t \hat functions" (no dal functions) �

v

, v 2 V

P

. The function

�

v

is the unique elemen t in S

P

whic h is one at v and is zero at all other v ertices in

_

V

P

.

The no dal basis functions are lo cally supp orted on the union of all triangles whic h share

v as a v ertex. Moreo v er, one can construct lo cally supp orted dual functionals with the

same supp orts consisting of (discon tin uous) piecewise linear functions thereb y giving rise

to lo cal linear pro jectors on S

P

that are b ounded in H

s

(
) for s � 1 (in fact ev en b ey ond

1). Again, it is imp ortan t for estimating errors that for an y partition P from an admissible

family , eac h basis function is o v erlapp ed b y a uniformly b ounded n um b er of other basis

functions since the valenc e of the v ertices, i.e. the n um b er of edges emanating from a

giv en v ertex, remains uniformly b ounded.

The adaptiv e pro cedures w e shall consider in this pap er will generate a family of

partitions whic h is admissible.

A t ypical AFEM generates a sequence of partition P

0

; P

1

; : : : ; P

n

b y using rules for

sub dividing triangles. Giv en the partition P

k

, the algorithm marks certain of the trian-

gular cells � 2 P

k

for sub division. W e shall denote b y M

k

the collection of mark ed cells.
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These mark ed cells are sub divided using certain sub division rules. This pro cess, ho w ev er,

creates hanging no des . W e sa y that v 2 V

P

is a hanging no de for � 2 P if v app ears in

the in terior of one of the sides of �. Since hanging no des ob viously violate conformit y ,

in a second step a certain collection M

0

k

of additional cells are sub divided in order to

guaran tee that the resulting partition P

k +1

is admissible. The partition P

n

is the �nal

admissible partition asso ciated with this application of the adaptiv e algorithm.

2.1 New est v ertex bisection

W e shall restrict ourselv es in this pap er to a v ery sp eci�c metho d of sub division kno wn as

newest vertex bise ction . W e shall call on certain prop erties of this metho d of sub division

in what follo ws. W e could not �nd some of these prop erties (or pro ofs of these prop erties)

in the FEM literature and therefore our discussion and dev elopmen t of new est v ertex

bisection will b e somewhat length y . The b o ok of V erf • urth [21 ] and the researc h article of

Mitc hell [15] describ e this sub division metho d and giv e some of its prop erties.

Giv en an initial partition P

0

of 
, to eac h � 2 P

0

, w e assign exactly one of its v ertices

v (�) as the newest vertex for that cell. This initial lab elling can b e made in an arbitrary

w a y . The edge in � opp osite to v (�) will b e denoted b y E (�). In Figure 1 the new est

v ertex assigned in an y triangle of P

0

is indicated b y an arro w p oin ting to E (�).

Figure 1: Assignmen t of new est v ertices in P

0

Eac h triangular cell that arises in the adaptiv e pro cess will also ha v e exactly one

of its v ertices designated as a new est v ertex. If this cell is to b e sub divided then the

sub division is a simple bisection done b y connecting the new est v ertex and the side E (�)

opp osite. Th us the cell pro duces t w o new cells and their new est v ertex (assigned to eac h

new triangular cell) is b y de�nition the midp oin t of E (�).

The partitions whic h arise when using new est v ertex bisection satisfy a uniform mini-

mal angle condition. This is established b y sho wing that all triangles that arise in new est

v ertex bisection can b e classi�ed in to a set of similarit y classes dep ending only on the

initial partition P

0

(see Mitc hell [15 ]). Also note that if a partition P is created b y a

sequence of new est v ertex bisections and if P has no hanging no des, then it is conform-

ing. Th us, it is admissible. W e shall sho w in the next subsection ho w an y giv en partition

generated b y new est v ertex bisection can b e completed to a partition with no hanging
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no des b y sub dividing certain other triangular cells. This pro cess is called c ompletion .

F urthermore, w e shall b ound the n um b er of additional sub divisions necessary to remo v e

hanging no des. But �rst w e w an t to examine another imp ortan t prop ert y of new est v ertex

bisection whic h is its tree structure.

W e can represen t new est v ertex bisection sub division b y an in�nite binary tree T

�

(whic h w e call the master tr e e ). The master tree T

�

consists of all triangular cells whic h

can b e obtained b y a sequence of sub divisions. The ro ots of the master tree are the

triangular cells in P

0

. When a cell � is sub divided, it pro duces t w o new cells whic h are

called the c hildren of � and � is their paren t. It is v ery imp ortan t to note that, no matter

ho w a cell arises in a sub division pro cess, its asso ciated new est v ertex is unique and only

dep ends on the initial assignmen t of new est v ertices in P

0

. This means that the c hildren of

� are uniquely determined and do not dep end on ho w � arose in the sub division pro cess,

i.e., it do es not dep end on the preceding sequence of sub divisions. The reason for this is

that an y sub division only assigns new est v ertices for the new triangular cells pro duced b y

the sub division and do es not alter an y previous assignmen t. It follo ws that T

�

is unique

and do es not dep end at all on the order of sub divisions.

The gener ation of a triangular cell � is the n um b er g (�) of ancestors it has in the

master tree. Th us cells in P

0

ha v e generation 0, their c hildren ha v e generation 1 and so

on. The generation of a cell is also the n um b er of sub divisions necessary to create this

cell from its corresp onding ro ot cell in P

0

.

A subtr e e T � T

�

is a collection of triangular cells � 2 T

�

with the follo wing t w o

prop erties: (i) whenev er � 2 T then its sibling is also in the tree; (ii) when � � �

0

are

b oth in the tree then eac h triangular cell

�

� 2 T

�

with � �

�

� � �

0

is also in T . The

ro ots of T are all the cells � 2 T whose paren ts are not in T . W e sa y that T is pr op er if

it has the same ro ots as T

�

, i.e., it con tains all � 2 P

0

.

If T � T

�

is a �nite subtree, w e sa y � 2 T is a le af of T if T con tains none of the

c hildren of �. W e denote b y L ( T ) the collection of all lea v es of T .

F or a prop er subtree T , w e de�ne N ( T ) to b e the n um b er of sub divisions made to

pro duce T .

An y partition P = P

n

whic h is obtained b y the application of an adaptiv e pro cedure

based on new est v ertex bisection (suc h as the algorithms w e consider in this pap er) can

b e asso ciated to a prop er subtree T = T ( P ) of T

�

consisting of all triangular cells that

w ere created during the algorithm, i.e. all of the cells in P

0

; : : : ; P

n

. The set of lea v es

L ( T ) form the �nal partition P = P

n

.

W e shall sa y that T = T ( P ) is admissible if P is admissible. W e denote the class of all

prop er trees b y T and all admissible trees b y T

a

. W e also let T

n

b e the set of all prop er

trees T with N ( T ) = n and b y T

a

n

the corresp onding class of admissible trees from T

n

. W e

denote b y P the class of all partitions P that can b e generated b y new est v ertex bisection

and b y P

a

the set of all admissible partitions. Similarly , P

n

and P

a

n

are the sub classes

of those partitions that are obtained from P

0

b y using n sub divisions. There is a precise

iden ti�cation b et w een P

n

and T

n

. An y P 2 P

n

can b e giv en b y a tree, i.e. P = P ( T ) for

some T 2 T

n

. Con v ersely an y T 2 T

n

determines a P = P ( T ) in P

n

. The same can b e

said ab out admissible partitions and trees.
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2.2 Completion of sub division

The adaptiv e algorithms w e consider in this pap er will b e of the follo wing t yp e. W e b egin

with P

0

and mark certain cells in P

0

for sub division. After doing these sub divisions w e

arriv e at the partition P

0

1

. This partition is not necessarily admissible and so w e shall

mak e some additional sub divisions whic h will complete P

0

1

to an admissible partition P

1

.

W e then rep eat this pro cess of marking and completing. It will b e imp ortan t for us to

see that the completion pro cess do es not seriously in
ate the n um b er of triangular cells

in P

n

. W e ha v e not found an y result in the literature sa ying that the o v erall n um b er

of triangles created through completion alw a ys sta ys prop ortional to the n um b er of cells

mark ed throughout the re�nemen t pro cess. T o establish this will b e a bit tec hnical and

will b e the sub ject of this subsection.

Supp ose that P is an admissible partition with #( P ) > 2 (the case #( P ) = 2 is trivial

in what follo ws). T o eac h � 2 P , w e asso ciate a triangular cell F (�) 2 P as follo ws. Let

v (�) b e the new est v ertex of � and E (�) the edge of � opp osite to v (�). If E (�) is

a b oundary edge then w e de�ne F (�) = ; . Otherwise, there is a unique triangular cell

�

0

6= � whic h has E (�) as one of its edges and w e de�ne F (�) = �

0

. One can visualize

the mapping � ! F (�) as a 
o w determined b y the v ector whic h serv es to bisect � in

the sub division pro cess.

By a chain C (�) (with starting cell �) in P , w e mean a sequence � ; F (�) ; : : : ; F

m

(�)

with no rep etition of the cells in this c hain and with F

m +1

(�) = F

k

(�), for some k 2

f 0 ; : : : ; m � 1 g or F

m +1

(�) = ; .

Remark: We shal l se e b elow that by starting with a p articular assignment of newest

vertic es in P

0

, for any of the subse quent p artitions P = P

k

, the only way F

m +1

(�) =

F

n

(�) is for n to b e e qual to m � 1 . We shal l ther efor e assume this pr op erty in going

further.

The completion of a c hain C (�) is a collection

�

C (�) of cells pro duced b y t w o sets

of sub divisions. In the �rst set, eac h cell �

0

= F

k

(�) in this c hain is sub divided using

the new est v ertex bisection (i.e. the insertion of the line segmen t connecting v (�

0

) to the

midp oin t on E (�

0

)). This sub division of �

0

pro duces t w o new cells (the c hildren of �

0

).

After this �rst set of sub divisions has b een completed, there will generally b e cells with

hanging no des. The second part of the sub division pro cess is to sub divide eac h of the

c hildren that ha v e a hanging no de. Hanging no des o ccur inside a cell �

0

= F

k

(�), when

E ( F

k � 1

(�)) 6= E ( F

k

(�)). In this case the new edge w e need to add in F

k

(�) is the one

connecting the midp oin ts of these t w o edges. This part of the sub division pro cess remo v es

all remaining hanging no des. By the ab o v e remarks, this has the e�ect of sub dividing

(in to t w o grandc hildren) the c hild of F

k

(�), k = 1 ; : : : ; m

0

,whic h has E ( F

k � 1

(�)) as an

edge. Here m

0

= m � 1, when F

m +1

(�) = F

m � 1

(�), and m

0

= m , when F

m +1

(�) = ; .

W e shall mak e some further observ ations ab out the structure of

�

C (�) and the resulting


o w structure. F or this purp ose, w e shall in tro duce a w a y of lab elling all edges that arise

in the sub division pro cess.

W e shall lab el the edges in the partitions P

0

; P

1

; : : : ; P

n

b y nonnegativ e in tegers. This

lab elling will giv e us a simple w a y to k eep trac k of the sub division and completion pro cess.

Giv en an y triangular cell � in one of these partitions, the sides of � will b e lab elled b y

( i + 1 ; i + 1 ; i ) where i = g (�) is the nonnegativ e in teger that represen ts the generation

7



of � (i.e. ho w man y sub divisions of a cell in P

0

w ere needed to create �). The lab elling

will b e suc h that the lo w est lab elled side will b e E (�), i.e. the side opp osite the new est

v ertex of �. A t the outset, it ma y app ear that the lab elling of a side will dep end on the

triangle � and so a side will get t w o lab els dep ending on whic h triangle w e view it to

b e in. Ho w ev er, as w e shall see, for admissible partitions the lab elling of an edge can b e

indep endent of the triangle to whic h it b elongs pro vided w e start with a suitable lab elling

of P

0

.

T o start the lab elling pro cess, w e describ e ho w to lab el the edges in P

0

, see Figure

2 whic h displa ys a lab elling whic h is consisten t with the assignmen t of new est v ertices

sho wn in Figure 1.

1

1

1

0

1

1

0

1

1

0

1

1

0

1

1

0 1

1

0

Figure 2: Assignmen t of new est v ertices in P

0

W e b egin with the follo wing lemma.

Lemma 2.1 F or any initial p artition P

0

ther e is a lab el ling of the e dges in P

0

such that

e ach e dge is given a lab el of either 0 or 1 and whenever a triangle � 2 P

0

then exactly

two of its e dges ar e lab el le d with a 1 and the other e dge is lab el le d with a 0 .

Pro of: W e shall sho w the existence of suc h a lab elling b y using the theory of matc hings

in cubic graphs. A cubic graph is one in whic h ev ery v ertex of the graph has exactly

three edges. Since the lab elling refers only to the com binatorial structure w e can map

the domain 
 co v ered b y P

0

homeomorphically on to a p ortion of the sphere in I R

3

whic h

induces a triangulation of that p ortion of the sphere. Let

^

P

0

denote an y �xed completion

of P

0

to a triangulation of the whole sphere and consider the dual gr aph of

^

P

0

. This is the

graph whose v ertices are the triangles of

^

P

0

. Tw o v ertices in this dual graph are connected

if the corresp onding triangles share an edge. This graph is a cubic graph.

Giv en an y graph, a set of edges E of the graph suc h that no t w o edges from E share

the same v ertex is called a matc hing. The matc hing is p erfect if all v ertices are co v ered.

The existence of p erfect matc hings in cubic graphs has b een established b y P etersen [19 ],
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see also Theorem 3.4.1 on page 110 in [14 ]. Giv en suc h a p erfect matc hing E for the cubic

graph generated b y P

0

(as describ ed ab o v e), w e assign a lab el 0 to eac h edge of

^

P

0

whic h

corresp onds to an edge in E . Ev ery other edge of

^

P

0

is assigned the lab el 1. By P etersen's

theorem, for eac h triangle � in

^

P

0

, exactly one of the edges of � will b e lab elled 0 and

the other t w o will b e lab elled 1. Clearly this lab elling of

^

P

0

induces a lab elling with the

desired prop ert y also for an y subset of

^

P

0

and, in particular, also for P

0

whic h establishes

the claimed existence. 	

There remains the problem of constructing a practical sc heme for giving a lab elling

of the form expressed in Lemma 2.1. One w a y is to emplo y metho ds from com binatorial

optimization. By the ab o v e pro of, it su�ces to construct a maximal matc hing for the

dual graph of P

0

. Suc h sc hemes can b e found, for instance, in [14 , p. 238, Theorem 10.6].

T o explain a simple alternativ e let us consider y et another in terpretation of the la-

b elling in Lemma 2.1. F or an y collection A of triangular cells in P

0

w e denote b y 


A

their

union. Supp ose w e could �nd a set Q � P

0

with the follo wing prop erties:

(i) All triangles in P

0

n Q ha v e at least one edge on the b oundary of 
.

(ii) The domain 


Q

can b e decomp osed in to an essen tially disjoin t union of quadrilaterals

formed b y pairs of adjacen t triangles from Q .

Giv en suc h a collection Q , w e can assign the follo wing lab els to the edges of P

0

. F or

eac h pair of triangles from Q whose union forms one of the quadrilaterals, w e assign 0 to

their common edge and 1 to all other edges. By (i) w e ha v e missed at most edges on the

b oundary � of 
. If suc h an edge E b elongs to a triangle with t w o in terior edges, they

m ust ha v e the lab el 1, so w e assign the lab el 0 to E . If the edge b elongs to a triangle

with t w o edges on the b oundary w e lab el one b y 0 and the other one b y 1 to obtain the

t yp e of lab elling asserted b y the lemma.

Figure 3: Re�nemen t for lab elling

So the lab elling problem no w reduces to �nding a collection Q in P

0

satisfying (i) and

(ii). Instead of �nding suc h a set Q for P

0

whose existence is guaran teed b y P etersen's

Theorem, w e shall men tion a simple w a y of constructing suc h a Q for a re�nemen t of P

0

.

In fact, w e can sub divide eac h � in P in to four triangles suc h that the new partition P

0

0

consisting of these new triangles satis�es (i) and (ii) for Q = P

0

0

. Indeed, giv en � 2 P ,

w e use a bisection to divide � in to t w o triangles (the side c hosen for this bisection can b e

9



c hosen arbitrarily). Eac h of the t w o resulting triangles ( they wil l b e our "quadrilater als"

fr om 


Q

) are then again sub divided b y bisecting the side the triangle has in common with

� The last t w o bisecting edges receiv e lab els 0, and all the other edges resulting from this

pro cedure receiv e lab els 1. If this is done for eac h � 2 P , the resulting partition P

0

0

has

no hanging no des since all the edges of P

0

are divided in to t w o. Th us P

0

0

can b e lab elled

as describ ed ab o v e, see Figure 3.

Giv en the lab elling of sides in P

0

b y Lemma 2.1, w e de�ne the new est v ertex of a

triangular cell � 2 P

0

to b e the v ertex opp osite the side whic h is lab elled b y 0. In going

further, w e shall alw a ys assume that the initial lab elling of new est v ertices in P

0

has b een

done in accordance with Lemma 2.1. Notice that this means that an y c hain in P

0

has at

most t w o cells and that the sub division of these cells giv es an admissible partition (i.e.

there is no need to go to the second sub divisions whic h generated grandc hildren). This

is illustrated in Figure 4 where one triangle (from P

0

whic h is lab elled with an \x\) has

b een mark ed for sub division.

1

1

1

0

1

1
1

1

0

1

1

0

1

1

0 1

1

0

2

2

2

2

X

Figure 4: Assignmen t of new est v ertices in P

0

W e no w giv e a rule to lab el an y edges that arise from the sub division-completion

pro cess. There will b e t w o main prop erties of this lab elling. The �rst is that eac h

triangular cell will ha v e sides with lab els ( i; i; i � 1) for some p ositiv e in teger i . The

second is that the new est v ertex for this cell will b e the v ertex opp osite the side with

lo w est lab el. Certainly the edges in P

0

ha v e suc h a lab elling as w e ha v e just sho wn.

Supp ose that w e ha v e suc h a lab elling for the edges in P

k

and let us describ e ho w to

lab el the edges in P

k +1

. Supp ose that a triangular cell � 2 P

k

has sides whic h ha v e b een

lab elled ( i; i; i � 1) and the new est v ertex for this cell is the one opp osite the side lab elled

i � 1. When this cell is sub divided (using new est v ertex bisection) the side lab elled i � 1 is

bisected and w e lab el eac h of the t w o new sides i + 1. W e also lab el the bise ctor b y i + 1,

i.e. the new edge connecting the new est v ertex of � with the midp oin t of the edge E (�)

lab elled b y i � 1. Th us eac h new triangle no w has sides lab elled ( i; i + 1 ; i + 1) with the

10



new est v ertex opp osite the side with the lo w est lab el. W e note the imp ortan t fact that if

a cell has lab el ( i + 1 ; i + 1 ; i ) then it is of generation i (i.e. it has b een obtained from a

cell in P

0

b y i sub divisions). Therefore, sp ecifying that the generation of the cell is i is

the same as sp ecifying that its lab el is ( i + 1 ; i + 1 ; i ). Figure 5 giv es an example for the

completion pro cess whic h corresp onds to marking one of the triangles of P

1

in Figure 4

whic h is lab elled with an \x" in Figure 5.

1

1

1

1

0

1

1

0

1

1

0 1

1

0

1

12 2

2

X

X

2

2

2

2

3

3
3

3

2

Figure 5: Assignmen t of new est v ertices in P

0

Lemma 2.2 Supp ose P

0

is an arbitr ary p artition and its e dges and newest vertic es ar e

lab el le d in ac c or danc e with L emma 2.1. Supp ose that P

1

; : : : ; P

n

ar e p artitions which ar e

gener ate d fr om P

0

using the marking, sub division, and c ompletion pr o c ess. We lab el e dges

in P

1

; : : : ; P

n

as describ e d ab ove. Then ther e holds for e ach k = 0 ; 1 ; : : : ; n :

(i) e ach e dge in P

k

has a unique lab el indep endent of the two triangles which shar e this

e dge.

(ii) If � is a triangular c el l in P

k

of gener ation g (�) = i , i.e. the e dge with lab el i is the

side shar e d by � and F (�) , then g ( F (�)) 2 f i; i � 1 g . If g ( F (�)) = i the 
ow ends at

F (�) .

(iii) F or any � 2 P

k

of gener ation g (�) = i , the c el ls in its chain

C (�) = f � ; F (�) ; : : : ; F

m

(�) g have the pr op erty that g ( F

j

(�)) = i � j , j = 0 ; : : : ; m � 1 ,

and the terminating c el l F

m

(�) for this chain is either of gener ation i � m + 1 or it is a

b oundary c el l with lowest lab el le d e dge an e dge of the b oundary.

Pro of: This is pro v ed b y induction on k . All three assertions are clear for k = 0 b y the

construction of the lab elling of P

0

giv en b y Lemma 2.1. Supp ose that w e ha v e pro v en the

lemma for P

k � 1

and consider P

k

.

Pro of of (i): Note that the ab o v e rules lea v e the lab els of all those edges unc hanged that

are not e�ected b y sub divisions. An y edge E in P

k

whic h w as not in P

k � 1

w as obtained

in one of t w o w a ys. The �rst is that it is a new edge whic h w as added as a bisector in the
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sub division-completion pro cess. In this case there is nothing to pro v e ab out its lab elling

b eing unique. The second p ossibilit y is that the new edge E w as obtained b y bisecting

an edge E

0

, sa y with lab el i , from P

k � 1

. Let � and �

0

b e the t w o triangular cells in P

k � 1

whic h shared E

0

. F or one of these triangular cells, whic h w e can assume is �

0

, w e ha v e

E

0

= E (�

0

). So �

0

had lab el ( i + 1 ; i + 1 ; i ) and therefore view ed from �

0

, E is assigned

the lab el i + 2. By our induction assumption, as an edge of �, E

0

is also lab elled b y i , so

that � has either the lab el ( i; i + 1 ; i + 1) or ( i; i; i � 1). In the �rst case the situation is

symmetric to �

0

since E

0

= E (�) is bisected and E as one of the halv es is lab elled i + 2.

In the second case E

0

is still an edge of one of the c hildren of � obtained b y bisecting

the edge with lab el i � 1. Th us the midp oin t of E

0

is still a hanging no de in that c hild

whic h is no w lab elled ( i + 1 ; i + 1 ; i ). This is the situation describ ed b y the �rst case whic h

�nishes the pro of of (i).

Pro of of (ii): Since � has generation i , E (�) has lab el i . Since this edge is shared with

F (�), w e conclude that the sides of F (�) ha v e either lab els ( i; i; i � 1) or ( i + 1 ; i + 1 ; i ).

Also, in this latter case F

2

(�) = �.

Pro of of (iii) This follo ws from (ii). 	

Note that all admissible partitions, generated b y new est v ertex bisection based on an

initial lab elling according to Lemma 2.1, are gr ade d in the sense that an y t w o cells sharing

an edge di�er in generation b y at most one.

W e shall next giv e a b ound for the n um b er of cells in P

n

. In preparation for this,

let us note that there are constan ts c

1

; C

1

dep ending only on P

0

suc h that for eac h � of

generation i , w e ha v e c

1

2

� i

� j � j � C

1

2

� i

where j � j = meas (�) is the area of �. Indeed,

eac h sub division of a cell giv es t w o cells with eac h ha ving half the area of the original cell.

By adjusting the constan ts if necessary , w e also infer from (2.1) that

c

1

2

� i= 2

� diam (�) � C

1

2

� i= 2

; g (�) = i; (2.3)

b ecause P

n

b elongs to an admissible family with parameters

^

C ; G

0

; a

0

dep ending only on

the initial partition P

0

.

1

Using (2.3), w e can b ound the distance b et w een an y t w o cells from a c hain C (�). Let

the cell F

p

(�) b e of generation 
 = g ( F

p

(�)) and let F

q

(�) b e another cell from C (�),

where 0 � q < p � m . Then the distance b et w een these t w o cells can b e b ounded b y

the sum of the diameters of the cells in the c hain C (�) b et w een them. According to (iii)

from Lemma 2.2, the generation of these cells decrease exactly b y one, and therefore

dist ( F

p

(�) ; F

q

(�)) �

p � q � 1

X

i =1

C

1

2

� ( 
 + i ) = 2

�

p

2

p

2 � 1

C

1

2

� 
 = 2

: (2.4)

Let M := [

n � 1

j =0

M

j

b e the collection of all cells that w ere mark ed in going from P

0

to

P

n

. Here is the w a y to view the follo wing argumen t that will b ound the n um b er of cells

1

Generic constan ts whose v alue ma y v ary on eac h o ccurrence will b e denoted b y C . Whenev er the

sp eci�c v alue of a constan t matters w e shall use subscripts. Using the same subscript for di�eren t

constan ts indicates that they o ccur in the same t yp e of estimates. It is then understo o d that they ma y

need to b e adjusted at eac h o ccurrence.
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in P

n

. W e giv e eac h cell �

0

2 M a �xed n um b er C > 0 of dollars to sp end. These cells

will sp end these dollars in suc h a w a y that eac h new cell that w as created in going from

P

0

to P

n

will get at least c > 0 dollars where c is an absolute constan t. This means, w e

can b ound the n um b er of new cells created b y the n um b er of mark ed cells.

W e no w describ e ho w a cell �

0

2 M will sp end its money . W e de�ne

A := 7 C

1

1

X

j = � 1

2

� j = 4

(2.5)

where C

1

is the constan t in (2.3). W e de�ne no w a function � : P

n

� M ! I R as follo ws:

� (� ; �

0

) :=

8

<

:

( j � k + 2)

� 2

; if g (�

0

) = j; g (�) = k ; dist (� ; �

0

) � A 2

� k = 2

and k � j + 1 ;

0 ; otherwise :

(2.6)

The quan tit y � (� ; �

0

) is the p ortion of money whic h is sp en t b y the mark ed cell �

0

on

nearb y cells � 2 P

n

of generation at most g (�

0

) + 1. Giv en �

0

2 M with g (�

0

) = j ,

there are for an y k � j + 1 at most C

0

cells � 2 P

n

of generation g (�) = k whic h satisfy

dist (� ; �

0

) � A 2

� k = 2

(see (2.3)), where C

0

is an absolute constan t. Hence for an y suc h

�

0

2 M one has

X

� 2 P

n

� (� ; �

0

) � C

0

1

X

� =1

�

� 2

= C (2.7)

with C an absolute constan t. It follo ws then from (2.7) that

X

�

0

2M

X

� 2 P

n

� (� ; �

0

) � C #( M ) ; (2.8)

i.e. the total amoun t of money sp en t b y all the mark ed cells is prop ortional to their

n um b er. Con v ersely , eac h cell in P

n

receiv es at least a minim um share b ounded a w a y

from zero as will b e sho wn next.

Lemma 2.3 F or any � 2 P

n

n P

0

we have

X

�

0

2M

� (� ; �

0

) � c (2.9)

wher e c > 0 is an absolute c onstant.

Pro of: W e �x � and let k := g (�) � 1 b e its generation. W e are going to de�ne a

sequence of mark ed cells �

1

; : : : ; �

s

2 M asso ciated to � with eac h �

�

of generation

� k � 1. �

1

is the mark ed cell suc h that � 2

�

C (�

1

), i.e. � arose b y sub dividing the

c hain asso ciated to �

1

. Giv en that �

j

has b een de�ned, w e let �

j +1

2 M b e the mark ed

cell suc h that �

j

2

�

C (�

j +1

). W e let s b e the smallest in teger suc h that g (�

s

) = k � 1.

Note that there m ust b e suc h an in teger b ecause sub dividing a c hain can only increase

the highest generation in the c hain b y one. F or eac h j , w e let

~

�

j

denote the paren t of �

j

from the c hain C (�

j +1

), i.e. �

j

�

~

�

j

.
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F or eac h j � � 1, w e k eep a running coun t m ( i; j ) of the n um b er of cells �

�

with

g (�

�

) = j + k , � � i .

CASE 1: There is a j 2 f� 1 ; 0 ; : : : g suc h that m ( i; j ) > 2

j = 4

for some 1 � i � s . In this

case, w e c ho ose j

�

as the in teger whic h has the smallest i (de�ned to b e i

�

:= i ) with this

prop ert y . In other w ords, j

�

is the in teger j whose coun t �rst exceeds 2

j = 4

and i

�

is the

smallest i for whic h m ( i; j

�

) � 2

j

�

= 4

. It follo ws from (2.4) and g (�

�

) � g (

~

�

�

) � 2 that

dist (� ; �

�

) �

p

2

p

2 � 1

C

1

�

X

� =1

2

� ( g (�

�

) � 2) = 2

� 7 C

1

�

X

� =1

2

� g (�

�

) = 2

: (2.10)

and therefore for � < i

�

dist (� ; �

�

) � 7 C

1

1

X

j = � 1

m ( � ; j )2

� ( j + k ) = 2

� 7 C

1

2

� k = 2

1

X

j = � 1

2

� j = 4

= A 2

� k = 2

: (2.11)

Th us, for eac h �

�

, � < i

�

, with g (�

�

) = j

�

+ k , w e ha v e � (� ; �

�

) = ( j

�

+ 2)

� 2

. Since

there are at least 2

j

�

= 4

suc h v alues of � , w e obtain

X

�

0

2M

� (� ; �

0

) � ( j

�

+ 2)

� 2

2

j

�

= 4

� c (2.12)

with c := min

� �� 1

( � + 2)

� 2

2

� = 4

an absolute constan t. This is (2.9) in this case.

CASE 2: In this case, for all j � � 1 w e ha v e m ( s; j ) � 2

j = 4

. Therefore, as in (2.11), w e

ha v e

dist(� ; �

s

) � 7 C

1

2

� k = 2

1

X

j = � 1

2

� j = 4

= A 2

� k = 2

: (2.13)

This means � (� ; �

s

) = 1 and again w e ha v e (2.9). 	

Theorem 2.4 Supp ose that P

0

; : : : ; P

n

is a se quenc e of p artitions gener ate d as describ e d

ab ove. Then, ther e is a c onstant C

2

> 0 dep ending only on P

0

such that

#( P

n

) � #( P

0

) + C

2

(#( M

0

) + : : : + #( M

n � 1

)) : (2.14)

Pro of: It follo ws from Lemma 2.3 and (2.8) that the n um b er of new cells added in the

sub division and completion pro cess do es not exceed C (#( M

0

) + : : : + #( M

n � 1

)) =c and

so (2.14) holds with C

2

:= C =c . 	

W e shall use the remainder of this section to sp ell out di�eren t settings in whic h w e

shall use completion and form ulate v arian ts of Theorem 2.4 for these settings.

It follo ws from Theorem 2.4 that to b ound the cardinalit y #( P ) of a partition P that

arises through markings, re�nemen ts, and then completion, w e need only k eep con trol of

the n um b er of markings used in the creation of P . Giv en a partition P and a second

partition P

0

that is obtained from P b y �rst marking some cells for sub division and

then doing a completion, w e shall use the notation m ( P

0

j P ) to denote the n um b er of

markings that w ere used to go from P to P

0

. Of course, there ma y b e man y w a ys to mark
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and complete to go from P to P

0

but the particular metho d (and therefore the n um b er

m ( P

0

j P )) will alw a ys b e clear in the con text of the algorithm under discussion. Th us,

(2.14) can b e rewritten as

#( P

n

) � #( P

0

) + C

2

n

X

k =1

m ( P

k

j P

k � 1

) : (2.15)

Up un til no w, w e ha v e restricted our discussion to the setting where a completion is

done after eac h set of markings and elemen tary sub divisions. W e can also apply comple-

tion in the follo wing setting. Supp ose P is an admissible partition and

�

P is a re�nemen t

of P whic h is not necessarily admissible. W e complete

�

P to an admissible partition P

0

b y a sequence of markings and elemen tary re�nemen ts as follo ws. W e de�ne M

0

to b e

the set of all � 2 P whic h are not in

�

P (i.e. the cells � 2 M

0

w ere sub divided in going

from P to

�

P ). W e p erform the sub divisions for the markings M

0

and then form the

completion to arriv e at the admissible partition P

1

whic h is a re�nemen t of P . W e let

M

1

denote the set of all � 2 P

1

that are further re�ned in going from P to

�

P and let

P

2

b e the admissible partition obtained after marking the cells M

1

and then completing.

Con tin uing in this w a y w e arriv e at the �rst admissible partition P

m

whic h is a re�nemen t

of

�

P .

Lemma 2.5 L et P b e any admissible p artition and let

�

P b e a r e�nement of P . Then,

ther e is a c ompletion P

0

of

�

P which is an admissible p artition that r e�nes

�

P and satis�es

#( P

0

) � #( P

0

) + C

2

( m ( P j P

0

) + m (

�

P j P )) � #( P

0

) + C

2

(#(

�

P ) � #( P

0

)) � C

2

#(

�

P ) : (2.16)

Pro of: Eac h of the cells in M

0

[ M

1

[ � � � [ M

m � 1

w as sub divided in going from P to

�

P and hence

P

m � 1

k =0

#( M

k

) = m (

�

P j P ) � #(

�

P ) � #( P ). Also m ( P j P

0

) � #( P ) � #( P

0

).

Using this in (2.15) w e obtain (2.16). 	

3 Galerkin appro ximations

Numerical metho ds based on Galerkin appro ximations to (1.1) b egin with the w eak for-

m ulation of (1.1) whic h is to �nd u 2 H

1

0

(
) suc h that

a ( u; w ) = ( f ; w ) ; w 2 H

1

0

(
) ; (3.1)

where a ( y ; w ) := ( r y ; r w ), ( y ; w ) = ( y ; w )




:=

R




y w dx . W e use the notation

j j j w j j j

2

:= a ( w ; w ) = kr w k

2

L

2

(
)

: (3.2)

By P oincar � e's inequalit y there exists a constan t c




, dep ending on 
, suc h that for an y

w 2 H

1

0

(
),

c




k w k

H

1

(
)

� j j j w j j j � k w k

H

1

(
)

; (3.3)

where k w k

2

H

1

(
)

= k w k

2

L

2

(
)

+ kr w k

2

L

2

(
)

.

Giv en an admissible partition P , w e shall denote the Galerkin solution to (3.1) b y u

P

throughout this pap er. Th us u

P

is the unique elemen t in S

P

� H

1

0

(
) whic h satis�es

a ( u

P

; w ) = ( f ; w ) ; w 2 S

P

: (3.4)
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>F rom a practical p oin t of view it w ould b e b etter in (3.4) to replace f b y an appro ximation

and consider the solution of this mo di�ed v ariational problem as u

P

. But w e w an t to

conform exactly to the algorithm in [16 ] so that w e do not ha v e to detour through a new

dev elopmen t of a p osteriori error analysis in this mo di�ed setting.

The Galerkin solution u

P

is a b est appro ximation to u from S

P

in the energy norm

j j j u � u

P

j j j = inf

S 2S

P

j j j u � S j j j : (3.5)

W e cannot calculate u

P

exactly . W e therefore in tro duce the follo wing n umerical

sc heme in whic h the constan t 0 < � < 1 is at this p oin t arbitrary but will b e sp eci-

�ed later.

GAL: This algorithm takes as input an admissible p artition P , an err or toler anc e � and

an initial appr oximation �u

p

2 S

P

to u

p

that satis�es

j j j u � �u

P

j j j � A

0

� (3.6)

with A

0

a �xe d c onstant. It applies a pr e c onditione d c onjugate gr adient scheme with initial

guess �u

P

to obtain an appr oximation ^u

P

:= GAL ( P ; �; �u

P

) to u

P

that satis�es

j j j u

P

� ^u

P

j j j � � �: (3.7)

Remark 3.1 The numb er of iter ations of the pr e c onditione d c onjugate gr adient scheme

ne e de d to achieve (3.7) dep ends only on the quotient A

0

=� . Sinc e e ach iter ation r e quir es at

most C #( P ) c omputations, it fol lows that the numb er of c omputations N ( GAL ; P ; �; �u

P

)

satis�es

N ( GAL ; P ; �; �u

P

) � C

3

( A

0

=� )#( P ) ; (3.8)

wher e C

3

: t ! C

3

( t ) incr e ases as a function of t .

Pro of: Since j j j u � u

P

j j j � j j j u � �u

P

j j j w e ha v e j j j u

p

� �u

p

j j j � 2 A

0

� . Th us the target accuracy in

(3.7) is a �xed fraction of the deviation of the initial guess from the exact Galerkin solution

u

P

. The BPX-sc heme allo ws one to precondition the sti�ness matrices corresp onding to

non uniformly re�ned meshes in suc h a w a y that the condition n um b ers sta y uniformly

b ounded, [10 , 12 , 17 ]. Since the error reduction in one iteration of the conjugate gradien t

sc heme then reduces the curren t error b y a m ultiplicativ e factor strictly less than one,

only a �xed n um b er of iterations dep ending only on A

0

=� is needed to ac hiev e (3.7). Eac h

application of the preconditioner requires only C #( P ) op erations. 	

W e shall see that in our later applications of GAL the constan t � will b e �xed once

and for all and that there exists an A

0

suc h that (3.6) is satis�ed in eac h application.

4 Adaptiv e appro ximation

In this section, w e shall discuss adaptiv e appro ximation of a function w whic h is kno wn

to us and for whic h w e can compute lo cal p olynomial appro ximan ts. These results do
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not apply directly to u since it is unkno wn but they serv e to tell us what is the b est w e

can exp ect in terms of appro ximating u . W e shall also use the appro ximation metho ds

w e dev elop in this section in parts of our adaptiv e algorithm, namely to n umerically

appro ximate the righ t hand side f and to execute our coarsening step.

W e limit ourselv es to adaptiv e metho ds based on sub division using the new est v ertex

sub division rule starting with an initial partition P

0

and a lab elling of v ertices as giv en

in Lemma 2.1. W e recall that an y adaptiv ely generated partition P can b e asso ciated to

a tree T ( P ) whic h is a prop er subtree of T

�

. The lea v es of T ( P ) giv e the partition P .

Con v ersely , an y �nite prop er subtree T giv es a partition P consisting of the lea v es of T .

Recall that P

n

denotes the set of all adaptiv ely generated partitions whic h are obtained

from P

0

b y applying at most n elemen tary sub divisions. P

0

consists of the single partition

P

0

. The partitions in P

n

corresp ond to trees T = T ( P ) whic h satisfy N ( T ) = n . Similarly ,

w e denote b y P

a

n

all the partitions in P

n

whic h are admissible. W e also recall our notation

S

P

of con tin uous piecewise linear functions sub ordinate to P whic h v anish on @ 
.

4.1 Adaptiv e appro ximation in the H

1

(
) -norm

Giv en a function w 2 H

1

0

(
) and a partition P , w e de�ne

E ( w ; S

P

)

H

1

(
)

:= inf

S 2S

P

k w � S k

H

1

(
)

; (4.1)

whic h is the smallest error w e can ac hiev e b y appro ximating w in the H

1

(
) norm b y the

elemen ts of S

P

. In the case that w = u is our solution to (1.1) and P is admissible then

in view of (3.3)

j j j u � u

P

j j j � E ( u; S

P

)

H

1

(
)

� c

� 1




j j j u � u

P

j j j ; (4.2)

where u

P

is the Galerkin appro ximation asso ciated to P .

Returning to the general case of a w 2 H

1

0

(
), w e en ter a comp etition o v er all partitions

P 2 P

n

and in tro duce the error

�

n

( w ) := inf

P 2P

n

E ( w ; S

P

)

H

1

(
)

(4.3)

of b est adaptiv e appro ximation.

It is unreasonable to exp ect an y adaptiv e algorithm to p erform exactly the same as

�

n

( w ). Ho w ev er, w e ma y exp ect the same asymptotic b eha vior. T o quan tify this, w e

in tro duce for an y s > 0, the class A

s

:= A

s

( H

1

0

(
)) of functions w 2 H

1

0

(
) suc h that

�

n

( w ) � M n

� s

; n = 1 ; 2 ; : : : : (4.4)

The smallest M for whic h (4.4) is satis�ed is the norm in A

s

:

k w k

A

s

:= sup

n � 1

n

s

�

n

( w ) : (4.5)

W e ha v e a similar measure of appro ximation when w e restrict ourselv es to admissible

partitions. Namely ,

�

a

n

( w ) := inf

P 2P

a

n

E ( w ; S

P

)

H

1

(
)

(4.6)
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no w measures the b est nonlinear appro ximation error obtained from admissible partitions

and

_

A

s

:=

_

A

s

( H

1

0

(
)) consists of all w whic h satisfy

�

a

n

( w ) � M n

� s

; n = 1 ; 2 ; : : : : (4.7)

The smallest M for whic h (4.7) holds serv es to de�ne the norm k w k

_

A

s

.

Remark 4.1 We have A

s

( H

1

0

(
)) =

_

A

s

( H

1

0

(
)) with e quivalent norms.

Indeed, giv en an y partition P 2 P

n

(not necessarily admissible) whic h ac hiev es the error

E ( w ; S

P

)

H

1

(
)

= �

n

( w ), w e can use Lemma 2.5 to complete P to an admissible partition

P

0

. Since #( P

0

) � C

2

#( P ) (see (2.16)), and the error on the partition P

0

do es not exceed

the error on P and therefore

�

a

C

2

n

( w ) � �

n

( w ) (4.8)

from whic h the remark easily follo ws.

The reader should b e in terested to kno w what functions are in A

s

. It turns out

that these classes are related to certain Beso v spaces. Since w e do not use or need

this information in the construction of the algorithm, w e p ostp one this discussion to the

App endix.

4.2 Adaptiv e appro ximation in H

� 1

(
)

W e shall also need appro ximation b y piecewise constan ts whic h will b e our v ehicle for

resolving the righ t hand side f in our n umerical algorithm for (1.1). The appro ximation

will tak e place in the H

� 1

(
) norm whic h is de�ned for a temp ered distribution g b y

dualit y:

k g k

H

� 1

(
)

:= sup

� 2 H

1

0

(
)

h g ; � i

j j j � j j j

; (4.9)

where h� ; �i denotes the dualit y pairing induced b y the standard L

2

-inner pro duct. Giv en

a partition P , w e let S

0

P

denote the class of piecewise constan t functions sub ordinate to

P . F or a function g 2 H

� 1

(
), w e ha v e

E ( g ; S

0

P

)

H

� 1

(
)

:= inf

S 2S

0

P

k g � S k

H

� 1

(
)

; (4.10)

whic h is the b est error w e can ac hiev e b y appro ximating f in the H

� 1

(
)-norm b y elemen ts

of S

0

P

. Analogously , w e ha v e

�

n

( g )

H

� 1

(
)

:= inf

P 2P

n

E ( g ; S

0

P

)

H

� 1

(
)

(4.11)

the error of b est nonlinear appro ximation to g b y piecewise constan ts.

As in the case of piecewise linear appro ximation, w e in tro duce for an y s > 0, the

appro ximation class A

s

( H

� 1

(
)) and its norm exactly as in (4.4) and (4.5) except that

w e use �

n

( g )

H

� 1

(
)

in place of �

n

( w ). W e ha v e a similar measure of appro ximation when

w e restrict ourselv es to admissible partitions. W e denote the appro ximation class in this

case b y

_

A

s

( H

� 1

(
))

18



Supp ose no w that g 2 L

2

(
). Then g 2 H

� 1

(
). If P is an y partition of 
 and

� 2 P , w e de�ne

g

�

:=

1

j � j

Z

�

g (4.12)

whic h is the a v erage of g o v er �. Also, g

�

is the b est appro ximation to g in L

2

(�) b y

constan t functions. Therefore,

S

0

P

( g ) :=

X

� 2 P

g

�

�

�

(4.13)

is the b est L

2

(
) appro ximation to g b y piecewise constan ts sub ordinate to P .

W e can use S

0

P

( g ) also to appro ximate g in the H

� 1

(
)-norm. In fact, for an y admis-

sible partition P , w e ha v e the follo wing b ound for the appro ximation error

E ( g ; S

0

P

)

2

H

� 1

(
)

� k g � S

0

P

( g ) k

2

H

� 1

(
)

� C

0

�

E ( g ; P ) (4.14)

where

�

E ( g ; P ) :=

X

� 2 P

j � jk g � g

�

k

2

L

2

(�)

: (4.15)

Indeed, to see that this is true, let � b e an y function in H

1

0

(
) of unit norm. Then, since

S

0

P

is the orthogonal pro jection to S

0

P

, w e ha v e

h g � S

0

P

( g ) ; � i = h g � S

0

P

( g ) ; � � S

0

P

( � ) i =

X

� 2 P

Z

�

( g � g

�

)( � � �

�

) : (4.16)

W e use the Cauc h y-Sc h w artz inequalit y on eac h of the terms in the last sum and then the

P oincar � e inequalit y to b ound suc h a term b y

k g � g

�

k

L

2

(�)

k � � �

�

k

L

2

(�)

� C j � j

1 = 2

kr � k

L

2

(�)

k g � g

�

k

L

2

(�)

:

Here C is an absolute constan t b ecause all the triangular cells � are uniformly shap e

regular (2.1). Using this in (4.16) and again applying Cauc h y-Sc h w arz, w e arriv e at

(4.14) b y taking a suprem um o v er all � of norm one in H

1

0

(
).

W e can use

�

E ( g ; P ) to de�ne another nonlinear appro ximation error:

��

2

n

( g ) := inf

P 2P

n

�

E ( g ; P ) : (4.17)

Analogous to the appro ximation classes de�ned ab o v e, w e de�ne

�

A

s

( H

� 1

(
)) using

��

n

( g ) and the norm for this class as b efore. When dealing with admissible partitions

w e shall denote this class b y

_

�

A

s

( H

� 1

(
)). As b efore

_

�

A

s

( H

� 1

(
)) =

�

A

s

( H

� 1

(
)) with

equiv alen t norms.

4.3 An algorithm for adaptiv e appro ximation of a giv en function

In this section, w e wish to describ e some of the results of [2] whic h giv e adaptiv e appro xi-

mation algorithms for appro ximating a giv en target function v de�ned on 
 in a sp eci�ed
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norm. These algorithms are di�eren t from an AFEM since they assume that the target

function v is fully kno wn (whereas our solution u to (1.1) is not). W e shall use these

algorithms in t w o di�eren t settings whic h w e shall describ e in the follo wing subsections.

Although the algorithms in [2] apply in a more general setting, w e shall limit our

discussion to the case of new est v ertex bisection and its asso ciated master tree T

�

. The

starting assumption is that there is a functional e whic h asso ciates to eac h triangular cell

� in the master tree a nonnegativ e real n um b er e (�). In applications, e (�) is usually

some lo cal appro ximation error (or a b ound for this lo cal error) asso ciated to �.

There are t w o algorithms, called Second Algorithm and Mo di�ed Second Al-

gorithm in [2 ], that w e shall utilize. W e shall limit our discussion in this section to

the Second Algorithm . The Mo di�ed Second Algorithm , whic h is a v arian t of the

Second Algorithm will b ee in tro duced in x 4.5 when w e shall need it for coarsening.

The Second Algorithm in [2] can b e applied under the assumption that e satis�es

the follo wing prop ert y: for eac h � 2 T

�

and eac h subtree T whic h con tains � as its only

ro ot, w e ha v e

X

�

0

2L ( T )

e (�

0

) � C e (�) ; (4.18)

where C is an absolute constan t and L ( T ) is the set of lea v es of T . Note that (4.18)

follo ws, in particular, when e is sub additive , i.e.,

e (�

1

) + e (�

2

) � e (�) : (4.19)

holds for an y � 2 T

�

and its c hildren �

1

and �

2

. In this case, C = 1 in (4.18). W e shall

use the Second Algorithm in x 4.4 when w e appro ximate the righ t hand side f of (1.1).

F or an y prop er subtree T � T

�

, w e de�ne

E ( T ) :=

X

� 2L ( T )

e (�) (4.20)

as the error asso ciated to T . In applications to adaptiv e partitioning, E ( T ) w ould corre-

sp ond to the square of the error asso ciated to the partition giv en b y the lea v es of T .

Recall that T

0

:= T ( P

0

) and that for an y tree T whic h is a re�nemen t of T

0

the n um b er

N ( T ) is the n um b er of sub divisions necessary to create T from T

0

; it is also the n um b er

of in terior no des in T starting from the ro ot T

0

. W e let T

n

( T

0

) b e the set of all trees T

with N ( T ) = n .

W e en ter the follo wing comp etition among all prop er trees in T

n

( T

0

):

E

n

:= E

n

( T

0

) := inf

T 2T

n

( T

0

)

E ( T ) : (4.21)

So E

n

is the smallest error w e could ac hiev e using trees from T

n

( T

0

). Although the problem

is �nite, it is n umerically to o in tensiv e to �nd a b est tree whic h ac hiev es the minim um

error E

n

b ecause #( T

n

( T

0

)) is exp onen tial in n .

Supp ose that giv en an y �, w e are able to compute e (�). W e w ould lik e to �nd a

tree whic h p erforms almost as w ell as the b est tree from T

n

( T

0

) and to do so while only

computing O ( n + #( T

0

)) v alues e (�). The main result of [2] is to sho w that this is
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p ossible. Namely , that pap er giv es a n umerically realizable algorithm whic h yields ne ar

b est trees T from T

n

( T

0

) b y whic h w e mean

E ( T ) � C

0

E

c

0

n

(4.22)

where C

0

; c

0

> 0 are absolute constan ts (in particular they do not dep end on the starting

partition P

0

).

The algorithm �nds a near b est tree for the giv en v alue of n b y creating a sequence

of trees T = T

j

, j = 1 ; 2 ; : : : starting from the initial tree T

0

. Roughly sp eaking, at an y

giv en stage in the algorithm, it computes e (�) for all lea v es in the curren t tree and then

sub divides the lea v es with the largest e -v alue. Ho w ev er, to a v oid a length y sequence of

sub divisions with insu�cien t reduction in the error, the algorithm in actualit y uses a

mo di�ed functional ~e . What is imp ortan t in the con text of the presen t pap er is that to

create the tree in (4.22) requires the computation of at most #( T

0

) + C n v alues of e where

T

0

is the starting tree.

W e shall use this algorithm in the follo wing setting describ ed in [2] as the Thresh-

olding Second Algorithm . Giv en an admissible partition P whic h is not necessarily

P

0

and the corresp onding tree T ( P ), let no w T

0

:= T ( P ) b e our set of ro ot no des. F or

an y tree T whic h is a re�nemen t of T

0

the n um b er N ( T j T

0

) denotes no w the n um b er of

sub divisions necessary to create T from T

0

. So N ( T j T

0

) = N ( T ) when T

0

= T ( P

0

). Giv en

a tolerance � > 0, and an admissible partition P the algorithm pro duces a tree T

�

whic h

is a re�nemen t of T

0

= T ( P ) with the follo wing prop erties (see Corollary 5.4 of [2]):

P1: T

�

satis�es

E ( T

�

) � �: (4.23)

P2: F or absolute constan ts c

1

and C

1

(indep enden t of P ), it holds that whenev er

~

T is a

re�nemen t of T ( P ) satisfying

E (

~

T ) � c

1

�; (4.24)

then

N ( T

�

j T

0

) � C

1

N (

~

T j T

0

) : (4.25)

Since w e are in terested in admissible partitions, w e shall add a completion step on the

end of this algorithm to obtain the follo wing algorithm.

Appro ximation Algorithm (AA): Given an initial p artition P , an err or functional

e satisfying (4.19), and an err or toler anc e � > 0 , AA pr o duc es as output an admissible

p artition P

0

= AA ( P ; � ) which is a r e�nement of P in the fol lowing way. First it uses

the Thresholding Second Algorithm to pr o duc e a tr e e T

�

which satis�es P1 and P2 .

We c an write T

�

= T (

�

P ) wher e

�

P is the p artition forme d by the le aves of T

�

. We now

apply c ompletion to

�

P as describ e d in L emma 2.5 to get the admissible p artition P

0

fr om

�

P .

The follo wing lemma describ es the prop erties of this algorithm.

Lemma 4.2 The output P

0

= AA ( P ; � ) satis�es

E ( T ( P

0

)) � �: (4.26)
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In addition, ther e ar e absolute c onstants c

1

; C

1

> 0 such that whenever

~

P is any r e�nement

of P which satis�es E ( T (

~

P )) � c

1

� , then we have

m ( P

0

j P ) � C

1

N ( T (

~

P ) j T ( P )) : (4.27)

A lso, the numb er of evaluations N ( AA ; P ; � ) of e ne e de d to c ompute the output P

0

of AA

satis�es

N ( AA ; P ; � ) � 2(#(

�

P )) � 2#( P

0

) : (4.28)

Pro of: The subadditivit y prop ert y (4.19) guaran tees that the error for the admissible tree

T ( P

0

) is smaller than that of T

�

. Hence (4.26) follo ws from (4.23). If

~

P is an y re�nemen t

of P whic h satis�es E ( T (

~

P )) � c

1

� , then b y virtue of (4.25),

N ( T (

�

P ) j T ( P )) � C

1

N ( T (

~

P ) j T ( P )) : (4.29)

That is the n um b er of sub divisions needed to create

�

P from P do es not exceed the

righ t side of (4.29). By de�nition, m ( P

0

j P ) = N ( T (

�

P ) j T ( P )). Finally , (4.28) is ob vious

since the only v alues of e that need to b e computed in the execution of the Second

Thresholding Algorithm are those on the no des of T (

�

P ) and the n um b er of these

no des do es not exceed 2#(

�

P ). 	

4.4 Appro ximation of the righ t hand side

W e shall describ e in this section an algorithm for appro ximating the righ t hand side f

whenev er f 2 L

2

(
). This algorithm will b e a step in our adaptiv e algorithm for solving

(1.1). W e shall appro ximate f b y piecewise constan ts on admissible partitions that are

adaptiv ely generated using new est v ertex bisection. T o ac hiev e this appro ximation w e

shall use the adaptiv e appro ximation algorithm AA of x 4.3. Let P

0

b e an y �xed initial

partition and let T

�

denote the master tree for new est v ertex bisection. As b efore, w e let

P

a

denote the class of all admissible partitions that can b e obtained using new est v ertex

bisection with initial partition P

0

.

F or eac h � 2 T

�

, w e de�ne

e ( f ; �) = e (�) := j � jk f � f

�

k

2

L

2

(�))

: (4.30)

The subadditivit y prop ert y (4.19) follo ws easily from the fact that f

�

is the b est L

2

(�)

appro ximation to f b y constan ts.

The follo wing statemen ts describ e our algorithm for appro ximating f and its prop er-

ties:

APPR O X ( f ; P ; � ) ! P

0

: The input of this algorithm is the function f 2 L

2

(
) , an

admissible p artition P 2 P

a

, and the err or toler anc e � > 0 . The algorithm uses the

inputs f ; P and �

2

in algorithm AA with the functional e de�ne d by (4.30) and r e c eives

the output p artition P

0

= APPR O X ( f ; P ; � ) := AA ( P ; �

2

) which, by the pr op erties of

AA , is admissible and satis�es:

�

E ( f ; P

0

) = E ( T ( P

0

)) � �

2

: (4.31)

F rom the prop erties of (AA) w e immediately ha v e the follo wing facts, see Lemma 4.2.
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Prop osition 4.3 If

~

P is any p artition which is a r e�nement of P and satis�es

�

E ( f ;

~

P ) �

c

1

�

2

, then

m ( P

0

j P ) � C

1

N ( T (

~

P ) j T ( P )) ; (4.32)

wher e c

1

; C

1

ar e the c onstants asso ciate d to AA . The numb er of evaluations N ( APPR O X ; f ; P ; � )

of e ne e de d to c ompute the output P

0

to APPR O X satis�es

N ( APPR O X ; f ; P ; � ) � 2(#( P

0

)) : (4.33)

The follo wing lemma describ es ho w w e shall use APPR O X .

Lemma 4.4 If we apply APPR O X to an input function f 2

�

A

s

=

�

A

s

( H

� 1

(
)) , s > 0 ,

an input p artition P , and an input toler anc e � > 0 , then the output p artition P

0

=

APPR O X ( f ; P ; � ) satis�es

m ( P

0

j P ) � C

1

( s ) k f k

1 =s

�

A

s

�

� 1 =s

(4.34)

with C

1

( s ) a c onstant dep ending only on s . A lso,

#( P

0

) � C

2

( s )(#( P ) + k f k

1 =s

�

A

s

�

� 1 =s

) (4.35)

with C

2

( s ) a c onstant dep ending only on s .

Pro of: Let P

�

b e the smallest partition in P whic h satis�es

�

E ( f ; P

�

) � c

1

�

2

: (4.36)

where c

1

is the constan t app earing in algorithm AA . Then, b y the de�nition of the class

�

A

s

, w e ha v e

#( P

�

) � k f k

1 =s

�

A

s

(

p

c

1

� )

� 1 =s

: (4.37)

W e let

~

P b e the smallest partition whic h is a common re�nemen t of P and P

�

. Then,

~

P

can b e obtained from P using at most #( P

�

) re�nemen ts. Also,

�

E ( f ;

~

P ) � c

1

�

2

b ecause

~

P is a re�nemen t of P

�

. Therefore, the output partition P

0

of APPR O X satis�es (4.32)

whic h means that

m ( P

0

j P ) � C

1

N ( T (

~

P ) j T ( P )) � C

1

k f k

1 =s

�

A

s

(

p

c

1

� )

� 1 =s

: (4.38)

This pro v es (4.34). T o estimate the cardinalit y of P

0

w e can use (2.16) and (4.37) to

obtain

#( P

0

) � #( P

0

) + C

2

( m ( P j P

0

) + m ( P

0

j P )) � C

2

(#( P ) + C

1

( s ) k f k

1 =s

�

A

s

�

� 1 =s

) (4.39)

whic h giv es (4.35). 	
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4.5 Coarsening

In this section, w e describ e our second application of the adaptiv e appro ximation algo-

rithm. The setting is the follo wing. Supp ose that P is an y admissible partition and u

P

is

the Galerkin solution to (1.1) on this partition. W e assume that w e ha v e a function �( P )

whic h pro vides an upp er b ound for the Galerkin error

j j j u � u

P

j j j

2

� �( P ) : (4.40)

Suc h an upp er b ound � is giv en in x 5 (see (5.2)).

The algorithm w e shall construct in this subsection starts with the input of t w o ad-

missible partitions P ; P

0

with P

0

a re�nemen t of P , and a tolerance � for whic h w e kno w

the b ounds

j j j u � u

P

j j j

2

� �( P ) � �

2

(4.41)

and

j j j u � u

P

0

j j j

2

� �( P

0

) � � �

2

: (4.42)

A t this stage, the constan t 0 < � < 1 is arbitrary but �xed. W e shall sp ecify the v alue of

� , and the t w o constan ts � and 
 that follo w, at the end of x 7. F or no w the reader should

think of these as arbitrary but �xed constan ts satisfying the relations w e sp ecify b elo w.

With these inputs, w e shall generate an admissible partition

�

P whic h is a coarsening

of P

0

suc h that a certain further re�nemen t r (

�

P ) satis�es

j j j u � u

r (

�

P )

j j j

2

� � �

2

; (4.43)

where � < � < 1 . The main prop ert y (not held b y P

0

) w e will gain in the construction

of

�

P is that w e will b e able to fa v orably b ound its n um b er of elemen ts. The reason w e

need the re�nemen t r (

�

P ) of

�

P and not just

�

P in (4.43) is a tec hnical one that will b e

explained later in this section.

T o �nd

�

P , w e are going to use an adaptiv e appro ximation algorithm SAA whic h is

a mo di�cation of AA that w as in tro duced and analyzed in [2]. The algorithm pro vides

an appro ximation to u

P

0

on a coarser partition (namely

�

P ) than P

0

. W e will explain the

algorithm SAA in more detail as w e pro ceed.

W e start b y de�ning an error functional e for appro ximating functions w 2 H

1

0

(
) b y

functions from S

P

with P an admissible partition. T o do this, w e in tro duce the minimal

ring asso ciated to a triangular cell � 2 T

�

. Giv en an y admissible partition P from P

a

and � 2 P , w e de�ne

R (� ; P ) :=

[

�

0

2 P ; � \ �

0

6= ;

�

0

(4.44)

whic h is the �rst ring ab out �. This ring dep ends on P . Ho w ev er, w e can �nd a minimal

ring ab out � whic h do es not dep end on P . Namely , w e de�ne

R

�

(�) :=

\

P 2P

a

; � 2 P

R (� ; P ) =

[

�

0

2 P

�

(�)

�

0

(4.45)

where P

�

(�) is the collection of cells from T

�

whic h touc h � and mak e up R

�

(�) .
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Before returning to the de�nition of e that w e will use, w e tak e this opp ortunit y

to dev elop a little further the prop erties of the set P

�

(�) b ecause w e will need these

prop erties later in this section. Let m

0

b e the maximal v alence that can o ccur for an y

v ertex v in an y admissible partition. Because of the uniform b oundedness from b elo w of

the angles in triangular cells for admissible partitions, it follo ws that m

0

is a �xed �nite

constan t.

Lemma 4.5 Supp ose P is an admissible p artition and � 2 P has the lab el ( k + 1 ; k + 1 ; k ) .

A ny c el l �

0

2 P such that �

0

\ � 6= ; has lab el ( k + � ; k + � ; k + � � 1) wher e �

m

0

� 2

2

<

� �

m

0

+1

2

.

Pro of: An y suc h �

0

shares a v ertex v with �. This v ertex is common to t w o edges of

�, one, whic h w e denote b y "

0

, is lab elled k + 1, and the other, whic h w e denote b y

"

1

, is lab elled k , or k + 1. W e can assume that all other edges that share v arise when

transv ersing the edges from "

0

to "

1

in a clo c kwise direction. W e claim that the maxim um

lab el of an y of the edges con taining v is k + ` where ` �

m

0

+1

2

. T o see this note �rst that

the lab els of edges that share a cell can di�er b y at most 1. No w supp ose that the n um b er

of edges inciden t at v is r . Let " b e suc h an edge with lab el k + ` . Stepping from "

0

to

" , w e need at least ` � 2 more edges b et w een these t w o. Mo ving from " to "

1

at least

another ` � 2 more edges. That mak es a total coun t of at least 3 + 2( ` � 2) = 2 ` � 1 � r ,

and therefore ` �

r +1

2

. This con�rms the upp er b ound for � . T o obtain the lo w er b ound,

supp ose no w that v is common to an edge " with lab el k � ` and that again r edges meet

at v . It tak es at least ` in termediate edges to go from "

0

to " and at least ` � 1 edges to

go from " to "

1

. Th us, the coun t is at least 3 + ` + ( ` � 1) = 2 ` + 2 � r and therefore

` �

r � 2

2

. This means that ` �

m

0

� 2

2

whic h con�rms the lo w er b ound. 	

Figure 6: F ull re�nemen t of a triangle

F or the form ulation of the next lemma, w e in tro duce the notion of a ful l r e�nement .

Giv en an admissible partition P , b y a full re�nemen t of P w e mean the sub division of

eac h cell in P in to six cells using new est v ertex bisection. These new cells consist of t w o

grandc hildren of � and four great grandc hildren of � and result in the bisection of eac h

original edge of � as w ell as the bisection of the new edge added when � is sub divided

using new est v ertex bisection (see Figure 6).

Lemma 4.6 Assume that P is any admissible p artition and r ( P ) is the p artition obtaine d

fr om P by subje cting e ach c el l in P to d

m

0

2

e ful l r e�nements. Then r ( P ) is admissible and
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any ring R (�

0

; r ( P )) of a c el l �

0

2 r ( P ) is c ontaine d in the minimal ring R

�

(�) of the

anc estor � 2 P of �

0

.

Pro of: The admissibilit y of r ( P ) follo ws from the fact that one full re�nemen t of ev ery

cell in an admissible partition lea v es no hanging no des. F or the second prop ert y note

that a full re�nemen t to a triangular cell with lab el ( k + 1 ; k + 1 ; k ) pro duces cells whose

new edges carry lab els that are at least k + 2. Th us ` successiv e full re�nemen ts pro duce

triangles with generations at least k + 2 ` . Next note that the minimal ring of � con-

sists of triangles touc hing � and ha ving the highest p ossible generation admitted b y T

�

.

W e ha v e sho wn in Lemma 4.5 that the minimal generation of cells in R (� ; P ) is greater

than k �

m

0

� 2

2

� 1 = k �

m

0

2

. Th us, applying d

m

0

2

e full re�nemen ts the smallest p ossible

generation app earing in R (�

0

; r ( P )) will increase to k �

m

0

2

+ 2 d

m

0

2

e � k +

m

0

2

. This is

larger than the highest p ossible generation app earing in R (� ; P ) whic h b y Lemma 4.5 is

at most k +

m

0

+1

2

� 1. The pro of is complete. 	

W e no w return to our problem of coarsening. Giv en a function w 2 H

1

0

(
) (later w e

shall tak e w as an appro ximation to u

P

0

), w e de�ne

e (�) := e ( w ; �) := inf

S

k w � S k

2

H

1

( R

�

(�))

= k w � S

�

k

2

H

1

( R

�

(�))

; (4.46)

where the in�m um is tak en o v er all con tin uous piecewise linear functions S de�ned on

R

�

(�) whic h are sub ordinate to P

�

(�) and v anish on @ 
 \ @ R

�

(�) whenev er this set is

not empt y .

This error functional e will not satisfy (4.18) but do es satisfy the follo wing w eak er

v ersion of this prop ert y:

W eak subadditivit y: F or any � 2 T

�

and any admissible tr e e T which has � as

its only r o ot no de, we have

X

�

0

2L ( T )

e (�

0

) � C e (�) (4.47)

wher e C is an absolute c onstant and L ( T ) is the set of le aves of T .

Th us the only distinction in this w eak subadditivit y is that (4.47) is only required to

hold for admissible trees.

Prop osition 4.7 The lo c al err or functional e , de�ne d by (4.46), satis�es the we ak sub-

additivity pr op erty (4.47). Mor e over, for E = E ( w ; � ) de�ne d by (4.20) for this choic e of

e , and any admissible p artition P 2 P

a

one has for any w 2 H

1

0

(
)

E ( w ; T ( P )) � C

0

4

inf

S 2S

P

k w � S k

2

H

1

(
)

; (4.48)

wher e the c onstant C

0

4

dep ends only on the initial p artition P

0

which c onsists of the r o ots

of T

�

.

Pro of: Let T b e a �nite admissible tree with single ro ot �. The lea v es L ( T ) of T form

an admissible partition of �. F or eac h �

0

2 L ( T ), w e ha v e that P

�

(�

0

) is a re�nemen t

of P

�

(�) on the set R

�

(�

0

), and R

�

(�

0

) � R

�

(�). Therefore,

k w � S

�

0

k

H

1

( R

�

(�

0

))

� k w � S

�

k

H

1

( R

�

(�

0

))

; (4.49)
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b y the v ery de�nition of S

�

0

.

Let us observ e that a giv en p oin t x 2 R

�

(�) app ears in at most C of the sets R

�

(�

0

),

�

0

2 L ( T ), with C an absolute constan t. Indeed, if x 2 �

�

with �

�

2 L ( T ), then,

b ecause of the minimalit y of the rings, x will not app ear in an y R

�

(�

0

) unless �

0

touc hes

R

�

(�

�

). Since the partition L ( T ) is admissible, there are at most C cells whic h touc h

R

�

(�

�

) with C an absolute constan t. W e use this prop ert y and the set subadditivit y of

k � k

2

H

1

to �nd,

X

�

0

2L ( T )

k w � S

�

0

k

2

H

1

( R

�

(�

0

))

�

X

�

0

2L ( T )

k w � S

�

k

2

H

1

( R

�

(�

0

))

� C k w � S

�

k

2

H

1

( R

�

(�))

: (4.50)

This inequalit y v eri�es prop ert y (4.18) for this c hoice of e .

As for (4.48), let w

P

2 S

P

b e the minimizer of the righ t side of (4.48) and note that

only a �nite uniformly b ounded n um b er of the minimal rings R

�

(�), � 2 P , o v erlap at

an y giv en p oin t in 
. Hence,

X

� 2 P

k w � S

�

k

2

H

1

( R

�

(�))

�

X

� 2 P

k w � w

P

k

2

H

1

( R

�

(�))

� C k w � w

P

k

2

H

1

(
)

;

as claimed. 	

W e cannot directly rev erse the inequalit y (4.48) whic h is wh y w e in tro duced the re-

�nemen t r ( P ) whic h will allo w us to do the rev ersal. It is ob vious that r ( P ) is again

admissible.

Prop osition 4.8 Ther e exists a c onstant C

4

dep ending only on the initial p artition P

0

such that for any admissible r e�nement P 2 P

a

of P

0

, one has

inf

S 2S

r ( P )

k w � S k

2

H

1

(
)

� C

4

E ( w ; T ( P )) : (4.51)

Pro of: W e shall emplo y quasi-in terp olan ts for b ounding the b est appro ximation in the

energy norm. T o this end, recall that the Couran t elemen ts �

v

, v 2

_

V

r ( P )

, form a basis

for S

r ( P )

. Th us eac h S 2 S

r ( P )

has the unique represen tation

S =

X

v 2

_

V

r ( P )

S ( v ) �

�

=

X

v 2

_

V

r ( P )

�

v

( S )

~

�

v

; (4.52)

where the

~

�

v

are normalized to ha v e norm one in H

1

(
), i.e. k

~

�

v

k

H

1

(
)

= 1, and where

the �

v

are dual functionals, i.e. �

v

(

~

�

v

0

) = �

v ;v

0

. This means that the �

v

also ha v e norm one

as linear functionals on S

r ( P )

when this space is equipp ed with the H

1

(
) norm. There is

a norm preserving extension �

v

(whic h w e con tin ue to denote b y �

v

) to all of H

1

0

(
) and

w e can require that this extension is giv en as the in tegral with an L

2

function �

v

:

�

v

( g ) =

Z

B

v

g �

v

; (4.53)

with

B

v

:= supp (�

v

) �

[

f � 2 r ( P ) : v 2 � g ; (4.54)

27



the star of v . It follo ws that

j �

v

( g ) j � k g k

H

1

( B

v

)

: (4.55)

Clearly , Q

r ( P )

( w ) :=

P

v 2

_

V

r ( P )

�

v

( w )

~

�

v

de�nes a pro jector from L

2

(
) in to S

r ( P )

. Let

us no w b ound k w � Q

r ( P )

( w ) k

H

1

(
)

. Giv en an y triangular cell � 2 P , w e tak e an extension

of S

�

to a con tin uous piecewise linear function on 
, v anishing on @ 
 whic h is sub ordinate

to r ( P ). This is p ossible since P

�

(�) is con tained in T ( r ( P )). W e denote this extension

also b y S

�

. W e then ha v e Q

r ( P )

( S

�

) = S

�

so that, in particular, b oth quan tities agree

on �. Therefore it follo ws that

k w � Q

r ( P )

( w ) k

2

H

1

(�)

� 2 k w � S

�

k

2

H

1

(�)

+ 2 k Q

r ( P )

( w � S

�

) k

2

H

1

(�)

� 2 e (�) + 2 k Q

r ( P )

( w � S

�

) k

2

H

1

(�)

: (4.56)

W e need to b ound the second term in (4.56). Let us note that on � only �nitely man y

terms �

v

( w � S

�

)

~

�

v

are nonzero. These corresp ond to the v ertices from r ( P ) that are in

� and, in view of the fact that eac h full re�nemen t sub divides eac h triangle in to six and

in tro duces four new v ertices on it, there are at most C = 3 + 4

�

6

d

m

0

2

e

� 1

�

v ertices from

r ( P ) in �. Let v b e one of these v ertices, then

k �

v

( w � S

�

)

~

�

v

k

2

H

1

(�)

� k w � S

�

k

2

H

1

( B

v

)

� k w � S

�

k

2

H

1

( R

�

(�))

; (4.57)

where w e ha v e used that, b y Lemma 4.6, B

�

� R

�

(�), v 2 � \

_

V

r ( P )

. Hence, summing

o v er all v ertices v 2

_

V

r ( P )

in �, w e obtain

k Q

r ( P )

( w � S

�

) k

2

H

1

(�)

� C e (�) : (4.58)

Using this bac k in (4.56) and summing o v er all � 2 P , giv es

k w � Q

r ( P )

( w ) k

2

H

1

(
)

� C

4

E ( w ; T ( P )) : (4.59)

This pro v es the assertion. 	

Throughout the remainder of this section let E b e de�ned b y (4.20) for e , de�ned b y

(4.46) with w an arbitrary but �xed H

1

(
) function. W e return no w to our problem of

generating the set

�

P . F or this w e shall use the Mo di�ed Second Algorithm of x 7 in

[2 ]. This algorithm exactly matc hes our setting of new est v ertex bisection. W e recall the

prop erties of this algorithm (see Corollary 7.4 of [2 ]).

Mo di�ed Second Algorithm (MSA): Given any function w 2 H

1

0

(
) and any

err or toler anc e � > 0 , MSA pr o duc es as output an admissible p artition P

0

= MSA ( w ; � )

such that

E ( w ; T ( P

0

)) � �: (4.60)

Mor e over, ther e ar e absolute c onstants c

1

; C

1

> 0 such that whenever

~

P is any admissible

p artition which satis�es E ( w ; T (

~

P )) � c

1

� , then we have

#( P

0

) � #( P

0

) = N ( T ( P

0

)) � C

1

N ( T (

~

P )) = C

1

(#(

~

P ) � #( P

0

)) : (4.61)
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The numb er of evaluations N ( MSA ; w ; � ) of e to c ompute the output P

0

to MSA satis�es

N ( MSA ; w ; � ) � C

3

(#( P

0

)) : (4.62)

In con trast to APPR O X , the algorithm MSA alw a ys starts from the ro ot partition P

0

.

W e could also ha v e dev elop ed an algorithm whic h started from an y giv en initial partition

P but this w ould b e at the exp ense of more tec hnicalities whic h w e wish to a v oid.

W e shall use the algorithm MSA in the follo wing coarsening algorithm whic h is the

main algorithm of this section. The constan t 
 in this algorithm will b e sp eci�ed later.

The reader should think of 
 as an y �xed constan t 0 < 
 < 1 un til it is later sp eci�ed.

The algorithm CO ARSE will also use GAL .

CO ARSE: We take as inputs the admissible p artition P

0

, the toler anc e � such that (4.42)

holds, and an initial appr oximation �u

P

0

2 S

P

0

to u

P

0

satisfying j j j u

P

0

� �u

P

0

j j j

2

� ( A

0

� )

2

.

The algorithm CO ARSE outputs the admissible p artition

�

P = CO ARSE ( P

0

; �; �u

P

0

) as

fol lows. We apply GAL to obtain the numeric al appr oximation ^u

P

0

= GAL ( P

0

; �; �u

P

0

) .

We take w = ^u

P

0

and apply MSA with inputs w and 
 �

2

to obtain

�

P = MSA ( w ; 
 �

2

)

wher e 
 wil l b e sp e ci�e d b elow. It fol lows that

E ( ^ u

P

0

; T (

�

P )) � 
 �

2

: (4.63)

The rest of this subsection will b e dev oted to deriving the imp ortan t prop erties of the

output

�

P of CO ARSE . Let us �rst observ e that giv en P

0

, the n um b er of computations

necessary to in v ok e the algorithm, is b ounded b y

N ( CO ARSE ; P

0

; �; �u

P

0

) � C

3

( A

0

=� )#( P

0

) (4.64)

with C

3

( A

0

=� ) a constan t dep ending only on the ratio A

0

=� , see (3.6) and (3.7). W e ha v e

already observ ed that the n um b er of computations to calculate ^u

P

0

is b ounded b y the

righ t side of (4.64) (see (3.8)). T o compute S

�

, � 2 P

0

, from the least squares problem

uses a �xed n um b er of computations b ecause ^u

P

0

is con tin uous and piecewise linear and

the n um b er of cells in P

�

(�) has an absolute b ound (see our discussion of the structure

of P

�

(�) giv en ab o v e). W e ha v e observ ed in (4.62) that the n um b er of ev aluations of e

needed to execute MSA is b ounded b y C

3

#( P

0

). the estimate (4.64) follo ws no w from

Remark 3.1.

Next, w e w an t to b ound j j j u � u

r (

�

P )

j j j for the Galerkin solution u

r (

�

P )

. T o do this, w e let

S b e a b est appro ximation to ^u

P

0

from S

r (

�

P )

in the H

1

(
) norm. Th us,

j j j u � u

r (

�

P )

j j j � j j j u � S j j j � j j j u � u

P

0

j j j + j j j u

P

0

� ^u

P

0

j j j + j j j ^u

P

0

� S j j j

� (

p

� � + � � ) + k ^u

P

0

� S k

H

1

(
)

� (

p

� + � +

p

C

4


 ) � �

p

� � (4.65)

where in the third inequalit y w e used (4.42) on the �rst term and w e used (3.7) for the

second term. Then w e use P oincare (i.e. (3.3)) follo w ed b y (4.51) on the remaining term.

The last inequalit y will hold pro vided � , � , and 
 are c hosen so as to satisfy

� � � = 9 and � �

p

� = 3 and C

4


 � � = 9 : (4.66)

W e imp ose these requiremen ts on � , � and 
 in what follo ws.

W e no w summarize the prop erties of the output

�

P of the algorithm CO ARSE .
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Theorem 4.9 Given as inputs the admissible p artition P

0

,an input toler anc e � , and an

initial appr oximation �u

P

0

the output

�

P = CO ARSE ( P

0

; �; �u

P

0

) has the fol lowing pr op er-

ties:

(i) The Galerkin solution u

r (

�

P )

on r (

�

P ) satis�es:

j j j u � u

r (

�

P )

j j j

2

� � �

2

: (4.67)

(ii) The numb er of c omputations N ( CO ARSE ; P

0

; �; �u

P

0

) use d to c ompute

�

P satis�es

N ( CO ARSE ; P

0

; �; �u

P

0

) � C

3

( A

0

=� )(#( P

0

)) (4.68)

with C

3

( A

0

=� ) a c onstant dep ending only on A

0

=� .

(iii) If u 2 A

s

= A

s

( H

1

0

(
)) , then

#(

�

P ) � #( P

0

) + C

2

( s ) k u k

1 =s

A

s

( H

1

0

(
))

�

� 1 =s

(4.69)

with C

2

( s ) a c onstant dep ending only on s .

Pro of: Statemen t (i) is just (4.65). Statemen t (ii) follo ws from (4.64). The pro of of (iii)

is similar to the pro of in Lemma 4.4. Let P

�

b e the smallest admissible partition that

satis�es

j j j u � u

P

�

j j j

2

� k u � u

P

�

k

2

H

1

(
)

� ^c

2

1

�

2

(4.70)

where ^c

1

is a constan t that will b e sp eci�ed later in this pro of. >F rom the fact that u 2 A

s

,

w e kno w

#( P

�

) � k u k

1 =s

_

A

s

( ^ c

1

� )

� 1 =s

: (4.71)

Moreo v er, note that u

P

�

also appro ximates ^u

P

0

w ell. In fact, b y (4.42) and (3.7),

j j j ^u

P

0

� u

P

�

j j j � j j j u

P

0

� u j j j + j j j u

P

0

� ^u

P

0

j j j + j j j u � u

P

�

j j j � (

p

� + � + ^c

1

) �:

Therefore, from (4.48) and (3.3), w e obtain

E ( ^ u

P

0

; T ( P

�

)) � C

0

4

k ^u

P

0

� u

P

�

k

2

H

1

(
)

� c

� 2




C

0

4

(

p

� + � + ^c

1

)

2

�

2

� c

1


 �

2

(4.72)

pro vided

� �

( C

0

4

)

� 1

c

2




c

1




9

and � ; ^c

1

�

c




p

( C

0

4

)

� 1

c

1




3

: (4.73)

W e can no w apply (4.61) and obtain

#(

�

P ) � #( P

0

) � C

1

(#( P

�

) � #( P

0

)) � C

1

#( P

�

) � C

2

( s ) k u k

1 =s

A

s

�

� 1 =s

(4.74)

where the last inequalit y uses (4.71). 	

Let us remark on the order that all of the ab o v e constan ts are c hosen. First, w e are

free to c ho ose 0 < � < 1. With the v alue of � �xed, w e no w c ho ose 
 so that the second

inequalit y in (4.66) is satis�ed. Then w e c ho ose � so that b oth the �rst inequalit y in

(4.66) and the �rst inequalit y in (4.73) is satis�ed. W e also c ho ose ^c

1

so that the second

inequalit y in (4.73) is satis�ed. F urther, w e require that � satis�es (4.73). Later in x 7, w e

shall �x the v alue of � and then all other constan ts can b e sp eci�ed.
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5 The adaptiv e algorithm of Morin, No c hetto, and

Sieb ert

In this section, w e shall recall the AFEM of Morin, No c hetto, and Sieb ert [16 ] whic h is

based on sub dividing (using the new est v ertex rule) certain collections of mark ed cells.

W e shall later mo dify this algorithm to arriv e at our new algorithm. Our notation is

sligh tly di�eren t from theirs in places.

The strategy in [16 ] for marking cells for sub division and the guaran teed error reduc-

tion that results is based on t w o criteria. The �rst of these is a lo cal error indicator that

w e no w describ e. Supp ose that P 2 P

a

is an admissible partition. Giv en an edge E 2 E

P

,

w e let 


E

denote the union of the t w o triangles that share E and let `

E

denote the length

of E . W e also denote b y J

E

( P ) the jump of n

T

E

r u

P

across E , where for eac h cell sharing

E , n

E

is the resp ectiv e outer normal of E . The quan tit y

�

E

:= �

E

( P ) := k `

1 = 2

E

J

E

( u

P

) k

2

L

2

( E )

+ k diam (


E

) f k

2

L

2

(


E

)

; (5.1)

is an indicator of the lo cal error in u � u

P

. One can sho w that the sum of these lo cal

indicators b ounds the square of the global energy error from ab o v e. More precisely , there

exists an absolute constan t A

3

suc h that

j j j u � u

P

j j j

2

� A

3

X

E 2E

P

�

E

:

W e therefore de�ne the global quan tit y

�( P ) := A

3

X

E 2E

P

�

E

: (5.2)

The second ingredien t that w e shall need is a b ound for the global H

� 1

error in

appro ximating f 2 L

2

(
) b y piecewise constan ts in terms of a sum of lo cal quan tities.

W e ha v e already in tro duced these quan tities in x 4.4. W e recall the lo cal error functional

e (�) := j � jk f � f

�

k

2

L

2

(�)

; (5.3)

where f

�

is the a v erage of f on �. W e also ha v e the global error

�

E ( f ; P ) :=

X

� 2 P

e (�) ; (5.4)

whic h w as used in algorithm AA .

The lo cal error indicators from (5.1) together with (5.4) can b e used to pro v e the

follo wing b ounds for the Galerkin error (see [16] equations (2.7) and (2.8)):

A

1

�( P ) � A

2

�

E ( f ; P ) � j j j u � u

P

j j j

2

� �( P ) (5.5)

where A

1

; A

2

> 0 are absolute constan ts.

T o describ e the main result in [16], w e denote for eac h � 2 T

�

b y G (�) the set of

six triangular cells obtained from � when using a full re�nemen t as describ ed in the

paragraph preceding Lemma 4.6 (see Figure 6). The follo wing theorem is Theorem 3.1 of

[16 ]:
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Theorem 5.1 Given 0 < � < 1 , ther e exist c onstants 0 < � < 1 and A

4

> 0 with the

fol lowing pr op erty. L et P b e any admissible p artition in P

a

and supp ose that E

0

is a

c ol le ction of e dges fr om E

P

such that

A

3

X

E 2E

0

�

E

� � �( P ) ; (5.6)

and

�

E ( f ; P ) � A

4

�

2

: (5.7)

If P

0

is any admissible r e�nement of P that c ontains G (�) or a r e�nement of G (�) for

every � which has an e dge in c ommon with E

0

, then either j j j u � u

P

0

j j j

2

� �

2

or

j j j u � u

P

0

j j j

2

� � j j j u � u

P

j j j

2

: (5.8)

In other w ords, if the error in appro ximating f is small enough then the re�nemen t

strategy (5.6) guaran tees an error reduction un til the desired tolerance � is met. Using

this result, Morin, No c hetto, and Sieb ert build an AFEM whic h they pro v e con v erges

whenev er f 2 L

2

(
).

Giv en a partition P and a mark ed set E

0

of edges satisfying (5.6), w e shall sa y that

a partition P

0

whic h is a re�nemen t of P has the G -prop ert y if it is admissible and P

0

con tains G (�) or a re�nemen t of G (�) whenev er � has an edge in E

0

.

6 Mo di�cations of the MNS Algorithm

W e shall mak e some mo di�cations of the MNS algorithm in this section in order to

prepare for its use in our new algorithm of the next section. These mo di�cations will cen ter

on t w o issues. The �rst is to recast the algorithm in the form of elemen tary markings and

then completions since it is in this form that w e can apply the results of x 2 whic h b ound

the cost of completions. The second issue is more substan tial. In a n umerical algorithm

w e cannot compute u

P

or �( P ) exactly . W e shall ha v e to replace these computations b y

appro ximate computations ^u

P

and

^

�( P ). W e shall need to examine the e�ect of these

appro ximate calculations. W e shall sho w that it is p ossible to calculate these quan tities

appro ximately while still retaining the error reduction in the MNS algorithm. Moreo v er,

w e will b e able to b ound the computational complexit y of these appro ximate calculations.

T o b egin the analysis of this section, w e �rst note some prop erties of

�

E and �. First

of all if P

0

is a re�nemen t of P then

�

E ( f ; P

0

) �

�

E ( f ; P ) : (6.1)

This follo ws from the de�nition of

�

E (4.15). Secondly ,

�

E ( f ; P ) � ( A

1

= 2 A

2

)�( P ) implies �( P ) � A

5

j j j u � u

P

j j j

2

(6.2)

with A

5

= 2 = A

1

. This follo ws from the lo w er inequalit y in (5.5).

These t w o observ ations will b e used sev eral times in the follo wing form.
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Remark 6.1 Assume that for some admissible p artition P we have

A

5

j j j u � u

P

j j j

2

� �

2

and

�

E ( f ; P ) �

A

1

2 A

2

�

2

: (6.3)

Then for any admissible r e�nement P

0

of P one has

�( P

0

) � �

2

: (6.4)

Pro of: Supp ose that �( P

0

) > �

2

. Then, b y (6.1),

A

1

2 A

2

�( P

0

) >

A

1

2 A

2

�

2

�

�

E ( f ; P ) �

�

E ( f ; P

0

) :

Th us (6.2) applies and since P

0

is a re�nemen t of P our assumption (6.3) yields

�( P

0

) � A

5

j j j u � u

P

0

j j j

2

� A

5

j j j u � u

P

j j j

2

� �

2

;

whic h is a con tradiction and hence pro v es (6.4). 	

Our �rst mo di�cation of MNS whic h w e shall call MMNS is to recast it in the form

of marking and completion and still ha v e the prop ert y that the re�ned partition con tains

G (�) (w e need this to b e able to obtain the guaran teed reduction in Theorem 5.1). Here

is a description of

MMNS ( P ; � ) ! P

0

: This algorithm takes as input an admissible p artition P , the

c orr esp onding Galerkin appr oximation u

P

and an err or toler anc e � with P satisfying

�

E ( f ; P ) � A

4

�

2

and pr o duc es a new p artition P

0

= MMNS ( P ; � ) as fol lows. We mark

al l triangular c el ls which have an e dge fr om E

0

wher e E

0

ar e the marke d e dges fr om MNS .

Cal l this marke d set M

0

. We p erform a r e�nement and then a c ompletion for M

0

and

P giving the new p artition P

0

1

. We next mark any c el ls �

0

in P

0

1

which have a pr op er

desc endent which is one of the c el ls in G (�) , � 2 M

0

. Cal l this set of marke d c el ls

M

1

. We do a r e�nement and c ompletion for M

1

and P

0

1

giving the new p artition P

0

2

. We

r ep e at this pr o c ess one mor e time ending with the p artition P

0

= P

0

3

.

Here are the prop erties of MMNS .

Theorem 6.2 F or the output P

0

of MMNS we have that either j j j u � u

P

0

j j j � � or

j j j u � u

P

0

j j j

2

� � j j j u � u

P

j j j

2

. The numb er of sub divisions N ( MMNS ; P ; � ) ne e de d in MMNS

satis�es

N ( MMNS ; P ; � ) � C

3

#( P ) ; (6.5)

with C

3

an absolute c onstant.

Pro of: F or eac h cell � corresp onding to a mark ed edge in MNS , the partition P

0

con tains

a re�nemen t of the full re�nemen t G (�). Hence, Theorem 5.1 applies and w e obtain the

stated b ounds on j j j u � u

P

0

j j j . As for (6.5), the n um b er of cells in M

0

do es not exceed

#( P ) and hence #( P

0

1

) � C #( P ) (see (2.16)). Rep eating this argumen t w e deriv e (6.5).

�
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Our next mo di�cations of MNS cen ter around the fact that w e cannot compute u

P

or �( P ) exactly . Therefore, w e shall use the appro ximation ^u

P

:= GAL ( P ; �; �u

P

). W e

de�ne the lo cal error estimators ^�

E

as in (5.1) with ^u

P

in place of u

P

and similarly de�ne

^

�( P ) as in (5.2) with these new ^�

E

in place of �

E

. A standard trace argumen t sho ws that

j �

E

� ^�

E

j � B

0

1

k u

P

� ^u

P

k

2

H

1

(


E

)

; (6.6)

where B

0

1

is some �xed constan t dep ending only on P

0

. As a consequence one has for

another constan t B

1

� 1

A

3

X

E 2E

P

j ^�

E

� �

E

j � B

1

�

2

�

2

: (6.7)

With this n umerical v ersion

^

� in hand, w e can revisit the algorithm MMNS and ob-

tain the corresp onding n umerical v ersion of this algorithm whic h w e denote b y NMMNS .

NMMNS ( P ; �; �u

P

) ! P

0

: This algorithm takes as input an admissible p artition P , an

err or toler anc e � with P satisfying

�

E ( f ; P ) � A

4

�

2

, and the numeric al appr oximation

^u

P

:= GAL ( P ; �; �u

P

) , and pr o duc es a new p artition P

0

= NMMNS ( P ; �; �u

P

) as fol lows.

We let

^

E

0

b e any set of e dges in E

P

such that

A

3

X

E 2

^

E

0

^�

E

� �

^

�( P ) : (6.8)

We mark al l triangular c el ls which have an e dge fr om

^

E

0

and c al l this marke d set M

0

.

We p erform a r e�nement and then a c ompletion for M

0

and P giving the new p artition

P

0

1

. We next mark any c el ls �

0

in P

0

1

which have a pr op er desc endent which is one of

the c el ls in G (�) , � 2 M

0

. Cal l this set of marke d c el ls M

1

. We do a r e�nement and

c ompletion for M

1

and P

0

1

giving the new p artition P

0

2

. We r ep e at this pr o c ess one mor e

time ending with the p artition P

0

= P

0

3

.

Here are the prop erties of NMMNS .

Theorem 6.3 If �

2

� � (4 B

1

)

� 1

, then for the output P

0

of NMMNS we have that either

j j j u � u

P

0

j j j � � or j j j u � u

P

0

j j j

2

� � j j j u � u

P

j j j

2

wher e 0 < � < 1 , dep ends on � . The numb er

of sub division and c omputations N ( NMMNS ; P ; � ) ne e de d in NMMNS satis�es

N ( NMMNS ; P ; �; �u

P

) � C

3

( A

0

=� )#( P ) ; (6.9)

whenever the initial guess �u

P

satis�es (3.6).

Pro of: F rom (6.7), w e ha v e that

� (�( P ) � B

1

�

2

�

2

) � �

^

�( P ) � A

3

X

E 2

^

E

0

^�

E

� A

3

X

E 2

^

E

0

�

E

+ B

1

�

2

�

2

: (6.10)

W e consider t w o cases:

CASE j j j u � u

P

j j j � �

2

: Since P

0

is a re�nemen t of P , w e ha v e j j j u � u

P

0

j j j � j j j u � u

P

j j j as
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desired.

CASE: j j j u � u

P

j j j > �

2

In this case �( P ) � �

2

and 2 B

1

�

2

� � = 2. Therefore (6.10) giv es

( � = 2)�( P ) � A

3

X

E 2

^

E

0

�

E

: (6.11)

W e can therefore apply Theorem 5.1 (with � = 2 used in place of � ) and obtain j j j u � u

P

0

j j j � �

2

or j j j u � u

P

0

j j j � � j j j u � u

P

j j j with the � corresp onding to � = 2.

The b ound on N ( NMMNS ; P ; �; �u

P

) follo ws as in the pro of of (6.5) with the ca v eat

that w e need to add the n um b er of computations used in GAL . But these are b ounded

b y C

3

( A

0

=� )#( P ) b ecause of (3.8) in Remark 3.1. 	

The follo wing algorithm REDUCE is the main algorithm of this section. In this

algorithm, there app ears a constan t A

�

whic h will b e sp eci�ed later. Its role is to mak e

sure that the term

�

E ( f ; P

0

) app earing in (5.5) is negligible compared to �( P

0

) for all of

the partitions P

0

that are encoun tered in the execution of the Algorithm.

REDUCE ( P ; �; �

0

; �u

P

) ! P

0

: This algorithm takes as input any toler anc es 0 < �

0

< � ,

any admissible p artition P for which we know

�( P ) � �

2

;

�

E ( f ; P ) � A

�

�

2

(6.12)

and any initial appr oximation �u

P

2 S

P

(to b e use d in GAL ) satisfying (3.6). It outputs

a new p artition P

0

= REDUCE ( P ; �; �

0

; �u

P

) which is a r e�nement of P and satis�es

�( P

0

) � ( �

0

)

2

;

�

E ( f ; P

0

) � A

�

( �

0

)

2

: (6.13)

Her e A

�

is any c onstant satisfying

A

�

� min

�

A

4

A

5

;

A

1

2 A

2

� �

�

0

�

�

2

; (6.14)

wher e A

1

; A

2

; A

4

and A

5

ar e the c onstants fr om (5.5), (5.7) and (6.2), r esp e ctively.

W e describ e no w the steps used to pro duce P

0

. W e tak e �

00

= �

0

A

� 1 = 2

5

and use

NMMNS with the inputs P and �

00

and �u

P

. The result is a partition

~

P

1

= NMMNS ( P ; �

00

; �u

P

)

whic h is a re�nemen t of P . W e reapply NMMNS with inputs �

00

,

~

P

1

, and the same �u

P

as the initial appro ximation to u

~

P

1

. W e obtain the output

~

P

2

= NMMNS (

~

P

1

; �

00

; �u

P

).

w e rep eat this k times (eac h time using the same �u

P

as an initial appro ximation) where

k is c hosen as the smallest in teger so that �

k

� ( A

5

)

� 1

( �

0

=� )

2

. W e no w apply APPR O X

with the input

~

P

k

and

p

A

�

�

0

to get the partition P

0

= REDUCE ( P ; �; �

0

; �u

P

).

Let us no w c hec k that P

0

satis�es (6.13). First of all, w e kno w that the second

inequalit y in (6.13) is v alid b ecause of the APPR O X application. So w e need to v erify

only the �rst inequalit y . Note that (6.14) implies, in particular, that A

�

� A

4

( �

00

=� )

2

so

that Theorem 6.3 is applicable to eac h iteration. So w e ha v e t w o p ossibilities. The �rst

case is that j j j u � u

~

P

j

j j j � �

00

for one of the v alues of j 2 f 1 ; : : : ; k g . Since P

0

is a re�nemen t

of P

j

, w e ha v e

A

5

j j j u � u

P

0

j j j

2

� A

5

j j j u � u

~

P

j

j j j

2

� A

5

( �

00

)

2

� ( �

0

)

2

: (6.15)
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In view of the second relation in (6.13) and the condition (6.14) on A

�

, w e can in v ok e

Remark 6.1 (with P replaced b y P

0

) to conclude that the �rst relation in (6.13) is also

v alid in this case.

The other case is that the error is reduced b y the factor � at eac h application of

NMMNS whic h giv es

A

5

j j j u � u

P

0

j j j

2

� A

5

j j j u � u

~

P

k

j j j

2

� A

5

�

k

j j j u � u

P

j j j

2

� A

5

�

k

�( P ) � ( �

0

)

2

; (6.16)

whic h, again b y Remark 6.1 con�rms the v alidit y of the �rst inequalit y in (6.13).

The follo wing prop osition b ounds the n um b er of sub divisions/computations used to

pro duce P

0

.

Prop osition 6.4 The numb er of elements #( P

0

) satis�es

#( P

0

) �

~

C

3

( �=�

0

)#( P ) : (6.17)

The numb er N ( REDUCE ; P ; �; �

0

; �u

P

) of c omputations use d to pr o duc e P

0

also satis�es

N ( REDUCE ; P ; �; �

0

; �u

P

) � C

3

( �; �=�

0

)#( P ) ; (6.18)

wher e � is the maximal r atio A

0

=� for al l c onstants A

0

fr om (3.6) enc ounter e d in the c al ls

of GAL invoke d in REDUCE .

Pro of: F rom Theorem 6.3, w e ha v e that #(

~

P

1

) � C #( P ) and #(

~

P

j +1

) � C #( P

j

), for

j = 1 ; : : : ; k � 1. Since k is �xed, this giv es the b ound (6.17). Regarding the n um b er of

computations, w e kno w that the n um b er of calculations needed in GAL to compute ^u

P

from �u

P

do es not exceed C #( P ) with the constan t dep ending only on � and the ratio

�=�

0

. The n um b er of calculations in eac h iteration of NMMNS uses at most C ( � )#(

~

P

j

)

calculations as w as sho wn in Theorem 6.3. Therefore, (6.18) holds in this case as w ell. 	

7 The Main Lo op

W e are no w in a p osition to build the main iteration of our adaptiv e algorithm. This lo op

will use the REDUCE algorithm to generate a partition P

0

and then follo w it with a

coarsening step whose sole purp ose is to giv e a con trol on the size of the output partition.

The description of this algorithm will serv e to set the v alue of the constan ts � ; � ; � ; 
 ; A

�

whic h ha v e app eared earlier but w ere left unsp eci�ed. W e call the algorithm for the main

lo op MAIN .

MAIN ( P ; �; �u

r ( P )

) !

e

P : This algorithm takes as input a toler anc e � , an admissible

p artition P , and an initial appr oximation �u

r ( P )

to u

r ( P )

satisfying (3.6) and

�( r ( P )) � �

2

(7.1)

and

�

E ( f ; P ) � A

�

�

2

: (7.2)
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It outputs an admissible p artition

~

P := MAIN ( P ; �; �u

r ( P )

) which is a r e�nement of P

and satis�es

�( r (

~

P )) � �

2

= 2 (7.3)

and

�

E ( f ;

~

P ) � A

�

�

2

= 2 : (7.4)

Her e A

�

is the c onstant app e aring in REDUCE with �

0

:=

p

� � and henc e is assume d

to satisfy

A

�

� � min

�

A

4

A

5

;

A

1

2 A

2

�

: (7.5)

W e no w describ e the steps in MAIN .

STEP1: Apply REDUCE with inputs r ( P ) , � , and �

0

=

p

� � with � the c onstant in

CO ARSE , se e (4.42) and with �u

r ( P )

use d as the initial appr oximation in any applic ation

of GAL . The output P

0

= REDUCE ( r ( P ) ; �;

p

� �; �u

r ( P )

) is an admissible p artition

which satis�es (6.13) and in p articular �( P

0

) � � �

2

.

STEP2: Apply CO ARSE with inputs P ; P

0

, � , and �u

P

0

:= �u

r ( P )

(note that P

0

is a

r e�nement of r ( P ) and ther efor e u

r ( P )

is in S

P

0

), and obtain the output

�

P = CO ARSE ( P

0

; �; �u

r ( P )

) which, on ac c ount of (4.67), satis�es

j j j u � u

r (

�

P )

j j j

2

� � �

2

: (7.6)

STEP 3: De�ne

�

�

P to b e the c ommon r e�nement of P and

�

P .

STEP 4: Apply APPR O X with input

�

�

P and toler anc e ( A

�

= 2)

1 = 2

� and obtain as output

the p artition

~

P = APPR O X (

�

�

P ; ( A

�

= 2)

1 = 2

� ) which satis�es

�

E ( f ;

~

P ) � A

�

�

2

= 2 .

Let us no w c hec k that the conclusions stated in MAIN are indeed v alid. The condition

(7.4) is an ob vious consequence of STEP 4 in MAIN . F urthermore, (7.5) enables the

application of REDUCE in STEP1 . So it remains to v erify (7.3). The desired b ound

on � will follo w again from Remark 6.1 whose applicabilit y will hinge on the c hoice

of A

�

and of the parameter � whic h has y et to b e �xed. By (7.5) and (7.4), w e ha v e

( A

1

= 2 A

2

) �

2

= 2 � A

�

�

2

= 2 �

�

E ( f ;

~

P ). Since

~

P is a re�nemen t of

�

P , w e ha v e

A

5

j j j u � u

r (

~

P )

j j j

2

� A

5

j j j u � u

r (

�

P )

j j j

2

� A

5

� �

2

; (7.7)

where w e ha v e used (7.6) in the last step. Th us whenev er � � 1 = (2 A

5

), Remark 6.1

applies and yields (7.3) (with

�

P used for b oth P and P

0

). W e imp ose this condition and

thereb y sp ecify the v alue of � as

� = 1 = (2 A

5

) : (7.8)

This in turn no w allo ws the sp eci�cation of � and 
 through our earlier requiremen ts

(4.66) and (4.73).
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Prop osition 7.1 Ther e is a c onstant C

5

such that the output

~

P = MAIN ( P ; �; �u

P

)

satis�es

#(

~

P ) � C

5

#( P ) + C

2

m (

~

P j

�

�

P ) (7.9)

wher e m (

~

P j

�

�

P ) is the numb er of markings use d in cr e ating

~

P fr om

�

�

P . (Her e C

2

is the

c onstant of (2.16).) A lso, the numb er of 
ops N ( MAIN ; P ; �; �u

r ( P )

) use d in c omputing

~

P is b ounde d by the right side of (7.9) times a c onstant C ( � ) that dep ends only on the

maximum of the r atios � = A

0

=� wher e A

0

me asur es the ac cur acy of the initial guess in

e ach c al l of GAL , se e (3.6). In the c ase that f 2

�

A

s

( H

� 1

) and u 2 A

s

= A

s

( H

1

0

(
)) , we

have the ine quality

#(

~

P ) � #( P ) + C

5

( s )( k u k

1 =s

A

s

�

� 1 =s

+ k f k

1 =s

�

A

s

�

� 1 =s

) (7.10)

and

N ( MAIN ; P ; �; �u

r ( P )

) � C

5

( �; s )

n

#( P

0

) + ( k f k

1 =s

�

A

s

+ k u k

1 =s

A

s

) �

� 1 =s

o

(7.11)

with C

5

( �; s ) a c onstant dep ending only on s and the maximum of the r atios A

0

=� c orr e-

sp onding to the ac cur acies of the initial guesses in the c al ls of GAL in REDUCE and

CO ARSE .

Pro of: Since �=�

0

is �xed, (6.17) ensures that the output P

0

of REDUCE in STEP1

of MAIN satis�es

#( P

0

) � C

3

#( P ) :

Of course, the n um b er of elemen ts in

�

P is also b ounded b y this n um b er since

�

P � P

0

.

Since

�

�

P is a common re�nemen t of P and

�

P , it also satis�es #(

�

�

P ) � C #( P ). If m (

~

P j

�

�

P ) is

the n um b er of markings used in the creation of

~

P from

�

�

P in the application of APPR O X

in STEP4 , then b y (2.16), w e ha v e

#(

~

P ) � #( P

0

) + C

2

( m (

�

�

P j P

0

) + m (

~

P j

�

�

P )) � C

4

#( P ) + C

2

m (

~

P j

�

�

P ) : (7.12)

This pro v es (7.9). Moreo v er, b y Remark 3.1 the n um b er of 
ops required b y the v arious

calls of GAL remains prop ortional to the cardinalities of the resp ectiv e partitions times

a factor C ( � ) that dep ends only on the accuracy quotien ts � = A

0

=� relating the output

accuracy to that of the initial guess. F or eac h of the algorithms REDUCE , CO ARSE ,

and APPR O X , w e ha v e therefore sho wn that the n um b er of computations is b ounded

b y the maxim um cardinalities of the inputs and outputs of these algorithms times C ( � ),

see (6.18), (6.9) and (4.68). Th us the righ t side of (7.9) m ultiplied b y C ( � ) also pro vides

an upp er b ound for the n um b er of computations used in MAIN .

No w supp ose that f 2

�

A

s

( H

� 1

) and u 2 A

s

. By (4.69), w e ha v e

#(

�

P ) � #( P

0

) + C

2

( s ) k u k

1 =s

A

s

�

� 1 =s

(7.13)

and so

#(

�

�

P ) � #( P ) + C

2

( s ) k u k

1 =s

A

s

�

� 1 =s

: (7.14)

When w e no w apply STEP4 , w e can use (4.34) to obtain the b ound

m (

~

P j

�

�

P ) � C

1

( s ) k f k

1 =s

�

A

s

�

� 1 =s

: (7.15)
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Hence, using (2.16), w e obtain

#(

~

P ) � #(

�

�

P ) + C

2

( m (

~

P j

�

�

P ))

� #( P ) + C

5

( s )( k u k

1 =s

A

s

�

� 1 =s

+ k f k

1 =s

�

A

s

�

� 1 =s

) (7.16)

where the last inequalit y uses (7.14) and (7.15). This giv es (7.10). The pro of of (7.11) is

similar but tak es in addition the cost (4.68), (6.5) and (6.18) of determining appro ximate

Galerkin solutions in REDUCE and CO ARSE . 	

8 An adaptiv e algorithm with coarsening

In this section, w e shall form ulate our adaptiv e algorithm for solving (1.1) and pro v e

the con v ergence prop erties of this algorithm. W e shall call this algorithm ALG . W e

recall the n umerical appro ximation

^

�( P ) of �( P ) whic h is computed through the aid of

the n umerical appro ximation ^u

P

to u

P

. Regarding the constrain ts on the accuracy of this

appro ximation re
ected b y the parameter � in (3.7), note that � �

p

� implies the v alidit y

of b oth conditions in (4.66) and (4.73) on � . Th us w e �x

�

2

= min f � ; � = (4 B

1

) g : (8.1)

so that, in particular, B

1

�

2

� 1 = 4. If � is the input tolerance in GAL , then from (6.7),

w e ha v e

j �( P ) �

^

�( P ) j � B

1

�

2

�

2

: (8.2)

ALG ( "; P

0

) ! ( P ; u

P

): This algorithm takes as input a desir e d toler anc e � > 0 and an

initial p artition P

0

and outputs a p artition P which satis�es

�( P ) � "

2

= 4 ; (8.3)

(and henc e, by (5.5), j j j u � u

P

j j j � "= 2 ), and it outputs a numeric al appr oximation ^u

P

to

u

P

which satis�es

j j j u � ^u

P

j j j � " (8.4)

by using the fol lowing steps:

(I): (Initialization) F or the initial p artition P

0

, we take �u

r ( P

0

)

:= 0 as the initial appr ox-

imation of u

r ( P

0

)

and � = 1 as the toler anc e in GAL . We let ^u

r ( P

0

)

:= GAL ( r ( P

0

) ; 1 ; 0)

b e the output of GAL for these inputs. We c ompute

^

� ( r ( P

0

)) using ^u

r ( P

0

)

and we further

c ompute

�

E ( f ; P

0

) . We de�ne

"

2

0

:= max f

^

� ( r ( P

0

)) + 1 = 4 ;

�

E ( f ; P

0

) = A

�

g : (8.5)

We ther efor e have

�

E ( f ; P

0

) � A

�

"

2

0

(8.6)

and by (8.2) and (8.1)

�( r ( P

0

)) �

^

� ( r ( P

0

)) + 1 = 4 � "

2

0

: (8.7)
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If "

0

� "= 2 we stop and output P := r ( P

0

) and ^u

P

:= ^u

r ( P

0

)

. If not, let n b e the smal lest

inte ger such that 2

� n

"

2

0

� "

2

= 4 and pr o c e e d to STEP I I .

(I I): F or k = 0 ; 1 ; : : : ; n � 1 , we apply MAIN with inputs P

k

and "

k

, satisfying �( r ( P

k

)) �

"

2

k

and

�

E ( f ; P

k

) � A

�

"

2

k

, to obtain the p artition P

k +1

= MAIN ( P

k

; "

k

; �u

r ( P

k

)

) . In the

applic ation of MAIN , we use as an initial guess �u

r ( P

k

)

:= ^u

r ( P

0

)

when k = 0 , and

�u

r ( P

k

)

:= ^u

r ( P

k � 1

)

when k > 0 , sinc e the latter function has alr e ady b e en c ompute d in

the applic ation of REDUCE in MAIN at the pr evious stage. By (7.3) and (7.4) we

know that �( r ( P

k +1

)) � "

2

k

= 2 ,

�

E ( f ; P

k +1

) � A

�

"

2

k

= 2 .

(I I I): De�ne P = r ( P

n

) , and c ompute ^u

P

:= GAL ( P ; "; ^u

r ( P

n � 1

)

) .

The follo wing is the main result of this pap er.

Theorem 8.1 F or any function f 2 L

2

(
) and any " > 0 , ALG pr o duc es a p artition P

for which

j j j u � u

P

j j j

2

� �( P ) � "

2

= 4 (8.8)

and

j j j u � ^u

P

j j j � " (8.9)

If s > 0 and u 2 A

s

, and f 2

�

A

s

, then

#( P ) � C ( s )(#( P

0

) + k f k

1 =s

�

A

s

+ k u k

1 =s

A

s

) "

� 1 =s

(8.10)

with C ( s ) > 0 a c onstant dep ending only on s , k u k

H

1

(
)

, and the initial p artition P

0

.

Mor e over, The numb er of c omputations use d in pr o ducing P do es not exc e e d C ( s )(#( P

0

) +

k f k

1 =s

�

A

s

+ k u k

1 =s

A

s

) "

� 1 =s

.

Pro of: The conclusion (8.8) follo ws immediately from the stopping criterion and the

initialization (I). T o sho w (8.9), w e estimate

j j j u � ^u

P

j j j � j j j u � u

P

j j j + j j j u

P

� ^u

P

j j j � "= 2 + � " � " (8.11)

b ecause � � 1 = 2 (see (8.1)).

W e no w turn to b ounding the n um b er of elemen ts in P and the n um b er of op erations

used in the algorithm in terms of the target accuracy " . T o b egin with, let us iden tify

next the constan ts A

0

en tering the estimate for the initial guesses in the v arious calls of

GAL . In step (I) w e ha v e �u

r ( P

0

)

= 0 so that

j j j u � �u

r ( P

0

)

j j j

2

= a ( u; u ) = h f ; u i � k u k

H

1

(
)

k f k

H

� 1

(
)

� c

� 1




j j j u j j jk f k

H

� 1

(
)

;

so that in this case A

0

� c

� 1




k f k

H

� 1

(
)

.

A t the k th stage of step (I I) GAL is in v ok ed sev eral times b y NMMMS in REDUCE

and b y CO ARSE . Eac h time �u

r ( P

k

)

= ^u

r ( P

k

)

is used as an initial guess. In view of the

accuracy tolerance of ^u

r ( P

k � 1

)

c hosen in the �rst call of NMMNS used in REDUCE , w e

ha v e

j j j u � �u

r ( P

k

)

j j j � j j j u � u

r ( P

k � 1

)

j j j + j j j ^u

r ( P

k � 1

)

� u

r ( P

k � 1

)

j j j

� �( r ( P

k � 1

))

1 = 2

+ �

r

�

A

5

"

k � 1

�

p

2

�

1 +

r

�

4 A

5

�

"

k

:
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In fact, the tigh test accuracy tolerance used b y GAL in REDUCE , or in CO ARSE

is "

k

p

� =

p

A

5

. The same argumen t applies for Step I I I. Th us in all cases the ratio � =

A

0

=� is uniformly b ounded. By Prop osition 7.1 the computational cost of GAL remains

prop ortional to the cardinalit y of the resp ectiv e partition.

T o v erify no w (8.10), supp ose that s > 0 and u 2 A

s

, and f 2

�

A

s

. Let n b e the �nal

v alue of k when the algorithm stops, i.e., P = r ( P

n

). T o start out with, w e note �rst that

"

0

� C max f 1 ; k u k

H

1

(
)

; k f k

L

2

(
)

g . In fact, if "

0

is giv en b y the second term on the righ t

hand side of (8.5) w e infer from (4.15) that "

0

� C k f k

L

2

(
)

. When the �rst term on the

righ t hand side of (8.5) dominates w e distinguish t w o cases. If

�

E ( f ; P

0

) = A

�

� �( r ( P

0

)) w e

conclude from (6.1), (6.2) and (8.2) that "

2

0

� 1 = 2 =

^

�( r ( P

0

)) � 1 = 4 � �( r ( P

0

)) � A

5

j j j u j j j

2

.

The other case

�

E ( f ; P

0

) = A

�

> �( r ( P

0

)) � "

2

0

� 1 = 2 also leads to the b ound claimed ab o v e.

Subsequen t "

k

will satisfy this same b ound. F rom (7.16) w e kno w that for k = 1 ; 2 ; : : : ; n ,

w e ha v e

#( P

k +1

) � #( P

k

) � C

5

( s )( k u k

1 =s

A

s

"

� 1 =s

k

+ k f k

1 =s

�

A

s

"

� 1 =s

k

) : (8.12)

Since b y de�nition "

k

� " 2

( n � 1 � k ) = 2

w e ha v e

#( P

n

) = #( P

0

) +

n � 1

X

k =0

(#( P

k +1

) � #( P

k

)) � #( P

0

) +

C

5

( s ) "

� 1 =s

0

1 � 2

� 1 = 2 s

( k u k

1 =s

A

s

+ k f k

1 =s

�

A

s

) "

� 1 =s

;

and since P = r ( P

n

), w e ha v e #( P ) � C #( P

n

) whic h pro v es (8.10).

T o b ound the n um b er of computations used in ALG , w e kno w from (7.11) that the

n um b er of computations N

k

used in computing P

k

, k = 1 ; : : : ; n , is b ounded b y

N

k

� C

5

( s )

�

#( P

0

) + k u k

1 =s

A

s

+ k f k

1 =s

�

A

s

�

( "

k

)

� 1 =s

(8.13)

since, according to our initial commen ts, the quotien t � is uniformly b ounded and therefore

the computational cost of eac h call of GAL remains prop ortional to the corresp onding

partition size. Similarly , the n um b er of computations used in computing P

0

is b ounded

b y a constan t m ultiple of #( P

0

). Th us the total n um b er of computations do es not exceed

C ( s )(#( P

0

)+ k f k

1 =s

�

A

s

+ k u k

1 =s

A

s

))

n

X

k =0

( "

k

)

� 1 =s

� C ( s )(#( P

0

)+ k f k

� 1 =s

�

A

s

+ k u k

� 1 =s

A

s

) "

� 1 =s

: (8.14)

�

9 App endix

Recall from (4.7) and (4.17) that the classes A

s

( H

1

(
)) and

�

A

s

( H

� 1

(
)) are determined

through the nonlinear appro ximation prop erties of their elemen ts. F or instance, the ele-

men ts in A

s

( H

1

(
)) can b e appro ximated in H

1

(
) to accuracy " on admissible partitions

with the order of "

� 1 =s

cells. Ob viously not all of these elemen ts can b e appro ximated

on uniform partitions with the same accuracy . In this section w e wish to explain (with-

out pro ofs) whic h prop erties mak e a function b elong to A

s

( H

1

(
)), sa y . This amoun ts

to relating the ab o v e appro ximation classes to r e gularity . The follo wing results ab out
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the b eha vior of �

n

( u ), de�ned b y (4.3), are in principle kno wn. They in v ok e the Beso v

smo othness of functions. W e refer the reader to an y of the standard treatmen ts of Beso v

spaces (e.g.[20 , 1 , 7 ]) for the de�nition of the Beso v spaces B

s

q

( L

�

(
)) and only remark

here that suc h a space is a smo othness space consisting of functions with smo othness order

s (n um b er of deriv ativ es) measured in L

�

. F or example B

s

2

( L

2

) is iden tical with H

s

and

B

s

1

( L

�

) is a Lipsc hitz space in L

�

whenev er s is not an in teger. The role of q is secondary

and only serv es to giv e a �ne grading of the spaces imp ortan t in man y applications suc h

as em b edding theorems.

The results ab out �

n

, de�ned b y (4.3), can b e form ulated as follo ws.

Theorem 9.1 If u 2 B

� +1

�

( L

�

(
)) with 0 � � � 1 and 1 =� < ( � + 1) = 2 , then

�

n

( u ) = inf

P 2P

n

inf

S 2S

P

j j j u � S j j j � C

0

n

� �= 2

k u k

B

� +1

�

( L

�

))

;

wher e the c onstant C

0

dep ends on the discr ep ancy � :=

� +1

2

�

1

�

when � tends to zer o.

A few brief commen ts on the range of the in v olv ed parameters are in order.

Remark 9.2 The r estriction on � arises b e c ause we ar e appr oximating in H

1

using pie c e-

wise line ars and so � + 1 � 2 . Thus in two sp atial dimensions N

� 1 = 2

is the highest at-

tainable or der in the class B

2

�

( L

�

)) with �

� 1

< 1 . The r estriction on � arises fr om the

Sob olev emb e dding the or em. It guar ante es that the Besov sp ac e is emb e dde d c omp actly in

H

1

. When �

� 1

> ( � + 1) = 2 , this Besov sp ac e is no longer emb e dde d in H

1

.

The ab o v e regularit y assumptions are only su�cien t for u to b elong to A

�= 2

, sa y . The

follo wing inverse the or em sho ws that, although this is not a complete c haracterization, it

is sharp in the follo wing sense.

Theorem 9.3 If u 2 H

1

(
) satis�es �

n

( u ) � C n

� �= 2

then u 2 B

� +1

�

( L

�

) for al l �

satisfying �

� 1

= ( � + 1) = 2 .

The pro ofs of Theorems 9.1, 9.3 will b e giv en elsewhere. F or related results see [13].

Finally , as a consequence of kno wn results on the metric en trop y of unit balls of Beso v

classes, the order of Beso v smo othness limits the appro ximation order in the follo wing

sense.

Theorem 9.4 F or e ach 0 � � � 1 and �

� 1

< ( � + 1) = 2 we have

sup

f 2 U ( B

� +1

�

( L

�

(
)))

�

n

( u ) � C N

� �= 2

(9.1)

with C > 0 an absolute c onstant. (Her e U ( X ) denotes the unit b al l of a norme d sp ac e

X ).

The ab o v e results should b e read as follo ws. First note that for �xed � the smo othness

measure giv en b y the space B

�

�

( L

�

)) b ecomes w eak er when � decreases. Theorem 9.1 sa ys

that for �xed � the loss of regularit y incurred b y decreasing � to w ards the critical v alue

2 = ( � + 1) can b e comp ensated b y nonline ar appr oximation so as to retain the order N

� �= 2
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of appro ximation in H

1

. Theorem 9.4 sa ys that this order is b est p ossible with resp ect

to the full unit ball in the resp ectiv e Beso v class. T o obtain the same appro ximation

order through spaces on (quasi-) uniform meshes is equiv alen t to u b elonging in the m uc h

smaller space B

� +1

1

( L

2

) (whic h is close to H

� +1

).

Th us whenev er the solution u has su�cien t regularit y measured in L

2

the b est p os-

sible balance of accuracy v ersus the n um b er of degrees of freedom can b e obtained at

least asymptotically b y using quasi-uniform meshes. Nonlinear appro ximation pro vides

asymptotically b etter rates whenev er u has a higher regularit y in L

�

for � < 2. Theorem

8.1 com bined with Theorem 9.1 then sa y that this b etter rate is actually reco v ered b y

the ab o v e adaptiv e algorithm whic h is a sp ecial instance of a nonlinear pro cess. It has

recen tly b een sho wn in [9, 8] that, dep ending on the smo othness of the domain 
, the

solution to P oisson's equation indeed has t ypically higher Beso v than Sob olev regularit y

in the sense that

�

�

:= sup f � : u 2 B

� +1

�

( L

�

) ; �

� 1

= ( � + 1) = 2 g > �

�

:= sup f � : u 2 B

� +1

1

( L

2

) g :

Hence in those cases the use of the adaptiv e sc heme giv es a b etter asymptotic w ork/accuracy

rate.

Ac kno wledgemen t: W e are v ery indebted to P . Morin and R. No c hetto for v aluable

commen ts and for p oin ting out to us an erroneous argumen t in an earlier v ersion of this

pap er.
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