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INTERPOLATION PROBLEMS
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1. Introduction. The problem of Hermite-Birkhoff interpolation is to
determine: what # 4 1 interpolatory conditions imposed on a polynomial
P(x) of degree » and its derivatives determine the polynomial uniquely. It is
customary now to indicate the imposed conditions by means of a matrix
E = (e.y) which is called the incidence matrix for the problem. E has n columns
indexed from O to s, which correspond to the derivatives and has m rows
indexed from 1 to m, which correspond to the real points x;, ..., xn, where
the data are given. The entries in E are all 0 or 1 and there are exactly n + 1
ones in E. An entry e, = 1 indicates that P (x,} is prescribed. An entry .
eqs = 0 indicates that no condition is imposed on P ().

If for each ordered m-tuple of real pointsx; > x: > ... > x,, (called the nodes)
the problem given by E has a unique solution, then E is said to be order-
poised. Clearly E is order-poised if and only if the corresponding homogeneous
interpolation problem has only the identically zero solution for every ordered
m-tuple %1 > ... > xp. If welet

Plx) = 2, apx
F
and write the conditions imposed by E at x,, . . . , xn as equations in ay, . . . , a,
then a necessary and sufficient condition that E be order-poised is that the
determinant

—7

Xy
v — )

where » = 0, 1, ..., m and for each (1 £ ¢ £ m) only those j's occur for
which e;; = 1.

A first analysis of the problem relies on the Pélya constants M,(k = 0,
‘1,...,n) defined by

(1.1) D(x1,...,xm; E) =

%0

m
(1.2) ' My= Y ey k=0,1,...,n

T, ISk : e
A neceésary condition for E to be order-poised is that M, =2 k41, k =
© 0,1, ..., n This is called the Pélya condition. It is important to recall that
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when m = 2, the Pélya ¢ondition is actually necessary and sufficient for a
2-point interpolation problem to be order-poised. However, it is easy to con-
struct examples for m > 2 which show that the Pélya condition is not sufficient.
For a historical survey of Hermite-Birkhoff interpolation problems, we refer-
to [6].

The term sequence denotes a string of ones in some rowof E: ey = ... =
e =1 withe;o;=00ra=20 and €441 = G or = . Such a sequence is
called even (odd) if there is an even {odd) number of ones in the sequence.
The sequence is said to be supported if & 3 0 and there exists §; < 7 < iz and
Juj: < asuch that ey, = €44, = L.

Atkinson and Sharma [1] have shown that if E satisfies the Pélya condition
and has no supported odd sequences, then E is order-poised. Their analysis
also led them to conjecture that if E has supported odd sequences, then E is
non-poised. In fact Lorentz [4] has shown that if some row of E has exactly
one supported odd sequence (and possibly other even sequences) then E is
non-poised. On the other hand, Lorentz and Zeller {§] have p?)“mtes‘iﬁ out that

T

, _ 11 00 00
(1.3) -~ Jo01 0010
111 0 0 0 O

is order-poised, while
110000
(1.4) : 010100
1 1 00 00

is non-poised. These examples show that even for three point interpolation -
problems the situation becomes more complicated when E contains more than
one supported odd sequence. It appears that the poisedness of a problem
depends also on the location of the odd sequences.

In a recent paper, Karlin and Karon {3] have introduced a method of
coalescing the nodes which under certain conditions reduces the problem of
non-poisedness of a matrix E to that of a suitable three row matrix T'. More
precisely they show [3, Theorem 7, p. 20] that if the determinant of the reduced
matrix I' changes sign, then the original problem corresponding to E is non-
poised. This motivates us to call a three row matrix T strongly non-poised if
the determinant D(1, %, —1; T') changes sign in (—1, 1) and weakly non-poised
if the determinant vanishes but does not change sign. We shall say that an
incidence matrix E has the property (H), if for some integer » (1 < v < m),
the two submatrices E, and E; of E formed by the first » — 1 and the last
m — » rows satisfy the Pélya condition. It is easy to see that if E possesses
(H), then E can be coalesced to a three row matrix T with Hermite data in
the first and last row. .
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For example, the matrix

0 01100
110000
001010
(1.5) E= 0.1 0 0 0 1 0
01 1110
11 060 0 1 0 1 _
can be coalesced to
1111110
(1.6) r=lo 1000100
T 1 111111

by coalescing the firs® three rows and the last two rows. Thus it follows from
Karlin and Karon's result that if the determinant corresponding to (1.6)
changes sign (whlch will follow from our Theorem 1) then (1.5) is also non-
poised.
~ The above considerations underscore the 1mporta.nce of studying three point
interpolation problems. The object of this paper is to consider the particular
case (motivated by the examples (1.3), (1.4), (1.5) and (1.6)) where T is
a three row matrix with p Hermite data in the first row, ¢ Hermite data in
the last row and with two non-zero entries in the middle row. Our results yield
simple criteria for poisedness and non-poisedness for a large class of incidence
matrices and in particular, we give complete characterisation of poisedness in
the cases’g~= p, ¢ = p + 1 and p = 1. Our results also shed light on how the
positioning o whe ones in the second row effects the poisedness of the probiem.
For example our Theorem 3 will show why (1.3) is poised and (1.4) is non-
pmsed

2. A sufficient condition for non-poisedness. We shall suppose that
? = g and that I is a three row matrix with p Hermite data in the first and ¢
Hermite data in,the third row. We also suppose that T has exactly two non-
zero entries. Without loss of generahty, we may assume that xp =1, X2 = a,

= —1. Set

(2.1) Q) = (x — 1Y (x + 1)%, P(x) = (4= + B)Q(x).

We suppose that the 1's in the second row of T occur in the ith and jth columns. i
Then the interpolation problem corresponding to Q is poised, if and only if '
PW(@) = PW(@) =0 implies A = B = 0, for every o, —1 < a < 1. Since

PO(a) = (Ada + B)QW{a) 4 140"V (a),
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we see that a necessary and suﬂ’l(:lent condition for ponsedness is that the

determinant
| (e = I)Q)“’ Qe
(2.2) AE) = (- 1) QU
= 10D (x)QU (x) — jQU—V (x)Q9 (x)
does not vanish in (—1, 1).

Since it is known that if 7 = - { + 1, the problem is poised, , we shall restrict
our attention to 7 = ¢ + 2. We shall show that under certam conditions, we
can guarantee that A(x) vanishes (respectively changes sign) in (~—1, 1) and
hence T is weakly (respectively strongly) non-poised.

In the sequel we shall need the following lemmas:

LeMMA 1. The zeros of Q0 (x) in (—1, 1) are .nmple If Z denotes the number
of these zeros, then

.\\
v, v S p T

=4p - P é "__..S_ q .
p+ag—v g=v

Also, if Z, denotes the number of distinct zeros of QO (x) in [—1, 1], then Z, =
Zyr + 1L

Proof. For v £p, Q¥ (x) = C,(x — 1)2(x + 1)?P,*#(x) where a =
p—v20,8=qg—v20,C, isa constant and P,=?(x) is the Jacobi poly-
nomial of degree », which is known to have real and simple zeros in (—1, 1).
Thus the lemma is proved for v < p. For » > #, the proof follows from succes-
sive use of Rolle’s theorem and a simple accounting for the zeros of Q0 (x).

The second part of the lemma easily follows from the values of Z,. '

LEMMA 2. Suppose j = 1 +- 2. Then a necessary and sufficient condition that

(2.3) (Zi—Zf 21 and |[Zoa—Zyaj S 1

is that at least one of the following holds:

(2.4) pPSi<jsyq

(2.5) i+j=p+q+ 1 .

Proof. The proof depends on checking 6 cases. . : 7—'
Casel: jSp-+ 1. Inthiscaset = p—landj— 1 < p, so that o

|2y = Z;l = |G=1) = G-V =j—iz2
Case2: p+2=j=qg+landi = p — 1. Then
|1 — Zsa| = |GG — 1) — p| = 2.
Case 3: p £ 1 < j = ¢+ 1. In this case
Zi—=Z)slp— -1 =
|23 — Zs| I(f-l) —pl =1L
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Case4: ¢+ 1 = jand i = p. In this case
Zi—Z)=li-@+a—N =16+ —2—d

and

Zea—Zal =[6-1D = p+g—i+ D =G+~ @+g+2)
Thus both these numbers are <l ifandonly ifi +j=p 4+ ¢+ 1.
Caseb: ¢+ 2 =<jand p+ 1 £ 1 =< q. In this case

Zi—Z)|l=p—@+gqg—N=li—dz2
Case 6: ¢ + 1 = ¢ < 7. In this case
| o Zi—2Z)=p+q—D—@+ae—-Ni=li—idz2

IemMMa 3. Let Q(x) = (x — 1)P(x 4+ 1)% Suppose 0 i< p, i+ 7=
p 4 g + 1. Then we have ‘ _

(@6) QD (x) = (¢ — 1)=(e 4+ 1)+ 2¢ - il P,ott=0 (x)
(2.7 ((x — DY = (x — 1)PH—H(x 4 1)¢F. 2t . § P o+H1—40-0 ()
(2.8) QD (x) = 2+-L. jI P (ehi—18+1-9 (y)

2.9) ((x — Q! = 2/ . jI Pfetrti—n(x)
where P,=® (x) denoles the classical Jacobi polynomial defined by
(210) 2°-n! PP (x) = (x — 1)™=(x + 1)™2D®™ {(x — 1)™=(x + 1)},

Proof. Formulae (2.6) and (2.7) are immediate consequences of (2.10).
In order to obtain (2.8) and (2.9) we use first (2.10) and then the identity

@11) P = () () Ao,

where I"S\¢ < 7,1 6 < # — a. (2.11) can be easily derived from formula
(4.22.2) in [7]--

3. Principal resuifé. We shall prove the following results:

THEOREM 1. Suppose j 2 i+ 2. If i + j 5= p + ¢ + 1 and either i < p or
J > q holds, then T is sirongly non-poised.

COROLLARSQI 1LIfi<p,jS<qg+1and j =i+ 2, then I''is sirongly non-

?O'ised- ) ° A ’Fj
CoroLLARY 2. If ¢ Z p+ 1, > qand j 2 7 + 2, then T is strongly non-

poised,
THEOREM 2. Suppose j =it +2andi+j=p+ g+ 1. If

(3.1) o EEsisy
then T is strongly non-poised. |
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CoroLLARY 3. If g = 2p + 1 and j = i -+ 2, then T is strongly non-poised
when'1 <1 < p or j > g (poised cases can possibly occur when p < 1 < 7 < ¢g).

TBEOREM 3. Suppose g = p. Then T is o}der-poised ifi-+j7=2p4+1 or
J = 14 1. In all other cases T is strongly non-poised.

THEOREM 4. Suppose g = p -+ 1. If 1 4+ j 5% 2p + 2, then T is strongly non-
poised for j = i+ 2 and is poised for j =i+ 1. If i+ =2p + 2, then T
is weakly non-poised for i = 1 and is poised for i = 0.

THEOREM 5. Let p = 1 .and let _ 3
(3.2) p(3,7) = (@ + 2)E + 7 — 1) — 4dj(g + 1).

Then T is poised if p(i, j) < O and is strongly (respectively weakly) non-poised if
p(1, 7) > O (respectively = 0).

Remark. The condition p(z, /) < 0 has a simple ééometncal interpretation.
It means that all (7, 7) which give rise to poised matrices llquflde the ellipse
(@+2)x+y—1)2—4xy(g+1) =0. ~

THEOREM 6. Suppose i =1, p 2and gz p -+ 2. Then T is order-pmsed if
7 = 2 end in all other cases T is sirongly non-poised.

Remark. The case i = p = 1 is covered by Theorem 5 and the case § = 1,
g = p -+ 1 by Theorem 4. '

It follows from Theorem 1 that besides the known case of j = ¢ + 1, the
only other poised cases may occur when either

() psi<jsq
or
(i) t=p and ¢+j=p+q+ 1

Regarding (ii), observe that Theorem 3 shows that if ¢ = p all these cases are
order-poised. On the other hand if ¢ = » + 1 or ¢ 2 2p -+ 1, then Theorem 4
and Corollary 3 respectively show that all these cases are non-poised. In view
of this we suspect that if ¢ > p then all cases covered by (ii) are non-poised.

The cases covered by (i) seem to be the most difficult to settle. In fact our
only result in this direction is Theorem 5 where we consider the special case
p = 1. The necessary and sufficient condition for poisedness already depends
on a quadratic inequality in 4 and j.

The proofs of these theorems follow in the next section. As will be seen, we
use different techniques in the various cases to decide whether A(x) changes
sign or not. We do not know of any general device which would settle all cases.

4. Proof of Theorem 1. By the hypothesis of the theorem we see from Lemma 2
that either

lZf—], - Z’—ll =2 or 'Zg — Z,l 2 2.
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First suppose that |Z,; — Z,_4] 2 2. Theneither Z, , 2 Z,_, + 20r Z,_, =
Zi 1+ 2. We suppose that Q¢=1) has two more zeros than QU0 in (—1, 1).
The other case is treated similarly. If one of the zeros (say £) of Q(* 7V is also
a zero of QU—P, then by an easy calculation,

At + €) = i — OB () -+ o(e).

From the simplicity of the zefos, @ (¢)Q¥(¢) = 0, so that A(x) changes
sign at £. 1f none of the zeros of Q¢*—%! coincide with a zero of QUY—1, then there
exist two zeros of Q(*V, say £,, £; such that QU-1 has no zeros in {§y, &]. Then

A(t) = —j QU (£)QP (&)
Algs) = —j QU (8)Q0 (%)

Since QU (x) isof thesamesign in [{;, £2] and since sgn Q9 (¢) = — sgnQ® (%),
we see that

sgn A(51) = — sgn A(fs)

so that A(x) changes sign at some interior point in (£, £).

Now suppose {Z; — Z,] 2 2. Then by Lemma 1, |Z,_; — Z, ;| = 2, so that
QD has two more zeros than QU0 in [—1, 1] or vice-versa. Assume the
former. Again if any of the interior zeros of Q1.is also a zero of QUD,
we are done, If not, there is, as before a pair &, £ of consecutive zeros of
Q-1 guch that Q-0 does not vanish on [£1, £2). If [£1, £2] C (—1,1) we return
to the case treated above. Suppose that £{; = —1 (the case £; = 1 is similar).
IfHg = —1isa sunple zero the argument is exactly as in the preceding para-
graph. If & = —1 is a multiple zero of QU0 of order » 2 2, then Q¥ has a
multiple-zero at £, = —1 of order » — 1, and the above argument applies to
A(x)/(x + 1)<,

This completes the proof of Theorem 1. Corollaries 1 and 2 follow immediate-
ly from Theorem 1 on-observing that when 1 < p and j =g+ 1 (or if
¢>p+1and3>g)then1+j;£p+q+1

Proof of Theorem 2. Since 4 S p andi+j=p + g + 1, we have by integra-
tion by parts :

L Q@Y @dx = (=1)(p + o)t f_  Qw)dx i

' 1
- _(—1)""'“1(1; + )} -[,1 (1 — 21 + x)%x.
Similarly o

| e9@e @ = O™ +an [ (- 2ra+
Hence

(4.1) _ sgn( J:A(x)dx) = (- 17+,
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On the other hand

J 0@ @a - ne

1
= (0% +e= 1t [ (G+00~2)
+ G = DA - 2) — gt + =)} ~ 2)°(1 + x)%x,

anc_lw )
)

1
-L 0" @) @) (1 — x)dx
= D" +e- ! [ 1@+ -2

+i(p(1 —x) —g(1 + x))}(l = x)’(l + x)%dx,
which lead to the explicit value _ .

—

e

@2 [ 2@~ = cayrtpe i i)

From (4.1) and (4.2), we see that under the hypothesis (3.1) either |

1 1
J:_l A{x)dx and f . Alx)(1 — x)dx : '

have opposite signs or the latter integral vanishes. In either case A{x) must
. change sign in (—1, 1). This completes the proof of Theorem 2.

Proof of Theorem 3. If j =141, it is 'known that T is order-pomed When
jZi+2andi 4 js 2p -+ 1, it follows from Theorem 1 that T is strongly
‘non-poised.

Hizit+2 andz+_7-2p+1 then 0 21 <p— 1. Usmg (2.7) and
(2.9), we obtain

A@) =i QP E)QD ) — § Q4D () (x)
(4.3) = (—1) 22-2(x2 — 1)** . 5|

X [(1 = #) (Pt ()1 + 4(Ptab(x))1]
where we seta = p + 1 — 1. Since
3@ + 2 —)PEP () = —-P St i),

we see that the two squared terms on the right side of (4.3) do not vanish
simultaneously, thus A(x) # 0 in {—1, 1). Hence the problem is poised for
0=2i£p—1,1+ 7= 2p - 1. This completes the proof of Theorem 3.
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Proof of Theorem 4. The case j = ¢ -+ 1 is known to be poised. When ¢ = 0
and j = 2p + 2, the vanishing of the (2p 4+ 2)th derivative reduces the
problem to a Hermite problem and therefore it is poised. If { = Qand ¢ 4 7 ¢
2p + 2, then by Theorem 1, T is strongly non-poised. This leaves only the case
whenlsiSpandi+j=2p+2

We shall show that in this case A(x) vanishes but does not change sign in
(—1, 1). Indeed, on using Lemma 3 with ¢ = p 4+ 1 we get

_ — 1)O)Y® O
; 8@ = |G Z 1oy go

= 2201 1] (x* — 1)P—Hx + 1)
(x — I)P’(onc) P‘(a-l-d)

ap ‘(G'CI) P¢_1(a+l )
= 931 'i!j! (x’ = 1)"“‘(:1: + I)Pi(“'a) * A1(x)

where we set a=p 4+ 1—1 and Ai(x) = (x — 1)PEPD — 2P e-1a),
Now, on using the known recurrence relations for Jacob1 polynor‘nials (see
[8, p- 166, Formula (4.16}]), we get

X

(1~ HPE = PEP — 2 Pl
(“""1 a) 2L-.|-.2_.. (o) (a.u}
‘which shows that
N +2—2 e
3 Al(x) = P + 1 'Pi .
Hence, _
\\\ A@) = C- (x2 — 1) (x + 1)(P, (a:.c))l cC>0

and so A(E”)\vamshes in (<=1, 1) but (—1)*'A(x) = 0 there.

Proof of Theorem 5. It is more convenient now to consider x; = 1, x; = 0
so that Q(x) = x%(x —' 1). Thenfori < j = g+ 2,

B x!q—f—j—l—l(q!)i
: AR =G z—ng+2— @
where a _
Ax) =ilg+ 2 — HREx) — jlg + 2 — )Sx) : P

Rx)={@g+x—~@+2—-9Hg+Dx— g+ 1~}
S)={@g+x—@g+2-D{g+ Dx— g+ 1 —19)j.
The discriminant of the qué.;:lratic Ay(x) is ' :
(g + 2)*(2¢ + 3—i—jp—4@@+1@g+2@g+2—-9D)g+2—-37
= (g 2)p (i, /).
‘So the problem is poised if p(7, §) is negative. On the other hand, evaluating

1
N




]

H-B INTERPOLATION PROBLEMS 1049

S(x) and R(x) at x0o = (29 + 3 — i — 7}/2{(g + 1) (clearly 0 < x4 < 1), we
have S(xo) = — (G — 1 — 1)2/4, R(x3) = — (¢ — 7 — 1)2/4, so that

4A1(xo) = (j - 'i) 'P(’i!j)'

Since A, (1 — /(g + 1)) < 0, it follows that if p(z, 7} > 0, then A;(x) and
hence A(x) changes sign between x, and 1 — /(g 4 1). Hence p{,7) > 0
implies that the problem is strongly non-poised. If p(%, 7) = 0 then A,(x;) = 0
and so A1(x) = C(x — x,)?, whence A(x) vanishes in (0, 1) without changing
sign. This completes the proof of Theorem 5. ’

Proof of Theorem 6. Since i = 1 < p, (2. 4) is not satisfied. Hence all cases
where 3 < j p 4 g are strongly non-po:sed on account of Theorem 1.
Ifj=p+ g wehave

Alx) = @+ )ix — 1 x + 1)*(g — 2)? — 1422 — (p + @)%,

so that A{x) changes sign at £ = {(¢g — £)* — 1}22/{(¢ + ff)"\—\l-}m <1
Hence in this case also, E is strongly non-poised. "m\\
5. Interpolation at more than three points. It is possible to apply the
results of Section 3 to obtain non-poisedness criteria for certain multipoint
interpolation problems by using the coalescing procedure mentioned in the
introduction. Suppose E is an incidence matrix satisfying property (H) of
Section 1. Let p and ¢ be the number of non-zero entries in E, and E, respec-
" tively and suppose that the »th row of E has exactly two non-zero entries in the ‘
ith and jth columns. Then we have |

THEOREM 7. Let E be an incidence mairix as described above and let T be the
three row matrix with p and g Hermile data in the first and third rows respectively
and wilh exacily two non-zero eniries in the ith and jth columns of the second row.
If T is strongly non—pmsed then E is non-pozsed

Proof of Theorem 7. The proof follows from Theorem 7 of Karlin and Karon
[3]. We know that since E satisfies (), it can be coalesced into T. It is enough
to show that the determinant D(x;, xs, x5; T') given by (1.1) with x; = 1,
x: = %, X3 = —1 changes sign in {—1, 1). Let a new basis {¢,(x)} for poly-

nomialsof degree £ p + ¢+ 1bel,x—1,...,{x—1)% —1x+1),...,
(x— 1Y@+ 1), (x — 1)@= + 1)+ If we express the polynomial P(x)
in the form

: prot1

; by (%)

and the conditions of the homogeneous interpolation problem for as linear
equations in b's, we easily see that the determinant D(x) of the system is a
constant multiple of the determinant A(x) given by (2.2).

On the other hand, since {¢,{x)} is a basis for polynomials of degree
S p 4+ g+ 1, there exists a non-singular matrix 4 such that if
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= (1, x,...,2"* ) and & = ($o, ..., $pre+1), then X - 4 = &, Hence it
follows that D (x) = {|4]| - D(41, x, —1; T'). Therefore D(1,x, —1; T') changes
sign in (—1, 1) whenever D(x) and therefore also whenever A(x) does. This
completes the proof.

Remark. Theorem 7 allows us to conclude non-poisedness for mui'upomt
problems reducible to strongly non-poised three point problems covered by
any of the Theorems 1-6. For example, matrix E given by (1.5) is non-poised
because the coalesced matrix T of (1.6) is by Theorem 1, strongly non-poised.

Added in proof. After this paper had been submitted, we learned from
Professor G. G. Lorentz that he has obtained among other results a Theorem
whxch is equivalent to ours for the case p = ¢ (i.e., Theorem 3).
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