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Abstract

Given a Banach space X and one of its compact sets F, we consider the problem
of finding a good n dimensional space X,, C X which can be used to approximate the
elements of F. The best possible error we can achieve for such an approximation is
given by the Kolmogorov width d,,(F)x. However, finding the space which gives this
performance is typically numerically intractable. Recently, a new greedy strategy for
obtaining good spaces was given in the context of the reduced basis method for solving
a parametric family of PDEs. The performance of this greedy algorithm was initially
analyzed in [2] in the case X = H is a Hilbert space. The results of [2] were significantly
improved on in [1]. The purpose of the present paper is to give a new analysis of the
performance of such greedy algorithms. Our analysis not only gives improved results
for the Hilbert space case but can also be applied to the same greedy procedure in
general Banach spaces.
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Banach space
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1 Introduction

Let X be a Banach space with norm || - || :== || - || x, and let F be one of its compact subsets.
For notational convenience only, we shall assume that the elements f of F satisty || f||x < 1.
We consider the following greedy algorithm for generating approximation spaces for F. We
first choose a function fy such that

1foll = max[|£]. (1.1)
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Assuming {fo,..., fu1} and V,, := span{fo,..., fn_1} have been selected, we then take
fn € F such that

€
and define
O 1= 0u(F)x 1= dist(fu, Va)x 1= sup inf || — g]]. (1.3)

This greedy algorithm was introduced, for the case X is a Hilbert space, in the reduced basis
method [5, 6] for solving a family of PDEs. Certain variants of this algorithm, known as weak
greedy algorithms, described below, are now numerically implemented with great success in
the reduced basis method. Our interest in this paper will be in the approximation properties
of this algorithm and its weak variant.

We are interested in how well the space V,, approximates the elements of F and for this
purpose we compare its performance with the best possible performance which is given by
the Kolmogorov width d,,(F)x of F defined by

dy = dp(F)x :=inf sup dist(f,Y)x, (1.4)
Yo jeF

where the infimum is taken over all n dimensional subspaces Y of X. We refer the reader to
[4] for a general discussion of Kolmogorov widths. We also define

do = do(F)x = max | /]| = o0(F)x.
feF

which corresponds to approximating by zero dimensional spaces.

Of course, if (0,,),>0 decays at a rate comparable to (d,),>0, this would mean that the
greedy selection provides essentially the best possible accuracy attainable by n-dimensional
subspaces. Various comparisons have been given between o, and d,. A first result in this
direction, in the case that X is a Hilbert space H, was given in [2] where it was proved that

with C' an absolute constant. While this is an interesting comparison, it is only useful if
d,(F)y decays to zero faster than n~'27". Various improvements on (1.5) were given in
[1], again in the Hilbert space setting. We mention two of these. It was shown that if
dpy(F)y <Cn~®, n=1,2,..., then

on(F)p < C'n~° (1.6)

This shows that in the scale of polynomial decay the greedy algorithm performs with the

same rates as n-widths. A related result was proved for sub-exponential decay. If for some
0<a<1,wehave d,(F)y < Ce " n=1,2,..., then

! 7cfln*3 _ a _

on(Flu < Cle : B_—a—l—l’ n=12.... (1.7)

In numerical implementations, the greedy algorithm is too demanding since at each it-

eration it requires finding an element from F which is at furthest distance from V,,. To cir-

cumvent this difficulty, one modifies the algorithm as follows. We fix a constant 0 < v < 1.

At the first step of the algorithm, one chooses a function fy € F such that
[ foll = vo0(F)x-
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At the general step, if fy,..., fn_1 have been chosen, V,, := span{ fo, ..., fn_1}, and

on(f)x = dist(f, V) x,

is the best approximation error to f from V,, we now choose f,, € F such that
UN(fn)X > ’Ymaxo-n(f)Xv (1'8)
fer

to be the next element in the greedy selection. Note that if v = 1, then the weak greedy
algorithm reduces to the greedy algorithm that we have introduced above.

Notice that similar to the greedy algorithm, (o,(F)x)n>0 is also monotone decreasing.
Of course, neither the greedy algorithm or the weak greedy algorithm give a unique sequence
(fn)n>0, nor is the sequence (0,(F)x)n>0 unique. In all that follows, the notation reflects
any sequences which can arise in the implementation of the weak greedy selection for the
fixed value of ~.

In the present paper, we shall first prove a lemma that we use in our new analysis of the
weak greedy algorithm. This new analysis gives a significant improvement of the previous
results. We mention two of these:

The first, given in Corollary 3.3, is that

Oon(Fu < V2y 'y (Fu, n=12.... (1.9)

This is the first direct comparison between (o, (F )3 )n>0 and (d,,(F)#)n>o0 for the special case
X is a Hilbert space #H, which guarantees a specific rate of decay for (o,,(F)3)n>0 without
any assumption of a decay rate for (d,(F)u)n>0. Notice that, in particular, this allows one
to improve the sub-exponential results mentioned earlier (see Corollary 3.3).

The second part of our paper analyzes the performance of the greedy algorithm in a
general Banach space. We prove estimates for the decay of (0,,(F)x)n>0 similar to those in
the Hilbert space case, except that there is a loss of the order O(y/n). We give examples
which show that this loss in essence cannot be removed. However, our results for a general
Banach space are still not definitive. For example, we have no result of the form (1.9) because
of the y/n factor that appears in our Banach space results.

2 Main lemma

In this section, we shall prove a lemma for matrices that we employ in our analysis of weak
greedy algorithms in both Hilbert and Banach spaces.

Lemma 2.1 Let G = (g;;) be a K x K lower triangular matriz with rows g,,...,8x, W
be any m dimensional subspace of RX, and P be the orthogonal projection of RX onto W.

Then
K 1 K m 1 K Kem
2 ) ,
ng,iﬁ {E;HP&”@Q} {K_milegi_Pgi”gQ} ; (2.1)
where || - |4, is the euclidean norm of a vector in RE.



Proof: We choose an orthonormal basis ¢4, . .., ¢, for the space W and complete it into
an orthonormal basis ¢y, ..., px for RE. If we denote by ® the K x K orthogonal matrix
whose j-th column is ¢;, then the matrix C' := G'® has entries ¢; ; = (g, ¢;). We denote by
c;j, the j-th column of C. It follows from the arithmetic geometric mean inequality for the
numbers {[|c;[|7,}7-, that

m m m m K m K m
1 1 1
lejllz, <9 =D lleslle, p =14 — @ ey == _IPali, ¢ - (22)
m m m

7j=1 =1

Similarly,

K 1 K K—m 1
IT lleill, < {K_m > !\CjHZ} :{K

K—m
- Pgil!i} (2.3)

Now, Hadamard’s inequality for the matrix C' and relations (2.2) and (2.3) result in

K m
1 1
(det O)? < an]nb_{EZnPgA@} {K
i=1

K
The latter inequality and the fact that det G = H gi; and | det C| = | det G| gives (2.1). O

i=1

K-—m
—sz‘HZ} - (2.4)

3 A new analysis for the weak greedy algorithm in a
Hilbert space

The purpose of this section is to obtain new results for the performance of the weak greedy
algorithm in a Hilbert space that considerably improve on the analysis in [2] and [1]. This
will be accomplished by making a finer comparison between (o,,(F)#)n>0 and (dn(F)u)n>0
than those given in [1]. We assume throughout this section that X = H is a Hilbert space
and follow the notation from [1].

Note that in general, the weak greedy algorithm does not terminate and we obtain an
infinite sequence fo, f1, f2,.... In order to have a consistent notation in what follows, we shall
define f,, := 0, m > N, if the algorithm terminates at N, i.e. if on(F)y = 0. By (f Jn>0 We
denote the orthonormal system obtained from (f,),>0 by Gram-Schmidt orthogonalization.
It follows that the orthogonal projector P, from H onto V,, is given by

sznz_}ff)f

and, in particular,

fn - n+1fn - Zan,jf;a Ay 5 <fn>f>a ] S n.
=0



There is no loss of generality in assuming that the infinite dimensional Hilbert space H is
lo(NU{0}) and that f; = e;, where e; is the vector with a one in the coordinate indexed
by j and is zero in all other coordinates, i.e. (e;); = d;;. We adhere to this assumption
throughout this section of the paper.

We consider the lower triangular matrix

A= (az‘,j)?f}:m a;; =0, 7 > 1.

This matrix incorporates all the information about the weak greedy algorithm on F. The
following two properties characterize any lower triangular matrix A generated by such a
greedy algorithm. With the notation o, := 0, (F)y, we have:

P1: The diagonal elements of A satisty yo,, < |a,.n| < 0y

P2: For every m > n, one has 3™ a2 ;< o7

Indeed, P1 follows from

= Lfall® = 1 Pufull® = 11fn = Puful®,

combined with the weak greedy selection property (1.8). To see P2, we note that for m > n,

m
Zaib,j = [[fm — Pnme2 < I?Ea]?_( 1f = Pnf”2 =
j=n

Remark 3.1 If A is any matriz satisfying P1 and P2 with (0,)n,>0 a decreasing sequence
that converges to 0, then the rows of A form a compact subset of lo(NU{0}). If F is the set
consisting of these rows, then one of the possible realizations of the weak greedy algorithm
with constant ~ will choose the rows in that order and A will be the resulting matriz.

The matrix representation A of the weak greedy algorithm was the basis of the analysis
given in [1] and will also be critical in the proof of the next theorem.

Theorem 3.2 For the weak greedy algorithm with constant v in a Hilbert space H and for

any compact set F, we have the following inequalities between o, := 0,(F)y and d,
dp(F)y, forany N >0, K > 1, and 1 <m < K,
K m K—m
K K
2 2K ) B J2K—2m 31
HUNH_V {m} {K—m} N+1 (3.1)

Proof: We consider the K x K matrix G = (g, ;) which is formed by the rows and
columns of A with indices from {N + 1,..., N + K}. Each row g; is the restriction of fy;
to the coordinates N +1,..., N + K. Let H,, be the m-dimensional Kolmogorov subspace
of H for which dist(F, H,,) = d,. Then, dist(fyyi, Him) < dp, i =1,... K. Let W be the
linear space which is the restriction of H,, to the coordinates N +1,..., N + K. In general,
dim(W) < m. Let W be an m dimensional space, W C span{eNH, ...,eNnyk}, such that
W C W and P and P are the projections in R¥ onto W and W, respectlvely Clearly,

||Pgl||€2 S ||gl||€2 S ON+1, 1= 17 . '7K7 (32)
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where we have used Property P2 in the last inequality. Note that
s — Pgille, < llgi — Pgille, = dist(gs, W) < dist(fapi, Hon) < dmy, i=1,..., K. (3.3)

It follows from Property P1 that

K K
H |aninri = 7™ H ON+i- (3.4)
=1 =1

We now apply Lemma 2.1 for this G and W, and use estimates (3.2), (3.3), and (3.4) to
derive (3.1). The proof is completed. U
We next record some special cases of Theorem 3.2.

Corollary 3.3 For the weak greedy algorithm with constant v in a Hilbert space ‘H, we have
the following:
(i) For any compact set F and n > 1, we have

n—m

on(F) < V297! 1£rlir<1 dn" (F). (3.5)
In particular oo, (F) < V27 '\ do(F), n=1,2....
(i) If d(F) < Con™, n = 1,2,..., then 0,(F) < Cin™*, n = 1,2..., with C; =
25a+1,}/7200‘
(iii) If d,(F) < Coe™ " n = 1,2,..., then 0,(F) < 2Cyy e ™ n=1,2..., where

G = 2—1—20400’

Proof: (i) We take N = 0, K = n and any 1 < m < n in Theorem 3.2, use the
monotonicity of (0,,),>0 and the fact that oy < 1 to obtain

o 2 —op [T n T om—om
o SHO'J- <~ {E} {n—m} dn==m, (3.6)

Since z7%(1 —z)* ! <2 for 0 < x < 1, we derive (3.5).
(ii) It follows from the monotonicity of (0,)n,>0 and (3.1) for N = K = n and any
1 <m < n that

2n nym n n—m
s I oo {2} {2 oo
m n—m

j=n+1

In the case n = 2s and m = s we have

O4s S \/5’)/71\/ O'Qsds. (37)

Now we prove our claim by contradiction. Suppose it is not true and M is the first value
where oy (F) > Cy M™%, Let us first assume M = 4s. From (3.7), we have

04s < V27V C1(25) -/ Cos— = /212 CoCry s, (3:8)
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where we have used the fact that o9, < C1(2s)" and ds < Cys~@. It follows that
01(48)_a <oy < 21_()‘0001’)/_18_&,
and therefore

Cl < 23a+1’}/7200 < 25a+177200’

which is the desired contradiction. If M = 4s + ¢, ¢ € {1,2,3}, then it follows from (3.8)
and the monotonicity of (0,,),>0 that

01273a87a = 01270{(418)70{ < 01(48 -+ Q)ia < O4s+4q S O4s S \ 2170{0001’}/7187&.

From this, we obtain
Cl < 25a+1,yf200’

which is the desired contradiction in this case. This completes the proof of (ii).
(iii) From (i), we have

Tont1 < 09n < V2771 d, < 200’77167%%% = 20077167602_1_%2")(17 (3.9)
from which (iii) easily follows. O

Remark 3.4 Note that one can obtain a better constant ¢y in (iii) if the minimum in (3.5)
1s computed. Namely, this gives

a my« m
T < V2771Cy 1gain e ST = /2y Cpe 1<m<n \ n .
<m<n

Then, using the fact that z*(1 — x), 0 < = < 1, has a maximum at oo results in a better
constant.

4 Bounds for the greedy algorithm in Banach spaces

We will now derive bounds for the performance of the weak greedy algorithm in a general
Banach space X. In this section, we will use the abbreviation o, := 0,(F)x and d, :=
d,(F)x. As in the Hilbert space case, we associate with the greedy procedure a lower
triangular matrix A = (a;;)75_, in the following way. For each j =0,1,..., we let \; € X*
be the linear functional of norm one that satisfies

(1) Ai(V3) =0, (i) A;(fy) = dist(f;, V) x. (4.1)

The existence of such a functional is a simple consequence of the Hahn-Banach theorem (see
[3, Chapt. IV, Cor.14.13]). We let A be the matrix with entries

ai; = Aj(fi)-



From (ii) of (??) Its diagonal elements a; ; satisfy the inequality
YO S Qj 5 = diSt(fj, V})X = 0y, (42)
because of the weak greedy selection property (1.8). Also, each entry a; ; satisfies

|ai | = [\ (f)l = [N (fi = 9) < 1Ay

X*

fi—gll=1lfi—gll, 7 <4

for every g € Vj, since \;(V;) = 0. Therefore we have
|aij| < dist(fi, V;) < o5, j <. (4.3)

Theorem 4.1 For the weak greedy algorithm with constant v in a Banach space X and for
any compact set F contained in the unit ball of X, we have the following inequalities between
on = 0n(F)x and d,, = dp(F)x: forany N >0, K> 1, and1 <m < K,

K K m
[[o% < 2fK"my2K {Z afvﬂ.} A2, (4.4)
i=1

i=1

Proof: As in the proof of Theorem 3.2, we consider the K x K matrix G which is
formed by the rows and columns of A with indices from {N + 1,..., N + K}. Let X,, be
the Kolmogorov subspace of X for which dist(F, X,,) = d,,. For each i, there is an element
h; € X,, such that

[fi = hil| = dist(fi, Xon)x < dm,

and therefore
(A (fi) = Aj(ha)| = [N (fi = Ra)| < ([Nl x [ fi = Pl < (4.5)

We now consider the vectors (Ayy1(h), ..., Avik(h)), b € X,,. They span a space
W C RE of dimension < m. We assume that dim(7/) = m (a slight notational adjustment
has to be made if dim(W) < m). It follows from (4.5) that each row g; of G can be
approximated by a vector from W in the ¢, norm to accuracy d,,, and therefore in the /5
norm to accuracy v Kd,. Let P be the orthogonal projection of RX onto W. Hence, we
have

|gi — Pgille, < VEdy, i=1,... K. (4.6)
It also follows from (4.3) that

i 1/2
1Pgile, < llgille, < {Zaﬁw} ,

j=1
and therefore

K K i K
Z Hsz‘HZ < ZZUJQVH < KZUJQVH- (4.7)
i=1 i=1

i=1 j=1



Next, we apply Lemma 2.1 for this G and W and use estimates (4.2), (4.6) and (4.7) to

derive
K K m K—m
K K?
K
7 lel 012v+z‘ < {E E :0]2V+i} {K_mdib}

=1

K\"™ K K-m K m
_ K—-m [ =% 2 2(K—m)
= e (EY (LK) {z} 2
K m
< QKKKm{ZJ]QV—H} d%K*m)7

i=1

and the proof is completed. ([l
In analogy with Corollary 3.3, we have the following special results for the weak greedy
algorithm in a general Banach space.

Corollary 4.2 Suppose that X is a Banach space. For the weak greedy algorithm with a
constant vy, applied to a compact set F contained in the unit ball of X, the following holds
for o, :=0,(F)x and d,, := d,,(F)x, n=1,2,...,

(i) For any such compact set F and n > 1, we have

1<m<n

n 2
on < V297t min nm {Z af} dm™ . (4.8)
i=1

In particular ooy < 2y~ 1\/ldy, £ =1,2. ...
(i) If for a > 0, we have d,, < Con=*, n = 1,2, ..., then for any 0 < f < min{c, 1/2},

we have o, < Cin= 248 n =12 with
28+ 1\“
.: dat1, —4 a—p-1/2
Cy: maX{CO4 0% ( 25 ) ,nI:nlaX7{n }} :
(iii) If for a > 0, we have d,, < Coe="" n = 1,2,..., then o, < /2Coy v/ne ",
n=1,2..., where c; = 27172%¢y. The factor \/n can be deleted by reducing the constant c;.

Proof: The proofs are similar to those of Corollary 3.3 except that we use (4.4) in place
of (3.1).

(i) We take N = 0, K = n, and any 1 < m < n in (4.4) and use the monotonicity of
(0n)n>0 to obtain

ai" < 2"n"_m7_2" {Z 0?} di?_Qm. (4.9)
i=1

If we take a 2n-th root of both sides, we arrive at (4.8). In particular, if n = 2¢ and m = ¢,
we have

o2 < V2 2OYHSE 62N dy < 2y 20420V dg = 297/,

where we have used the fact that all o; < 1.



(ii) It follows from the monotonicity of (0,),>0 and (4.4) for N = K = n and any
1 <m < n that

oo < V27 1old 70 5= o (4.10)
n
Given our /3, we define m =: L2B+1 n|+1(m<mnforn>2>2F+1). It follows that
m 28 28 1
0=— — . 4.11
n€(26+1’25+1+n) (4.11)

We next prove (ii) by contradiction. Suppose it is not true and M is the first value where
oy > CLM~t8+1/2 - (Clearly, because of the definition of C;, and the fact that o, < 1, we
must have M > 7. We first consider the case M = 2n, and therefore n > 3. From (4.10) we

have
C’l(Zn) a+p+1/2 < 09y < \/_/7 106 5(— a+ﬁ+1/2)01 6(5,”) a(l— 6)

where we have used the fact that o, < C;n=*t+1/2 and d,,, < Cym . It follows that

O < Clt9a—By =1 5=al=0) 557 053k,

and therefore ,

B8
28+1 %725+

ef _ 1 _._ 2841
C1 < Cy21=5y =) % 2 -5

Since for n >4 > 2(2 + 1), we have

48 +1 1
)< —— <1 d theref; — <2(28+1).
2251 1) , and therefore  -— (26 +1)
This gives
_ 28 2
26; Lo 1 25(;1 < 26+1) , and thus nw?ﬂ(&_ 71 < n(w;rl)2 < 2@F+1)?,
— n

Then, for § < min{a, 1/2}

28\ “ 2
O, < (.,22@=B)28+1),—-2026+1) [ _ =22 9(26+1)
1 0 Y 25+ 1

26 +1\" 26 +1\"
< 0022@““)7‘4( o ) <0022<4“+”w‘4< o ) : (4.12)

23 23

which is the desired contradiction. Likewise, if M = 2n + 1 (since M > 7, we have n > 3),
for —a+ +1/2 < 0 (which is the meaningful case),

012—04-1-54-1/2(2”)—044-54‘1/2 < 01(271 + 1)—a+ﬁ+1/2 < Oopt1 < 09
< V2ny T Ot PR G () e,

and following the same argument as above we get

1 9a=B _ 2/6 @ 26 +1 @
C: < Cn2 21— 2275 ~2(26+1) 9(28+1)* 22 (do+1)
1 0 Y 28 + 1 ’y 23 )
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where we have used that 27719 < 1, and the proof is completed.
(iii) From (i), we have

o1 < 020 < 2v71/nd, < 2771/ Cov/ne™ 2™ < /20y V20 + Lem w2 T @nED",

from which (iii) easily follows. O

5 Lower bounds in a Banach space

It is natural to ask whether the factor y/n is necessary when proving results in a Banach
space. Here, we shall provide examples which show that a loss of this type is indeed necessary.
However, as it will be seen, there is still a small gap between what we have proved for direct
estimates and what the examples below provide.

Let us begin by considering the space X := (.(N U {0}) equipped with its usual norm.
We consider a monotone decreasing sequence xg > xy > o > --- of positive real numbers
which converge to zero and define

ij:.Tjej, jZO,l,...,

where e;, 7 = 0,1,... are the usual coordinate vectors in RN, Let F := {fo, f1,...}.
From the monotonicity of the z;’s, the greedy algorithm for F in X can choose the elements
from F in order fy, fi,.... Hence,

O'j:O'j(.F)X:.Tj, jZO

We want to give an upper bound for the Kolmogorov width of F. For this, we shall use the
following result (see (7.2) of Chapter 14 in [4]) on s-widths of the unit ball b]* of ¢} in ¢7:

dy(b)x < C{In(m/s)}?s712, 1< s<m/2. (5.1)

Let us now define the sequence {ij}jzo so that in position 2¢~1 < 7 < 2k _ 1 it has the
constant value 275 for k = 0,1, ..., where a > 1/2. It follows that,

on(F)x =0(n"%), n=1,2,....

We shall now bound the N-width of F when N = 2""! by constructing a good space Xy
of dimension < N for approximating F. The space X will be the span of a set E of at most

N vectors. First, we place in E all of the vectors, e, ...,esn. Next, for each k = 1,...n,
we use (5.1) to choose a basis for the space of dimension 2"~* whose vectors are supported
on [27Fk 2ntk+l 1] and this space approximates each of the f;, j = 27tk . 2nfhl 1)

in X to accuracy Cy2~("+Ray/E2-(=k)/2 We place these basis vectors in E. Notice that
|z;| < 272" for j > 2?". This means that for the space Xy := span(F) with dimension < N
we have

dy(F)x < dist(F, Xy)x < max {22"0‘, max COQ(”Jrk)O‘Q(”k)/z\/E}

1<k<n

— max {2211047 COan(a+1/2) . max 2k(a1/2)\/E} < 6412711(0&1/2)7 a > 1/2

1<k<n

11



Fro

m the monotonicity of (d,,(F)x)n>0, we obtain that
do(F)x < Cyn™ @712 n=1,2....

This example shows that the factor y/n which appears in (ii) of Corollary 4.2 can in

general not be removed.
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