
Analysis Mathematica, 1 (1975), 81--89 

Saturation theorems for diseretized linear operators 

R. DEVORE and J. SZABADOS 

There is a well developed theory of saturation for positive convolution opera- 
tors on C*, the space of 2n-periodic and continuous functions. Up until recently, 
this was suitable to handle almost all the important approximation processes on 
C*. Now, however, some new and interesting sequences of operators have been 
obtained for C* by discretizing convolution operators [1], [5]. Such a discretized 
operator L has a simple form because the value of L ( f )  depends only on a finite 
number of values of f .  Since these operators are not given by convolution, the exist- 
ing saturation theorems do not apply to determine their saturation properties. 

Our interest in this note is to prove a saturation theorem for positive operators 
that map C* to C*, with no additional structure assumptions on the operators 
(such as convolution). Thus, this saturation theorem will determine the satura- 
tion properties of the discretized convolution operators, provided the other hypo- 
theses of the saturation theorem are satisfied. Our theorem may be considered 
either as an extension of TURECKI]['S saturation theorem for convolution operators 
[2, p. 69] or as the trigonometric analogue of MOHLBACH'S theorem [4] for 
C [ - 1 ,  1]. In fact, Tureckii's theorem is a special case of our theorem when one 
assumes that the operators are given by convolution. Our proof will use a modi- 
fication of the parabola technique (see [2], Ch. 5), which is used in the proof of 
Miihlbach's theorem. 

If  {Ln} is a sequence of positive linear operators, we define 

( .  ~ ( t - x ]  ] 
(1) #n(X)=4Ln[sln [ - - ~ l , x . ,  

We will make the following restriction throughout 

(2) for each xE[-~z, ~z] there is an infinite number o.[ n for which un(x)~O. 
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T h e o r e m .  Let {L.} be a sequence of  positive linear operators from C* to C*. 
Define #. by (1) and assume that (2) holds. In addition, suppose that 

(3) 1 - L . ( 1 ,  x) = ox(m(x)), 
(4) L, ( s in ( t -x ) ,  x) = ox(#n(X)), xE[ -n ,  n]; 

Then the following are equivalent for M>-O, 

(6) fELip~t2 = {fEC*: I f ( x + t ) + f ( x - t ) - 2 f ( x ) [  <- 2Mt2; x, tE[-Tr, x]}, 

(7) IL.(f, x) - f (x ) [  <= Mp.(x)+Ox(#.(x)), xE[ -~ ,  ~1. 

R e m a r k s .  In particular, if  

L, ( f ,  x ) - f ( x )  = o~(#.(x)), 

then (6) shows that f is linear and hence constant because of periodicity. This is 
the "o" part of the saturation theorem. The equivalence of (6) and (7) is stronger 
than the typical saturation theorem since we have an exact matchup for the cons- 
tant M in (6) and (7). 

P r o o f .  We first want to show that (6) implies (7). IffELip~t2, then 

[f ' (x+t)-- f ' (x)[  <= 2M[t[; x, tE[ -~ ,  ~] 

(see, e.g., [2], (1.3.6)) and so for each xE[ -~ ,  r] 

[f(t) - f ( x )  -- f ' (x)  (t--x)[ = l / [ f ' ( u )  - i f (x) ]  du ~_ 
ar 

t t 

<= f I f ' (u ) - f ' ( x ) ldu  ~_ 2M f lu-xldu = M ( t - x )  ~. 
x x 

Hence~ 

(8) I f ( t ) - f ( x ) - f ' ( x )  sin ( t -x) l  <: M ( t - x ) ~ +  ]if(x)] Isin ( t - x ) - ( t - x ) ] .  

We can estimate 

(9) I ( t - x ) - - s in ( t - x ) ,  ~_ Cl , t -x ,3  <= C~ sin {f-~-~-)8, ] t -x l  ~- lr, 

for a fixed constant C~. Also, 

(lO) 

~ 4 s i n ~ | T | + C ,  sm , I t -x l  ~= ~. 
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Now, let us use the last two estimates in (8) to find 

If(t) - f ( x )  - f ' ( x )  sin (t - x)] <= 

I f ['--;I <- 4Msin 2 +C~[f' s i n ( T  ) +C3Msin  a , It-x[ <= lr. 

Because the functions on both sides of this last inequality are periodic with period 
2rr, the inequality must hold for all x and t. Applying L, and using the last ine- 
quality shows that 

[Ln(f, x)--f(x)[ <-- Mlt.(x) + ]f(x)[ ]1 - L . ( 1 ,  x)] + 

The second, third, and fourth terms on the right hand side of (11) are obviously 
ox(#,(x)) because of (3), (4), and (5). The last term is also ox(#,(x)) because o.f 
the Cauchy--Schwarz inequality for positive linear operators. Namely, 

02) 
(L, {sin 2 ( ~ - ] ,  x/] 1/2 {L, (sin 4 [ L ~ ] ,  x))l/2=ox(l~,(x)) 

because of (1) and (5). This shows that 

]L,,(f, x) - f (x) l  ~ M#.(x) + Ox(#.(x)) 

which is the estimate (7), as desired. 
We turn now to proving that (7) implies (6). We will modify the parabola 

technique described in [2, Ch. 5]. Suppose that fsatisfies (7) but not (6). Then, there 
is an M ' > M  and xo, h such that 

If(xo+h)+f(xo-h)-2f(Xo)[ >= 2M'h 2. 

By working with - f  in place o f f  if necessary, we can assume that 

f (xo + h) + f ( xo -h ) -  2f (xo) <= - 2m" h ~. 

Then for M"=�89 we have from [2, p. 138] that there is a point XlE(Xo-h, 
xo+h) and a •>0 such that the parabola 

Q(x) = - M" ( t -  xl)~ +o~(t- xl)+ f (x~) 

I* 
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satisfies 

Now let 
Q(t) >=f(t), [t-x,] <- 6. 

R ( t ) = - 4 M " s i n 2 { f - ~ } + a s i n ( t - - x O + f ( x l ) .  

Then, by using (9) and (10), we see that 

,{tx  / sin/ /  Q(t) ~ R(t)+C3M sin ~ +C~[~[ = S(t), I t - x l l  <- 6. 

Choose C4>0 so that 

4 t - -  xx (13) f(t)<=S(t)+C4sin(----~-),  [t--xl]<=TL 

This is possible because b o t h f a n d  Sa re  bounded on [x1-7c, Xl+~] and sine [ ~  -~-] 
is strictly positive for 6~[t--x~[<--rc. t z )  

We use (13) to estimate 

Ln(f, xl)-f(x1)<=Ln(S, Xl)-S(Xl)+CaLn{sin t I t - X 1 ]  j ( 2 j, X l =  

= Ln(S ~ X1) --  S (x1)  --~ O(~ln(X1) ) 

because of (5). For S we have 

L n (S~ x1) - S (Xl) : L n (R,  x1) - -  R (x1) + o (/-/n (Xl)) 

because of  (5) and (12). Going one step further, 

L~(R, xa)--R(x~) = --M" #,(x)+eL, (sin (t--xx), xa)+f(xa)(L,(1,  xa)- 1) = 

= - M ' % ( x O + o ( u . ( X l ) ) ,  

because of (3) and (4). Putting this all together shows that 

Zn( f~ X1)--f (x1) <-- - M# lln(x1)-l-o(l~l,(x1)) 
and hence 

IL.(U, x O - f  (xOI ~ m"m(xO+o(m(~O) > mm(xO+o(~.(xO) 

for all n such tha t /z , (x l )#0 .  Since this is true for infinitely many n because of (2), 
we have a contradiction to our assumption (7). This shows that (6) must hold and 
proves the theorem. 
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Now we want to apply our theorem to determine the saturation properties 
of discretized positive convolution operators. Let ~n(t)_~0 be given by 

I. 1 
�9 .(t) = ~Q~,ncoskt, Q0,. = - - ,  

k = 0  2 

i2zrj (j  = 1, 2, mn) define and for tj --- re'--i- .... 

2 m 

(14) Ln(f, x) = ~ ~ f ( Q ) ~ n ( t i - x ) .  
tt~n j = l  

The operators L n are called discretized convolution operators since (14) can 
be considered as an approximation to the convolution 

by using a quadrature formula with m n equally spaced points. This quadrature 
formula is exact for all polynomials of degree ~ m  n -  1. That is if T is a trigono- 
metric polynomial of degree <-ran- 1, then 

(15) --1 T(t)dt = T(ti). 

The following characterization of the saturation properties of the operators 
{Ln} will follow from our theorem. 

C o r o l l a r y .  I f  {Ln} is a sequence of positive linear operators given by (14) and 
satisfying 

(16) ~ [Ok,.I = o(1--el.n) (an =- min(mn--2, l.)) 
,~=a n 

and 

(17) 3--401,n+Q2,n = 0(1--#l,n), 

then {Ln} is saturated with order 1--Qx,. and saturation class Lip* 2. More precisely. 

I l f -  Ln(f)[] ~- M(1 - Qa,.) + o(1 - Ox,n) 

i f  and only if fE Lip~ 2. 

We note that when mn_~ln+3, then (16) is superfluous. 

P roo f .  We only have to check (2)--(5). We have 

= 2 -  2L.(cos  ( t -  x) = 
(18) 

4 i m 
= 2 - - ' ~ . . ~  ~ak, nCOS(tj--x)cosk(tj--x). 

n k=O j = l  
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When k<-m,-2  and x is fixed cos ( t - x )  cos k ( t - x )  is a trigonometric polynomial 
of  degree < = m , - I  and so 

" / 4 "~cos ( t j_x )cosk ( t i_x  ) O, k ~ 1; 
mn j=t  2, k = 1 

because of (15). When k>=m,-1, then 

mn 
- -  • [cos (ty - x) cos k(tj - x)l <_- 4. 
mn j=l 

These last two estimates when put into (18) show that 

re(x) = 2 ( 1 - ~ 1 , . ) + 0  Z I~,.I = 2 ( 1 - Q ~ , . ) + o ( 1 - ~ , . )  
~,k=mn--i 

because of (16). 
Similar estimates show that 

l n 

[ 1 - Z , ( 1 ,  x)l ~ 2 Z [Qk,~l = o(1--~x,~), 
k = r n  n 

L . ( s i n ( t - x ) , x ) - - O [  ~ [Ok, r~[}=O(1--Ot, n), 
~,k=mn--1 

~.k = mn-- 2 

where in the last equation we used both (16) and 07).  This completes the proof. 

Let us apply this corollary to some interesting special cases. 

1. Jackson operators. Here 

r = 

( .  nt ]4 3 [smy] 
2n(2n2 + 1) ~ 

and 

= ~4n3-6nk2+3k3+2n-3k if 1 -<_ k ~_ n + l ,  

2n(2n~+l)Qk'" [ ( 2 n - k + l ) ( 2 n - k ) ( 2 n - k - 1 )  if  n - 1  -<_ k ~_ 2 n - 2  = l~. 

Our corollary will handle the saturation of  the discretized Jackson operators 
when 

(19) lim sup ( 2 n -  m.)n -1/~ ~_ O. 
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Since then 
3 9 

l -Q1, .  - 2n2+1 , 3 - 4 0 1 , . + 0 2 . .  = n(2n2+l) ,  
and when m. ~_ 2n - 2 

In 

Z IQk,,I = (2n-m,)'O(n-3) = o(1-QI , . ) .  
k = m  n 

Thus, the saturation order is n -2. Among other cases, when m . = 2 n - 2 ,  i.e., for 
the Jackson--Bojanic--Shisha operator [1], [3], the saturation problem is solved. 

2. de la Vall~e Poussin operators. Now 

t �9 . ( t )  = (2n)!I~ cos~ . -  
2(2n-- 1)!! 2 

and 

In particular, 

(20) 

Indeed, for m. <_-n 

(n!)2 (k = I, 2, ..., n). 
Qk,. = (n-k)!  (n+k)! 

1 6 
1-Ox, .  = n + l '  3--4Ql'nWQ2'n= ( n + l ) ( n + 2 )  " 

The conditions of our corollary will be satisfied if 

lira inf m. (n log n)-1/2 ~ 21/2. 

~ IQ~,n' ~ n ~ l n - j  ~ k-1[~ 2.~+jl = <= I-- < =. 
~=.,. k=m. n+k j=l n+j k=mn j="a'~l 

e x p [ - - 2 k - 1  j }~__Z:=x__h__~ ~ exp(_2(k_l)+2nlog,n+k_lln_l 
"= k = m n  k = m  n J 

"~ [ / nk-- -~))  =,.~. exp[, " 1  k2] / m~} ,-~ exp - 2 k  + 2n - = ~ /--.-2-1 -<- n exp -- = o(n-X). 
k = m  n k 

Thus the de la Vall6e Poussin operators are saturated with order n -x provided 
that (20) holds. 

3. Fejdr--Korovkin operators. In this case 

4~.(t) -- - -  
sin 2 _~ 

n 

n 

nt 
COS - - ~  

7~ 
COS t - -  COS - -  

n 
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and  

In  par t icular ,  

2 . - k  k + j  " 
O k , . = - -  ~ sin resin J--re (1 < = k ~ _ n ~ 2 = l . ) .  

n j = l  n n 

Ol.n = COS--,  3- -4#1 . + 0 Z , .  = + O ( n  -~) = O(1--Qlrn)" 
n 

We can use our  coro l la ry  i f  

(21) l im in f (n  - m.)n  -1/4 <- O. 

F o r  then we have for  m.<=n 

[ek, nl ~ "-~k=~mn= j=IZ ( F l - - k - - j ) j  ~ 2 .  8 k=~.=m n k=m n 

= (n--  m. )40  (n - s )  = o(1  - 01,.). 

Thus  the F e j 6 r - - K o r o v k i n  ope ra to r s  are  sa tu ra ted  with  order  n -~ p rov ided  tha t  

(21) holds.  

I t  would  be interes t ing to  know whether  (19)--(21)  are  necessary for  the  corre-  

sponding  discret ized opera to r s  to have sa tu ra t ion  class Lip*2. 
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TeopeMbI 0 Hacr,~n~eHxn ~Ji9 jIHCI(peTHbD~ .nmHefillldX onepaTopoB 

P. ,~EBOP it l~I. CABA]IOHI 

IlyCTt, {Ln}--HOCYle~OBaTeYI~HOCTI, ylBylefl/ablX HOYIOXllTeY/bHLIX onepaTopos,  OTO6pa~galO- 
nmx IIpOCTpaHCTBO 2rc-nepno~l~ecIcnX nenpepr~mm, Ix qbyrlxlmi~ B ce6u. IIpe~nonoxnM, wro 
xa~r~oro x ~ [ - n ,  n] cymecrayeT 6ecrone~mo ~r noMepOB n, ~ xorop~Ix /2,(X)= 

=4L,  [ s i n 2 ~ - , x / ~ 0 .  Ilpe/lnoJIoXlIM Taxxe, q'ro ,~JIsi Bcex xE[- -~ ,Tt  I rax~au Ha veJm~LU 
4 t - - x  

1 -L , (1 ,  x), Ln(sin ( t - x ) ,  x) l~ L. (sin ----~, x) ecr~ Ox(p,(x)). Tor~a npn M_~0 cJle~cmmae yr- 
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Bepm~erm~ aI~rmasrerlXrll, i: 

f E L i p *  2 = {fEC*:  ] f ( x + t ) + f ( x - t ) - 2 f ( x ) l  ~_ 2 M : ;  x, t E l - n ,  z~]} 
H 

l L . ( f , x ) - f ( x ) l  ~- Mlt,,(x)+o~,(It.(x)), xC[-~z,n]. 

3 r a  o6maa TeopeMa  o a a c l ,  I m e m m  IlprtMeHaeTCg K TaK Ha3l~maeM~IM ~HcKpeTHBIM o H e p a T o -  

p a M  cBepTr~ ,  B *IaCTHOCTH, C p a 3 n a ~ m ,  IM ~cKpeTHBIM BapHaHTOM mlTerpaYla  ~KeKco i~a ,  o n e p a -  

TOpOB d P e l ~ e p a - - K o p o B K a H a  a rmTerpa~Ia  B a m l e  YIycceHa. 
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