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ERROR BOUNDS FOR GAUSSIAN QUADRATURE AND
WEIGHTED-L' POLYNOMIAL APPROXIMATION*

RONALD A. DEVOREt anp L. RIDGWAY SCOTT#

Abstract. Error bounds for Gaussian quadrature are given in terms of the number of quadrature points

“and smoothness properties of the function whose integral is being approximated. An intermediate step

involves a weighted-L! polynomizal approximation problem which is treated in a more general context than
that specifically required to bound the Gaussian quadrature error.

AMS(MOS) sobject classifications. 65D30, 41A55, 41A10

1. Introduction. The purpose of this note is to establish error bounds for Gaussian
quadrature that reflect the fact that the accuracy is not degraded by certain singularities
in the function to be integrated if they occur at the boundaries of the interval of
integration rather than in the interior. It is well known that polynomial approximation
can achieve greater accuracy at the boundary than in the interior {cf.. Timan [5, p.
262]). The basic result to be derived says that the error in N-point Gaussian quadrature
approximating the integral of f on [—1, 1] is bounded by

1
(1.1) C,N“’J |F9(2)(1-2%)*/ dx
-1

for all integers s = 2N such that the above integral makes sense. Here, C, is a constant
independent of N and f. The main point of course is that f may have certain singularities
at x ==1 such that the above integral is finite for some value of s, whereas it would
not be finite if the same singularities occurred for —1 <x<1. If f has no singularities
in the interval [—1, 1], then an error bound such as (1.1) is not of great interest, as
one would expect an exponential rate of convergence in this case (cf. Davis and
Rabinowitz [1, p. 239]).

Theorem 3 below gives a result slightly sharper than (1.1) which aliows one to
interpret (1.1) as being valid for nonintegral s via an interpolation argument. This
interpolation argument can be used to determine, for example, the rate of convergence
with respect to N for a function with a power law singularity at the boundary (see
Remark 4 in § 4). Thus bounds of the type (1.1} appear to be the right way to predict
the accuracy of Gaussian quadrature when applied to general classes of singular
functions. However, our main motivation for proving (1.1) came from the so-called
discrete ordinates method for the transport equation [3]. To bound the error in this
method, one must consider tlie error in Gaussian quadrature applied to a one-parameter
family of (singular) functions f,(x), where the strength of the singularity of f at the
boundary (in x) varies with y. Moreover, the singularities are not simple power law
singularities, so the estimate (1.1) appeared essential to handle this problem.
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Bounds of the type (1.1) can also be given for compoasite rules using N points on
a mesh that is quadratlcally graded near +1, provided the basic rule has order of
accuracy s (see Remark 5 in § 4). The technigues of proof for the case of composite
rules are more elementary than those in the single-interval case. We include this simply
for comparison and completeness.

In the foliowing, we shall use interchangeably the words *“bound’ and “estimate,”
i.e. we shall refer occasionally to (1.1) as an “error estimate” even though it is not an
asymptotic estimate of the actual error, rather simply an *“estimate from above.”

Our technique of proof is in two parts. Firstly, we analyze a Peano kernel for the
quadrature error. This has the effect of establishing the bound (1.1) for s=1 and
reducing further estimates to a weighted-L' approximation problem for polynomials.
This part of the analysis is presented in § 2. Secondly, we consider weighted-L’
approximation by polynomials and prove estimates for the error. Thisisdonein § 3.

Finally, the estimates of §§ 2 and 3 are combined in § 4 to give error bounds for
Gaussian quadrature of the type (1.1) for all s =1. The calculations in § 2 are done
specifically for Gaussian quadrature, although they clearly extend to more general
quadrature approximations based on orthogonal polynomials for weighted integrals.

The weighted-L' approximation estimates show that, for a rather general class of
weights w> 0 aad sufficiently smooth f there is a polynomial P of degree at most N
so that

' 1 1
(1.2) J f(x)—P(x)|w(x) dx= C,N"I |21 = x)"2w(x) dx
-1 -1

for any s and N such that N+1=s=1. In the case w=1 and s=1, (1.2) has been
established by N. X. Ky [2].

2. Error estimates for Gausslan quadratare. Consider Gaussian quadrature
approximation of the form

@1 j fx) ds~ -E, wif (%) = In(f)
i p2

({x;} are the zeros of the Legendre polynomials and {w;} are the integrals of the
associated Lagrange -interpolation polynomials, cf. G. Szegd [4]). The ordering
—1<x, <+ - <xy<1 will be assumed, and we introduce xy:=—~1 and xy.,= 1. We
wish to establish estimates of the error

) 1
(2.2) en(f)= .L fGxydx—In(f)
in terms of N and properties of f.

Assume N =2 (our final estimate m Theorem 1 wili hold for N=1 as well, as
may be easily checked). The Peano kernel theorem allows us to write

en(f)= L K (1) ds

at least for smooth f, where K(#) =en(H,), |f|=1, (cf. (3.3) below) and H, is the
Heaviside function

) ]9, x<t,
(2.3) H,(x): {1, J
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It follows that
K(ty=1-t— Y o=} wj—t—1.
x>t x;<l

The Chebyshev—Markov-Stieltjes inequality (cf. G. Szegd [4, p. 50]) implies that

i .
1+x,-§2mi§1+xj+1, j'=l,"',N
im]

Therefore, for j=1,-++, N,
Xi—1— X = K(x )§0§K(x;+)§xj+1—xj.

Since K vanishes in each interval [x,,, x;] and its slope is one almost everywhere,

- max {|K(x)|: xelx g, x=x-x,,
for j=1,--+,N+1. To bound x;—x;_,, recall that (cf. G. Szegd [4, p. 122])

: a;
(2.4) x;=—cos 6, where -(M’-E{ZJ 1,2{],

for j=1,---,N. Thus 7
. 5
=~ Xj—1 = €08 §;_; —c0s 9,-=‘J. sin 8 d6

8-y

-=(8;—6,.,) max {sin 6: 0c[6,_,, 6, ]}

(:N) max {sin 8: 0 €[8,_,, 6;]}.

To bound the latter term, observe that, since (sin #)/4 is decreasing on [0, 7], (2.4)
implies

sinf= (i) sin 6;_, = (EG_L]) sin 6, =4sin 6;_,
for 6&[0;_,, 8] and j=2,- -, N. From the symmetry properties of the s (cf. [4]),
it then follows that
sinf9=4sin0, - 6¢[6;,,8] j=2,---,N
as well. Thus we have '
(2.5) max {sin 0: 8 {6;_,, 8;]} =4 min {sin 0: 9 [b,_,, 6;]}
for j=2,- -, N. Thus we find, for j=2,- -, N,
X~ %1 = 6r min {sin 8: 0 [6;_,, 6,1/ N
| =6 min (V1 —cos? 0: 0 €[, 6]/ N
= 69r min {W: xe[x_y, 5]}/ N.
Therefore, we have

6mv1—x2

(2.6) ' |K(x)|{= N
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at least for x between x, and xn. For xe[—1, x,]

)
J1-2 1+
|K(x)|§1+x=—1\/—§'—-1-—-—x§\/1-x2\f1+x,
—x
01 l_xz‘ﬂ'

=v1—x%/1~cos 6 =Jl-x-ts-—— 7
! V2T N

A corresponding estimate holds by symmetry for x €[xy, 1], so (2.6) is valid for all
xe€[~1,1] Thus we have proved that : -

‘ 1
lea ()] = 6N j IF NI dx.
-1

Since (2.4) implies that

1 .- w o
e =J1-
oo (2N+1) *

for xe[x,, xy] and N=2, (2.6) implies further that
(2.7 K (x)|s6x(1-x7)

for x€[x;, xx). But for xe[—1, x,]U[xx, 1], |K(x)|=1-|x|. Thus (2.7} holds for all
x€[~1, 1], giving the following estimate:

1 f1 .2
lev(f)l=6m J.—1 |f'(x)|min{ le ,l—xz}dx.

These estimates hold for all f € L'([~1, 1]) whose weak derivatives are integrable with
respect to the weight 1—x?, as can be seen by approximating f via smooth functions
(cf. the definition of the space Y3, given later in § 3). Summarizing the above, we
have the following:

THEOREM 1. Let en(f) denote.-the error in N-point Gaussian quadrature applied
to fe L'([—1,1]) (see (2.1)-(2.2) for definitions). If the weak derivative, f', of f is
integrable with respect to the weight 1—x°, then

J1-x?
N

len(f)‘gﬁﬂ J._1 If’(x)lm'm{ ,l—xz} dx.
If f' is integrable with respect to v'1 ;xz, then
6m (! , 3
len (D= . L () V1—x% dx.

Estimates involving higher derivatives of f can also be derived by estimating Peano
kernels. For example, one may write, for any 1=k=2N,

en(f)= j Ky(x) f*(x) da
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(K;=K in the previous notation). K; is a C*? piecewise (kth degree) polynomlal
(with knots {x;}) satisfying 0=K;(x1)=---=K{¥ 7 (x1) and K{¥ —( 1)* between
knots. Moreover, K¢ (x,+)— K& (x )= (—1)" lw, j=1,- -, N. Using these
facts together with a special oscillation property of K, it can be shown that

|K2(.74:)|§Cmin{1N2 ,(1—-x%% }

However, it becomes increasingly difficult to estimate the higher-degree kemels X,
.k =3. Thus the following approach proves more fruitful. :

Observe that en(f) = en(f—P) for any Pe P,y_,, where P, denotes the set of
polynomials of degree not exceeding r. Therefore, Theorem 1 implies that

(2.8) C lentpl= 9'[ 1= Plowx) ds,

where w is the weight function

w(x)=67"min { 1 1; xz’ 1- xz}.

Thus, estimates of ey{f) are reduced to a weighted-L'! approximation problem for
polynomials. Such problems will be considered in the next section. The results of § 3
on approximation will be combined in § 4 with the results of this section to give higher

order estimates of the form ]
J1— v2\ 5
(2.9) lex(H)]=C, J‘ | #°)(x)}min {( le ) ,(I-xz)’} dx

for arbitrary positive integers s and N such that N = s/2.

3. Weighted-L' approximation. In this section, we shall prove a weighted-L'
polynomial approximation result of the form

i
(3.1) mf_[ |u—P|(x)w(x)dx§ch-’J. [ x)| wx)(1 - x%)*/2 dx,
S | ~-1

where Py denotes the set of polynomials of degree not exceeding N, s is a positive
integer, C,. is a constant mdependent of N and 4, and w is a positive, integrable
weight function to be discussed in more detail subsequently. Rather than state our
abstract conditions on w and u initially, we shall develop them in the course of deriving
{3.1). However, suffice it to say that (3.1) will be proved for a class of weights including
the Jacobi weights .

(3.2) : w(x)—'(1+x)°'(1 -x)*, o pB>-1-

As a first step, recall the Heaviside function H, L (x) defined in (2.3). If u is sufficiently
smooth, we may write

(3.3) ui{x)= Pl(x)+ 1)"‘. H(x)(x— 6 'u (1) at

for all xe[—1, 1], where P, ¢ 9’,_1. Let A, Pyn_, 41 be an arbitrary fami!y depending,
say, piecewise continuously on ¢, and define

1
(3.4) P(x)=Py(x}+—— G L o I A(x)(x =) 1u'(e) dt.
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Then P € Py, and Holder’s inequality and Fubini’s theorem imply that
(3.5)
1 1 1 1
I : lu—Pl(x)w(x) dx = oD J- { _[ |As— H|(x){x — 7  w(x) dx}lu(’)(t)l dt.
-— . .—1

-1

Thus to prove (3.1), it suffices to construct A, in such a way that
' 1 - .
(3.6) I A= H|(x)|x— ] w(x) dx = CN"*(1— )2 w(s).
-1

For ¢ near +1, this is relatively easy to do under the following assumption: -
(A1) .There is a constant A; such that

1 ‘ .
(i) J. w(x) dx=A,(1-t)w(t) for0=r=1
and

(ii) r w(x)dx=A,(1+0)w(t) for—1=¢=0.
1

ExampLE 1. Assumption (Al) holds for the Jacobi weight w(x)=
(1+x)*(1~x)* provided a, B> —1. A :
Proof. To see this, it suffices to verify, say, (i). Then

Il w(x) dx=Jl (1+x)*(1— x)Pdx = 2maxte0} _[1 (1-x)%dx

max{e0brq _ 1+ |
S2 (1-0)! 3§ 2
1+8 1+8

1+0*1-H"*=A,(1-)w(2). 1]

LeMMA. Suppose Assumption (Al) holds, Define A, by
Alx)= {O forallxe[~1,1] ift>0,
FTU forallxe[-1,1] ifr=0.
Then

t
I A= Hl()x— " w(x) dx= A,(1- 2 w(s)
-1

forallte[-1,1].
Proof. Suppose ¢>0. From (2.3) and Assumption (A1), we have

[ ool g =[ k-t ars a0 [ weo as
-1 t '

=A(1-'w() = A, (1-2Yw(2).

The case t=0 is similar. 0O

CoROLLARY. Let x 21 be arbitrary, and suppose (A1) holds. Then for any N=1
and te[—1, 1] such that V1= 1< /N, the choices for A, given in the lemma satisfy the
estimate (3.6) with C,=A,x". ‘
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In view of this coroliary, it suffices to assume that v1—t*2 «/ N, where « can be
chosen later at our discretion. We shall subsequently construct, for certain values of
LA=AL,NEPy_a. such that

Vv1i—¢
N

where r is any positive integer (to be chosen later depending on w and s). Furthermore,
A, will be monotone, nondecreasing, with A,(—1)=0 and A,(+1) = 1. Hence also

(3.8) |H,—AJ(x)=1 forallxe[-1,1].

Assuming these properties of A, for some ¢ for the moment, we proceed to prove (3.6)
for such t. Let §=v1—1*/N. Then

2r—1 .
(3.7 [H,—AJ(x)= Cr( ) lx—27>*"  for xe[-1,1],

J | |H,— A lx— " w(x) dx.
_1 i
(3.9) '
= J I [x =" w(x) dx+ C, .[ Ix— 1~ 2"w(x) dx 622,
x—i|=5

|x=1f=8
xl=1 |xf=1

where we used the bounds (3.8) and (3.7) on the first and second integrals, respectively.
Thus the estimate (3.6) follows easily from the following two assumptions:

(A2) Let s be a positive integer. Then there exist constants A, < and 2=y <o
such that, for all §>>0 and te[—1, 1] satisfying 1—>= y8,

J w(x+Dix[* ! dx s A,w(0)8°,
|x|&&

(A3) There exist A;<c0, 2=y <00 and 0< ko< such that, for all 50 and
te[-1,1] satisfying 1—#*= y6 and all k= k,,

I w(x+ x|  dx = A, w(8)s 7+,
Ixfz=8 7

[e+x}m1

In applying (A2) and (A3) to (3.9), note that, for § =v1—?/N, the condition
1-£2=v is equivalent to +1—¢2>=y/N. This will therefore be satisfied if x= Y, a
requirement we now impose on «. Choosing r such that 2r—s=: k = k, thus proves
(3.6) for ¢ such that (3.7)-(3.8) hold. Before proving the bounds (3.7) and (3.8), we
show that (A2) and (A3) hold for Jacobi wéights. :

EXAMPLE 2. Assumption (A2) holds for the Jacobi weights w(x) = (1+x)*(1—x)?
Jorall a,Bc R.

Proof. Take y=3. By a change of variables,

_ w(x+1) .y _'j ( x )“( x )'B —1
& ——|x|" dx=8""° 1+— ) {1-——} x[" " dx
J.lxisa w(1) b Ixj=8 1+¢ 1—t¢ I+

L (oG (e

But for 1~#*= 33, 8/(1%#) €[0,3]. Thus the integrand is bounded by 3™==hel
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EXAMPLE 3. Assumption (A3) holds for the Jacobi weights w(x) ={1+x)*(1—x)?
forall &, B> ~1.
Proof. Take y=2 and ky:=2+max {a, 8,0}. Then

ak_lj‘ w(x-i-r)l < dx
Ixizs  W(t)
|x+d=1

_ ok~ Trw(xte) j”' wlt—x) _
=2 I(I wn © T el "k“")

1— o B
— k-1 x .2 N
s (L (1+1+t) (1 1—:)" dx
1+¢ x « x B &
w] —rre— +_
o, (-53) (14) )

=1.(t,8,a B, k)+1.(1, 8 a, B, k).
Since I.(t, 8, &, B, k) =1_(—1, 8, B, a, k), it suffices to show that, for all |¢|=v1— 18,
I(td,aB,k)= C  provided k =2+ max {a, 0}.

By a change of variables, note that

L5, 8 k)= I(l_m(u( 1i:)y)a(1“(1_i)y)ﬂf" dy.

Let M ={(1—1)/8. Thus, for a =0,

M - M ’
L=| (1+y)*(1-M7y)Py™* dyéf'J‘ (1-M"y)Py**dy
1 . 1

M
=2 J. (1-M1y)Py 2 dy.
1

In the first estimate above, we used-the fact that, for |t]=1,
(1+0)z31-D(1+)=Lys=6.

For o <0, one has _

’M M

L= (1-MTyfy™ dyéj (1-M~1y)°y™ dy.
o1 - 1

A simple calculation shows that, for M =1,

"M

(1=-M"'y)fy2dy=C; forall g>-1,

J1

completing the proof. 0O
‘We now construct A, satisfying (3.7)~(3.8). We shall do so by choosing

(3.10) A(x)= J‘—1 8.(y) dy,.

where §, € Pn_,, approximates the Dirac é-function. In particular, 8, will be nonnega-
tive and will have integral on [—1,1] equal to one. Thus A, satisfies the claimed
monotornicity property as well as havmg the required values at +1. Hence (3.8) will
follow automatically.
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To construct 3, first note that it suffices to take 8,(x):=1 for all xe[~1, 1] for
N <4r (recall that we restrict ¢ to satisfying 1~ t*= y/N in (3.7)~(3.8)). For N= 4r,
let n be the greatest integer not exceeding N/2r. Note that N/n = 3r. Let T, denote
the Chebyshev polynomial of degree n, and let {#:1=i= n} be its zeros:

T, (x)=cos{n(cos™ x)), f:=cos ((I 1/2)1r) =:¢os i=1,-"-,n

We shall establish (3.7)-(3.8) for re{1;: 1 =i=n}. Define

T,(x) ]2’
(x—1)
where ¢; is chosen so that I_ 8,(x) dx=1. We now estimate the size of ¢;. Observe

that 8, (x)=48,(—x), so that c,.,—; = ¢. Thus we may suppose that :<(n+1)/ 2.
Also, we have n=2. Furthermore,

(3.11) 8, (x) = c,-[

Tl =leos nol= for o~ in] 2.
Thus, writing x = cos 8, we see that for |n0—i§rl§ /3.
cos 8 —cos 8, _f %% Icos (%r) —cos 6; '_l '
'é[(i—fﬁ) ma{sno: () -re[ -2 3]}] = [ () sne]

because sin 8/ is decreasmg on [0, 7}. The measure of the set {x =cos §:|n0—iw}=
w/3}is .

0s (-(Ln/:s)f) —cos (E-L/if) = (i—:)min {sin ((I—i%@)—w)} =z (3%) sin 8;,

since 7 =2 and sin 6; = min {sin ((i £1)w/n)} unless i=(n+1)/2,in which case sin §; =
2 min {sin ((i +3)#/n)}. Therefore )

it= [ 5] () me) () sno
Thus

i 3 2r- 2r=1 42 2r=1
(3.12) c;gls(-‘"f_:“_":) uls(s“‘fl t;) C.(JINI') .

T, (x)
(x— ti)

To complete the estimate (3.7}, observe that

x
J 18“()’) dy, X=4,
|Hi —-J\Iil(x) = Cj
8,(y) dy, x>t
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Therefore,

2 c-|x— tf|—2r+l
H,—A,l(x gc,-J M dyst———
i i r,l( ) bt y Y 2r—1)
Combined with (3.12), this proves (3.7) for ¢ = t. Hence (3.6) is now verified for £ = ¢,
For the general case #,, <t <, define A, = A,. Note that, since sin 8/ 6 is decreasing
on [0, 7] (cf. 2.5), .

J1— 2 . - L
kil 31n f = 7 min {Sin ﬂj,sin 0;+,}/H§J. sin 9d9=t,—t,-+1
8 ‘
3nvd1-¢
= 377 min {sin 8, sin 6,,,}/n g——’in—.
Therefore, ]

j‘ H= M= we) de= [ 1A Jobe— it win) d
1 -1
J'l

|H,— H,[(x)|x— " w(x) dx

=

+ j 1 |H,, = Agl(x)|x — 1 w(x) dx.

This first term, via (A2), is bounded by

| I et () S Alh— WS Anl— ) W()

< i, (Y

(The application of Assumption (A2) is valid provided, e.g., min {1—¢%,1—t4,}=
'¥(t;— t:+1). The reader may easily check that this holds if the constant x, mentioned
in the corollary and the subsequent discussion, is chosen sufficiently large, depending
on r and v. This observation applies as well to the application of Assumptions {A2)
and (A3) in the next set of inequalities.) Since (3.7)-(3.8) hold for ¢, the second term
is bounded by (8:=v1~#*/N)

Crazr—l J.

A x—rl@ 2t

[—=£72*Yx — ¢ w(x) dx + I . |x—f* w(x) dx

[x~el=i2ft—2:0y]

=C,(28)*! j | =t wx) dx+ 22 ALk — ()
Jx—tl= 2]t~ b1
S G280 A2t — b T w(n) + 2°Aglt— iy Pw(e)

sG.(7e ‘z)sw(r),

assuming (A2) and (A3) hold. Therefore, (3.6) is now proved for all te[—1, 1], and
hence the estimate (3.1) is established for smooth u and for weights w satisfying
Assumptions (A1)-(A3). In fact, in view of the lemma, one can improve (3.6), and
hence (3.1), by replacing the expression (v1—¢2/N)* by min {(v1~t¥N)’, (1-£)}.
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To extend the result to more general i, define, for positive integers s,

613 P = | 0+~ Iwt)

()

where u'” is interpreted as a weak derivative. Define

(314) Y = {u € Llloc(]_]-! ]-D: "u"w.s <w}-

Assuming (A2)-(A3), we have w()>0 for |f| <1 (provided w0). Then Y, is
a Banach space having C*([—1, 1)) as a dense subspace’. Using this density, we arrive
at the following theorem, which summarizes our results.

THEOREM 2. Let w be a positive, integrable function on [—1, 1] satisfying Assump-
tions (A1)-(A3), where s in Assumption (A2) is some positive integer. Let ue Yi (see
(3.13)—(3.14) for the definition). Then for any positive integer N= s—1,

(3.15)
1 ro ) [1—x
ugN J:l fu—Pl(x)w(x) dx=C,,, .[_1 |t*)(x)Imin {( N ) (1-x%* }w(x) dx,

where @, denotes polynomials of degree not exceeding N and C, ,, is a constant indepen-
dent of N and u.

Remark 1. If u*(x)(1—x2)*? is integrable on [—1, 1], the above estimate may
be simplified to yield

1
(i f I |u—Pi(x)w(x) dx=C, N° j 1 [62(0)l(1 — 222 w(x) dx.

Remark 2. Assumptions (A2)~(A3) imply, in particular, that w(z)> 0 for |¢| <1,
unless w=0, But such a condition is necessary for an estimate such as (3.15) to hold.
To see this, suppose that w is continuous at ¢t and w(#)=0. Choose a sequencc {u;}
of smooth functions with 4{” positive, supported in {x+#:|x|= 1/ j} and _[_ ) (x) dx =
1 (take jz=1/(1-}f|) for simplicity). Then u; converges in -L' to u(x) =
H,(x)(x~1)*"*/(s—1)! as j tends to infinity. The right-hand side of (3.15) applied to
u; tends to zero. However, the left-hand side certainly will not do so since ug Py for
any N.

4. Higher-order error estimates for Gaussian quadrature. In this section, we
combine the results of previous sections to prove an estimate of the form (2.9). From
(2.8), we know that

1

eipl=e, ot [ 1r-Piewe &

where w(x):=min {v1—x%/N, 1-x?}. It is easy to check that, if  collection of weights
w; satisfies (A1), (A2) or (A3), then so does the weight function min {w;}. Thus

! Proof. Define u{x):=u(rx), 0<r<1.Then as r-1, u,»u in Y3, Let 4., be obtained from «, by
mollifying: u, . = ¥, * 5, where supp {8,} =[—¢, e} and &, has integral one and is smooth. Then u,, issmooth -
‘on[-1,1}fore=l—rand u >4 in Y;. Nowletr»1,e=1-r>0Otogetu,,»uin Y. DO

821




822

ERROR BOUNDS FOR GAUSSIAN QUADRATURE 411

Theorem 2 applies to the weight w since it is a minimum of two Jacobi weights, yielding

2

tevlz6 [ 1min{(22E) ™, -y i a

N
-c J: |F()min {(J?) ( —xz)’} dx.

We summarize this final result as :

THEOREM 3. Let en(f) denote the error in N-point Gaussian quadrature approxima-
tion to the integral of f on [—1,1] (see (2.1)~(2.2) for definitions). Suppose that
(1-x*f)x) (weak derivative) is integrable on [-1,1], ie., fe Y where s is any
integer such that 1=s=2N. Then

. t v1-x%\*
< (s) x A ]
(4.1) len(Hl=C, f_flf (x)_lmm{( N ),(1 x)}dx,

where C, is independent of N and f.
Remark 3. I f“)(x)(1—x%)*%-is integrable on [—1,1], the above estimate
simplifies to

. ‘
lex{(Hl=C "J. |F2 @)1~ x)*/2 dx.
-1
This is the estimate anticipated in (1.1).
Remark 4. Suppose f(x) = (1—x)°g(x), where o> —1 and g € C*([~1, 1]), where
s is the least integer greater than 20 +2. Then applying Theorem 3 to f yields, for
any £ >0,

evni=e] [ a-nrra -y axt [’ (=213 ds}

-1 i—e
= C{N—sea—s/2+1 + E:ﬂ-l}:
Taking £ = N~? yields the bound
len(fl= CN2-2

in agreement with the asymptotic extimate of Davis and Rabinowitz [1, (4.6.1.13)].

Remark 5. The weight v1—x? in the error bounds above arises primarily because
the Gaussian quadrature points form a quadratically graded mesh near the boundary
points x ==+1; cf. (2.4). Similar bounds can thus be obtained for composite rules on
such a mesh. To be precise, let y,=—1+(i/n)* for i=0,1,- -, n, and suppose that
{w; &:j=1,---,J}is a fixed quadrature rule of order s on [0, 1]; i.e., suppose there
is some function K € L*([0, 1)) such that for all sufficiently smooth f

1 T 1
L f(6) dg—3% wif(§)= L FUOK(E) dg,
with § some positive integer (we assume ¢ {0, 1] for all j). Define, for i=1,-- -, n,
t
L(f)=Ay j§l Wif(yi-1 + £AY;)

where Ay, =y, —y;_;. For i=n+1,- -, 2n, define I;(f) by reflection:
Lvi(f)=1In1-:(8), © g(x)=f(-x) forxe[-1,0]
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Then by simple scaling we have

Yi—1 Yi-1

¥ A ¥:
[ 0 dx—I.-(_f)I o L

Using the fact that, for 2sisn,

3(i_1)§3min{———-——~'1_y'¥_' 1-y2 }
n

Ay, = n? s 1= Yi—1
together with the symmetry of the quadrature rules around x=0 thus yields

- an-1
J. flx) dx— -§z LN =3|K]= j

L4 »

—~¥

) min {n~*(1—x%)*/3, (1-x%)*} dx.

Provided that the end intervals can be estimated in a similar way, one has a result as

in Theorem 3. Specifically, if £ # Oforall j (i.e., if £ =0is not a quadrature point), then
IK(o)|=ce,  £€l0,1), |

and we easily see that

¥ N

J‘ fix)dx-L(f)|=C I P01 +x)° dx.
-1 . -1

Using symmetry again and the definition of y,, we thus find

(4.2)

1 2n 1
J f(x)dx— ¥ ILf) gcJ. 1N x)| min {n*(1 - x%*%, (1—x*)°} dx
-1 i=1 -1
for some constant C independent of f and n. Of course, if £ =0 is a quadrature point,
a result such as (4.2) cannot hold since the right-hand side is finite for, say,

fe)=(1+x)7"2
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