794

v APPROXIMATION ORDER FROM SMOGTH BIVARIATE PP FUNCTIONS

C. de Boor*, R. DeVore and K. HB8llig

The guestion of hc-w Ssoot:'bness '-'eq-uireme'xts affect the approxin:atioa

' power. aof mn}.t_va.r*a."a o fnnct_ons i$ explored, in the simple context of

bivariate fun.r:t.xons oo a two- and three-direction nmh ihe underlying
emphasis . is em the gnresolwed m:est_czﬂ- What is the prec:.se relationship

botween the apvroxdimztion p:;-'er ané the existence of z sn_table Loeal

partitiom of wnity in the: a‘p*cz_.m...mg P space?

Th.'LS is a progre_ss repor‘ on work [{1] reported at the last Texas

Ap;mnmatlo— Theow confe_z:en,.._ by R. DeVore. It concerns approxr.:uatlon

Froe
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oL sl e e nc. o

T . k &

‘,t‘xe s;sac:e of po (:w piecevwise polymm.z_al) fnnct:.ons of degr‘-e <k on some

Part.ztlm or swbaivision & and comstrained to have cootimmous

.;m;mofauwﬁe:scp-&ramthfmctien £, coe wrald

d@ist(g, S} ~ comst, 18)° .
with &} the mesh sire, and m am erpdnent which, for p = -t , is

just X+1 , buk which may w'ell éecrease vwhen we increase p . We are

"i::tf:re:stedin tha pre:c_}_serela._xazsh_mbetw&m P and m .

) F::-" sa.mnllczty, we c:onsz.aar cnly the situatian in which the wvarious
Partitions are aill d:tamea frcq: ‘a fz.xac partition, by scaling. Precisely,
wr consider the function b —> dist(f, S) o with S := ¢, (S) and

o f: x {—> £(x/h) . We say that m is the approxization order from the
#cale' (5,) i= case
_L_ 'ci)m for all smooth functions, dist(f,sh) = o(u®) ,
(is )' for some smooth fomztion, . ist(£,5.) # o™} .
éecause of the simple nature -of such a 'scale, it is not hard to prove

{2]. that

th | (g ===> = C§ .




Thé cﬁnverse clearly doaes not holg; téke, ewg., § = q -; . w‘bat needs to
. LT . - P

be added to the right sid’e of (1) to achieve equivalence with the left?
One would expect the apprcximat:.on power of pp functicns to come from

their local flexlh;.llty. To make th_zs prec:.se, c&rta._iﬁ_—loca.’g,}_y sopported

stndied in [2}, [3]. These bux splines are tavlormade £ar £ in case

& = E == a Squa.re. subd_zns:_on, i.e., at&w-dxxect:gmaesh a= . G

ll

..he tri&“"gu ion ohta.ined f:o::'. E by-d.\:'au:u:a~1n 211 :LDrtb—EE"

c’aagonals, i e., a. thxee—-dire-ctl.on msh. In elthe.r case, denote by Sloc

themanofthetmmslatsofthevariousboxsuhnesbelmging—m S .
Eitht!ns one can show {31 that T L e e

1 -5 i), =—> ot c Sloc -

Since slac mm%mmm&mau& P, thic
m:theralatm?@m ®# and p mhar.mreeu:plicit.:{n

pa:t_icmlar, it a3lows the conclusicn that the approxization order is @

mcase ] J.ss:alargathattherearemfunctionsin s nthcomna.ct

sopport. According to [1}, this happens unless

’ (k-.’!)/l , if 5e.z
{3} T e B & —— .. g e e © e e

(2x-21/3 , 1t 6 =
Parther, even if p saxrigfies {3): the appronmat:.on order from (5,1}

may be 1&55 than k+1 {the optimal one accord.mg to {1}! r unless

p = -1 . Precisely [1}.

fca: the two-directicn mesh. For the three—dj_recticm mesh, the p'ecise
' approximation orderubas not yet bean found. According to {3], if »p
satisfies (3), f.e., p < plk) = I_(2%-2)/3 ] , then

= € [p(x)+2,u(k)] with =m(X)} = min {2(k-p) ,k+1} .

In particular, = = p(k}+2 when P =plk) and k = 1(3} . But the

interval increases as o decreases. Yet, [3] expresses the hope that =
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always stzys within 1 of t.he_ upper bound m=({k) . At ﬂ;i_s conference, Jia

.

{6] reports that m stays always within 2 of that epper howmad.

" The conclusion of (2} is so much stropger thac that of (1) that, for

z while, we hoped that (2) could be reversed. Im fact, [1] g:cas thsat
1), == ,
g rn—? £ S}.oc

in case of the two-direction mesh. This equivelence also holds:for the

three-direction mesh for all cases that can be settled by imspection,
i.e., for k=0, for p < 1 and for p=1 amd k= 1, 2 . It breaks
Gown, though, for the first nontrivial case, i.e., for p = Tand k = 3 =

Inthzs case, m = 3. even though =¥

4 & Sjpc ¢ 25 is Shows in [4]. This

means that yet something else has to be added to the comclesicm in (2) to

meke. it eguivalent ta- (i), .
An altermative is to strengthen {1}, - E.g., ¥. Dafmen at this

comference reported om joint work 5] with C. A. HMicchelld in whid: they

make nse of (2) to give the precise eoptrolled aporexdimstion crder from

{Sh} for the case of maxirum smoothness, ji.e., p = a{k) {and for the

three—direction mesh). This is the approximation order achievable by a

quasi-interpelant, i.e.., an approximant of the form cth‘Vhf ., with
f = L Xgle+jImi-—3)
Q je3 gle+3IM{--3)
J the mesh points, 3 a suitable compactly sopported Linear Sunchiemal

a:md ¥ an element of S of compact suﬁport. It is emtirely xmclé.a.r,
f.hongh, why, even for these simple_ meshes, the controllzd approximation
;:x:de: should always be the same as the approximatrion order.

There is a simpler version of this problem of reiav.'_ing approximation
power to smoothness, viz. the f-ollowing guestion (related by (2) to {i)4}:
for a1 fecC, dist(f,sh) = o1} é) 1€ Sl;oc stanlv
I.e., 1s the eventual denseness of (Sh! in C sufficient for having a

stable local partition of unity in § , i.e., some (y) with I iw|

< = . sup, diam supp M. < @ , and I M, = 1 7 It is certainly necessary.
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