CONVEX POLYNOMIAL AND SPLINE
APPROXIMATION IN L,, 0 < p < o0

R. A. DEVORE, Y. K. HU AND D. LEVIATAN!

ABSTRACT. We prove that a convex function f € L,[—1,1], 0 < p < oo, can be approxi-
mated by convex polynomials with an error not exceeding Cwy (f, %)p where wi (f, ) is the
Ditzian-Totik modulus of smoothness of order three of f. We are thus filling the gap between
previously known estimates involving w3 (f,1/n),, and the impossibility of having such esti-
mates involving wy. We also give similar estimates for the approximation of f by convex C°
and C! piecewise quadratics as well as convex C? piecewise cubic polynomials.

1. Introduction and main results. Let f € L,[-1,1], 0 < p < oo (where by L
we mean C[—1,1]) be a convex function. We are interested in estimating the degree of
approximation of f in the L,-(quasi-)norm by means of convex polynomials or convex
splines.

The first estimates of this type are due to Svedov [SVE] who proved that for a given
convex f € Ly[—1,1], 0 < p < oo, and n > 2, there exist convex polynomials p,, of degree
not exceeding n, such that

Hf _anp < sz(f, 1/n)P7 (11)

where €' = C(p) is an absolute constant independent of f and n, and wy(f,-), is the
ordinary second order modulus of smoothness in the L, norm. Svedov [SVE ] went on to
prove that in (1.1), we cannot be replaced by wy while keeping the constant independent
of f and n.

In recent years (1.1) has been improved in a sequence of papers by DeVore, Leviatan
and Yu (see [DLE], [LY] and [Y]) who were able to replace ws by the Ditzian-Totik second
modulus of smoothness in L,. Namely, they proved that for a convex f € L,[—1,1],
0 < p < 00, and each n > 1, there exist convex polynomials p,, of degree < n such that

If = pall, < Cwl(f,1/n),. (1.2)

While (1.2) is also valid for p = oo, better estimates are now known in that case. In fact
for a convex f € C[—1,1] there exist convex polynomials p, such that

1F = Pllop1,1 < Cws (£, 1/n)oc (1.3)
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(See [KOP] and see [HLY] for a weaker but earlier result.) One of the main aims of the
present paper is to show that a similar estimate to (1.3) involving w3 (f,"),, 0 < p < oo,
is also valid, thus completely closing the gap left by Svedov [SVE]. To this end we prove
the following result in §3.

Theorem 1.1. Let f € L,[—1,1], 0 < p < oo, be conver. Then for each n > 2, there is a
convex polynomaial p, such that

1

where C' 1s a constant which depends at most on p when p — 0.

Our proof of Theorem 1.1, given in §3, is based in part on a convex, C° piecewise
polynomial approximation to f which is constructed in §2.

In §4, we consider piecewise polynomial approximation a little further. To describe
these results, we let E(I) := E(f,I), denote the error in L, approximation of f on the
interval I by quadratic polynomials. We recall that from Whitney’s theorem [DLO, p.182,
p.374] , we have

B(I) < Con(f, 111, 1) (15)

for all intervals I with a constant C' depending only on p as p — 0.

Now, let T,, := {—-1=:1¢ <t; < --- < t,:= 1}, n > 1, be any partition of [—1, 1],
and set t; ;= —1, 7 < 0, and t; := 1, 5 > n. For j = —1,....n, let I; := [tj,t;41],
I;l) = [tj—11,t;411], and Ii(z) = [tj—49,t;149]. Then we have,

Theorem 1.2. Let f € L,[—1,1], 0 < p < oo, be convex. Then there exists a conver C!
pirecewise quadratic polynomial Sy and a conver C? piecewise cubic polynomial S(2) on
the partition T, such that for k =1,2,

£~ Sl ) < OB, 5=0. 1, (16)

where |J| denotes the length of the interval J and C depends on max?;& [Li+1]/11;|, and
also on p as p — 0.

The proof of Theorem 1.2 is given §4. It utilizes the C° piecewise quadratic approxi-
mation constructed in §2 together with some smoothing techniques. The latter uses ideas
of Ivanov and Popov [IP] for smoothing piecewise polynomial approximants while preserv-
ing local approximation errors. Ivanov and Popov used a similar technique to smooth a
continuous piecewise quadratic with equidistant knots so that it preserves convexity and
stays close to the original function in the sup-norm. The L, estimates are based on ideas
from [HLY].

The most interesting partitions for piecewise polynomial approximation are the uniform
partition and the partitions built on the zeros of the Tchebyshev polynomials. In both cases
the ratios |I;41|/|I;| are bounded independent of n. Hence we have absolute constants
independent of n, in the above theorems.



2. Convex piecewise quadratic approximation. In this section, we shall consider the
L,[—1,1], 0 < p < oo, approximation of a convex function f by piecewise quadratics. We
fix p and fix the function f throughout this section. For any interval I, let E(I) := E(f,I),
be the error in approximating f in the metric L,(I) by quadratic polynomials. We say
that a quadratic polynomial ¢ is a near best L,-approximation to f on I with constant
Cop if

If = dllz,) < CoE).

We shall often make use of the following facts (for proofs of similar results see [DSH, Ch.
F1. If g is a near best approximation to f on I with constant Cy, then for any interval
J with I C J, q is also a near best approximation to f on J with constant C' depending
only on |J|/|I|, Co, and p as p — 0.

F2. Let I C J be two intervals. If g is a quadratic polynomial satisfying

If = allr,) < CoE(J),

then
If—allr,n < CE(J)

with the constant C' depending on on |J|/|I|, Cy, and p as p — 0.
F3. For any quadratic polynomial ¢ and any interval J,

lallz,cn < 1T1MNdllre o < Clldllr, o

with C' depending only on p as p — 0.

Let Z,, :={—1=:20 <z < --- < z, := 1} be a given partition of [—1, 1] and extend
this partition by setting z; := —1, j < 0, and z; := 1, 7 > n. We let J; := [z}, zj41], ] =
0,...,n—1. In this section, we shall construct various piecewise quadratic approximations
to f which share the convexity of f. We begin by singling out some special points £; near
25,7 =0,...,n. A

Let §; := %|Jj|, j=0,....n—1, and 4§, := %|Jn_1|, and let J; = [z, z; + J;],
j=0,....,n—1, Jp:=[zn — 6p, zn]. Furthermore, let Jji=lzj—2,2j43], 7 =0,1,....n.

Throughout this section, we shall use ' to denote a constant which depends only on
max?;& |Jj+1 |/|Jj|, and p as p — 0. We begin with the following simple lemma.

Lemma 2.1. There are points &; € jj, J =0,...,n, such that the polynomial q; which
interpolates f at &, 1 =7 —1,7,7 4+ 1, 1s a near best approzimation to f on J;:

Hf - QJ"Lp(jj) < CE(j])v .] = 17' s — L.

Proof. We begin with the best quadratic polynomial approximation p; to f on J;, j =
0,....,n—1 and we put p_1 := pg, and pp41 := pp := pr—1. Then,

If=pilly, sy =E). G=0,....n—1 (2.1)
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It follows that
If _Pj—lHLp(jj) + I _PJHLP(jj) +If —Pj+1HLp(jj) < CE([zj-1,2j42]), J=0,...,n.
Hence, we can find a point §; € jj, 7 =0,...,n, such that for each j =0,...,n,

1F(&) = pil€)] < CLI| T P E([zj-1, 2j42]), i=j—Lj,.j+ 1. (2.2)

Now let ¢; be the quadratic polynomial which interpolates f at the points &, 1 =
Jj—1,7,7+ 1. Then, from (2.2), for j =1,...,n — 1,

l4;(&) — (&) < CITITVPE(Ty), i=35— 1,45 +1.
Considering the spacing of the points &;, we see that

la; = pillz, 7 < CIIMPNlas = pilli 7y < CLTG1Y?P o max 1ai(6) —pi(&l < CE(J;).

Hence,
1f=gillo, ) <C <Hf —pille, 5y + 1P — C]jHLp(jj)> <CE(Jj). O

We will build a continuous piecewise quadratic from the polynomials ¢;. For this, we
shall use the following lemma.

Lemma 2.2, Let —1 < (o < (1 < -+ < (p <1 be arbitrary points and let f be a convex
function on [—1,1]. For each j = 1,...,n — 1, let p; be the quadratic polynomial which
interpolates [ at the points (;, 1 =7 —1,5,7+ 1. Then the function

pr(x), v € [-1, ¢
g(z) == < max(p;(z),pj+1(z)), €[, Gyr), J=1,....,n—2 (2.3)
Pn-1(2), z € [Cn—1, 1].
is a convex C° piecewise quadratic with breakpoints at the (j, j=1,...,n— 1.

Proof. See K. A. Kopotun [KOP] and K. G. Ivanov and B. Popov [IP] where similar

constructions have been used. O

We apply Lemma 2.2 to the polynomials ¢; and the points {{;} and denote by go the
resulting C° piecewise quadratic. We note that on each interval [¢;, &;41], the function go
is identical with one of the polynomials ¢; or gj41.

Now ¢p has many of the desired properties but its breakpoints {; are (near but) not
exactly the z;. We are going to modify gy to obtain a piecewise quadratic g which has
all the desired approximation properties and, in addition, has its break points exactly at
the z;. We let r; be the (convex) quadratic which interpolates g at z;, 1 =j—1,7,7+ 1,
J=1,...,n—1. We apply Lemma 2.2 to the polynomials r; and the interpolation points
z; to obtain a C° piecewise quadratic g with breakpoints at the z;, j =1,...,n — 1.
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Theorem 2.3. Let f € L,[—1,1], 0 < p < oo, be convex. Then, the continuous convex
piecewise quadratic g on the partition Z, defined above satisfies

Ilf — gHLp(Jj) < CE([zj-4,%j45]), j=0,...,n—1 (2.4)

Proof. On the interval Jj, g is identical with r; or with r;4;. In the case j = 0, this choice
is 11 and in the case j = n — 1, this choice is r,—1. We shall first estimate ||f — 7|1, (1),
1 <73 <n-—1. From Lemma 2.1 we have

1f=rille,cn < CUF = aille, i + llai = rille, o))

_ (2.5)

< C(ET) +laj = rillz,o) -
For the the sake of convenience in notation in the proof below, we need to set ¢, := ¢n—1
and ¢—; := ¢o := ¢1. Now recall that at each point z;, : = 7 —1,7,7 + 1, r; interpolates
the value go(z;) and this value is the same as either ¢;_1(z;) or ¢i(z;). Therefore, from
Lemma 2.1,

lg; = rillz, o < UGy =il gy S CLLITHY e laj(e) = 7 (za)]

< C|J,|7V/p -
< ClJj] j—zréll?gjﬂ [l quLoo[

<C._max | i = arllp, 2y o

Zj—1,%j+1]

<C(If = quLp[Zj—th-I—l] + j—Zgll?%{j—i—l If = quLp[Zj—lvzj+1]

<CEJ) + _max  E(J) < Elzj-a. 7j+4))

(2.6)
Using this in (2.5) shows that for j =1,...,n — 1,

If = rille, 5 < CE([2j-1,2j+4]) (2.7)

The same analysis with r; replaced by r;41 gives for j =0,...,n — 2,

1f = risalle, ) < CE(lzj-3, 2545)-

We have therefore proved (2.4).
0

3. Construction of convex polynomials. In this section, we shall prove Theorem 1.1
on approximation by convex polynomials. We fix the convex function f and 0 < p < co.
To prove Theorem 1.1 we shall first approximate f by a convex C° piecewise quadratic g
given by Theorem 2.3 and then approximate g by an algebraic polynomial. This method of
proof has been used several times before but we shall follow most closely the constructions
and notation in Kopotun [KOP] (although our notation does vary slightly from Kopotun
especially in the ordering of the knots).



Let x, ; := cos @ﬂ', J=0,...,n, 2p; :=—1,7 <0,and z,; :=1, ) > n. We

shall apply the results of §2 with the z; = =z, ;, for all 7. We let let J,, ;, J, ; etc., be
the obvious analogues of the intervals in that section. Note that the ratios |J, j+1|/|J;]
are bounded by a constant independent of n and j, so that the estimates of §2 hold with
absolute constants (except for the dependence on p).

We shall use some results of Kopotun [IKOP] on the approximation of truncated powers.

To describe these, we let x4 ;= X[¢, ;1] and ¢y j il <j3<n-—1. Then

N eIk

Kopotun [KOP, Lemma 2] has constructed three sets of polynomials o, ;, R, j and R, ;,
g =1,...,n—1, of degrees not exceeding some fixed multiple of n, which approximate the
truncated powers. Kopotun’s applications were primarily in the L.,-norm. However, we
shall need estimates in the L,-norm, and as p — 0, we need better and better estimates.
The following estimates can be obtained from Kopotun’s proof on closer look. We shall
not indicate the dependence of the polynomials on p and all constants C' depend at most
on p as p — 0. The polynomials o, j, R, ; and R, ;, j = 1,...,n — 1 are of degree not
exceeding max{50, ]lj}n and satisfy the following estimate:

(2 = 2ng)4 — o (@) < CYRTEPIO TG e e [-1,1] (3.1)
(& — €)% = Ruj(2)| < Cona s p 20w e [-1,1] (3.2)
and
) max{l,1 16
(2 = 2 )3 = Rula)| < Cony™ M0 P e e [-1,1], (3.3)

Also, it is possible to prescribe an (sufficiently large) integer M so that for all n and all
7=1...,n—1,

(#n g1 = Tn )00 ar(2) = By arj() 2 =2xmj(x),  we[-L1], (34
and
(n, = gm0, () + R s (1) 2 20n3(0), - @ €[-11 (3.5)
Note that
[T il ~ [T arn 2l (3.6)
with constants in this equivalence that are independent of n and ¢ =0,...,n — 1.
Now let ¢, be the function of Theorem 2.3 for f and the points {wn,j}?zo- We can
represent g, as a sum of the truncated powers (v — 2, ;)4 and (z — 2, ;)3, 7 =1,...,n.

As in Kopotun [KOP], we shall classify the knots z,, ; according to four types depending
on the second order divided differences of ¢,:

an,j = [Tn j=1,%n j, Tn j+1]9n, J=1,...,n—1 (3.7)

For the following comparisons, we define a, o = @y n 1= 00
Let 1 <j <n —1. We define z, ; to be of type I, if



We define z,, ; to be of type II, if
an,j—1 < apj <y jt1, (3.9)

We define z,, ; to be of type III, if
max{an j—1,0n j+1} < an,j, (3.10)

All other z, ;’s are defined to be of type IV. Note that x, ; can only be of type I or type
IV, and 2, ,—1 can only be of type II or type IV.
In order to represent ¢, as a sum of truncated powers we define

Ay ji=an; —nj+1, J=1,....n—=2, By;j:=—A,;1, Jj=2,...,n—1,
and
Apo = [Tn0,Tn1]g — [Tn1,Tn2]g + [Tn o, Tn 2]g.

It follows from the definitions of type that A, ; > 0 for x, ; of types I or IIl and B,, ; > 0
if x,, ; is of types II or IIL

Using the divided difference representation of polynomials, we obtain (see [KOP]) the
following representation for g, for « € [—1,1]:

gn(z) = g(=1) + Ano(z + 1) + ana(z +1)°

+ Y A (g — wng) (@ — e g)y — (2 — 20 5)3)
@ €TUITT (3.11)

+ Y B ((wng = wnyo)(z — an )t + (@ —20)7)
Ty €LIUITT

We shall next estimate A, ;. We fix n and let ¢ = g, and z; := x,;, for all 7. Let p;
be the best L,[z;_1,2j4+2] approximation to f by quadratic polynomials. We recall, that
on each interval J; := [z}, 2;41], ¢ is either r; or r;41 with the r; the polynomials of §2.
Hence,

[Anil = (zi42 = zj-0)l[z5-1, 255 241, 242) (9 — pj)

< CUGI72 g = pill btz oa) < CLTHIT2 j_max 175 = Pill e 2521125 42)

<Ol ogpax 7= pille, sl
We write r; — p; = f —p; — (f — ri) and use (2.7) to obtain
[An | < CLIT* P B2, 2540,

where the constant C' depends at most on p as p — 0. With the notation J]’in =
[%n,j—6,Tn,jt6], We obtain

[Anjls | Ba,sl < CLII 727 VPE(T] ). (3.12)
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As our approximation to f, we take the polynomial

Pp(z):=9g(-1)+ Anole + 1)+ ani(z+ 1)2

+ Y Awi (a1 — Ta)onm a(x) = Ram ()
Ty ;€lUITT

+ Y B ((wnj = waj-1)omnm;(x) + Rasnarj(x)) .
Ty el TUITT

Note that P, is a polynomial of degree at most Mnmax(50,1/p) and that we keep the
A, ;s and B, ;’s and the knots z,, ; at level n while taking the polynomials o, R and R

at the level Mn. However, one should observe that x, ; = xan m; for all y =0,...,n.
Now by virtue of (3.4) and (3.5), it follows that

Pl(z)>gh(x) >0, forall ze€[-1,1], a#x,;, 1<i<n-—1L1

Thus P, is convex on [—1,1].
We next estimate ||g, — Py 1, [-1,1] in the case 1 < p < co. We claim

lgn — PnH]zp[—l,l]
Ap (a1 — 2nj) (2 = 2nj)4 — orm, (@)
Ty ;€lUITT

= (@ =2 )% = Ratn, (@)

+ Y Buj[(wng = wnj) (x = 2nj)—onm (7))
Ty €LIUITT
P

+ ((z = 2n ;)% — Rynuj(2))] | da (3.13)

1
<c| [ S Wt PN (2)

—1Ly, jerurrr

P
+ Z |Bn,j||JMn,Mj|2¢J1\§1n,Mj($)] dx
on.; €ITUITT

n—1 1 n—1
<C Z IJn,j|_1E(J;,j)p 1 %/)Jl\?n,Mj(l') dv < C Z E(J, )7,
j=1 - J=1

Indeed, the first inequality in (3.13) uses (3.1), (3.2) and (3.3), the second inequality
uses Jensen’s inequality and our estimates (3.12) for the A,, ; and the B, ;, and the last
inequality uses the straightforward estimate

1
/ 15 e < Ol

-1



The estimate (3.13) also holds for 0 < p < 1 with the only change in the proof is that
one uses the subadditivity of || - ||} —1.1]"

Analogous to (3.13), we obtain the estimate

n—1
Hf - g"H]zp[—l,l] S CZ E(J:;,j)pv (314)

J=1

by adding the local estimates (2.4).
Therefore, we have
n—1
If = Pall}, oy SC DB (3.15)
=1
By Whitney’s theorem (1.5), we have

E(J) < Can(£,]7]:.7), (3.16)

for each interval J and with a constant depending only on p as p — 0. Also, it is proved

in [DLY] (see e.g. (4.1) and (4.5) there) that for any interval J € [—1,1]

Jl: )P <C W () A3 VP dhd
w3(f7| |7 )p— A |J| | ha,o(x)(fvxﬁ )| x

Ca/n (3.17)
§Cn/ / |Ai@(x)(f,x;J)|pdxdh.
0 J
Note that in [DLY], (3.18) is only stated for 0 < p < 1 but the proof is the same for all p.
Using (3.16) and (3.17) in (3.15), we obtain

Ca/n 1 1
17 =Pl ey < € [ [ bt dedh < €t

where we have used the fact that any @ € [—1,1] appears in at most 12 of the intervals
J .. We have therefore proved Theorem 1.1.

4. Smoothing lemmas and the proof of Theorem 1.2. In Theorem 2.3 of §2, we
have constructed a convex C° piecewise quadratic with good approximation properties.
In this section, we shall use this piecewise quadratic and certain methods of smoothing to
prove Theorem 1.2.

We begin with some simple results on spline functions. We use the notation in the book
of DeVore and Lorentz [DLO]. Let r > 0 be an integer and let {z;} be a knot sequence on
R. This means that z; < z;41, and z; < z;4, for all j. Associated to {z;}, we have the
B-splines

Njr(e) = N(@zj, s zjar) 1= (Zgar = 2) 2500 2] (= )

We shall need the following result of de Boor (see DeVore and Lorentz [DLO, p.145])

on the stability of the B-spline basis.



Theorem 4.1. There is a constant D, > 0 such that for any spline s = E]‘ ciN; ,

D" el < Mslle, < [HdjPest],, 1<p<oc o
D, |[{d e}y, < sl < /7 |[{d) e}, . 0<p <t

with d; == (zj4r — zj)/r, for all j.

The following two lemmas will be used to eliminate discontinuities of piecewise polyno-
mials.

Lemma 4.2. Let a < 0 <b, and h(z) := Bay with 3 > 0. Then there exists a unique C*
quadratic spline s on [a,b] such that the only break point of s in (a,b) is a simple knot at

0 and

s (a) = R (qa s () = RO (b ) =0,1 4.2
b b .] b b
and
s (z) >0, x€a,b], =#0, j=0,1,2. (4.3)
Moreover,
HS - hHLp[a,b] < Cﬁbl-i-l/p, (44)
and also
s = Pl 2t < C I L 10 (4.5)

where C' depends only on the ratio |a|/b, and on p if p — 0.

Proof. The uniqueness of the spline s is easy to prove and also follows from the Karlin-
Ziegler theorem [DLO, p.162]. To prove the other properties of s, we denote by p; and py
the two quadratic pieces of s on [a,0] and [0, b] respectively. Then

pl(l') = _2a(bﬁb_ a) (l‘ - a)Z

p2(x) = fBa — %(m — 5)2.

It is trivial to verify

p1(a) = pi(a) =0, p2(b) = 3b, ph(b) = 8

—Bab b
P0) = pal0) = 55 (0 = 2(0) =
p// _ —[3b p// _ —Ba ‘
! a(b—a)’ 2 b(b — a)

This shows that p; and ps and their derivatives are nonnegative. Hence, we have (4.3).
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To verify (4.4), we compute

|1/p

) = la]'/? _Jab

leHLoo[a,O 2(b— a)

s — hHLp[a,O] = leHLp[a,o] <la

|al
<la|'/?(3b) = (7)1/%1/]’(55) < Clhllz, 00 =CNRlL, a0

where we recall that the constant C' depends on the ratio |a|/b and on p as p — 0. A
similar proof yields

ls = Bl 1, 0.0 < CIO[YP8 < ClIRl 1y
Thus, we have verified (4.4) and (4.5). O

Lemma 4.3, Let a <0 <b, 21 =0, 0< 2z <b and h(x) :=~vx3 with v > 0. Then there
exists a unique C* cubic spline s on [a,b] such that the only breakpoints of s in (a,b) are
two simple knots z1 and z2 and

s (a) = U (a), s (b) = R (b), 57 =0,1,2. (4.6)

Moreover, we have

s(2) 20,  welad], j=0,12 (4.7)

and

s = Rll, oy < C Mol 0y < CHH*FH2, (4.8)
where C depends on the ratio |a|/b, and also on p if p — 0.

Proof. The uniqueness of the spline s again follows from the Karlin-Ziegler theorem. The
proof below also gives the uniqueness. The first part of the proof is a modification of the
proofs of Lemmas 6-8 of Y. K. Hu, D. Leviatan and X. M. Yu [HLY]; the reader can refer
to that paper for more technical details. We are also influenced by Ivanov and Popov [IP].

We use auxiliary knots z_3 = 29 = 2y = zg:=a and z3 = z4 = z5 = 26 := b. Then
every cubic spline s with the knots {z;}¢__, can be written as

2
S = E Ci,ONiA-

t=—3

Using the well-known differentiation formula for B-spline series (see, for example, [DLO,

p-139))
%(ZCZNZ,T) =(r-1)Y SN, (4.9)

Zidr—1 — 24
i i t+r—1 1)

11



we can express the conditions (4.6) as a system of equations in the ¢; o, which has a unique

solution
C-30=C-—20=C-10= 0

Co,0 = %(Cﬁ + 0102)

1,0 = %(35% + 45152 + (Sg)

c20="(61 + 52)2,
where §; := z;41 — 2z, 7 = 1,2. From this we compute the coefficients of

2

I § . .
s = Cl71N173

t=—2

as
C21=C-11= 0

(67 +8102)y
(0o + 01 + 02)
c1,1 = (261 + 02)
c21 = 279(61 + 02),

Co,1 =

where dg := 21 — 29, and those of

as

oy — 27(0F + 6162)
’ (00 + 61)(bo + 01 + 02)
o, = 29(28081 + 6% + doda + 25162 + 63)
’ (01 + 82)(bo + 01 + 62)
c22 = 2.
Since all ¢; ; > 0, (4.7) follows from the positivity of the N; .
We now verify (4.8). We have from the values of the ¢; o and Theorem 4.1,

111, oy < C(81+82)* (Jal +)1/P < C*HYP = C| |, o, (4.10)

where the constant depends on the ratio of |a| and b. This implies (4.8). O

The following theorem will prove the case of Theorem 1.2 dealing with C! piecewise
quadratics. We use the notation of the introduction and §2. Given the partition T,, =
{tj}i_o, we let zj i=t2;, j = 0,...m, with m := [(n + 1)/2] and let Z,, := {z;}7L,. The
intervals I; := [t;,t;41] correspond to the partition T, and the intervals J; := [z}, zj41]

correspond to the partition Z,. We recall our notation I;l) = [tj—11,tj411)-
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Theorem 4.4. For each partition T, there is a conver, O piecewise quadratic G on T,
that satisfies

If =Gl < CEIY), §=0,...,n—1, (4.11)
where C' depends on maxo<;<n(|Ij+1]/]1;|) and on p as p — 0.

Proof. Let g be the convex, C°, piecewise quadratic of Theorem 2.3 for the partition Z.,,.
We shall use Lemma 4.2 to add a knot t5;41 on each interval [z}, z;41] and to create a Ccl!
piecewise quadratic G which has the desired properties. On each interval J;, ¢ = g; with
g; either r; or rj41; the quadratic polynomials r; are defined in §2 preceding Theorem 2.3.

We consider ¢ on any interval K := [t2;_1,t2;41]. Since g is continuous with only one
breakpoint (at t2;) on this interval, we have

g9(x) = gj-1(x) + ajlz — 2} + Bz — zj)4, €K
Since ¢ is convex, we have 3; > 0. We apply Lemma 4.2 to obtain a C' piecewise

quadratic s; on K; with a simple knot at z; that approximates §;(z — z;)4 as described
in that lemma. We then define

G(z) =gj—1(z) + aj(z — zj)7 + sj(z), z€K;, j=1,...,n—1

and G(x) = g(x) for all other x € [—1,1]. Because of (4.2), G is in C'! and is a piecewise
quadratic on the partition T,. Because gj_i(z) + a;(z — z;)3 has a nonnegative second
derivative, property (4.3) guarantees that G is convex on each K. Because G is in C*!, it
is convex on [—1,1].

To complete the proof of the theorem, we need only show that

9 Gllzyiy) < CE([zy-s243]) (119
According to (4.4), we have

lg = Gllz, ;) = 18i( = 2i)+ = sjlln,x;) < CBjl I HP. (4.13)
We now estimate 3; in order to prove (4.12).

We have
1851 = 19;(23) = G52 (=)l < g5 = g5l s,
< Clzj =zl lgs = gi-allp g
< OTial™ " g = gjalln, ;)
< CNja |7 B([2j 5, 2j45])
where the last inequality is derived as in (2.4). Using this in (4.13) gives (4.12). O

Remark. We have already mentioned in the introduction that Theorem 4.4 for a partition
T, of equidistant knots and approximation in the max-norm was proved by Ivanov and
Popov [IP]. They inserted two additional knots between any two knots of the piecewise
quadratic g. That it suffices to insert one knot between any two knots of g, was first
pointed out to us by Dietrich Braess.

Finally, we consider the case of approximation by C'? piecewise cubics. For the partition
2
T, :=(t;), we let I; ) .= [tj—49,tj449]
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Theorem 4.5. For any partition T, there is a convex C? cubic spline s on T, such
that,

If = slle, ) < CEIY), §=0,...,n—1, (4.14)
where C' depends on maxo<;<n(|Ij+1]/]1;|) and on p as p — 0.

Proof. We define Z,, := {z;}]L, where z; 1= t4;, 7 = 0,...,m, and m = [(n + 3)/4].
According to Theorem 4.4 (for the partition Z,,), there is a convex, C'! piecewise quadratic
GG defined on Z,,, which satisfies the conditions of that theorem.

We will use Lemma 4.3 to smooth G at the interior knots z;, j =1,...,m — 1. We let
G =: G on J; := [zj,7j41]. Then, each G; is a convex quadratic polynomial and we have

G](l') - Gj—l(l') = ’7]‘(1‘ — Z]‘)Z.
If v; > 0, then for K := [tyj—2,t4j42] and 7 =1,...,m — 1, we have
G(z) = Gji(z) +vi(z — 2)5, =€ K.

In this case, we let s; be the C? piecewise cubic with simple knots at t4;,%4;41 given by
Lemma 4.3 for the function hj;(z) = v;(z — Z])?i_ and a = t4;-9, b =t4;42. We define

s(x) = Gj_1(x) + s5(x), =€ Kj.

Note that s;(z) has its simple knots at t4;, t4;41 and matches v;(z — Z])?i_ in value and first
and second derivatives at the points #4;_5 and t4;42. Note also that in the case j = m —1,
the points #4541 and t4;42 may both equal one. In this case we set s, := 0.

If v; < 0, we have

G(x) = Gj(x) —vi(z; —a)}, = ek

In this case, we let s; be the C? piecewise cubic of Lemma 4.3 with the simple knots at z;
and 2z; —t4;_ for the function hj;(z) = —v;(z — Z])?i_ and a = 2z; —tyjq0,b =2z, —ty4;_o.
We define

s(x) = Gj(x) +sj(2z; —x), z€Kj.

Note that s;(2z; — ) has its simple knots at t4;_1, t4; and matches —~;(z; — :1;)3_ in value
and first and second derivatives at the points ¢4;_o and t4;49.

Because of (4.6), s is a C'? piecewise cubic spline on the partition T,,. Also, s; is convex
because of (4.7). Hence, s is also convex on [—1,1]. On the interval K;, we have from

(4.11) and (4.8),

1f = slip, ) = N = Gl + 16 = sz, o)

(4.15)
< CE([zj-12, 7j+11)) + C|vjl[tajae — taj_a|*TH/P.
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To complete the proof, we need to estimate |v;|. We have

205, = |G (2;) = Gi_1(z))]
=G = Gl
<CJ|7?NGj = Gi=illpw i
<OV GG = Gl op)-

(4.16)

We write G; — Gj—1 = (f — Gj-1) — (f — G;) to find

1G; — Gically < C(If = Gillo, o) + IIf — Gj-tllz, ;)
< CE([zj-11, zj+11]) + E([zj-12, zj+10]),

where we have used (4.11) and F2. If we use this last inequality in (4.16) and then in
(4.15), we obtain
1f = sllz,x;) < CE([zj-12, zj411])-

Recalling that z; = t4; and K; = [t4j—2,t4;42], we see that we have proved (4.14). O
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