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Abstract

This paper is concerned with some theoretical foundations for adaptive
methods for clliptic boundary value problems. The approximation order that
can be achieved by an adaptive method is determined by the Besov regularity of
the weak solution. We study this problem for sepond order elliplic problems in
R2, The invostigations are based on intermediate Schauder estimates and ou some
potential theoretic framework. :
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1 Introduction

This paper is concerned with boundary value problems of the form
L{u) = f on QCR?Y fe Ly(fh), (1.1)
Bu) = 0 on 99,

where L is a second order elliptic diffevential operator of the form

L=Y pa(z)D? (1.2
fef<2

*The work of this author has heen svpported by the Deutsche Forschungsgermeinschaft
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and B expresscs the boundary conditions. We assume that the domain §) is at Jeast
minimally smooth in thesense of Stein [S]. We will consider {1.1) in the weak formu-
lation

a(u,v) = (f,v) forall ve HE (D), (1.3)

where HE({?) is a suitable subspace of H(Q) = W(L*(Q)) depending on the boundary
conditions. Since the problem is assumed {o be elliptic, the energy inner product
a{+,-) is equivalent to the Sobolev norm on H?, ie.,

a(y+) ~ - iy

In this paper, ’a ~ b’ means that both quantities can be uniformly bounded by some
constant multiple of each other. Likewise, ’ <’ indicates inequality up to constant
factors. The numerical treatment of (1.3) is in general performed by means of a. Galerkin
approach, i.e., we consider a nested sequence {S;};»¢ of finite dimensional subspaces of
H} whose union is dense in H} and project (1.3) onto the spaces S;. Therefore, we have
to solve the problems

e{uj, v} = (f,v), ve€S;, {1.4)

for u; € S, which corresponds to solving finite-dimensional linear systerns. One wide-
spread strategy to define the spaces {S;};»0 is to use finite elements associated with
a given triangulation of the domain 3. Another method which we focus on here is to
use some kind of (orthogonal or biorthogonal) wavelet basis.

We are interested in the approximation order provided by the Galerkin scheme. This
question is clearly related with the smoothness of the solution u in {1.3). If the domain
is sufficiently smooth then the weak solution is in fact in W23(L,(D)), see Wloka [W]
for details. In this case, a Galerkin method obtained by uniform grid refinement is
sufficient in the sense that on R? we can expect estimates of the form

-7 . -2 fd
e = villza) < C2T ¥ ulwsgyay, i fu =il = O, w8, (1.5)

where | - |we(s,qy) denotes the corresponding Sobolev seminorm and n; denotes the
dimension of §;. We refer to such methods as linear since the whole linear space S;
is used for the approximation. An estimate of the form (1.5) does no longer hold for
nonsmooth domains, e.g, for domains with edges and corners, for then the smoothness
of u in the scale of Sobolev spaces decreases significantly. For more specific information
concerping Sobolev regularity for general domains, the reader is referred e.g. to Grisvard
[G] or Kondrat’ev and Oleinik [KO]. In the worst case, the solution u will be only in

- WY(L2{Q)). As a consequence, the order of convergence for linear methods drops down.

One way to overcome this difficulty is to use adaptive methods. In this case, the
underlying grid is refined only in regions where the approximation u; is still "far away”
from the exact solution u. ' '
In general, an adapfive method can be interpreted as some kind of non-linear ap-
proximation. The general sciting can be described as follows. Let M, denote a
non-linear manifold of dimension n and let X be some topological space. Then we are
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interested in the error of approximation of f € X by M,,
an{f)x = 0(f, Ma)x = inf |If — M(a)|lx (1.6)
and we want to describe the functions which have a specific arder of approximation, i.e.,

o(x =0(n™"), a>0. (L.7)

In our case, the nonlinear manifold M,, will always be defined with respect to a suitable
wavelet bases which is defined as follows. Let for m sufficiently large DD,, denote the
corresponding univariate Daubechies wavelel and let ¢ = ¢,, be the Daubechies scaling
function associated with ¢ = Dy, see [D]. We set ¢° = ¢, 9" = o and consider the set

U= {§eck,  ¥(21722) = ¥ (2)92(2y), e € E, (1.8)
where F denotes the set of nontrivial vertices in the uwnit cube. Let
D= {I|I=27k+270,1%) (1.9)
be the set of all dyadic cubes in R?. Then the functions
nr= e = Pp(@ k), 1=27k+27{0,17, keZ%jeZned  (110)

form an orthonormal basis for Ly(R?). We want to approximate the solution « of (1.1} by
linear combinations of n of the basis elements 5y, i.e., in our case the nonlinear manifold
M., consists of all functions )

S= Y, argm (1.11)

{Tm)ea
with A € D x ¥ of cardinality n, and we consider the error

oa{t) i) ='s<ial.1mf,, fiu — SllLam)- (1.12)

Then the 2im is to establish an estimate for ¢, which is similar to (1.5). When dealing
with wavelets, the spaces of functions that can be approximated by a certain order are
well-known, see DeVore, Jawerth and Popov [DJP]. The main result is

o Tl

L{n“"daﬂ(}?)h(g)]f; < oo &= F & BY, (1.13)
nal

where B* := B2(L,), 7= (% + ;)™ are the Besov spaces. In general, a Besov space

B2(L,) is defined as the space of all functions F for which

([, (F,1)p)7dt /)7, 0 < ¢ < oo,

(1.14
suptgﬁ tuawr(F) t)pa g=00, )

IFIBE'(LP] = {

0 < o < 1, is finite. Clearly, w,{F,t) denotes the modulus of smoothness of order ».
(1.14) is a semi-norm for By (Ly). If we add || Flir, (), we obtain a norm for BX(L,). it is

3

1620




~ well-known that different values of r> o give equava.lent norms, see DeVore and Popov

[DP]. Consequently, to make sure that we can achieve a certain approximation order,
we have to show that the solution u is in the corresponding Besov space. Especially, to
obtain an estimate similar to (1.3) in R? we have to check that u is contained in the
scale of spaces BX(L,), 7 = (§+3)7}, 0 < & < 2. This is the main objective of this
paper.

To prove the Besov regularity, we will use the fact that Besov spaces can be charac-
terized by certain sequence norms, i.e., one has the following characterization.

Proposition 1.1 Let ¢ and ¢ be in C"(R). Furthermore, let Dt be the set of all
dyadic cubes with measure < 1 and let Py denote the orthegonal projection onto Sy =
spen{¢(- — k1)o(- — ko), k= (ki ko) € Z?}. Ifr > a > 0 and 7 = (/2 + 1/2)7}, then
a function F is in the Besov space B2{L.(R?)), if and only i,

F=PR(Fy+ Y Y (Fn)n (1.15)
TeD+ ned
with
1/r
N Pol FMi L. (me2y + ( > D KA nz)l’) < oo (1.16)
IeD+t nel :

and (1.16) provides an equivalent {quasi-)norm for BS{L.(R?)).
According to Proposition 1.1 we have to estimate the wavelet coefficients of the so-

lution u.

For two model problems, i.e., for Laplace’s equation:

-Au = [ on CRY {1.17)
u = 0 on 81, '

and for the Dirichlet problem for harmeonic functions on £2:

Ay = 0 on fCRY (1.18)
v = g on o5,

these questions have been studied in [DD] and a complete answer was given for arbi-
trary dimensions. It turned out that the index « can be chosen very large. The results
were based on some recent results of Jerison and Kenig [JK] and on some specific prop-
erties of harmonic Besov spaces. However, these specific properties do not carry over
to general Besov spaces, so that different methods are needed for more gerneral operators.

We will discuss two different approaches. The first one is based on the intermediate
Schauder estimates introduced by Gilbarg and Hérmander [GH]. lntermediate Schauder
estimates are generalizations of the classical Schauder estimates for smooth domains.

For a Lipschitz domain {, classical Schauder estimates still hold strictly in the interior
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of 2, but one clearly looses regularity as one approaches the boundary. Intermediate
Schauder estimates measure this lack of regularity in terms of the distance to the bound-
ary. Smoothness estimates for the solution u in terms of intermediate Schauder norms
were derived by Gilbarg and Hérmander [GH], and they can be used to estimate wavelet
coeflicients and to establish the Besov regularity of .

The second approach uses some kind of potential theoretic techniques. We assume
that the solution u has an integral expression with respect to some function g on the
boundary 9} and some Kernel K(z,q) on Q x 8. Then the decay of the derivatives of
K(z,q) directly determines the Besov regularity of u. Observe that for some important
special case, e.g., for the classical Dirichlet problem, such an integral expression is always

available since one can represent the solution in terms of layer potentials, see e.g. Kenig
(K] for details. :

2 Schauder Estimates and Besov Spaces

To estimate the Besov regularity of the solution u of (1.1) it is convenient to introduce
a norm that measures how the smoothness of u decreases as we approach the boundary.
It turns out that a suitable family of norms is provided by the intermediate Schauder
estimates introduced by Gilbarg and Hérmander [GH].

N <a< N+1 for a pon-negative integer N then the Holder spaces Lip, are
defined to be the set of N tirnes continuously differentiable functions in {1 such that

lul = 3 |DPuly+ 3 sup |DPuls) — DPu(y)llz —ylV ™ < oo, |ulo = sup Ju(z)l.
Bl |8l=N SYEL €D

Let Q. be the set of points x in { with distance §(z)} := inf,esq |z — ¢| greater than r
to 85). Then Lip® () is defined as the set of all functions u on § which restrict to a
function in Lip,(§),) for every r > 0 and for which

fulf 1= sup r**Plul. 0, < oo, (2.19)
fanli}

A norm of this form is somelimes called a Schauder norm. We necd some more
notation. The space Lip®~%(Q)) is defined as the set of all functions u such that

a

imr**tluf. o, = 0.
=)

Let T be an open cone with vertex at the origin and verfex angle (, 0 < ( < 7.
Then b((,u) is the largest number & > 0 for which there exists a positive function
w{R,8) = R°F(8) in T such that Lw < 0 for all L € L, where L, is the class of real

elliptic operators
L=7" pa(z)D?
18}=2
for which the eigenvalues of the coefficient metrix Lie in {g,1}, 0 < g < 1, Theorem 7.2
and 6.1 combined with Remark 2, Section 7 in {GH] provide us with a fundamental result

8
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concermng regularity of elliptic problems with respect to Schauder norms. It turns out
that if the right-hand side is*in some appropriate space Lip®, then we obtain a jump of
two for the solution u in the same scale of Schauder norms, provided that the domain
satisfies some cone condition.

Theorem 2.1 Let O ¢ R? be o Lipschitz domain satisfying a uniform exterior cone
condition with a cone of verter angle 7. Let

L= pslz)DF

812

be a second order elliptic operator-in Q with principal part contained in L, and with
coefficients satisfying

pa € L) 18] =2,
ps € Ll (@) 8 =1,

m € LN,

where a 45 a non-integer > 2 and 0 <b< b(x — n,p) < 1. Purthermore, let f €
Lip?=5 N Ly(0Y). Then there ezists a constant c such that the solution of

Lu-= | on QCRY (2.20)
ulan =0,
sutisfies X
ul( < o FIE (2.21)
. o

Theorem 2.1 can now be used to estimate wavelet coefficients and o characterize the
Besov regularity of the solution v of (2.20) for a whole family of operators satisfying the
conditions from above. We obtain the following iwo-dimensional result which essentially
means that the spaces Lip{™ b)kﬂ) are contained in an appropriate scale of Besov spaces.

Theorem 2.2 Suppose that the conditions of Theorem 2.1 are salisfied jor a domain
2 C R? and a second order elliptic operator L on Q. Then the following holds.

) Ifa—b< 2, then the solution u of (2.20) satisfies

a  1\7?
HEB:(L-,-(Q)], T=(§-+§) , 0<a<?.
5) fa—b>34, then
- a I\7?
u € BHL.(Q)), T=(3+§) , 0<a<2b—a)+5
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Proof: We want to use the characterization (1.16) of Besov spaces. Therefore we have
to estimate the coefficients of u with respect to some sufficiently smooth orthonormal
wavelet hasis. To this end, we first extend u to a function 4 € W?'(Ly(R?)) which is
possible since v € W(Ly((2)) and the domain is minimally smooth. Sincz ¢ and ¢ are
compactly supported, there exists a cube § C R?, centered at the origin, such that
supp 7 € @ for all n € ¥. Then supp 4 is contained in Q(J) := 277k + 279[0, 1]% Let A
be the set of pairs {{,7), I € D*,n € ¥ for which Q(I)NQ # 8. Then, on £, & possesses
a decomposition ]

a=R{@)+ ), (@ (2.22)

(In)eA

Let us henceforth assuine that ¢ and 9 are at least C°. Clearly, Po(@t) € B2 {(L-(Q)), 7 =
(¢ +3)71, 0 <o <2, 50 that it remains to show that

3l )T < oo (2.23)

{Im}eA

This can be performed by using the ideas developed in [DD]. For any polynomial £y on
Q(I) of total degree < 3 we obtain

Wit o)l = & = Proon)l € Wi~ Prllneunlimilz.qm = v = Prila@uy-

In general, the best approximation E.(F, @), of a function F' € L, by polynomials of

order r on a cube @ can be estimated as

1 1

-+ —. 2.24

Y P { )
We will see below that the intermediate Schauder estimates provide us with some suitable
L..-estimates. Therefore we will use (2.24) for thecase r = 2, p=2, y = 00, d = 2,
ie., p = 3/2. Since

EAE,Q) < QP Py, #i=

=T

measure(supp 71) ~ Q1] = 92
we obtain
il S Bi QD) S R il S 2% liwagay  (225)

For each refinement level j we cover the interior of Q by layers of size of order 9.
More precisely, let A; denote the set of all pairs (I,7) € A with || = 2%, Furthermare,
let A;¢ C A; be the set of those (7,7) € A; such that

~§ g=f e ]
279 <5< {4132 where 6;:= ré%’gl}é(m),

and let A? == A;\Ajo. For (I,n) € A}, the corresponding wavelet is supported strictly
inside the domain € and we may use the Schauder norms to estimate the associated
coeficient. Observe that Eq. (2.21) implies that

>0

7
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therefore

lule0r < rtme,

Ead

Since a > 2, we obtain
Nulwe ey S 7% {2.26)

Hence if we combine (2.26) and (2.25), we get
(@)l S 27598,
Since  is a Lipschitz domain, it follows that
el 57,
therefore

Y Kem) s X e

(Irﬁ)EAg (I,m) EAg

Z Z 2-3j'r(£2—j)(b—a)r

£=1 (I!"?)EAJ.t

N

o

Zﬂb—a)fgj . 2-—-,1'(3-!—!\—&)7
£1

e 2}(1-(3-5—5‘-3)7}.

74N

Observe that in both of the cases stated in the theorem the conditions on a imply
that the series involving £ converges. Now we want to sum these expressions over all
refinement levels. The series

o0 ) o
Y X )t g Y206

3=0 (I n}eA] i=0
converges if
1
T D o,
T -2 +3

It remains to study the boundary leyer. We want to use the following characterization
of Sobolev spaces. A functions F is in W*{L(R?)) if and enly if

1-7(8+b—a) <0, ie,

1/2
Pl F)llzaemey + ('2 > iII‘“’“‘I(F,m)Iz) < oc. (2.27)

Igp+ new

For the proof of this fact, the reader is e.g. referred to the book of Meyer {M]. Since
% € W(Ly(R?)), we obtain

> i < oo (2.28)

TeD+ nred
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Using Holder’s inequality with p = 2, ¢ = 72—, and the fact that [Aol < 27, we get

* Tf2
. . ;2 .
Y. ) g2 2)( > l(u,mf}lz)_ -
{Lm)eA;a i {(In)ed;o

We have to sum these expressions over all refinement levels. If we use Holder’s inequality
once again, we find

(=] oo 1'/2
2 2 M)l = 327 ( > Ham) |2) 9T . i3
J=0 (I.T.')EAJ'.Q i=0 (I:ﬂ)eﬁj,ﬂ

=T

. /2 oo ) er
(zp% z:nwmmﬂ -(gpbﬁ%ﬂ) |

=0 {Im)eA;q i

A

Since |I] = 2% for (I,n) € A;p we kiow from (2.28) that the first sum is fnite, and
the second one is finite if

- 27 i T >
5 ,  le., 3
Since ;—= - a) 3 S3 2 if and only if (a — b) £ 3, the result follows by employing the relation
i 1y-1
T= (2 + 3) : ) =

Remark 2.1 From the proof of Theorem 2.2 it is clear why this result only holds iu
two dimensions. The problem is the boundary layer. In the general case it gives rise to
the condition 7 > M which is of no use for n > 2.

Remark 2.2 Theorem 2.2 essentially states a relation between the regularity of the
solution and the vertex angle of the cone. In general, enlarging ¢ will produce a smaller
value of b(( p). Therefore, we loose regularity in the Besov scale if the vertex angle of
the exterior cone is too small.

3 Integral Representations and Besov Spaces

In this section, we will estimate the Besov regularity of functions on Lipschitz domains
in R? that possess an integral representation by a certain kernel. It turns out that the
decay of the derivatives of the kernel directly determines the Besov regularity. First
of all, we will prove a general theorem that clarifies these relationships. Later on, we
will discuss a simple example that illuminates the applicability of these results to the
problem (1.1}

Theorem 8.1 Let ) be @ Lipschitz domain in R2. Furthermore, let K : Q3 x 91 — R
be a kernel satisfying K( - ,q) € C™(Q) for some m € N, and
1 ‘

PRz, )| < —
O R

. |Bl=m,  forsome ¢>1, ceR. {3.29)
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If e function (-} € W* (Lg(ﬂ)) has a representation

v(e) = f K(z,q)h{q)dq (3.30)
EN
- for same function h(-) € L,(0)), where p,c, and m are related by |
m+2>c+1fp>{m+3)/2 (3.31)
then
-1
o) € BHLA@), =[5+ ;1)-) . 0<a<max(2, 2m+3—2—2/p}.

Proof: Once again, we want to use the characterization (1.16). We will proceed analo-
gously to the proof of Theorem 2.2. Let A, Aj, Aj¢ and A be delined as above. Since
3 € WH{L,(f)), the boundary layer can be estimated in thb same way as in the proof
ol Theorem 2.2. If remains to study the sets A 7 =52.... Let us assume that the
wavelet basis is at least in C™. 1l is sufficient to show that

DPu(a)i < B(z)=HYr, | =m! (3.32)

This can be scen as follows. Once again, for any polynomial of total degree < m we
obtain
Kesnnl = 1w ~ Pl £ Yo = Prllza@unllndl o)

We want to usc expression (2.24} for the case r = m, p = 2, d = 2, 7 = o0, i€,
p = 2. By invoking (3.32) we obtain

(w20 < QU Hulyymz,,y S 27474 1P,

Therefore by following the lines of the proof of Theorem 2.2 we find

X oo o

> Z Ke,af™ < Z E Z 2—j(m+l)75§~c+1-lip)‘-‘
=1 (I,fr)Ef\? =0 &=1 (!-ﬂ)e-ﬁj,t
< . iig: —3(m+1)-r 2-*3)(—c+1--1fp]r
I=1£=1
oo [+~
< E 9i{1~(m+2~e~1/2)7) Z fl=ct1-1/p)r
~ J=1 £=1
< 3 gili-tmiretiay)
=1

Observe that again Eq. (3.31) and the conditions on o imply that the series involving £
converges. The remaining sum is finite if and only if
1

- 2~¢c-1 . ie, T .
l-(m+2-c—1fp)T <0, ie., >m+2—c-—-l/p

10
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To establish (3.32) we first apply Holder’s inequality to (3. 30) and obtain by (3.29)

Do) < [ DK (s a)iha)lds 5 L =g @lde
: =
s ([ @) ( L F}“q“l‘gd'?)
5 (4—0'/34 |$—¢ﬂ"‘ ) ,

where the sets B are defined by
Bi(z) = {g € 90| §(z)2° < [z — q| < 2 8()}.

On each B;, we clearly have

1 IS P

|z -
and since
measure{ Bi(z)) ~ 2%6(z),
we obtain
@ g;;_&_
(DPy(z) < (Zmea,surc(Bg(m))(é(m)Z‘)“:‘%)
£=0
=
S (6(m) Sy
. =0
g Sa)yr,
and (3.32) is shown. n

To demonstrate how Theorem 3.1 can be used to determine the regularity of the
solution u of (1.1) let us discuss the following

Example 3.1 We will consider the boundary value problem (1.17) for the Laplace op-
erator,

—Au = f on QCRY feL(f), (3.33)
0 on 8Q.

U

First step is the reduction to a Dirichlet problem. We extend f to be zero outside
and let

= fxG, (3.34)
where . | .
G{z) := =~ log |z} {3.35)
2
11
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is the fundamental solution of the Laplace operator,

AG = 6. . (3.36)
Then % € W2(Ly()). Let v denote the solution of the Dirichlet problem
Ny = 0 on Q (3.37)
vlsg = fijag =:g.
In terms of v and #, the solution « possesses a decomposition
TESTEXS (3.38)

We do not have to worry about the.”good” part # since W?(L2(Q)) = BE(L,{R)) «
BHL.(8)) — B2(L.(©)), a < 2. Therefore it remains to study the regularity of
the "bad” part v. It can be shown that Tr(Vi) belougs to L,(89), hence g = Tr()
belongs to W7 (L2(0)). This fact implies that a kernel representation of v satisfying the
conditions of Theorem 3.1 exists. This can be seen as follows. For some function k on

a0, ¥
| Sha) = [_Gle - )h(a)dg

is a harmonic function on §1. The function $A{z) is known as the single layer potential
of k. The properties of & are summarized in the following theorem which was proved by
G. Verchota [V], see also Dahlberg and Kenig [DK].

Theorem 3.2 Let Q be a bounded Lipschitz domain in R® Furthermore, let f; be the
unigue function in Ly(8Q) satisfying

Lo ~
(GI-KYo=0 ond [ filg)da=1,
where K* is defined by '

(K" f)(p) = p-v. 4_1; - Qfﬁ%g—mﬂq)d«z,

and N(p) denotes the outward normal, If 8(fo) # 0 in Q, then there exists an € > 0
which depends only on the Lipschitz character of §1, such that

St L{0Q) s WI(L,(00)), 1<p<2+e
is an tnveriible operator.

1 follows from Theorem 3.2 that at least for domains satisfying S(fo) # O the solution
v of (3.37) is given by

vle)= [ 6 = 05 a)la)da

12
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We set
K(z,q) = G(z - g h{g):=8""(g)g)

It is straightforward to check that for instance

ID°G(z - g)| S ——, 18l=3.

lz —q? QIS’

Then the conditions of Theorem 3.1 are-satisfied with ¢ = m = 3 and p 2, ie.,
2m + 3 — 2¢ - 2/p = 2. Consequently,

-1
u€ BY{L (), == (g—-@- -;—) , 0La<?.

Using a quite different approach, a similar result has also been established in [DD].
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