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1. ImPLICIT FUNCTION THEOREM
In lecture we proved the following.

Theorem. Suppose that f : R™ — R is a smooth function. Let a € R and assume that
df(p) #0 for allp € f~'(a). Then f~'(a) is a manifold.

The result may be generalized as follows.

Theorem. Suppose that F': R™ — R™ is a smooth map of constant rank k. Let ¢ € R™.
Then F~1(g) is a manifold.

HW 1.1. Prove the generalization.

2. MANIFOLDS

HW 2.1 (Product manifolds). Assume that M and N are (differentiable) manifolds of
dimensions m and n respectively. Prove that P = M x N is a manifold of dimension m 4+ n.

HW 2.2 (Surfaces of revolution). Consider R? with coordinates (z,y,z). Let y(t) =
(2(t),0,2(t)) be a curve in the xz-plane with the properties that z(¢) > 0 and 2(¢) > 0
for all t. Let M be the surface of revolution obtained by revolving the image of v about the
z-axis. Prove that M is a manifold.

2.1. Spheres. Let z = (x!,...,2""!) denote a point on the n-sphere S™. In lecture we
defined an atlas A = {(U ji, gpjt) ;Li'll on the n-sphere

ST = {z e R"™ | |z| =1}.
Specifically, Uj+ ={z € 5" |27 > 0} and Uy ={z eS| 29 < 0}. The coordinates

@f : UjjE — D" ={u € R" | Ju| < 1} are simply projection c,o;t(:c) = (xl,. 2, 2,

In this exercise you will construct an atlas A" = {(U, ¢), (V,¢)} on the n-sphere that
consists of only two coordinate charts. Define the North and South poles to be

p=(0,...,0,1) and ¢=(0,...,0,—1).

Set
U = 5"\{p}
Vo= S"\{q}.
Give R"*! coordinates z = (x!,...,z"t1).

Define stereographic projection (from the North pole p)
0 :U —R"={2"" =0} c R"*!

as follows. Given u € U, let L(u) be the unique line through v and p. Note that this line
intersects the n-plane {z"*! = 0} in exactly one point. Define ¢(u) = L(u) N {z"T! = 0}
to be this point of intersection.

Similarly, define stereographic projection (from the South pole q)

V:V =R = {z"" =0} c R*".
HW 2.3. Prove A’ is an atlas on S™.
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HW 2.4. Prove that the two atlases A and A’ are compatible. (We say A and A’ determine
the same C* structure on S™.)

2.2. Embedding RP? in R*. Define F' : R — R* by F(x,y,2) = (2? — y? 2y, 22, y2),
(2,9,2) = p € R3. Let ¢ : S — R* denote the restriction of F to the 2-sphere S? C R3.
Notice that ¢(p) = ¢(—p), so that ¢ induces a well-defined @ : RP? — R* by ¢([p]) = ¢(p),
with [p] the equivalence class of £p € S2.

HW 2.5. Prove that ¢ is an immersion.
HW 2.6. Prove that ¢ is injective.
HW 2.7. Using the fact that RP? is compact, prove that ¢ is an embedding.

3. THE TANGENT SPACE
0
= 57
Definition. Given an n-dimensional manifold M and p € M, let C;° = {(f : U — R) €
C>® | p € U C M open} denote the smooth functions at p. A derivation at p is a map
Xp : C° — R satistying the following two properties:
Linearity: X,(a f+89g) = aX,(f) +B8X,(g), for all o, € R and f,g € C;°.

Leibniz: Xp(fg) = Xp(f) 9(p) + f(p) Xp(9)-
The tangent space T,M at p is the set of derivations at p.

Notation. 0,

HW 3.1. Prove that T,,M is a vector space.

Definition. Let F : M — N be a smooth map between manifolds. The push-forward
by Fat p € M is a map F, : T)M — Tp@)N defined as follows. Given g € Cpy

F(p)
Fi(Xp)g == Xp(go F).
HW 3.2. Prove that Fi.(X,) € Tp(,)N.
HW 3.3. Prove that F, : T,M — Tp@)N is a linear map.

HW 3.4. Let F': M — N be a smooth map between manifolds, dimM = m and dimN = n.
Let z : U — R™ be a coordinate chart on M and y : V — R” a coordinate chart on V.
Assume that F(U) C V.

We have seen in class that the 0,5, j = 1,...,m span T, M; and the dys, s = 1,...,n
span Ty N. Above you proved that Fy : T, M — Tp) N is a linear map. Identify the matrix
representing this linear map with respect to the given bases.

HW 3.5. Recall the coordinates on S™ induced by stereographic projection in §7?7. Consider
the first coordinate chart in the atlas (U, p = y), y € R™. Express the push-forward

0 (00 )y=0 € TyS"

(¢ = (0,...,0,—1) is the South pole) of 9, at y = 0 € R™ as a vector in R"*t > 5"
ij=1...,n.

More generally, if yo € R?, then ¢! (Oyi)y=yo is tangent to S™ at some point z € S”.
What is the point #? Express the push-forward as a vector in R+,
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HW 3.6. Consider the coordinates U = {[s : t] € P! | s #0}and ¢ : U — R, ([s : t]) = /s
on P!, Let = denote coordinates on R. Set X1 = ©-1(0/0x) € Th.4)P".

Recall the Veronese map vs : P! — P? sending [s : t] — [s% : st : t2]. The image v5(U) C
V ={[u:v:w] €P?|u+#0}. Define coordinates ¢ : V. — R? by ¢([u: v : w]) = (2,2)
and let y = (y!,y?) be coordinates on R?. Set Y1yt = Y H0,i) € T[lzyyyz]IP’Q, ji=1,2.
(a) Express the push forward (v2).X[1.5) in terms of the Y] [1.5.52) and Y5 15521
(b) Prove that v is an embedding.

Definition. A vector field X on a M is smooth if for every smooth function f : M — R, the
function X f : M — 3, mapping p — X, f, is smooth.

HW 3.7. Let X be a vector field on a manifold M, dimM = n. Within a local coordinate
chart  : U C M — R", X may be expressed as X = f? 621‘ for some functions f*: U — R.
(Recall, that the %, j=1,...,n,span T, M.) Prove that X is smooth on U if and only if

the f? are smooth functions.

HW 3.8. Prove that a vector field X is smooth, if and only if the map X : M — TM,
sending p — X, € T, M, is smooth as a map between manifolds.

Definition. Let F' : M — N be a smooth map between manifolds, and X, € T,M. The
push-forward of X, by F is the derivation Fi(X)) € TN defined by Fi(X,)g := X,(goF)
for all g € Cl?,o(p).

Remark. The push-forward is a map T,M — Tp@,)N. It is not necessarily true that F
maps vector fields on M to vector fields on V. For example, suppose that F' is not injective
and that X is a vector field on M. Then ¢ = F(p1) = F(p2) for some p; # ps € M. If
Fi(Xp,) # Fu(Xp,) € TyN, then F, X is not well-defined at q.

HW 3.9. Assume that X is a smooth vector field on M, and that FF : M — N is an
embedding. Prove that the push-forward F. X is a smooth vector field on F(M) C N.

HW 3.10. Prove that the Lie bracket of two smooth vector fields is a smooth vector field.

HW 3.11. Given two smooth vector fields X, Y on a manifold M, and two smooth functions
f, 9g: M — R, note that fX and gY are also smooth vector fields on M. Prove that

[fX.gY] = fg[X.Y] + f(Xg)Y — g(Y[)X.
HW 3.12. Let F: M — N be a smooth map of manifolds. Prove that F, : TM — TN is

a smooth map of manifolds.

4. FOrRMS
HW 4.1. Prove that the cotangent bundle T* M is a smooth manifold.

Definition. A 1-form ¢ on a manifold M is smooth if, given any smooth vector field X on
M, the assignment p — o0,(X,), p € M, is a smooth function on M.

HW 4.2. Let o be a 1-form on a manifold M, and (U, x) a local coordinate chart on M.
Since the {dz?}{M span the cotangent space T M we can write o = o;(z) da’ for some
functions o;(z) : U — R. Prove that ¢ is smooth on U if and only if the o; are smooth
functions.
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HW 4.3. Let V be a vector space. Prove that a k-linear functional L e V*® --- @ V* =
(V*)®% on V is skew if and only if L(vy, ..., vx) = 0 whenever some v; = vj, i # j.

HW 4.4. Let ay,...,a; € V*. Prove that aj A --- A oy, # 0 if and only if the {a;}¥_, are
linearly independent.

Definition. A k-form w on M is smooth if, whenever X1i,..., X are smooth vector fields
on M, the function M — R defined by p — w,(X1, ..., X}), is smooth.

HW 4.5. Given a coordinate chart (U, z) on M, prove that the coordinate k-forms dz®t A
.-+ Ada' are smooth on U.

HW 4.6. The coordinate k-forms {dz"* A- - -Adz'*), | 1 < i; < -+ < i < dimM} are a basis
of /\kT;M, p € U. Solocally any k-form w may be expressed as w = wj,...;, ()dz L A- - -Adz'k
where the wj,...;, (x) are functions on U. Prove that w is smooth on U if and only if the
Wi, i), () are smooth functions.

Definition. Let M be an n-dimensional manifold. A local framing of M is a collection of
n (smooth) vector fields X1, ..., X,, defined on an open set U C M with the property that
X1(p), ..., Xn(p) is a basis of T,M for each p € U.

A local coframing of M is a collection of n (smooth) 1-forms a-,...,a" defined on an
open set U C M with the property that a;,, ...,y is a basis of T)M for each p € U.

HW 4.7. Let X3,..., X, be a smooth local framing of M defined on U C M. Given p € M
define &, ... & € TxM by &(Xy(p)) = 0;. Prove that the £, ... ¢" form a (smooth) local
coframing on M.

HW 4.8. Let V be a vector space and p; € A'V =V*, i=1,... k. Given v; € V, prove
that

1

©1L A ANpp(v, ..., v5) = det(@i(vj))'

Definition. Let F' : M — N be a smooth map of manifolds. The pull-back by F' is a map
F* . /\kT;;(p)N — AT M defined as follows. Let o € AkT;(p)N and X1,..., Xy € T,M.
Then

(F*a)(Xl, cee ,Xk) = (X(F*Xl, ey F*Xk> .

HW 4.9. Prove that F* : /\kT;;(p)N — /\kT;‘M is a linear map.
HW 4.10. Given a € /\kT;i(p)N and 3 € /\KTI’;(p)N, prove that F*(aAB) = (F*a)A(F*3).

Definition. Let V be a vector space and v € V. Interior multiplication by v (or lefthook by
v) is a map
iy = v NV = NV
defined as follows. Given ¢ € A"V and vq,...,v,_1 €V
(i) (1, .. p—1) = @V, V1,. .., Vp_1) .
HW 4.11. (a) Prove that i, : A"V — A" "'V is a linear map.
(b) Given ¢ € A"V and ¢ € A\°V, prove that

iv(p AY) = (ivp) N + (=1)" @ A (iv1)).
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(c) Prove that iy(iwe) = —iy(ivp).
HW 4.12. Let (z,y,t) € R3. Let (u,v) be coordinates on R? and define F : R® — R? by
F(x,y,t) = (zcost,ysint).

(a) Set X = ta% + 28% + a:y% and p = (1,—1,2) € R3. Compute F, X,,.

(b) Write F = (F'', F?). Compute dF' A dF? and ix(dF!' A dF?).

(c) Let @ = vu? + v? 4+ 1du A dv. Compute F*(a); and F*(oy), ¢ = F(p).
HW 4.13. Let F : M — N be a smooth map between manifolds. Suppose that a € QF(N)
and 3 € QY(N). Prove the following.

(a) F*(aAB) = (F*a) A (F*f).

(b) If da = 0 then d(F*a) = 0.
HW 4.14. Let M be a manifold and V a vector space. Let a € Q¥(M, V) be a V-valued
k-form on M. If we chose a basis B = {vy,...,v,} of V, then we can write a = o' v;, where
a; € QF(M). Define '

da = (da')v;.

Prove that the definition of do is independent of our choice of basis B.

Definition. Given an vector field V on M, let vy (¢, x) denote the flow of V' through = € M:

ev(0,2) = x and gtgo(t, ) = Vo) -
It is a fact that given any z, € M there exists a neighborhood U of z, in M and € > 0 such
that oy : (—e,e) x W — M is defined. Let
v W —M
denote the map ¢y +(z) = pv(t, z).

Definition. Given a vector field V on M and o € Q¥(M), define the Lie derivative of o by

V to be 5
(Lva)e = = (pvie) Ay
875 ‘PV,t( ) -0
where @y is the flow of V.

HW 4.15. (a) Let f : M — R be a smooth function, and V' a smooth vector field. Prove
that

Lyf = V(f).

(b) Let a € Q¥(M). Prove that
d (,Cva) = ﬁv da.

(c) Let o € Q¥(M) and 8 € QY(M). Prove that
Lv(@nB) = (Lva)AB + an(LyB).
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HW 4.16. Let a € QF(M). In this exercise you will prove that
Lya = iyda + diya.

To do this define Ly« :=iyda + diya.
(a) Given f € Q%(M) = C>®(M), prove that Ly f = X f.
(b) Prove that d(Ly«) = Ly da.
(c) Given 3 € QY(M), prove that Ly (a A B) = (Lya) A B+ a A (Lya).
(d) Use Exercise 4.15 to conclude that Lya = Lya.

5. FROBENIUS THEOREM

Let M be an n-dimensional manifold. Let w : TM — M denote the tangent bundle.

Definition. A rank m distribution on M is a submanifold D C T'M with the property that
D, =D N 7 (p) is a m-dimensional linear subspace of T,M. The distribution is smooth
if for all p € M there exist smooth vector fields X, ..., X;, defined on a neighborhood U
of p such that {X1(q),...,Xm(¢q)} span Dy fo all ¢ € U. We refer to the Xi,...,X,, as a
local framing of D.

Assume. We assume that all distributions are smooth.

Definition. The distribution D is integrable if given any p € M there exists an embedded
submanifold P C M such that T, P = D, for all ¢ € P. Equivalently, D is integrable
if every p € M admits coordinates x : U — R" such that spancoo(U){Xl,...,Xm} =

spancoo(U){%, ol amim}' We take P:={q e U | °(q) = z°(p)}.
Definition. The annihilator of D is Ann(D) = {(p,p) € T*M | p(v) = 0V v € Dp}.
Given p € M there always exists a neighborhood U and 1-forms n™*!,...,n" on U such
that {n™1(q),...,n"(q)} span Ann(D,) for all ¢ € U. We refer to ™1 ... n™ as a local
framing of Ann(D).

Fix indices

1 <ab<m and m+1 < rs < n,
and note that
n°(Xa) =0.

Definition. The distribution D is Frobenius if ‘sections of D are closed under the Lie bracket.’

That is, if X, Y are two smooth vector fields defined on an open set U C M and X (q),Y (q) €
D, for all g € U, then [X,Y](q) € D, as well.

Definition. The annihilator Ann(D) is Frobenius if given any local frame {n™*! ... n"}

dn® = 0 mod ™% ... . 9",

That is, there exist 1-forms 2 such that dn® = 85 An". (If the {n*} are defined on U C M,
then the ideal in Q(U) generated by the n® is closed under exterior differentiation.)
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5.1. Lemmas.

HW 5.1. Prove that D is Frobenius if and only if there exists some local framing {X,} of
D on U such that [X,, X3](¢q) € Dy for all g € U.

HW 5.2. Prove that the definition of Frobenius for Ann(D) does not depend on our choice
of local framing {n®}.

HW 5.3. Prove that D is Frobenius if and only if Ann(D) is Frobenius.
HW 5.4. Prove that Ann(D) is always Frobenius when m = 1.

HW 5.5. Suppose that there exist local coordinates = : U C M — R" such that

TRy L= spancoo(U){dme, s da)

Prove that dn®* = 0 mod ™%, ... ,n". That is, Ann(D) is Frobenius. (Note that this proves
the ‘easy’ direction of the Frobenius Theorem.)

HW 5.6 (Vector fields). Let M = R3 — {z = 0} with standard Cartesian coordiantes

(z,y, z). Prove that the vector fields
0 0 0 0
U=5g, T V=% %5

are pointwise linearly independent. Is the rank 2 distribution determined by D = span{U, V'}
integrable? (That is, given p € M does there exist a 2-dimensional submanifold P C M
through p such that T,P = D, for all ¢ € P?) Find a no-where zero 1-form w spanning
Ann(D).

HW 5.7 (Forms). Let M = R? — {0} with standard Cartesian coordinates (x,y, z). Set
w = zdx+xdy +ydz. Is span{w} Frobenius? Given p € M does there exist a 2-dimensional
submanifold P C M through p such that w =0 on P?

6. LIE GROUPS

Notation. Let V' be an n—dimensional vector space. Let GL(V) = Aut(V') denote the set
of invertible linear transformations V' — V. Let gl(V') = End(V') denote the set of all (not
necessarily invertible) linear transformations V — V.
Let g = T1qG denote the Lie algebra of a Lie group G.
Definition. Fix 0 # v, € A\"V*. The special linear group is
SL(V,v,) == {AeGL(V) | A"V =10} .
HW 6.1. (a) Prove that the definition of SL(V,v,) does not depend on the choice of
0 # v, € A\"V*. That is, SL(V,v,) = SL(V).
(b) Prove that SL(V) is a Lie group of dimension n? — 1.
(c) Prove that the Lie algebra of SL(V') is
sl(V) = {X € End(V) | trace(X) = 0}.

Definition. Let V be an n—dimensional vector space. Let w, € A2V* be a skew-symmetric
bilinear form. Then w, is nondegenerate if vaow, # 0 for all nonzero v € V. Equivalently,
given 0 # v € V, there exists w € V such that w,(v, w) # 0.
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HW 6.2. Prove that w, is nondegenerate if and only if there exists a basis {a!,...,a?™}

of V* such that w, = a® Aa™! 4+ ... + o™ A o®™. In particular, n = 2m is even.
HW 6.3. Given a nondegenerate w, € A2V* define
Sp(n) = Sp(V,w,) = {4 € GL(V) | wo(Av, Aw) = wo(v,w), Y v,w € V}.

(a) Prove that Sp(n) is a Lie group. What is the dimension of Sp(n)?
(b) Determine the Lie algebra sp(n) of Sp(n).

Definition. Let G be a Lie group. Given g € G define diffeomorphisms Ly, Ry : G — G by
Ly(z) = gz, Ry(z) = zg.

HW 6.4. Let G be a Lie group. Given a function ¢ : M — G, prove that dg=!' =

—(Lg-1)«(Ry-1)«dg.

Remark. In the case that G C GL,R, we may view g as a matrix-valued function on M.

Then using the notation of matrix multiplication, we have d(¢g~1) = —g~'dgg~".

Definition. Let g = TiqG be the Lie algebra of a Lie group G. Given X € g, define a
left-invariant vector field X € X(G) on G by

Xy o= (Lg):X.
Let vx(t) = exp(tX) be the flow of X through 1d: that is, vx(0) =1Id and 4x(t) = )A(WX(t).
HW 6.5. (a) Prove that exp(s+t)X = exp(sX)exp(tX).
(b) Prove that exp(tX)~! = exp(—tX).
Hint. Tt suffices to show that v(t) = exp(tX)~! is the flow of —X through Id € G. To that

end you may find dg=! = g~ 1dgg! useful. (You will need to prove this identity before
using it, if you have not yet seen it in class or proven it in a previous homework.)

Definition. Let G be a Lie group and g € G. Define a diffeomorphism Cy : G — G by
Cy=LgoRy;1 =Ry10L, That is,

Cy(a) = gag™.

The differential of Cy is an invertible linear map (Cy)s : TG — T, (a)G- Note that
(Coe = (Lo)elBy ) = (Ry1)elLy).

Ata=1d € G, (Cy), maps g = TqG to itself. This yields the adjoint map Ad : G — GL(g),
sending g to Ady € GL(g), defined by

Ady(X) == (Cy) X, VXeg.
HW 6.6. Prove that Ad : G — GL(g) is a group homomorphism: Adg, = Ady o Ady,.
HW 6.7. Fix g € G.
(a) Prove that (Cg)*)? = A/dg\X. Equivalently, (Cg)*()A(

g-lag) = (A/dg\X)a for all a € G.
(b) Prove that exp(tAdyX) = Cy(exp(tX)).
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(c) Prove that (Rg—l)*)z = @(. Equivalently, (Rgﬂ)*()?ag) = (A/dg\X)a for all a € G.
Definition. The Maurer-Cartan form 6 is the g—valued 1-form on G defined by
Oy(v) = (Lg-1)sv,
where v € T;G.

Remark. The Maurer-Cartan form 6 is the unique left-invariant (L,*0 = 6), g—valued 1-form
with the property that 9 is the identity on g = T14G.

HW 6.8. Given X € g, prove that §(X) = X.

HW 6.9. Let 0 € Q(G, g) be the Maurer-Cartan form on G. Prove that R,*0 = Ad,(6).
That is, given v € T, G, show that

(Rg*bag)v = Adgq(ﬁa(v)).
6.1. Bi-invariant metrics.

HW 6.10. Let G be a Lie group with bi-invariant metric g = (-,-). We have seen that
(2, X],Y)e + (X,[Z,Y])e = 0, for all X,Y,Z € T.G = g. Fix an orthonormal basis
{X1,..., X} of T.G = g. Let {X1,...,X,} C ¥(G) denote the left-invariant, orthonormal
framing of GG associated to the basis. Define a connection on G by

Ve Xi = X X
Prove that V is the Levi-Civita connection on (G, (-, -)). That is, prove that V is torsion-free
VW — V'V = [V\IW] YV, € X(G)
and metric—compatible
AV, W) = (VV,W) + (V,.YW) YV,WeZX@G).
6.2. Homogeneous manifolds.

Definition. A smooth left-action of a Lie group G on a manifold M is a smooth map
¢:Gx M — M such that

ole,x) = x, VaeeM,
b, 6(b,2) = olaba).
Notation. We will often write ¢(a,x) as ax. Let ¢ : M — M denote the smooth
mape,(z) = ¢(a, ).
Definition. The action is transitive if there exists z, € M such that ¢(G,z,) = Gz, = M.
HW 6.11. Prove that the action is transitive if and only if Gx = M for any x € M.

Definition. A manifold M is homogeneous for a Lie group G if there exists a smooth,
transitive left-action ¢ : G x M — M of G on M.
Ezample. (a) M = S™ is homogeneous for G = O(n + 1).

(b) M = V\{0} is homogeneous for G = GL(V).

(¢) M =PV is homogeneous for G = SL(V).
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Definition. Let (M,G) be a homogeneous space. The isotropy subgroup of x € M is H, :=
{a € G | ax}. (This is the stabilizer of x.)

HW 6.12. (a) Prove that H; is a subgroup. (Closed under multiplication and inverses.)
(b) Prove that H, is a closed subset of G.

c) Given z,y € M, prove that H, and H, are conjugate.
Y y jug

Definition. Let G be a Lie group and H C G a subgroup. Define a left-action A : GXxG/H —
G/H on the coset space G/H by A a,bH) = abH. Let A\, : G/H — G/H denote the map
Aa(bH) = abH.

HW 6.13. Prove that A is transitive.

HW 6.14. Let G be a Lie group with Lie subgroup H, and let h C g denote their Lie
algebras. Define a distribution A C T'G by A, := (Lg)«h C T,G.

(a) Prove that A is left-invariant: (Lg)«Ap = Agp.
(b) Letae G. Given z € aH C G, prove that T,(aH) = A, C T.G.

7. VECTOR BUNDLES
Definition. A vector bundle E of rank r over a manifold M is a smooth manifold with
submersion 7 : £ — M such that
(a) E, = n~1(x) is a vector space of dimension r for all x € M,
(b) there exists a covering {U, | o € A} of M by open sets and diffeomorphisms ¢,, such
that the diagram below commutes,

Pa

7 1(U,) Uy x R”

\ Projq

Ua

(¢) the restriction of ¢4 to fibres is a linear isomorphism E, — R" for all x € U,.

Definition. The @, are local trivializations of E. It follows from the definition that the map
P 0wyt
(UaNUs) x R” #2520 nUs) 25 (UanUs) xR,
is of the form
(z,v) = (z, gga(x) V)
for some smooth map gz, : UsNUg — GL,R. The gg, are the transition functions associated
to the local trivializations.

Definition. Let E be a vector bundle over M. Define the dual bundle E* to be the bundle
with fibre (E*), = E,*:
E* == {AN€ES |xe M}
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with projection map n*: A € E,* — z € M.
HW 7.1. Assume F is a vector bundle of rank r. Prove E* is a vector bundle of rank r.

Definition. Let E and F be vector bundles over M. Define the product bundle E ® F to be
the bundle with fibre (F ® F), = E, ® Fy:

EQF = {{cE,®@F, | x€ M}
with projection mapn:{ € E, Q F, — x € M.
HW 7.2. Set rank(E) = r and rank(F) = s. Prove E ® F' is a vector bundle of rank rs.

Definition. Let E be a vector bundle over M. Define A2E to be the vector bundle over M
with fibre (A2E), = A2(E,):

NE = {¢€ N°E, |z € M}.

HW 7.3. Assume E is a vector bundle of rank r. Prove that A?E is a vector bundle of
rank 1r(r — 1).

Definition. Given an n-dimensional vector space V' consider the Grassmannian Gr(k, V') of
k-planes in V. The tautological vector bundle ©: T — Gr(k,V) over Gr(k,V) is a rank k
vector bundle. The fibre over £ € Gr(k, V) is the k-dimensional vector space £ C V. That
is,

7T = {(v) e Gr(k, V) x V [v e},
and the projection 7 : 7 — Gr(k, V) maps (§,v) — &.

Ezample. Recall that Gr(1,V) =PV.

HW 7.4. Prove 7 is a vector bundle, and identify the transition functions.

8. EUCLIDEAN GEOMETRY
8.1. Structure Equations. Let (-,-) denote a positive definite inner product on R".
Definition. Let O(n) = {e = (e1,...,e,) | e an orthonormal basis of R" }.

Remark. If we fix a basis of R™, then we may identify O(n) with the set of n x n orthogonal
matrices. (View e; as a column vector.) To be precise: fix b = (b1,...,b,) € O(n), then
given any other orthonormal frame e of R™ there exists a unique orthogonal matrix A = A(e)
such that e = Ab.

Definition 8.1. Set

Euc(n) = {(i 2)

Define w?, 0} € Q]{Juc(n) by

z R, eEO(n)} ~ R" x O(n).

dz = w'e; and de; = ngj.
HW 8.1. Prove that 9; + 95 =0.

Definition. Let so(n) denote the vector space of skew-symmetric n X n matrices.
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Remark. We say that 6 is so(n)-valued.
HW 8.2. Prove that so(n) is a Lie algebra.
HW 8.3. Prove that the {w’, 0} | i < j} form a co-framing on Euc(n).

HW 8.4. Let

Prove that dd = —9 A ¥.

« — <}C 2) b= <; 2) € Euc(n).

Define a product on Euc(n) by matrix multiplication:

o 10
b= x+ey ef )’

Prove that Euc(n) is a Lie group with this product.

HW 8.5. Let

HW 8.6. In this exercise you will prove that

0 0
= (e0)
is a left-invariant 1-form on the Lie group Euc(n).

(a) Let

0 0
A:<X E) € T,Euc(n).

Prove that dz|,(A) = X € R and de;),(A) = E; (where Ej is the i-th column of E).
(b) Prove that

(Lp)sA = a-A = (f?X f(]]5> € TpoEuc(n) .

(c) Use (a) and (b) to prove that

(Lydzpe)(A) = fX  and  (Lydeyp)(A) = (FE)i.
(d) Use (c) to prove that

(szfba)(A) = wfa(A) and (LZ ;|ba)(A) = ;\a(A)

for all A € T,Euc(n). That is, 9 is left-invariant.
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8.2. Framings of R™. Let e = (ey,...,e,) : R” — O(n) be an orthonormal frame on
R™. Suppose that € is a second orthonormal framing. Then there exists a matrix-valued
A:R"™ — O(n) such that € = Ae. That is, if we write A = (A4%), i,j =1,...,n, then

(8.2) & =Ale;.

HW 8.7 (Associated coframes). Let {w’ =y and {@"} | respectively denote the dual
coframings. In analogy with (8.2) express @’ in terms of A and w.

HW 8.8 (Associated connection forms). Recall that the connection forms 6 = (0;) (with
respect to the framing e) are defined by de; = 9; e;. Similarly the connection forms 6 = (é;)

with respect to the framing € are defined by dé; = 0i¢;. As above, express 0 in terms of
J J J
0 and A.

8.3. Submanifolds M C R™. Suppose that M is an m-dimensional submanifold of R™.
Fix index ranges

1<4,57<n, 1<a,b<m, m<s,t<n.
Assume throughout that e : U — O(n) is a local, first-order adapted moving frame of R™
defined on an open U C M, and w the associated coframing.

HW 8.9 (Change of frame). Let é be a second local, first-order adapted moving frame of
R™ on U. As in §8.2 there exists A : U — O(n) such that ¢ = Ae. Prove that A takes
values in O(m) x O(n —m). That is,

B 0
(v e)
with B € O(m) and C € O(n — m).

HW 8.10 (First fundamental form). Let I = ) w® o w® denote the First Fundamental
form on U C M. Prove that I does not depend on our choice of framing e. That is, if € is a
second local, first-order adapted moving frame of R” on U, and @ is the associated coframe,
then ) w?ow® =73 &%ow"

HW 8.11 (Second fundamental form). Recall that the coefficients h;, of the second funda-
mental form (with respect to the framing e) are defined by 65 = h3, w’. Let é be a second
local first-order adapted framing. The coefficients h?, of the second fundamental form (with

respect to the framing € are defined by 52 = ngdjb.
(a) Express h?, in terms of h and A.

(b) Prove that the definition of II is independent of our choice of framing. That is,

heyes @ w owd = hdy &5 @ 0% o P

HW 8.12 (Connection form and Gauss curvature). Let M C R? be a surface, and let
e:U C M — SO(3) be a local adapted framing. Let {w'} denote the dual coframing and
0 = (0;) the connection 1-forms. Prove that

doy = Kw'Aw?,

where K is the Gauss curvature of M.
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HW 8.13. The helicoid is a surface S C R? parameterized by
(t,u) — (ucost,usint,ct),
0 # ¢ € R. (The helicoid is not a surface of revolution.)
(a) Construct a local orthonormal moving frame of R3 on S.
(b) Compute the connection forms 9; with respect to the framing.

(c) Compute the matrix h = (hgp) of coefficients of the second fundamental form (with
respect to the the moving frame).

(d) Compute the Gaussian and mean curvatures of the helicoid.

8.4. Covariant differentiation. Let V denote covariant differentiation on M™ C R™: If
v e T,M and X € X(M) is a vector field on M, then

VX = prOijMDUX € T,M.
HW 8.14. Let XY, Z € X(M) and f € C*°(M). Prove that
(a) VyxY = fVyxY,
(b) VxfY = X()Y + [VxY,
(c) Vx4vZ = VxZ + VvyZ,
(d) Vx(Y+Z2) = VxY + VxZ.

HW 8.15 (Metric compatible). Given u,v € T,,M, let (u,v) denote the inner product. Let
X,Y € X(M) be vector fields on M. Prove that

Ad(X,Y) = (VX,Y) + (X,VY).
That is, given v € T, M,
v(X,Y) = dX,Y)(v) = (V,X,Y) + (X,V,)Y).
HW 8.16 (Torsion-free). Let X,Y € X(M) be vector fields on M. Prove that
VxY — VyX = [X,Y].

HW 8.17. Fix a local adapted framing e of R on M, and consider the associated dual
1-forms w® (cf. §8.7). Given v € T, M, we define the covariant derivative V,w® € Ty M of
w® by v by the forcing the Leibniz rule. That is, V,w® is defined by

0 = ddy(v) = d(w(ep))(v) = (Vow)(en) + W (Vuep).
Prove that V,w? = —0%(v)w®.

8.5. Geodesics on surfaces of revolution. Let S C R3 be a surface of revolution pa-
rameterized by

(s,t) — (f(s)sint, f(s)cost,g(s)),
with f > 0 and f2+4 g2 =1 (the curve (0, f(s), g(s)) has unit speed).
HW 8.18 (Meridians). Prove that every meridian ¢ = ¢, is a geodesic.

HW 8.19 (Parallels). When is the parallel s = s, a geodesic?
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8.6. Curves on surfaces. Let M C R? be a surface. Suppose that v : (—e,¢) — M is
a unit speed curve. We construct an orthonormal framing (e1(s), e2(s), e3(s)) of R? over
as follows. Define e1(s) := ¥(s). Let e3(s) € Ny M be a (smooth) choice of unit normal
vector. (Such a choice is always possible for small s.) Finally, define ea(s) := e3z(s) x e1(s) €

TysM.

HW 8.20 (Structure equations). Prove that there exist functions k(s), g(s) and #(s) such
that

é1 = ges + kes
éa = —ger + tes
é3 = —k61 — t€2.

Definition. The curve «y is principal if 4(s) is an eigenvector of des : TyoyM — T, M.
The curve is asymptotic if II(%(s),4(s)) = 0 (equivalently, 4 L des(%)). Prove that ~ is

geodesic <— g = 0

asymptotic < k = 0

principal < t = 0.
The function k(s) is the normal curvature of ; the function g(s) is the geodesic curvature
of .

9. G-STRUCTURES
Notation. Let M be an n—dimensional manifold.
Definition. The coframe bundle over M is
F = {(z,uy) | x € M, uy : T, M — R" is a linear isomorphism} .
Let w: F — M denote the projection. The right-action of GL,R on F is defined by
u-g:.:= g_1 oU.

This action is free and transitive on the fibres 7! (x) =: F,.

Definition. Given a Lie subgroup G C GL,R, a G-structure on M is a sub-bundle G C F
with fibre group G.

Ezample. The frame bundle F is a GL,,R—structure on M.

Example. Let - be the dot product on R™ and g a Riemannian metric on M. Then
FI = {(z,ug) | x € M, uy: (TuyM,g,) — (R",) is a linear isometry}
is an O(n)-structure on M.

Definition. Let V' be an n—dimensional vector space. Fix 0 # v, € A"V*. (For example, if
{vl ... ,v"} is a basis of V*, then set v, = v} A--- Av™.) The special linear group is

SL(V) = {AeGL(V) | A"vy =10} .
Remark. Given any A € End(V), A*v, = det(A) v,.
HW 9.1. Prove that M admits an SL(V')-structure if and only if M is orientable.
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Definition. Let V be an n-dimensional vector space. Let w, € A2V* be a skew-symmetric
bilinear form. Then w, is nondegenerate if vow, # 0 for all nonzero v € V. Equivalently,
given 0 # v € V, there exists w € V' such that w,(v, w) # 0.
Definition. Given a nondegenerate w, € A\>V* define

Sp(n) = Sp(V,w,) = {4 € GL,R | wo(Av, Aw) = wo(v,w), Y v,w e V}.
Definition. A 2-form w € Q?(M) is nondegenerate if w, € A\*T*M is nondegenerate for all
ze M.

HW 9.2. Prove that M has a nondegenerate 2-form w if and only if M admits an Sp(n)—
structure.

Definition. Let m : G — M be a G-structure, let v € G and = = 7(u) € M. The vertical
subspace at u is

Vo = ker{m, : T, - T;M} = {£€TuG | nu(€) =0}.
HW 9.3. Prove that ¢ is vertical if and only if ¢ is tangent to a fibre F,.
Definition. The Solder form n € QY(F,R") is the R"valued 1-form on F defined by
m(§) = u(me(§)), §eTuF.

The Solder form is also known as the canonical R"~valued semi-basic form. Given a fixed
basis {vi,...,v,} of R", define 7/ € Q' (F) by n(&) =: n?(§)v,.

HW 9.4. Prove that ¢ is vertical if and only if 7(£) = 0.
Definition. A k-form ¢ € QF(F) is semi-basic if £1¢ = 0 for all vertical £ € TF.
HW 9.5. Prove that ¢ is semi-basic if and only if ¢ = @5’ for some functions ¢y : F — R.

Definition. Assume that G C GL,R is a Lie subgroup, let 7 : G — M be a G-structure and
define a vector field X € X(G) on G by

~ d
X, = —u- tX .

dtu exp(tX) t=0
HW 9.6. Let 7 : G — M be a G—structure.

(a) Prove that X is tangent to the fibres G, = ().
(b) Prove that X is vertical.

HW 9.7. Let {Xy,...,X,} be a basis of g. Prove that {)Z'l, ... ,)?T} span 1T,,G, = V.

Definition. Given g € G, let Ry : G — G denote the induced diffeomorphism
Ry(u) == u-g = g lou.
Remark. Note that R, preserves the fibres of G: Ry(Gs) = Ga.

Definition. A connection form on a G-structure G is a g-valued 1-form 9 € Q'(G, g) with
the properties that

I(X) = X and R, = Ad,19.

g
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Remark. In gory detail, with the base point notation, the second property reads as follows.
Given ¢ € T,,G, we must have

(Rg*ﬁuy)f = Adg*1 (ﬁu(f)) .

HW 9.8 (Toy example). Suppose that M is a two-dimensional, oriented Riemannian man-
ifold. Let 7 : Gt — M denote the bundle of oriented, orthonormal frames on M. Given
x € M observe that the fibre g; is naturally identified with the unit circle St ¢ T,M:
elements of S' are unit vectors e; € T, M. There is a unique ey € T, M with the property
that {ey, ea} is an oriented, orthonormal basis of T, M.

More generally G is locally of the form U x S L. To see this, let z, € M. Then x, admits
a neighborhood U with a local, oriented, orthonormal framing e = {ej,es}. This framing
is a local section e : U — G*. Given any e = {e1,ea} € 71 (U) there exists a unique
7 = 7(e) = exp(it) € S' such that e; = e; cost — ey sint and ey = e sint + ey cost. So we
define a diffeomorphism

DN (U) - UxS' by @) :=(n(e),7(e)).

(a) Let (z!,2?) : U — R2? be local coordinates on U, and ¢ — exp(it) be local coordinates
on S'. View (z',22,t) as coordintes on 71 (U) ~ U x S'. Express the Solder forms 1, 7?
in terms of (z!, 22,1).

b) Show that there exists a unique 0 € QYU x S1) such that dnt = —0 A n? and
( q n n
dn? =0 Ant.

(c) Argue that 6 is globally defined. That is, # € Q'(GT).
(d) Prove that

_( 0 0 1o+
Y = (—6 0> € (G, s0(2))
is a connection form.

HW 9.9. Let 9 be a connection form on G. Prove that 9 and n span the 1-forms on G.

Hint. It suffices to show that n(§) = 0 = ¥(§) implies that £ € T'G is the zero vector.

HW 9.10. Fix g € G and X € g. Prove that (Rg)*)N( = AH;TX. That is,

(Rg)*)?u = (Adyj1X)yy foranyueg.

Definition. Let m : G — M be a G-structure. Fix a connection ¥ € Q'(G,g). Let u € G
and z = m(u) € M. The horizontal subspace at u (with respect to the connection 9) is

H’ = H, = {£€T.G | 9.6 =0}.

HW 9.11. (a) Prove that T,,G = V,, ® H,.
(b) Prove that (Ry).Hy, = Hy.g.
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10. RIEMANNIAN METRICS

Assume. M is an n-dimensional Riemannian manifold.

Definition. A (Riemannian) metric g on M assigns to each point z € M an inner-product
g. on T, M. In particular, given u,v € T,M, g,(u,v) = g,(v,u) and g,(u,u) > 0 whenever
u # 0.

Definition. A metric g on M is smooth if, given any two smooth vector fields X,Y on M,
the function f(z) := ¢.(X,,Y,) is smooth.

Remark. We will often drop the base point notation and write g,(u,v) as g(u,v).

HW 10.1. Given local coordinates (U,x) on M we may define functions g;; : U — R by
gij = 9(0,i,0,5). Prove that g is smooth if any only if the g;; are smooth functions on U
for all local coordinates (U, x).
HW 10.2. Prove that (g;;) is a positive definite, symmetric matrix.
Assume. From this point on, we assume that all Riemannian metrics are smooth.
10.1. Covariant differentiation. Let M be an n—dimensional manifold, p € M, v € T,M
and X € X(M).
Definition 10.1. Covariant differentiation at p is a pairing T, M x X(M) — T, M, which we
denote by (v, X) — V, X, that satisfies the following properties:

(i) (Linearity 1) V,(X +Y) =V,X 4+ V,Y.

(ii) (Linearity 2) V4, X =V, X + V,Y.
(iii) (Leibniz rule) V,fX =df(v) X + fV,X.

(iv) (Smoothness) Vy X € X(M).
for all X,Y € X(M), u,v € TyM and f € C>(M). A choice of covariant differentiation on
M is also called a connection on M.

HW 10.3. Let U C M be aneighborhood pr € M that admits a local framing X1,..., X, €
X(U). Given g € M and v € TyM define 0}(v)q € R by

VoXi = 0/(v), X;.

Prove that 9; € QL().
Definition 10.2. The 0 = (9;) are the local connection 1-forms associated to a choice of
framing X1,..., X,.
HW 10.4. Consider the Riemannian manifold (M,g) = (RN,.). Let D,X denote direc-
tional derivative on RN,

(a) Prove that D is a torsion-free, metric compatible connection.

(b) Compute 6 with respect to the global framing 0/9x!, ... 0/0zN.
HW 10.5. Suppose that M™ C RN be a smooth embedded manifold. Let ¢ denote the
metric on M that is induced by the inner product on RN. Given v € T,M and X € X(M),

define
VX = projp p Do X .

Prove that V is a torsion-free, metric compatible connection on M.
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10.2. Parallel Transport.

Notation. Let (M, g) be a Riemannian manifold, and let V denote the Levi-Civita connec-
tion on M.

Definition. Let v : [0,1] — M be a curve and x = 7(0). Given X, € T, M, the parallel
transport of X, along v is a vector field X(t) € T, M along v such that X(0) = X, and
Vi X =0.

Remark. Note that the parallel transport X (¢) of X, is the solution of a first-order ordinary
differential equation with initial value. In particular, solutions exist (at least for small t)
and are unique.

HW 10.6. Let M be the 2-dimensional cylinder {z = (z!, 22, 2%) € R? | (2!)?+ (22)? = 1}.
Fix the point z, = (1,0,0), and X, = 52 € Ty, M.
(a) Compute the parallel transport of v along the curve
At) = (cos(t),sin(t),0).
(b) Compute the parallel transport of v along the curve
A(t) = (cos(t), sin(t), ).

Remark. As a surface in R?, M inherits a Riemannian metric g from the inner product on
R3. Recall that, given X € X(M) and v € T, M,

vaX = prOjTIMDvX

where D, X is the directional derivative of the vector field X, and projp ,, denote the
orthogonal projection R3 — T, M.

HW 10.7. (a) Let M be the 2-sphere {z = (2}, 22, 23) € R3 | (21)?2 + (22)2 + (2?)? = 1}.
Let x, = (1/1/2,0,4/1/2). Compute the parallel transport X (¢) of X, = % e T, M
along

v(t) = (v/1/2cos(t),/1/2sin(t),\/1/2).
(b) Note that z, = v(0) = v(27). Compute X (27).

10.3. Curvature. Let (M, g) be a Riemannian manifold, and F ® M the O(n)-bundle of

orthonormal coframes on M. Let n € QY(F,R"), 9 € QY(F,0(n)) and Q = dd + I A €

Q2(F,0(n)) be the Solder 1-form, the Levi-Civita connection 1-form and the curvature
2-form, respectively. Recall that

Q = dI+9IAY =1R(nAn),

with R : F — o(n) ® A*(R™)*.

Recall that every u € F is a isometry u : (T,M,g,) — (R",-), x = m(u). Fix an
orthonormal basis {vi,...,v,} of R® with dual basis {v!,... ,v"}. Define 172193- = —19{ €
Q'(F) and Q € Q*(F) by

ﬁ:ﬁiVi, 19:19§Vi®vj7 Q:Q;VZ(@V]
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Then Qz = dﬁ; + 9% A 199? and R = Ré‘ke(vi @vi) @ (V¥ AVE), R}M : F9 — R, and we have
i i k
dd + U A
(Skew-symmetry) 0 = R;kg + R;-gk = R;M + R,
(First Bianchi Identity) 0 = R;-M + R};[j + Réjk .
HW 10.8. Define R;jxe := R;‘kZ' Prove that

Rl At

(Symmetry) Rijke = Ryeij -

(Hint: Define Sijre = Rijre + Rieji + Rike; (this is the right-hand side of the Bianchi identity
above), and consider 0 = Sjjre + Sjrei + Skeij + Seiji-)

HW 10.9. (a) Given u,7u € 7~ !(z) there exists A € O(n) = O(T, M) such that Tu =
u-A="TRa(u). In class we proved that

Ry = A on, and RYVry = Adg-1(9,).
Prove that R%Q;, = Ad4-19Q,.
(b) Notice that RZR;M = R;kZoRA, so that (R*AR}M)U = ;kg(u FA) = R;M(Tu). Prove
that Riy,(ru) = (A1) R, (1) A AL AL,
(c) The fixed basis {vi,...,v,} of R" defines a coframing {e’ = e*(u)} of T, M by u = €' v;.
Let {e; = e;(u)} denote the dual framing. Prove that
exNeg — ;M(u) e; @ el
Tep NTep ;ke(TU) Te' ® Te;

define the same map A?T,M — o(T,M). This map is the curvature endomorphism at
R(z).

HW 10.10. Given a 2-plane P C T, M, prove that the sectional curvature K(P) does not
depend on the choice of orthonormal basis of P.

HW 10.11. Define
Euc(n) := {(31: 2)

Observe that Euc(n) is a Lie group. Let

euc(n) = {(2 )0(> ‘ £eR”, XEso(n)}

denote the Lie algebra of Euc(n), and let ¢ € Q'(Euc(n), euc(n)) denote the left-invariant
Maurer-Cartan form on Euc(n).

Define a projection 7 : Euc(n) — R"™ by w(x,e) = z. Observe that (Euc(n),n) is
the O(V) ~ O(n)-structure G of orthonormal frames on M = R". Define n = (') €
Q! (Euc(n),R") and 9 = (19;) € QY(Euc(n),so0(n)) by

- (32)

xeR™, eEO(n)}.

Prove the following;:



22 C. ROBLES

(a) dz =n'e; on Euc(n);
(b) de; = 19{ e; on Euc(n);
(c¢) n is the Solder form on G;

(d) 9 is the Levi-Civita connection form on G.

HW 10.12. Let (-,-) denote the standard inner product on R"*! and let O(n + 1) denote
the Lie group of (n + 1) x (n + 1)-matrices preserving the inner product. Let so(n + 1)
denote the Lie algebra of skew-symmetric matrices and let ¢ € QY(O(n + 1),s0(n + 1))
denote the left-invariant Maurer-Cartan form.

Given an element e = (e, ...,e,) € O(n + 1), define a projection 7 : O(n + 1) — S™ C
R™* by 7(e) = eg. Note that (O(n + 1), 7) is the O(n)-structure G of orthonormal frames
on S™. Define n = (') € Q1(O(n +1),R?) and ¥ = (193) € QY(O(n+1),s0(n)) by

=)

Prove the following;:
(a) dei:gpgej for 0 <1i,j <m;
(b) 7 is the Solder form on G;

(c) 9 is the Levi-Civita connection form on G.

HW 10.13. Fix a basis {vo,vi,...,v,} of R*™!. Let = (2% 2!, ..., 2") be the induced
coordinates on R™*!. Define a nondegenerate, symmetric, bilinear form @ on V by

n
Qz,y) = —a%" + > a"y".
a=1

Let O(1,n) = {4 € GL(n+1) | Q(Az, Ay) = Q(z,y)}. Note that O(1,n) is a Lie group.
Let s0(1,n) denote the Lie algebra and let ¢ € Q'(O(1,7n),50(1,n)) denote the left-invariant
Maurer-Cartan form. Prove the following:

(a) Anelement e = (eg,e1,...,e,) of GL(n+1) lies in O(1, n) if and only if Q(eo, eg) = —1,

Q(eq,ep) = 6ap for all 1 < a,b <n, and Q(e;,e;) =0 for all 0 <i# j < n.

(b) The Lie algebra is

0
so(l,n) = {X:()?g i((% ) cglin+1) ’ X§=XxY, X;:-Xj;}.

(c) de; = ¢l ej on O(1,n).

HW 10.14 (Continuation of HW 10.13). Let M™ = {z € R""! | Q(x,2) = —1}. Then
M is a smooth hypersurface in R**!. Define a metric g on M by restriction of @Q: given
u,v € Ty M C R™ M set g(u,v) = Q(u,v).
(a) Show that given any = € M there exists e € O(1,n) with eg = . (This implies that
O(1,n) acts transitively on M.)

(b) Prove that g is a Riemannian metric on M: symmetric and positive definite. (Hint:
show that T, M may be identified with {v € R** | Q(z,v) = 0}.)
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HW 10.15 (Continuation of HW 10.14). Given e = (eq,€1,...,€,) € O(1,n) define 7 :
O(1,n) — M by m(e) = eg. Note that (O(1,n),) is the O(n)-structure G of orthonormal
frames on M. Define n = () € Q1(O(1,n),R") and ¢ = (%) € Q1(0(1,n),s0(n)) by

- (33)

(b) ¥ is the Levi-Civita connection form on G;

Prove the following:

(a) n is the Solder form on G;

(c) (M,g) has constant sectional curvature K = —1.

11. PRINCIPLE BUNDLES

Definition. Let M be a manifold and G a Lie group. A principle G-bundle over M consists
of a manifold P = P(M,G) and a right-action

PxG— P, (u,a) — ua =: Rqu,
of G on P satisfying the following conditions:
(a) G acts freely: u=wua <= a=id € G}
(b) M = P/G and the quotient map 7 : P — M is differentiable;

(¢) P is locally trivial. That is, for all z € M there exists a neighborhood U C M and
a smooth map ¢ : 7 1(U) — G with the property that u +— (7(u),p(u)) defines a
diffeomorphism 7=1(U) — U x G, and ¢(ua) = ¢(u)a.

Let P, := () denote the fibre over x € M.
Remark. A G—structure on M is an example of a principle bundle.
Definition. A homomorphism f : P(M,G) — Q(N, H) of principle bundles is a pair of
mappings (both denoted f!):
f:P—Q a smooth map of manifolds

f:G—-H a homomorphism of groups
such that f(ua) = f(u)f(a) for all u € P and a € G.

HW 11.1. Let f: P(M,G) — Q(N, H) be a homomorphism of vector bundles.
(a) Prove that f preserves fibres. That is, given x € M, there exists y € N such that
f(Pr) CQy.
(b) Prove that f induces a well-defined map f : M — N, and show that this map is
smooth.

Definition. Let V,, := ker{m, : T,P — T;M, x = w(u)} denote the vertical subspace at
u € P. Given X € g, let X € X(P) denote the induced vertical vector field

d
Xy = —uexp(tX)

dt =0
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Definition. A connection on P is a choice of horizontal subspace H,, € T, P at every u € P
such that

(a) T,P =V, ® H,, and
(b) (Ra)«Hy = Hyq.-

Let h:T,P — H, denote the projection onto the horizontal subspace.
Every connection defines a connection 1-form 9 € Q'(P,g) by

#X) =X VXeg and 9() =0 V(eH.
HW 11.2. Prove that (Rg)«0h =ho (Rg)«.
HW 11.3. Prove that (R,)*9 = Ad,—19.

Definition. Let P be a principle bundle with a connection. The curvature of the connection
is the 2-form Q € Q?(P, g) defined by

Q = dvh.
The curvature satisfies the structure equation
v + 30,9 = Q.
Above [9,9] € Q%(P,g) is the 2-form defined by [¢,9](V, W) := 2[9(V), 9(W)].
HW 11.4. Prove that Q(V, W) = —9([V, W]) for all horizontal VW € X(P).

Definition. Fix a connection on P. Let u € P and x = 7(u). Every curve v : [0,1] — M
with v(0) = x has a unique horizontal lift 7, : [0,1] — P to u. The lift is determined by

Y(0) = u, woy, = v, and 7, € Hs,.
Given u,v € P, we write u ~ v when v = 7,(1) for some curve ~.

Notation. Given x € M, let C(z) = {7 :1[0,1] — M | v(0) = z = v(1)} denote the closed
curves at x. Let C°(x) C C(z) denote the closed curves at x that are homotopic to the
constant curve yo(t) = x.

Let v~!:[0,1] — M denote the curve v~ 1(t) = v(1 —t). Given a second closed curvature
B:10,1] = M at x define a 5 -+ :[0,1] — M by

, _ J(2) t o, 3]
Boalt) = { BR2t—1) teli1].
Definition. Given v € C(z) the parallel displacement by ~ is the map 4 : P, — P, defined
by u — 4, (1).
HW 11.5. Using the notation above, prove the following.
(a) Given a € G, Ro 05 =750 R,.
(b) yt=75""
(c) B-y=pB0o7.



DIFFERENTIAL GEOMETRY HW 25

Definition. If P = P(M, Q) is a principle bundle with connection I', the holonomy group of
I with reference point x € M is

O(z) == {y: P — Py |yeCla)}.
The holonomy group of I with reference point u € P is
O(u) ;= {acG|u~ua} C G.
Definition. A reduction of P = P(M, Q) is a principle bundle P’ = P(M, H) and a vector
bundle homomorphism f : P’ — P such that
(a) f: P — P is an embedding of manifolds;
(b) f: H— G is a monomorphism;
(¢) f: M — M is the identity.
If T' and I are connections on P and P’, with connection forms ¥ € Q'(P,g) and ¥/ €
QY(P',h), then I is reducible to I if
(11.1) 9 = f-9.
(The group homomorphism f : H — G defines dfe : h — g. The f -9 above is df.(1).)

HW 11.6. Assume (11.1) holds. Set u = f(u'). Prove the following:
(@) Fu =,
(b) f*HI/L/ = Hy.
(c) Let v : [0,1] — M be a curve such that v(0) = x = #'(v/) = m(u). Let 7, be the
horizontal lift of v in M to u € P, and let 4,/ be the horizontal lift of v to u’ € P’.
Prove that f o5, = 7,.

(d) f(@(u)) = &(u).

12. INTEGRATION

Definition. A n-dimensional manifold M is orientable if and only if there exists a no-where
zero n-form p € Q"(M): pp, #0 € \"T; M for all p € M.

HW 12.1 (Orientability and coordinate charts). Prove that M is orientable if and only if
M can be covered by coordinate charts {(Us, Za) Yaca with the property that det(2Z2) > 0

Ozg
on U, NUg.
Hint. Use partitions of unity to construct an orientation p € Q" (M) for the direction (<=).

Definition. Set

H" = {z=(2',...,2") e R" | 2! <0}.
Given H" C R" the subspace topology: the open sets W C H™ are of the form W = UNH"
with U C R™ open. A function f : H" — R is differentiable at p € H™ if there exists a

differentiable function f : U — R defined open neighborhood U C R” of p such that f = f
on UNH™.
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Definition. A topological space M is an n-dimensional manifold with boundary if M admits
an open covering {U,} and homeomorphisms z, : U, — W, onto open sets W, C H" such
that the x50 x; ! are differentiable. The boundary OM of M is

OM = {peM|3(Uz)st. z'(p)=0}.
That is, some coordinate chart (U, z) maps p into the boundary of H™.
HW 12.2. Assume that 2!(p) = 0 for some coordinate chart (U, z) on M. Let (V,y) be any

other coordinate chart containing p. Prove that y'(p) = 0. (That is, if p € M is mapped
into JH™ by some coordinate chart, then p is mapped into OH™ by every coordinate chart.)

HW 12.3. Let M"™ be a compact orientable manifold without boundary (OM = (). Let
w € Q"1 (M). Prove that there exists a point p € M such that dw, = 0.

HW 12.4 (Area in R?). Let R? have Cartesian coordinates (r,y). Set w = zdy — ydx €
QL (R?). Assume that i : M — R? is a bounded region with regular boundary M. (That

is, M is a compact 2-dimensional submanifold of R? with boundary OM. For example,
M = {z € R? | |z| <1} and OM = S'.) Prove that

Area(M) = %/ ifw.
oM

HW 12.5 (Green’s identities). Let f,g: R? — R be differentiable functions. Let M3 C R3
be a compact differentiable manifold with boundary dM?. Let v € Q3(M) denote the
volume element of M. Given p € 9M, let N, denote the outward pointing unit normal of
OM, so that 0 = N_v is the volume element on 9M.

(a) First identity: Prove that

/M<grad(f),grad<g>>v + /M fAgy = /8 (). N) o

where Af = Z?:l ()(%3;2 is the Laplacian. [Hint: set v = fgrad(g) in the Divergence

Theorem.]
(b) Second identity: Prove that

[ (#89—gany = [ (laadig). N) ~ g (grad(). N)) o

M oM
13. DERHAM COHOMOLOGY

13.1. Poincaré’s Lemma.

Definition. A manifold M is contractible (to a point p, € M) if there exists a smooth map
H : M xR — M such that

H(p,1) = p VpeM,
H(p,0) = p, VpeM.
Definition. Let m: M xR — M denote the projection 7(p,t) = p. A vector v € T(, (M xR)
is vertical if m.(v) =0 € T,M. A k-form ¢ € QF(M x R) is semi-basic if
C(vg,y...,v) = 0
whenever any of the v; are vertical.
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HW 13.1. Prove that R" and B" = {x € R" | || < 1} are contractible.
HW 13.2. Prove that the vertical vectors are spanned by %.

HW 13.3. In this exercise you will confirm the assertions made in Lemma 1 of the the
proof of Poincaré’s Lemma. Given ¢ € QF(M x R), define 11 = %JC and ng = ¢ —dt Any.
Prove that

(a) The forms 7y and 7; are semi-basic.
(b) (=mno+dtAm.
(c) The forms 79 and 7 are the unique semi-basic forms such that (b) holds.

13.2. deRham cohomology.

HW 13.4. Let F: M — N be a smooth map on manifolds. The pull-back F* : Q¥(N) —
QF(M) induces a map F* : H¥(N) — H*(N) by F*([w]) := [F*w]. Prove that the induced
map is a well-defined linear map of vector spaces.

HW 13.5. Suppose that F' : M — N is a diffeomorphism. Prove that F* : H¥(N) —
HF(M) is a vector space isomorphism.

HW 13.6. Prove that the 2-sphere S? is not contractible.
HW 13.7. Compute the cohomology of M = R?\{(+1,0)}.

HW 13.8 (MT 5.3). Can R? be written as the union R? = U; U U, of two connected open
sets such that Uy N Uy is disconnected? (L.e. the intersection consists of more than one
connected component.)

13.3. Harmonic forms.

Assume. M is an n-dimensional oriented Riemannian manifold. Let v € Q" (M) denote the
volume form: given any oriented, orthonormal basis v1,...,v,} of T, M, vy (v1,...,v,) = 1.

Notation. Let {w!,...,w"} be a oriented, orthonormal coframing of M, locally defined on
an open set U C M. Recall that {w" A---Aw™ | i} < --- < iy} forms a basis, over C*(U),
of QP(U).

Remark. On U, v =w!' A--- Aw".
Notation. Given I = {iy,...ip} C {1,...,n}, let

wh = WA AW,
Definition. Define the Hodge star operator % : QP(U) — Q"7P(U) as follows. Let I¢ =
{ip+1,...,in} be the complement of I in {1.,...,n}. Define
wol = W ifwl AW =,
Tl Wl el AW = -

This defines the Hodge star on a basis of ”(U). Extend the definition to all of QP(U) by
requiring that * be C*°(U)-linear.

Remark. Given I = {iy < -+ <ip} and I¢ = {ip41 < --- < in}, let sgn(l) = %1 be the sign
of the permutation mapping k + i. Then *w! = sgn(I)w!*
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Definition. Define an inner product (-,-) on APT;M by declaring the basis vectors {w?
|I| = p} to be an orthonormal basis of A\PTM.

HW 13.9 (Use the definitions above.).
(a) Let oy = Ajwl and 3, = Byw! in APT; M. Prove that {(ay, 8.) = Y. A;By.

(b) Given o, € APTFM and v, € NPT M, prove that 7, = *a, if and only if a, A B, =
(Y, Bo) v for all B, € N"PTEM.

(c) Prove that the definition of the Hodge star operator * : APTXM @ A" PTM does not
depend on our choice of oriented, orthonormal coframing {wl, ..., w?}. (In particular, the

definition of the Hodge star operator above extends to a well-defined map * : QP (M) —
Qrr(M).)

Hint. Tt is a consequence of part (b) above that xa, may be defined (or characterized) by
agz A By =: (*ay, B) for all B, € A\""PT M. You may find this helpful in proving part (c).

HW 13.10. Prove that s : QP(M) — QP(M) is (—1)P(»=P) 1d.

HW 13.11. Suppose that M is Euclidean space R". Prove that A = — " | §%/0x; on
functions.

HW 13.12. Prove that *A = Ax.
Assume. M is compact.

Definition 13.1. Given a, § € QP(M) define

(o, B) = /MaA*ﬂ.

HW 13.13. (a) Prove that (-,-) is bilinear. That is, given o, 8,y € QP(M) and r € R,
(1) (@, 6 +7) = (a,0) + (a,7) and (a + 7, 08) = (, B) + (7, B),
(ii) (re, ) = (e, B) = (a,r ).
(c) Prove that (-,-) is symmetric and positive definite. That is, (a,3) = (8,«) and
(o, @) > 0 for all nonzero a.

Hint. HW 13.9.

Remark. The exercise above implies that (-,-) is an inner-product on the (infinite dimen-
sional) vector space of p-forms.

HW 13.14. Prove that §2 = 0.

HW 13.15. Suppose that a, 5 € Q"(M) and [, a = [,, 3. Assume that M is connected
and prove that @ — 3 is exact.

HW 13.16. Prove that G is a bounded, self-adjoint linear operator.

14. GAUSS-BONNET THEOREM

HW 14.1. Prove that every smooth vector field on the 2-sphere has a zero.
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15. EULER CLASS

HW 15.1. Compute the Euler class of the torus 72™. (That is, the Euler class of the
tangent bundle.)

HW 15.2. Consider the tautological line bundle 7 over complex projective n-space CP".
Recall that 7, naturally inherits a Hermitian metric from C"*!. We used the curvature of
the corresponding Chern connection to compute the Chern classes ¢ (7).

If we ignore the complex structure on the fibres, we may regard 7 as a real, rank 2 vector
bundle E. Prove that E is oriented and compute the Euler class of E in terms of ¢1(7).

HW 15.3 (Thom Isomorphism). Let E be a real, oriented, rank k vector bundle over
an oriented, connected, compact manifold M with Thom class U. Prove that the map
HYE) — H*(E) sending o +— a A U is an isomorphism for all .

HW 15.4. Suppose that E and F' are oriented, real vector bundles over a closed oriented
manifold M. Prove that Uggr = UgUp.



