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CHAP.7) THE RESIDUE THEOREM. EVALUATION OF INTEGRALS AND SERIES 195

lim &= n} , w cos wz coth 72 _ cothng
zen | SN 72 23 13
Residue at z=ni (o = £1,%2,...) i .
Lim (z—nt) = ootwz cosh 7z — coth nr : _
z=+ni | sinh 72 23 73 - -
Hence by the residue theorem, )
; A = - h i
§J 7 cot :rzacoth T gy = Ta® T4 2 cot fr .
Cx

Taking the limit as N — =, we find as in Pmblem 25 that fhe integral on the left approaches zero
and the required result follows .

Supplementary Problems

RESIDUES AND THE RESIDUE THEOREM
39: For each of the following functions determine the poles and the residues at the poles:

. 2 . :
(@) _2?z_+1_., ) <z+ 1) () SMZ ' (d) sechz, (e) cotz
22—z—2 o 2R 7

Ans. (@) z= —1,2; 1/3, B/8
' by z= 14 (d) z = %(21-:-1— 1ri; (—1)k+14 where k& = 0, *1,+2, .
(¢) z=0; 1 (&) z = kmi; 1 wherek—0+1 *2,. -

)6' h z . i . . .
——240." Prove that § c7-d°s 2 = i if C is the square with vertices at *2=2¢
? c z .

11. Show that the residue of (escz cschz)/z3. ‘at z=0 js —1/60. '

j

— 42 Evaluate c‘f sdz sround the cirdle C defined by |s| =5.  Ans. 8ri

- o )
X 22+ 4 h
™y 43. Find t.he zeros and poles of fla) = w55 1a0 and deterimine the residues at the poles.
> 284 222+ 22 -
Ans.‘Zeros z = *2¢ Res, at z=01is 2 ReS, at z = —1+4 is 11— 3 Res; at z = —1—1%
is —§(1 433 o :

Py

Mo .
) 44. Evaluate § ¢~ 12 gin (1/2) dz  where C'is the circle |z| = 1. Ans. 2xi
€

4 i sinh 3z -
= 45. Let C be a square bounded by = = £2, y = *2. Evaluate § e dz. Ans. —97V2/2
7 ) o [z — 7i/4P ) .

¥ 2:2+5 ' . .o . . ,
46, " Evaluate c_——_—(z. T2 A+ D2 dz where C is (o) |z—2i{ = 6, {b) the square with vertices at

144 2414, 2+2i, 1+2i.

47. Evaluate L:-(TS—%EE dz where C is a square having vertices at 3+ 3i, 3—8i, —3+3i, —3— 3.

Ans, —6xi

1 e*t - . 1 . . R o o: " os
48, Evaluate ] § AET D) dz, t>0 around the square with vertices at 2+ 2, —2+42i, .2 - 24,

2= 2i, L Ams. 1 — cos i
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DEFINITE INTEGRALS
b J-w dz
49. Prove that A i)
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= 2‘/__
50% 1 J‘ﬁ de Ans. Bxf2
. valuate A W‘T‘T)é' ns. bx/288
2w g .
§l. Evaluate f _smse ds. Ans, 0
5 — 3cose

_ result f e—ul dy =

o
-}\/; to obtain f e"'—fzdo: =
0

27
cos 3¢ _ f cos? 8¢ — 8
52. Evaluate J; BT 4co“da. 53. Prove that . 5T decos2e de = "
p . * cosme ~ meTm(1tm)
54, rove tha_lt it m >0, _"_—(wz 1P dx —
. : ® cosx
55. (z) Find the residue of -(—2—_1_——1-)-5- at z=4 {b) Evaluate J; @E+IE +1)5.dx.
56. If a2 > b2+ ¢?, prove that. f de = - %
o .y o+ bceose + csineg SV —

N 21‘, - . B

57. Prove that f __co830 4. - 1857
verat ) B —3coser® T Tosma
SS*EV luate f A Ans. /316
. alna A o R He. «
) , - i
59, Evaluate J:m m ns. 1:‘/2
0, 2

60. Prove that f BT gy = z.

o -2 .
'61. Discuss the validity of the followmg solutlon to Problem 19. Let u Vz '(1+t'}a;/\/§

f sing®dx = }vr/2 on equating real and imaginary parts,
0 .

cos 2y —r_

62. Show that ‘J;m-mdw | 2‘/_ emm/VE,
SUMMATION OF SERIES

63. Prove th:a;t 2  GET IR +1)2 = %cothfr + E‘;csch?rr — -;-
64. Prove that (@) ngx % = ;—;, b) 'él-;-:g = 9—-’:-;5-.

6. Prove that ,21 ("1)';;1"&25“""’“ =z ::::: :: —r<8<q
66. Prove that %—%%é——-%fﬁ- 2%.

43

§7. Prove that ) 1 = L{Si"h Zra + sin 2”"’}_

nee nt+ dat

oo o8 1

68.. Prove that p

H=—w m=E—aa (m® + a?)}{n? + b?)

cosh Zra — cos Z2ra ("

22
= 25 coth we coth =b.
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in the

1 —9Vr/2 from which f cospZde =
0 .




