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The rule is valid if ¢ and b are constants, « is a real parameter such that @y Sa=aq,
‘where @, and a, are constants, and F(z,4) is continuous and has a continuous partial
derivative with respect to « for ¢ =z =< b, &, Sa=a, It can be extended to cases where
the limits a and b are infinite or dependent on .

SUMMATION OF SERIES

The residue theorem can often be used to sum various types of series. The following
results are valid under very mild restrictions on f(z) which are generally satisfied when-

1. 2 f(n) = —{sum of residues of = cot 2 f(2) at all the poles of f(z)}
| 2. 2 (=1)" f(n) = —{sum of residues of = cscrz f(2) at all the poles of f(z)}

3. _Zt:o f (2n2+ 1> = {sum qf residues of = tannz f(2) at all the poles of f(2)}

4. 2 (=1 f <2n2+ 1) = {sum of residues of r secrz f(z) at all the poles of f(2)}

A< ' /c' \hl .
MITTAG-LEFFLER’S EXPANSION THEOREM

1. Suppose that the only singularities of - f(z) in the finite 2 blane are the simple poles
@1, Q2,05 ... arranged in order of increasing absolute value.

2. Let the residues of f(2) at ai, 05,05, ... be by, b, bs, . ...

3. Let Cy be circles of radius Ry which do not pass through any poles and on which
[f(2)] <M, where M is independent of N and Ry-> « as N - ©,

Then Mittag-Leffler's exponsion theorem states that

@ = fo) +n2::lb,.{ L +l}

z‘an an

SOME SPECIAL EXPANSIONS

1. esecz = % - 2z <Z2i7r2 - 22_14W2 + zz._lg,,z - .. >

& ez = ”<(w/2)12—z.2 B (3#/2?))2 -2 (5#/2?2—22 N >
3. tanz = 22 < G /2)12~z2 + (37/2;2_z2 + (57r/2§2_22 + .. )
4. cotz = zl + 2z (zZi,@ + z2—147r2 + 22_1972 + ...

5. cschz = —:zl— - 22 (zzinz - zz_'_l%z + zz_:ng -

O secht = (i T * e )
T tamhz = 2e(o :(l7r/2)2 + z2+(]éw/2)2 Ty (15'7r/:>.)2 +)

8. cothz = %-i—Zz(

1 1 1
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DEFIN ITE IN TEGRALS

49. Prove that f x4+1 = 2L\/§_
50. Evaluate j;mml;i(xTw' Ans; 57/288
— 51.-)f ﬁva]uate ‘!;2#-5_5.%5—0 de. Ans. 0
—> 52.*Evaluate j;zwg%do. 53. Prove that sz%dﬁi = %”—'

w .
W . €08 mx = me~™m (14 1m)
- §4. " Prove thgt if m >0, J‘: @12 12 dzx —

: F - f _cosx
55. (a) Find the residue of ——( E 1) at z=1, (b) Evaluate @+ dz

%2+ 1)5
2T de 2
56. If a2 > b2+ ¢2 t = .
¢ % prove tha o @+ bcose + ¢sing Va2 =2 —¢2
Ve
135~
57. Prove that f ~—co836 _ gy o 1857
Ve At ) B seosen 16,384
58. Evaluate f m Ans. +/3/6

0

dx

59. Evaluate . m.

Ans, #/2

© 2
60. Prove that f mdex = I,
(I 2

61. Discuss the validity of the following solutlon to Problem 19. Let « = 1+92/V2Z in the
result f e dy = %\/— to obtain f e~ gy = (1 —=3)V=/2 from which f cosx2dy =
0
f sinx2 dx = 3V7/2  on equating real and imaginary parts.
0

® cos 2rx = =T V3
62. Show that \fo —~F+“2+1da; = r\/ge m/V3,

SUMMATION OF SERIES

63. Prove that ’élm = %cothn- + ?csch%’ - %
/—> 64. Prove that (¢ = ;z1_4 = gg, (d) ”:1 % = ﬁ.

65. Prove that "gl (—l)l;lné:inno = ; :;:;: ::_ ~r<8§<gq.

66. Prove that 112——%+-313—%’+--- =-17r—;.

o 1 = _7_Jsinh 27a + sin 2ra
67. Prove that ,,:2_,, nt+4at ~ 403 \cosh Zra — cos 270,}'

- -] 0 1
68. Prove that S 3
nN=—wm=

2
s
o (MEF a2 b7) - gb coth7a cothxb.
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MITTAG-LEFFLER’'S EXPANSION THEOREM

1 1 1 1
69. Prove that c¢scz = i 2z <22_72 —m—ist il ) .
= 1 —_— 3 5 — . e
70. Prove that sechz 7 <(7/2)2 T2 GRET R + Gal2E T 2 > .
1 1 1
1. hat t = 2 A
71. (a) Prove that tanz 2 <(ﬂ_/2)2 —+ (3”/2)2_ =+ G2 =2 + >
. 1 1 a2
(b) Use the result in (a) to show that — rRar 32 + == 52 + + =3

72. Prove the expansions (a) 2, (b) 4, (¢) 5, (d) 7, (e) 8 on Page 175.

2 1 _ 11
73. Prove that k§1m - 22 12 z & — 1}.

?74.*3rovethat —1-+l+~1—+——+--- = -,

MISCELLANEOUS PROBLEMS

75. Prove that Cauchy’s theorem and integral formulas can be obtained as special cases of the residue
theorem.

76. Prove that the sum of the residues of the function 25—422+5 at all the poles is 2/3.

326 —82+10
. 2 2
77. If n is a positive integer, prove that f €050 cos (ng — sing)ds = prd
0o . !
w . . .
—78. Evaluate § Z%e!zdz around the circle C with equation |z —1| = 4. Ans. 1/24

c

79. Prove that under suitably stated conditions on the function:

2 27
(a¢) ¥ flei®ds = 2 f(0), (b) f f(e®) coso do = —rxf(0).
0 0
21
80. Show that (a) f cos (cos ) cosh (sing) d¢ = 2«
0
27
f €S0 cos (sin ) cos o d§ = 7.
0
® sin ax _ 1 e 1
81. Prove that J; 62T__ldac = 4coth2 5"

[Hint. Integrate e%i#/(e27¢— 1) around a rectangle with vertices at 0, R, R+, i and let R— =]

sinar . _ 1 _ 7
«) 82 Prove that f i 1% = 3% T Tsmioe P

L% arie gt sin pt
/> 83. If a,p and ¢ are positive constants, prove that f " ZEF p2 = ‘p

_Ing 7Ilna

__> 84*§rove that f =

2+a2 2a

LI - <m that [ ewsSinhaz g _ __ sine
85. If —v <a <, prove tha f sinh 7z cosa + coshA

—w
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Cl
o0
dx In 2
6. Pro f.______ = n2
8 rove that o (4x2 + 72) cosh z 2r 10
“ Ing _ -2 f (In x)2 _ 332 10
87. Prove that (a)J; x4+1dm =5 () x4+1 = —61
. . (In 2)2 . . ] . _
[Hint. Consider pron} dz around a semicircle properly indented at 2=0] 0
* Ina
88. Evaluate I} @iie dx. Ans. —7/4 0
w0 .
89. Prove that if |a| <1 and b >0, f s—lMcosbx de = Z(___Simer
_ o Sinh x g 2 \ cos ar + cosh br 10
- 90. P that if ~1<p<1, j.QﬂEd N S
rove that i P o coshz :c 2 cosh (p=/2) 10
*, j‘hﬂ1+@ In2
SP —_—— = —,
—> 91.” Prove that g do 5 0
92. If >0 and —#/2 < 8 < /2, prove that
0 11
(a) f e~e2fcosB cog (ax? sin B) dxe = 1Vr/a cos (B/2).
0
@ 11
() f e—ax?cosB gin (a2 sin B) dz = 1V 7/a sin (8/2).
0
93. Prove that ecse2z = i L 11
) n=—o (82— nr)2’
94. If « and p are real and such that 0 < |p| <1 and 0 < |a] < =, prove that
. . 1L
ot - (ain) ()
o %2+ 2xcose + 1 sin pr sin a
1 dx 2 . 11.
95. Prove that f 3——= = —=. [Hint. Consider the con-.
0 \/3 22— g3 V3
tour of Fig. 7-18.]
11
96. Prove the residue theorem for multiply-connected regions,
97. Find sufficient conditions under which the residue theorem
(Problem 2) is valid if C encloses infinitely many isolated 1
singularities.
98. Let C be a circle with equation |2| =4. Determine the 1

value of the integral

§ 22 cs.cl dz
C z

99. Give an analytical proof that sing = 2¢/r for 0 = ¢.= /2.
[Hint. Consider the derivative of (sin¢)/s, showing that it is a decreasing funetion.]

if it exists.

Fig.7-18

100. Prove that f - il de = l.
s Sinhrx 4

101. Verify that the integrai around I' in equation (2) of Problem 22 goes to zero as R— «.

0 if |rl=1
slne? if ezl
T/2

(b) Use the result in (a) to evaluate j; Insing ds (see' Problem 28).

: "
102. (@) If r is real, prove that f In(Q — 2rcose + r2)ds = {
°




