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ABSTRACT. Suppose A={ay,...,a,+2} CZ" has cardinality n+ 2, with all the coordinates
of the a; having absolute value at most d, and the a; do not all lie in the same affine
hyperplane. Suppose F' = (f1,..., fn) is an n x n polynomial system with generic integer

coefficients at most H in absolute value, and A the union of the sets of exponent vectors of
the f;. We give the first algorithm that, for any fized n, counts exactly the number of real
roots of F' in time polynomial in log(dH). We also discuss a number-theoretic hypothesis
that would imply a further speed-up to time polynomial in n as well.

1. INTRODUCTION

Solving sparse polynomial systems remains a challenging problem, even 40 years after
the dawn of fewnomial theory [61] [62]. More recently, connections have emerged between
fewnomial theory over finite fields, cryptography, and number theory [32] 26] [37]; and sparse
polynomial systems over the real numbers continue to form the foundation of applications
including computational biology and biochemistry [18, 43} [42] T9], and circuit complexity [64].
However, efficiently counting the number of real roots, and even just finding a reasonably
tight upper bound on the number of real roots, are still open problems. Here, we focus on
the problem of exactly counting real roots, and roots in any given orthant. In what follows,
all O-constants and o-constants are absolute (and can be made explicit), time will refer to
the number of (deterministic) bit operations in the classical Turing model of computation,
and we will use #S for the cardinality of a set S.

Assuming A={ay,...,a;} CZ", 2% :=2]" - 23", and f(a:):z;.zl ¢z €Ly, 2],
we define the support of f to be Supp(f) := {a; | ¢; # 0}. We then call a system of
the form F := (fi,...,f,) € Z[z7",...,2F]", with fi(z) := 22:1 ¢;;x% for all ¢ and
#J._, Supp(f;) =t, a t-nomial n x n system (over Z) supported on A. We denote the
positive orthant by R”, R*:=R\ {0}, and call a root of Fin R"} a positive root.

If the a; do not all lie in the same affine hyperplane then we clearly have t >n + 1. It is
natural to assume that the exponent vectors are non-coplanar in this sense, and we will do so,
for otherwise one could use a monomial change of variables to reduce F' to a system in fewer
variables: See Remark from Section 2 below. Our main theorem gives a dramatic new
speed-up for counting the exact number of real roots of F' in the special case t=n + 2.

Theorem 1.1. Following the notation above, assume further that t <n+2, AC{—d,...,d}",
and the coefficient matriz [c; ;] lies in {—H,..., H}™*"*2 and is generic. Then, in time
(n*log(dH))®tWn - we can determine the number of roots of F in R", (R*)", and R™.
Furthermore, if t=n + 1, then we can do the same in time n>3™ log" W (dH).

We prove Theorem [Tl in Section 5.1 based mainly on Algorithms 1] and from Section
4 A key new ingredient is diophantine approximation over number fields.
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Remark 1.2. We count roots without multiplicity. In particular, degenemt@El 1solated roots
are not a problem, and are counted correctly by our algorithms. ©

A sufficient genericity condition for our faster counts in (R*)" and R’} is the non-singularity
of the n x n sub-matrices of [¢; ;]. This condition is checkable in time O <n4'373 log' M (nH )) :

See Lemma and Corollary of Section In particular, the fraction of coefficient
matrices failing to satisfy this genericity condition is no greater than %&2&1). A suffi-
cient genericity condition for faster counting in R™ is detailed in Section Bl and also holds
practically often: Probability 1 — ¢ when H has Q(n log(nd) + log %) bits (see Remark
of Section [B.1]).

Root counting without genericity assumptions is rather non-trivial: Deciding finiteness
for the number of real (or positive) roots in time (nlog(dH))°™ (i.e., roughly as fast as
our main algorithms), when t =n + 2 and fy = --- = f, identically, is still an open prob-
lem [22, 15]. Furthermore, for any fixed ¢ > 0, deciding whether the non-generic system
F = (f1,..., f1) has any real (or positive) roots is NP-hard already for t = n + n® [22]:
With our underlying measure of size being nt(log(H) + nlog(d)) (which has asympotically the
same order as the number of bits needed to write down all the monomial terms of F'), the exist-
ence of an algorithm with complexity (nlog(dH))°", for just one £ >0, would imply P =NP.

Other than an algorithm for the very special case (n,t)=(1, 3) from [22], the best previous
deterministic complexity bound for t =n + 2 appears to have been (n"! ”al”)o(log2 ") arith-
metic operations [9], via an algorithm solving the harder problem of computing roadmaps
(see, e.g., [8, Ch. 15]) for arbitrary real algebraic sets. One can also speed up to a (dlog H)°™
arithmetic complexity bound via [85] if one assumes the complex zero set is finite. (All of
these works build upon the seminal works [38 12, 33, B9]. See also [95] for more recent
speed-ups via randomization.) There have also been important recent advances from the
point of view of numerical conditioning (e.g., [40, 41]), even enabling practical computation
of homology of real projective sets, but work in this direction has not yet focussed on speed-
ups like Theorem [LT} With few exceptions, earlier work on solving polynomial systems over
the real numbers focused on coarser complexity bounds that ignored the finer monomial
term structure.

Example 1.3. Consider the T-nomial 5 X 5 system F'=(f1,..., f5) defined by

36,.194,.50 .82 60 | 76,240 41 74,179,25 57 | 25 203 44 20,.167,.64,.12_68 58,.194,24 36,25 _ 9 166,68, .343
(2.1:1 Ty Wy Xy Ty + X Ty Ty Ty T Ty w3 X+ X7y xS Wy X7 Wy g wy g — 3T13TexVwy g vy — 3T3 Ty T

36 5 . . 9 95 = 5 908 7 6 . 58 1€ 36 95 21
36,.194_50 .82 60 Ze 240, 41 74@7) 25_57 203, 44 20,167, 64, 12 68_24849%1)%194 24,3625 _ 21

Tywy wywywy 420wy wy s+ 1y apad + aPayastes + atny g e el 2 T3 Ty Ty 1 a0y,
23019450 82,00 4 76,200, 40y | 0 TALITO, 25, 5T 4 25,2038, 44y, | 20,167 04,1268 _ 9110y 38 ;1042436725 %$§66$28I§437
23019450 82,00 4 16,200, 40y | T4, 119,25, 5T | 025,203, 44y, | 20,167 04,1268 _ 907600538 ;104,24,36,.25 %$§66$28I§437
x?ﬁzég%goxi%go + xzﬁa:g‘mxilxs + x¥4x§79x§5zg7 + xff’xgo‘o’xg“m + 295%0:5%67:@433121528 - 2075401:‘?830%94173430261:?5 — %xéﬁ%gswg“:’) .

Then Algorithm[{.3 from Section[] (simulated in a few lines of Maple codeﬁ) tells us in under
a second that F' has exactly 2, 6, 6, 2, 2, or 0 positive roots, respectively when c is 20—;31,
S50 Tios Tl Tasss OF maoms- (All roots in (R*) of these F happen to lie in R%..) One

can also easily check that each these F' has infinitely many roots in R, since they each vanish

Iroots yielding a Jacobian with less than full rank.
2Using Maple 2019 on a Dell XPS 13 laptop with an Intel core i7-5500u microprocessor, 8 Gb RAM, and
a 256Gb solid state hard-drive, running Ubuntu 19.10. Maple code available on request.
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identically on the 3-plane {x1 =x4=0}. We will return to this family in Section [Z.3, and
see another example there as well. It is interesting to observe that Maple’s Solve command
(which employs Grébner bases) gives no useful information about any of these systems, even
after 3 hours.? Bertini (a state of the art homotopy solver, Version 1.4 [I1]), on each of
the preceding systems, immediately returns a message stating

‘‘ERROR: The system is numerically zero 0! Please input a non-

degenerate system. Bertini will now exit due to this error.’’

This s partially because each such F hadl over 245 million roots in (C*)°, and older poly-
nomual system solving techniques have complexity super-linear, or worse, in the number of
complex roots. ©

The main intent of Theorem [[T]is to set the stage (building on the framework of [83]
48, 149]) for more practical improvements in real-solving such as complexity sub-exponential
in n, in the average-case/smoothed analysis setting, for sparse systems. In particular, just
as binomial systems are a building block for polyhedral homotopy algorithms for arbitrary
n x n systems [68, 102, [70], (n 4+ 2)-nomial n X n systems are a building block behind
recent optimization techniques such as SONC/SAGE-optimization (see, e.g., [84, B35l 44]).
So while tackling the remaining exceptional cases (e.g., infinitely many real roots in (R*)")
is important, such cases are provably rare for random coefficients.

1.1. Connection to Fewnomial Bounds Over R. There has been growing interest in
generalizing Descartes’ Rule of Signs (see, e.g., [100, 53]) from univariate polynomials to nxn
polynomial systems. This began with Khovanski’s seminal Theorem on Real Fewnomials

[62] which, in our notation, asserted an upper bound of 9(2) (n + 1)* for the number of
non-degenerate positive roots of any t-nomial n X n system. It was then shown in [72]
that Khovanski’s bounds could be greatly improved for various structured systems, e.g., the
correct tight upper bound on the number of isolated positive roots for 2 x 2 systems of
trinomials is 5 — far less than the best previous bound of 248832. Sharper upper bounds
for new families of systems, including a tight upper bound of n + 1 (resp. (n + 1)2") non-
degenerate roots in R"} (resp. (R*)") for the case t=mn+2 were then derived in [14]. Explicit
families of systems attaining these bounds for each n were then given in [80] (see also [21],

. Khovanski’s general upper bound was vastly improved to 62—+32(t7§71)nt_"_1 ositive
g pp y imp 3 P

roots in [23], and a remarkable (sometimes much sharper) bound for curve intersections was
derived later in [63]. More recently, an elegant and near-optimal average-case upper bound
of 2%1 . Win), for the number of positive roots was proved in [3I], using independent real
Gaussians for the coefficients.

Fewnomial bounds so far have not made significant use of the signs of the coefficients
(much less their values) when n > 2, and such refined bounds remain elusive: See, e.g.,
[10, Thm. 2.1] and [16, 20, I7]. The latter works, particularly [I7], culminated in a refined
characterization of the maximal number of positive roots — incorporating the signs of n x n
sub-determinants of the coefficient matrix [¢; ;] and the matroidal structure of A — in the
case t =n+2. Nevertheless, no algorithm for ezactly counting the real or positive roots, faster
than combining more general results on rational univariate reduction (see, e.g., [66] 0] ©94])

3Via Kushnirenko’s Theorem [67, 0], Toannis Emiris’ MixVol code [&7], and a simple check that the
underlying facial systems have no roots in (C*).
deven allowing degenerate isolated roots
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with the computation of real dimension (see, e.g., [7]) or real root isolation (see, e.g., [90]),
appears to have been known before Theorem [[.1] above.

Exactly counting the real or positive roots of F', and even formulating a reasonable gen-
eralization of Descartes’ Rule, appears to be much harder for t >n + 3. This is why there is
much recent attention on the case t=n+2 to develop further intuition. An even harder open
question is the complexity of actually approximating the real roots of such F' and we hope
to address this in future work. For instance, finding real approximate roots (in the sense of
Smale [24]) in deterministic time (log(dH))°™, just for the special case (n,t)=(1,3), is still
an open problem [92] 59| 27].

Our main tools are reduction to a canonical form (a special case of Gale Dual Form from
[23]) and a careful application of diophantine approximation to the critical values of this
reduction. In particular, the locus of F' with degenerate roots forms a discriminant variety
which partitions the coefficient space into connected open regions we call chambers (see, e.g.,
[52 Ch. 11]). Classical topological results, such as Hardt’s Triviality Theorem [55], tell us
that counting the real roots of F' is tantamount to identifying the chamber in which F' lies.
Such a calculation is challenging, since the theory of A-discriminants [52] does not directly
provide a tractable description of our chambers. However, applying Rolle’s Theorem to the
resulting Gale Dual Form allows one to replace chamber identification by the determination
of signs of the critical values and poles of a single univariate rational function.

A new obstacle is that the usual univariate root-finding algorithms, combined with classical
height bounds on polynomial roots, do not yield a useful complexity bound. Indeed, the
degree of the resulting univariate reduction can be so high that a naive use of real root
isolation would lead to complexity super-linear in n™/2d". So we leverage the special structure
of the derivative of our univariate reduction to apply a powerful theorem from diophantine
approximation: A refinement of an estimate of Baker and Wustholtz on linear forms in
logarithms of algebraic numbers (see, e.g., [4, [6l 77, 30]).

1.2. Linking Diophantine Approximation and Algorithmic Complexity. A nice
warm-up to the Baker-Wustholtz Theorem is the following problem:

RATIONAL BINOMIAL SIGN PROBLEM (RBSP). Given positive rational numbers oy, . .., i
with numerators and denominators no greater than <f, and integers by, . .., b, with absolute
value at most B, what is the sign (+, —, or 0) of the binomial (TT;", a?i) —17

While the RBSP is a fundamental real algebraic question, there is a still an exponential
gap between its best current lower and upper complexity bounds. [22] applied the theory
of A-discriminants [52] to show that determining the isotopy type of the real zero set of a
single n-variate (n + 2)-nomial over Z is (under mild assumptions) equivalent to the RBSP.
A consequence of this connection between the RBSP and real zero sets was then the first
polynomial-time algorithm to decide non-emptiness for the real zero sets of (single) n-variate
(n 4 2)-nomials with n fixed [22].

Note that the RBSP is clearly equivalent to deciding the sign of the linear combination of
logarithms A(a, b):=Y ", b;log a;. Indeed, since simply evaluating the binomial can lead to
numbers with huge bit-length, it makes sense to solve the RBSP by instead approximating
the linear combination of logarithms A(«, b) to sufficient accuracy. However, this is feasible
only if we know a sufficiently good (and explicit!) lower bound on the minimum of |A(«, b)]
over all such «; and b;. Alan Baker won a Fields medal in 1970, due in large part to finding
such a bound — over arbitrary number fields — and deriving numerous landmark results in
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number theory as a consequence [4]: The most recent refinements of his bound [77, R0], in
the special case of QQ, can be coarsely summarized as follows.

(1) A(a,b)#0 = log|A(c,b)| >—[O(log 7)™ log B (Coarse Baker’s Bound)

Combined with classical results on quickly approximating logarithms [29] 97, 28] T3], Bound
(@) readily implies that the RBSP can be solved in time [O(log.e/)]™ log B [22], and thus
polynomial-time if m is fixed.

Remark 1.4. [t is perhaps surprising that efficiently distinguishing between A(c,b)=0 and
A(a, b) # 0 (neglecting positivity or negativity) has already been known for decades: This
simplification of the RBSP can be solved in time (mlog(«/ B))°M) via ged-free bases (see,

e.g., 23, Ch. 4] and [22]). <

Sadly, little is known about the true asymptotics of log|A(«, b)|. However, around 1978,
Lang and Waldschmidt conjectured that a much sharper bound of the shape

(2)  A(a,b)#0 = log|A(e,b)| >—0O(mlog(«/ B)) (Lang-Waldschmidt Conjecture)

should hold [68, Pg. 213] and this conjecture remains open. Later, Baker proved [5] that a
bound of the form

(3)  A(a,b)#0 = log|A(a, b)|>—0(mlog(«/)log B) (Consequence of Refined abc)

follows from a refined version [5] of the famous Masser-Oesterle abe-Conjecture [0, [82], B1].
Unfortunately, the latter refinement also appears out of reach.

Such conjectures are important not just in diophantine geometry but also in real algebraic
geometry:

Theorem 1.5. [IBI]]H The truth of either of the Lang-Waldschmidt Conjecture or Baker’s
refined abc-Congecture implies that we can decide non-emptiness for the positive zero set of
any f EZ[ﬁl, e ,xfl} — with coefficients in {—H, ..., H}, and support of cardinality n+2

lying in {—d, ..., d}" not contained in any affine hyperplane — in time (nlog(dH))°™". A

Our framework here implies an even deeper conditional speed-up: Sufficiently sharp lower
bounds for linear forms in logarithms of real algebraic numbers imply that root counting
in R", for the (n + 2)-nomial n x n systems from Theorem [T can be sped up to time
polynomial in n as well. We formalize this through a conjecture, and a theorem, below:

Real Algebraic Log Conjecture (RALC). Suppose K is a real, degree d algebraic ex-
tension of Q, aq,...,an €K, by,..., b, €Z\ {0}, log o/ is the mazximum of the logarithmic
height8 of the oy, and B:=max; |b;|. Then there are constants xy, C >0 such that A(o,b)#0
= log |A(a, b)| > —(dmlog(«/ B))C for all d,m, <, B> x.

Note that the latest refinement of the Baker-Wustholtz Theorem by Matveev [77), Cor. 2.3]
(stated as Theorem in Section [Z4] below) can be coarsely summarized as
A, b) #£0 = log |A(a, b)| > —d? log(d)[O(log )] log B.

Note also that the special case d=1 of the RALC (with C'<2) is implied by the truth of
either of the Lang-Waldschmidt Conjecture or Baker’s Refined abc-Conjecture.

The special case d=1 case of the RALC (with any C'>0) is an even weaker hypothesis
that still implies the speed-up for fewnomial hypersurfaces from Theorem above. If we
have the RALC true in full then we also obtain the following speed-up for fewnomial systems:

5m in fact proves a stronger theorem by using a weaker hypothesis that we will clarify below.
6See Section 24 for the definition of heights for algebraic numbers.
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Theorem 1.6. If the RALC is true then the complexity bound from Theorem [, for
counting roots in R", (R*)", and R", in the hardest case t =n + 2, can be replaced by

(nlog(dH))°W.

We prove Theorem in Section [@l It is tantalizing to speculate that some kind of converse
may hold, i.e., sufficiently fast real root counting for sparse polynomial systems may imply a
strengthenings of Baker’s Theorem on linear forms in logarithms. Such an implication is still
not clear, and it seems natural that information like the underlying real root-spacing is also
needed. It would indeed be worthwhile to prove new root-spacing bounds for (n + 2)-nomial
n X n systems, in order to apply them to improving Baker’s Theorem. However, the current
state of the art goes in the opposite direction: [65, O3] prove new root-spacing bounds in the
case n =1 over C (and even C,), but heavily use Baker’s Theorem (and its p-adic cousin,
Yu’s Theorem [103]).

What is clearer (and true) is the contrapositive of Theorem [[L6 If counting real roots for
generic (n+42)-nomial n x n systems (as in Theorem [T is not doable in time (n log(dH ))°™,
then the RALC is false. Similarly, if deciding non-emptiness for real zero sets of n-variate
(n 4 2)-nomials (as in Theorem [[H) is sufficiently hard, then we can falsify both the Lang-
Waldschmidt Conjecture and Baker’s Refined abc-Conjecture. These are curious examples
of how proving complexity lower bounds in real algebraic geometry is as hard as falsifying
conjectures from diophantine approximation.

The hardness of proving new diophantine approximation bounds is one reason that new
average-case speed-ups, using geometric numerical conditioning techniques (e.g., [48, [49])
instead of diophantine approximation, may arrive sooner than new worst-case speed-ups.

2. BACKGROUND

2.1. The Complexity of Linear Algebra over Z. Let w denote the well-known matrix
multiplication exponent, i.e., the infimum over all w such that there exists an algorithm that
can multiply an arbitrary pair of n x n matrices, in any field K, using O(n*) field operations
in K. The best current upper bound is w < 2.3728596 [71l 2]. Recall the notions of reduced
row echelon form and leading entries of a matrix, from basic linear algebra (see, e.g., [87]).
For any nonzero rational number § with p,¢€Z and ged(p, q) =1, its (absolute) logarithmic
height is h(p/q):=max{log |p|,log|q|}. (We set h(0):=0.) We will first need a result on the
bit complexity of row reduction for matrices:

Lemma 2.1. [I01, Pg. 17 & Cor. 2.12]ﬁ Suppose M € "t has rank r and all the entries of

M have absolute value at most H. Then, in deterministic time
O(ntr(r“=2loglog(rlog(rH)) + log(r)log®(r log(rH))] log(rH)),

we can find the reduced row echelon form Re Q™ ' of M. Furthermore, every nonzero entry

of R has logarithmic height O(rlog(rH)). B

An illuminating alternative discussion of the bit complexity of linear algebra can be found
in [24, Ch. 15, Sec. 15.5].

Via Cramer’s Rule and Hadamard’s classical inequality on the absolute values of determi-
nants [(8, Thm. 1], we can easily obtain the following related bound:

"Our stated bound assumes that we use an O(hlog h)-time algorithm for h-bit integer multiplication, e.g., [50].
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Lemma 2.2. If Ac Z™ 1) has rank n and all the entries of the ith row of A have absolute
value at most d;, then any generator (bi, ..., b)) € ZUTVXY of the right-null space of A,

with ged(by, ..., by1) =1, satisfies |b;| <n"™/2 [[ d; for all j. A
=1

Definition 2.3. [57, O8] We call a matric U € Z"" with determinant £1 unimodular.
Given any matriz M € Z™*t, we then call any identity of the form UM = R, with U € Z"*"
unimodular and R upper-triangular with all leading entries positive, a Hermite factorization.
Finally, we call any identity of the form UMV = S, with U € Z" and V € Z™* both
unimodular, and S with diagonal entries si,...,s, satisfying s1|Sa, ..., Sn_1|Sn, @ Smith
factorization of M. ¢

We will also need the following complexity bound on Smith factorization:

Theorem 2.4. [I0I, Ch. 8, Prop. 8.10] Suppose M € 7" has rank r and all its entries
having absolute value at most d. Then a Smith factorization UMV =S for M can be found
in deterministic time

O (ntr[r*=2loglog(rlog(rd)) + log*(r log(rd))] log(nt) log(rd))
with all the entries of U, V., S having logarithmic height O(rlog(rd)). B

The bound above also assumes that we use an O(hlog h)-time algorithm for h-bit integer
multiplication, e.g., [56].

2.2. Binomial and (n+1)-nomial Systems over (R*)". A simple, folkloric algebraic/analytic
fact we will need is the following:

Proposition 2.5. Suppose A, B € Z™"™ and v = (z1,...,x,) is a vector of indeterminates.
Let us define x4 to be the vector of monomials (ar:(lll’1 R -x%"’"), where A=
[a;;]. Then (z)8 =248 and, if A is unimodular, the function defined by x — x defines
an analytic group automorphism of (C*)" that restricts to an analytic group automorphism of R':. W

Remark 2.6. A simple consequence of Proposition [2.4 is that if f E]R[xfl, e ,x#} s an
n-variate t-nomial with support A, and d is the dimension of the smallest affine subspace
containing A, then there is a monomial change of variables =y (with U unimodular), and
a monomial y° € R[ylil, o ,yf], such that g(y) =" f (yU) € R[ylil, o ,ydﬂ} is a d-variate
t-nomial, and the zero set of f in (R*)" is analytically isomorphic to the Cartesian product
of (R*)"~4 and the zero set of g in (R*)4. So A in an affine hyperplane implies that the zero set

of f in (R*)" can be easily characterized by the zero set of another t-nomial in fewer variables. ©

Another consequence of Lemma 2.T]is that we can almost trivially count the positive roots
of binomial systems, provided the exponent vectors are in general position.

Proposition 2.7. Suppose ¢=(cy,...,¢,) € (R*)", ay,...,a, €Z", A is the n X n matriz
with jth column a; for all j, UAV =S is a Smith factorization of A, and ¢ :=(c},...,c,):=
¢V Let sj be the (j,7) entry of S. Then G:=(x" —cy, ..., 2% —c,) and (yi* — ), ...,y —cl,)
have the same number of roots in R} (resp. (R*)", (C*)"). In particular, G has ezactly 0,
1, or infinitely many roots in R’} under the following respective conditions:

(0] Some ¢; is negative or [Rank(A)=j<n and ¢;#1 for someic{j+1,...,n}]
[1]: ceR? and det A£0.
[0]: ceRY, Rank(A)=j<n, and ¢, =---=c,=1. B

n
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Proposition 2.7 follows directly from Proposition Both facts are folkloric in the toric
geometry/Lie group literature (see, e.g., [58] and [25, Ch. 3]). A more in-depth discussion
of binomial systems can be found in [34] 36|, 83].

Counting roots in (R*)" is slightly more complicated but still admits efficient formulae.

Proposition 2.8. Following the notation of Proposition [2.7, assume the exponent vectors
ai,...,a, are linearly independent. Let r denote the rank, over the field Fy, of the mod 2
reduction of A. Then the map m : (R*)" — (R*)" defined by m(x):=z* is 2" "-to-1, and
the ith coordinate of the range of m" is R* (resp. Ry) if and only if i <r (resp. i>r +1).
In particular, F has exactly O (resp. 2"~" ) roots in (R*)" if and only if ¢;<0 for some (resp.
no)i>r—+ 1.

Proof: First note that, by the definition of Smith factorization, we have that the diagonal
entries s; of S are such that si,...,s, are odd and s,41,...,s, are even. By Proposition [Z5]
exponentiating by U or V induces a permutation of the open orthants of R™. In particular,
we see that the range of z — 2 is exactly (R*)” x R}™". So the pre-image assertion on m
is proved.

Now note that the range of m must be ((R*)" x RT}F_T)V " thanks to Proposition 2.5 So
now we know the range of m.

The final remaining assertion follows from our earlier definition ¢ :=¢" and our earlier
assumption that c€ (R*)". W

We can now state more explicitly how we deal with positive root counting for ¢-nomial
systems in the case t=n + 1.

Lemma 2.9. If F=(f1,..., fa)€Z[at", ..., 2E']" is an (n+ 1)-nomial n x n system, with
union of supports A={aq,...,a,11} not lying in an affine hyperplane, and the coefficient
matriz of F' has rank n, then the number of positive roots of F' is either O or 1. Furthermore,
if all the coefficients of all the f; have absolute value at most H, then we can determine the

number of positive roots of F in time n>3™ log W (nH).

Remark 2.10. The reader disturbed by the complexity bound being independent of A may
be reassured to know that (a) checking the hyperplane condition takes time dependent on A
and (b) the analogue of our lemma for counting roots in (R*)" (Corollary [Z11] below) has
complezity depending on A. ¢

Proof of Lemma By our assumption on the coefficient matrix, we may reorder mono-
mials so that the left-most n x n minor of the coefficient matrix has nonzero determinant.
So we may divide every f; by x%+! without changing the roots of F' in (C*)", and assume
ai,...,a, are linearly independent and a, .1 =0.

From Lemma 211 (and the fact that w<2.373 [2]) it is then clear that we can reduce the
coefficient matrix of F, [¢; ;] € Z™* "V to a reduced row echelon form in Q™ ™*+Y in time
n337 log* M (nH). The underlying linear combinations of rows can then be applied to the
equations f; =0 so that =0 can be reduced to a binomial system of the form 2 =~ where
Y=V, V), AEZ™" and the solutions of x*=+ in (C*)" are the same as the roots of
F in (C*)".

Clearly then, v; <0 for any ¢ implies that F' has no positive roots. In which case, we simply
report that F' has 0 positive roots and conclude, having taken time 1337 log! ™" (nH).

Otherwise, v € R’ implies that F' has exactly 1 positive root by Proposition 2.7, and we
are done. W
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A simple consequence of our development so far is a method to efficiently count roots in
(R*)™ for generic (n + 1)-nomial systems.

Corollary 2.11. Following the notation and assumptions of Lemma [2.9 and its proof, the
number of roots of F in (R*)" is either O or 27", where r is the rank, over the field Fy, of
the mod 2 reduction of A. In particular, we can determine the number of roots of F in (R*)"
in time n337 logHO(l)(ndH), where d is the mazimum absolute value of any entry of A.

Proof: Continuing from the proof of Lemma (and having already reduced our input
(n + 1)-nomial n X n system to a binomial system), it is clear that Proposition tells us
that we can easily count the roots of F' in (R*)": We merely need to check the signs of
Vs where 4/ :=~" and UAV = S is a Smith factorization of A. More precisely,
instead of computing vV, we compute sign(y)Y ™42 Computing the mod 2 reduction of
V takes time O(n?) and then computing the resulting vector of signs clearly takes time
just O(n?). So the only remaining work (after applying Lemma 2] to the coefficient matrix
of F') is extracting the Smith factorization of A via, say, Theorem[2Z4l So our final complexity
bound is 7337 log! W (nH) + 1337 log*°W (nd), which is no greater than our stated bound. W

2.3. Circuits, (n + 2)-nomial systems, and Gale Dual Form with Heights. We now
show how to reduce root counting in (R*)" for F' to root counting in certain sub-intervals
of R for a linear combination of logarithms in one variable. This reduction dates back to
[23], if not earlier, but our statement here includes height and computational complexity
bounds that appear to be new. Before proving our reduction, however, let us recall the
combinatorial /geometric notion of a circuitl:

Definition 2.12. Given any subset A ={ay,...,ani2} C Q" with #A =m + 2 we define

A € ZrHDx(m+2) 45 pe the unique matriz with jth column L” for all 5. We then call A

J
a circuit if and only z'f.Z has right nullspace of dz’mensjon one. In which case, we call any
generator b€ Zm+2>1\ LO} for the right nullspace of A, with 1 for its ged of coordinates, a
(minimal) circuit relation of A. We also call A a degenerate circuit if and only if b has at
least one zero coordinate. ¢

Note that m < n if A as above is a circuit, since m > n + 1 would imply A has a right
nullspace of dimension at least 2. Note also that all circuit relations for a fixed circuit (other
than the trivial relation O) have zero entries occuring at the same set of coordinates. More
precisely, the following proposition is elementary.

Proposition 2.13. Any circuit A={ai, ..., apio} CZ" has aunique subset X={a;,, ..., a; ,}
with ¥ a non-degenerate circuit of cardinality € + 2. In particular, {iy, ..., 142} is ezactly
the set of indices of the nonzero coordinates of any (non-trivial) circuit relation for A. Fur-
thermore, if JC{i1, ... iey2} and 3, ;a;=0, then J={ir,... ir12}. W

We call ¥ the unique non-degenerate sub-circuit of A. Note that any A={aq,..., a2} C
Z™ with cardinality n + 2, and A not lying in any affine hyperplane, is a circuit.

8 ..not to be confused with the circuits from complexity theory (which are layered directed graphs with

specially labelled nodes having additional structure).
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o] M 21 o] [o] To
Example 2.14. [t is easily checked that A= 8 , 8 . 8 , (1) : (1) . 8 CR?* is a degenerate
ol (o] |o|l |o| |o| |t

circuit, and that letting ¥ consist of the first 3 points of A yields the unique non-degenerate
sub-circuit of A. In particular, ¥ has the same minimal circuit relation (up to sign) as the
non-degenerate circuit {0,1,2} in R'. ©

Lemma 2.15. Suppose F=(fi,..., f,) €Z[zi",... .2 " is an (n+ 2)-nomial n x n system
supported on a circuit A = {ay,...,an12} C {—=d,...,d}" for some d € N. Suppose also
that F has coefficient matriz [c; ;] € {—H, ..., H}"™ "2 with all of its n x n sub-matrices

non-singular. Then in time n>3™ 10g1+0(1)(ndH), we can gie either a true declaration that

F' has no positive roots, or find 10,7115 Vnt1,0, Yn+1,1 €Q and by, ..., by11 €Z such that:

1. The number of roots of the function L(u): Z"+1 b;log |yi1u + Yio| in the open interval
I'={ueR | y1u+i0>0 for allie{l,...,n+ 1}} is finite and exactly the number of
positive roots of F.

2. I is non-empty and, for each i€{l,...,n+ 1}, we have max{v;1,%vio}>0.

3. L is a non-constant real analytic function on I.

4. We have height bounds h(b;)=0O(nlog(nd)) and h(v;;)=0(nlog(nH)) for all i and j.

Example 2.16. Returning to Example .3, one can easily apply Gauss-Jordan elimination
to the underlymg linear combinations of monomials, and then divide every equation by the
last monomial %8823, to reduce F=0 to the following system having the same roots in (R*)5:

1

w?ﬁfﬂég4wgll6$i4iﬂg283 — 163846L’d8 1%94.1/3 142:1;2321,5—318 + Z
$16I§40$5166x227x5—342 — 40966158 194‘1,%—142‘%;321,—318 +1
1{4.%%791,3 141 —68 7286 — 256C{E?81‘%94I5 142I732I 318 41
— — — C — — —
$%5$§03I3 122 ()7 T3 343 _ 1661’581’1341'3 1421:4 JQI 318 +1
ﬁ%%@?% 102 1206 55_270 — (,1581194 L'3 —142 L'_32L'_318 +1

Note that this new system reveals why all the roots of F in (R*)® (for our earlier chosen
values of ¢) must in fact lie in R%.: The right-hand sides are all positive on (R*)®. The
underlying circuit relation for the exponent vectors above is the same as the circuit relation
for the exponent vectors of F: b=(—2,2,-2,2,—2,1,1)". Part of the proof of Lemma [Z13,
applied to our example here, will imply that the resulting linear combination of logarithms
L(u) can be easily read from b and the right-hand sides of our reduced system:

—2log [16384cu + 1| + 2log [4096cu + 1| — 21og [256¢u + 1| + 2log [16cu + 1| — 2log |cu + 1| + log |ul.
In particular, for any c¢>0, the number of roots of L in [ =R, is the same as the number of
roots of Fin RY.. Our family of examples here is in fact an obfuscated version of a family
derived in [86], thus accounting for the nice coefficients and high number of positive roots (6)
for ce [20730, Klgﬂ A more realistic example of coefficient growth can be found in Example

221 below (see also Example 33 from Section[d). o

Example 2.17. Even if X=A (so that m=mn), we still need enough non-singular minors to
guarantee that F' has just finitely many roots in R} . For instance, the 4-nomial 2 X 2 system

T —1

T1T9 — To = 0,
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has [(’“ “12} and [“1-3 ‘“] non-singular (among other 2 X 2 sub-matrices), but has infinitely

Co1 C22 C23 C24

many positive solutions: (1,t) for all t>0. In particular, we are missing the non-singularity

of [o2 o). o

C22 (23

Proof of Lemma 215t First let b€ Z™+2*1 be the unique (up to sign) minimal circuit
relation of A. By identifying the nonzero entries of b, we can then re-order the a; so that
the unique non-degenerate circuit in A is X={aq, ..., am, ayt1, anr2}. (So X has cardinality
m + 2 and by,41,...,b, are the only 0 entries of b.) Note that the coordinates of b are of
logarithmic height O(nlog(nd)), and the computation of b takes time n°37 log' ™™ (nd),
thanks to Lemmata 2] and 2] (and the fact that w<2.373 [2]).

We can then divide fi,..., f, by x%+2 without affecting the positive roots of F. So we
may assume further that a,,s = O and, since this at worst doubles our original d, our O-
estimates will be unaffected. We can then apply Lemma 1] thanks to our assumption on
the n x n sub-matrices of [¢; ;], to reduce F'=0 to a system of equations of the form G=0,
having the same solutions in R™ as F', where G:=(g1,...,9n),

gi(w) = x" — 2" — v for all 4,

and the ; ; are rational with logarithmic height O(nlog(nH)). This reduction takes time
just n337 log' MW (nH), by Lemma 211 (and our earlier observations on w). To complete our
notation, let us also set Vp411:=1, Ynt41,0:=0, Ynt2,1:=0, and Y, 420:=1.

Clearly, if there is an ¢ such that both 7, and 7, are non-positive, then G' (and thus F)
has no positive roots, and we can simply stop, having spent time just n337 10g1+0(1)(nH).
So we may assume the following:

(4) For each i€ {1,...,n+ 1} we have max{v; 1,70} >0.

We can easily check whether [ is non-empty after sorting the (possibly infinite) numbers
—i0/%a, using just O(nlogn) comparisons of integers with O(nlog(nH)) bits (via, say,
merge sort [39]). If I is empty then we can conclude that F* has no positive roots and stop
(having spent time just 7?37 (log! ™" (nd) + log'™*V(nH))). So we may also assume the
following;:

(5) I is non-empty.

We now establish Assertions (1)—(4) via G and X: Observe that any root ¢ € (R*)" of G
must satisfy

(6) 1= (¢m)" - (Com)or(Qomtt )bt = (1€ 4 71,0)" (Y (4 o+ Y 0) P (COmt) Pt 1P,

So let P(u):= (111 + 71.0)" -+ - (Y1t + Ymo)?mul+1 — 1. Note that n=1 = (71.1,71,0) =
(—co/c1, —c3/cr) € (R*)? and thus P is a non-constant real rational function when n=1. So
L(u) is a non-constant real analytic function on I when n=1. Let us then assume n>2. By
Cramer’s Rule, and our assumption on the n x n sub-matrices of [¢; j|, we have 7;0#0 and
71 #0 for all 4. P is then a non-constant real rational function since b,,+1 #0 (thanks to X
being a non-degenerate circuit and Proposition [Z213)) and there is thus no way to cancel the
ubr+1 factor in the product term of P. So L(u) is a non-constant real analytic function on I.

Now observe that any root ¢ € R’ of F' yields (“+' € I as a root of P by Equation
[@). Moreover, by Proposition 5] any root (' € R" of F' with (¢’)*+ = (%! must satisfy
("=, since G reduces to a binomial system with a unique positive root once the value of
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x+1 is fixed. (This is because the vectors aq,...,a, are linearly independent, thanks to
{@n41,0} CX and A being a circuit.) So P has at least as many roots in I as F' has in R7}.

Conversely, Proposition tells us that any root w € I of P yields a unique ¢ € R
satisfying (C*,....¢*) = (y11u + V1,0, - -+, Vn1U + Ynp). Recall that b,11 # 0. So we also
obtain (1 = (114 +71.0) " - - (Gt & Ypmio) o) P = ubri1/ort — by the definition
of P. So ( is in fact a root of G. Similarly, a root v’ € I of P with «’ # u would yield a
positive root of ((¢')*,...,((")*) = (V11 4+ 71,0, s V1t + Ynpo) With (') +! # (%' and
thus a root ('#¢ of F. So F has at least as many roots in R” as P has in I.

Observing that P(u)=0 <= L(u)=0 (for ue€ I), and recalling Assumptions () and (H),
we thus obtain Assertions (1)—(4). Noting that m <n, we are done. H

Our sub-matrix condition from Lemma .15 in fact holds for a large fraction of integer
coefficients:

Corollary 2.18. The fraction of matrices [c; ;] € {—H,..., H}nx(n+2) with all 1 X 11 sub-
"("%)g“), Also, the fraction of matrices [c; | €

{—H, ..., H}™>"D with leftmost n x n sub-matriz of [c; ;] non-singular is at least 1 —

matrices of [¢; j] non-singular is at least 1 —

n
2H+1"

Proof: The DeMillo-Lipton-Schwartz-Zippel (DLSZ) Lemma [69] 104), 9] is a classic result
that tells us that if f€Clzy, ..., z,] has degree d and S CC is a set of finite cardinality N,
then f vanishes at no more than dN"~! points of S™. The condition stated in our corollary

is then equivalent to the non-vanishing of a product of (”;2) many n X n sub-determinants

of [¢;j]. The resulting polynomial clearly has degree w Taking S={—-H,...,H}
(which has cardinality 2H + 1) and applying the DLSZ Lemma, we obtain our first bound.
Our second bound follows almost identically, just considering one determinant instead. W

Recall that a critical point of a function L : R — R is a root of the derivative L'.

Proposition 2.19. Following the notation and assumptions of Lemma 213, let ug:=inf I,
u :=sup I, and suppose uy < --- < up_y are the critical points of L in I (k=1 imply-
ing no critical points). Then the number of positive roots of F is exactly the number of

i€{0,....k—1} such that (hm,u*)uf L(u)) (hrnuﬂf+1 L(u)> <0, plus the number of degen-
erate roots of L in I.

Proof: Tt is clear that L is strictly monotonic on any open sub-interval (u;,u;41) of I. So
the image of (u;, u;+1) under L is

L= {min {lim,_, + L(u), limu_m;+1 L(u)} , Max {limu_mj L(u), limu_m;1 L(u)}),
and we see by the Intermediate Value Theorem that L; does not contain 0 <= [lim, . + L(u)

and lim L(u) are both non-positive or both non-negative|. So by Lemma 210 we are

u—>ui+1

done. ®
We can now state analogues of Lemma .15 and Proposition 219 for roots in (R*)".

Lemma 2.20. Following the notation and assumptions of Lemmal2.13, assume further that
bpi1 is odd, anio =0, and let A:=laq,...,a,]. Let UAV =S be a Smith factorization of
A, and r the rank, over the field Fy, of the mod 2 reduction of A. Also, for any u€R, let

gii=sign(vi1u + vi0), Au):=1] efim"d 2 and (T4 (uw), ..., T (u):=(e1,...,e0) ™92, Then
i=1
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the number of roots of F in (R*)" is exactly 2"~ " times the number of roots u € R of L
satisfying both A(u)=sign(u) and I (u),..., I, (u)>0.

Example 2.21. Consider the 6-nomial 4 X 4 system F'=(f1,..., f1) defined by

8,.18 .16 4, 3.8 11,19 17 11,9 14 18,13 17 514,16
(—12$1iL‘2 Ty — 0T xowsxy + 17w vy wsw," — 4wy xyws” + 225 v5°x," + 305" 7,

—9232% 010 + Mdaiaorial — 8xi wy wswy” + 3xy st + 1225% v wy” — afxi xS,
5abas®ai® 4+ datwowdat + 1ot el wsa)” — 1621 adzs® + 182332832 )" — 1925224218
8,.18 16 4, 3.8 1,19, 17 11,9, 14 18,13, 17 5,14, 16
—x Ty Ty + 20 woxixy + 11wy vy sy — 170 vhws” — 1oy x5, — 6223 7y ) .
Proceeding as in Lemmata and [2.20, we see that Gauss-Jordan elimination on the
coefficient matriz, and computing the circuit relation underlying the exponent vectors, yields

the following linear combination of logarithms:

30808 84556 47210 125680
L) = 5466710g’27281 ~ raar | 1097818 | oragt ~ st “‘
42130 126754 20845 114296
—43727log 57981~ 27981 u’ + 5123 log )27281 ~ Sraal Y T 101291og |u.

In particular, L is an analytic function on
R\ {0,0.182377...,0.332447...,0.375636...,0.471852...}
whose roots encode the roots of F in (R*)*: Observing that
A(u) =sign(39898 — 84556u) sign (42139 — 126754w) sign (20845 — 114296u),
we see that the only open intervals containing u satisfying A(u)=sign(u) are
(0,0.182377...), (0.332447...,0.375636...), (0.375636...,0.471852...).
(The mod 2 reduction of our A here has full rank r =4 and thus the condition involving
the T(u) becomes vacuously true.) It is then easily checked that L is strictly decreasing,
with range R, on the first and third intervals; and L is positive on the second interval. (See
also Corollary [Z222 below.) So L has exactly 2 roots in R* satisfying the sign conditiond] of
Lemmata [Z20, and thus F has exactly 2 roots in (R*)*: The roots in (R*)* respectively lie
in the + 4+ ++ and + — ++ orthants. (It is also easily checked that F has infinitely many
roots in R, since F vanishes on the entire subspace defined by v, = xo =0.) PHCpack (a
state of the art polyhedral homotopy solver [102]) confirms our root count for this F in about
15 minutes, along with a count of 70834 for the total number of roots in (C*)*, as well as
approzimations of all these roots to 14 decimal places. Our Maple code counts the roots of
F in (R*)* and R% in under one second. ©

Proof of Lemma [2.20t Continuing the notation of the proof of Lemma 215, we need to
revisit the properties of the rational function P defined earlier. In particular, whereas before
we had a natural bijection between the roots of F' in R”} and the roots of P in a particular
interval I, we now need to consider roots of F' with negative coordinates and roots of P
throughout R. In particular, a key difference from our earlier lemma is the following simple
equivalence, valid for all u € R: P(u) =0 <= [L(u) =0 and A(u) = sign(u)]. (Indeed, we
could encounter u with P(u)=—2 without the condition involving A(u).) Note also that by
construction, P(0) is either —1 or undefined.

So let ¢ € (R*)" be a root of F. By Relation (), (*»** must be a nonzero real root of P
and, by the definition of G and the v, ; (and Proposition [Z8), we must have I}, ({*"*1),...,

9L also happens to be increasing, with range R, on (—o0,0) and (0.182377...,0.332447...), and thus L has
2 more roots in R* that do not satisfy the necessary sign conditions.
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IV (¢%+1) >0. By Proposition [Z8 there must also be exactly 2"~" many roots ¢’ € (R*)" of
F with (¢)%+* = (%', because G reduces to a binomial system once the value of (' is
fixed. So F' has no more than 2"~" times as many roots in (R*)" as P has in R*.

Conversely, if u€R* is a root of P then Proposition 2.8 tells us that I, (u), ..., I, (u)>0
implies that there are exactly 2"~" many ¢ € (R*)" satisfying

(€™, (") = (YU + 71,05 - -+ VU + Ynyo)-

(Note also that v;1u + ;0 # 0 for all ¢ since P(u)#0 when ~; ;u + v;0=0.) We then also
obtain (Pr1ontt = (Y120 + 71,0)_b1 o (Ymau + ’ym7o)_bm =ub»+1 by Relation [@). Since b,41
is odd, all our resulting ¢ must satisfy (***' =wu and therefore be roots of G (and thus of
F). Similarly, a real root u' of P with «/#u would yield a collection of 2"~" many (' € (R*)"
that are roots of F' but with (¢’)%+1 £ (%1, since b, is odd and w€R*. So the number of
roots of Fin (R*)" is at least 2"~" times the number of roots of P in R*.

Our stated root count for F in (R*)" is thus correct. W

The following variant of Proposition .19 can be proved almost the same as Proposition
219, simply using Lemma [2.20) instead of Lemma 213

Corollary 2.22. Following the notation and assumptions of Lemmal2.20, let wi < -+ <wp_q
be the critical points and poles of L in R, and set wy:= —o0 and w,;:=+oo. Let N be the

number of i € {0,...,¢ — 1} such that A(u) = sign(u) and I, (u),.... I, (u) > 0 for all
u € (w;, wit1), and (hmuaw* L(u)) <1imu—>w-_+l L(u)) <0. Then the number of roots of F' in
(R*)" is exactly N plus the number of degenerate roots of L in R. B

2.4. Heights of Algebraic Numbers and Linear Forms in Logarithms. Recall that if
3 is in the algebraic closure Q of Q, with minimal polynomial m(x;) := co+- - - +cq2¢ € Z[x,]
satisfying ged(co, . .., cq) =1, then we may define the (absolute) logarithmic height of 5 to be

d
h(p) :=§ (bg el + ) log max{| B, 1}) ,
=1

where fi,...,0; (among them, J) are all the roots of m. This definition in fact agrees
with our earlier definition for rational numbers. Since m must be irreducible we have

#{B1,...,Ba}=d.

o k
Proposition 2.23. (See, e.g., [25, Prop. 1.5.15, pg. 18].) If av, ..., €Q then h(z ai)

i=1

k k k
is no greater than log(k) + > h(a;). Also, h(H ozz-> <> h(e;). R
=1 =1

= i=1 i=

Letting }co +coixy + -+ cdxﬂQ = ch‘l:o |c;|2, we recall the following classical inequality:

Landau’s Inequality. [78] If 3€Q has minimal polynomial g € Z[x,] with relatively prime

1
coefficients then h(f) < M. |
deg g

It will also be useful to have a mildly refined version of Liouville’s classic bound [73] on
the separation between rational numbers and irrational algebraic numbers.
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Theorem 2.24. Suppose 3€Q, with minimal polynomial m € Z[x1] of degree d>2. Then
m! m(d) -1

(e + < |51

d

B—]—Ql <1:>‘B—]3’ >
q q
for all p,qeZ with ¢>0.

q

Proof: First note that the parenthesized expression in the numerator of the large fraction
above is positive since m is the minimal polynomial of 5 and thus m’(3)#0.
Via Taylor expansion we then obtain the following:

i/l = (@) +m@) (2-5) + T (2 _gY oy OO (2 g)’
a | lq

0-+m(8) + “0) (g - 5) P C) (zg - 5)d‘1
m”(B) MD |

d!
d—1
1)
p /

Since m is irreducible and of degree >2, m has no rational roots, and thus ¢*m(p/q) must
be a nonzero integer. So we obtain ¢?|m(p/q)|>1 and thus |m(p/q)|>1/q%. Combined with
our last Taylor series inequalities, we are done.

S‘ﬁ—ﬂ(WWM+VM”WE—4+~_qm@WWF_

<

Finally, we recall the following paraphrase of a bound of Matveev [77), Cor. 2.3], consider-
ably strengthening earlier bounds of Baker and Wustholtz [6]. (See also [30, Thm. 9.4].)

Theorem 2.25. Suppose K is a degree d real algebraic extension of Q, oy, ..., a, € K\{0},
and by, ..., b, €Z\{0}. Let B:=max{|by|,...,|bn|} andlog .o :=max{dh(«;),|loga;|,0.16}
for alli. Then Y " b;loga; #0 implies that

log

> bilog a,-| > —1.4-m**30™ (1 + log d)(1 + log B) | [ log . |
i=1 =1

2.5. Bounds on Coefficients, Roots, and Derivatives of Univariate Polynomials.
Letting ‘cg +cixy+-+ cda:‘f‘oo :=max; |¢;|, recall the following classic bounds on the size
and minimal spacing of roots of polynomials:

Proposition 2.26. (See, e.g., [88, Thm. 8.1.4 & Thm. 8.1.7, (i), (8.1.3)].) If f € Z|x]

satisfies |f|oo <H and (€C is a nonzero root of [ then HLH<|C|<1+H. [

Mabhler’s Theorem. [74] Suppose f € Z[x1] is square-free, has degree d, and |f|e < H.
Then any two distinct complex roots (1,(s of f satisfy

|<1 . CZ’ >\/§(d + 1)7(2d+1)/2H7(d71).
In particular, |log|¢ — G||=0(dlog(dH)). W

Letting !co +ecx + e+ cdxﬂl = Z?:o |c;|, recall also the following nice bound on the
coefficients of divisors of polynomials:

Lemma 2.27. [78, Thm. 4] Suppose f, g€ Clz1] have respective leading coefficients ¢ and v,
and g|f. Then |g[; <2959 || |f],. W
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Recall that the content of a polynomial r(z) := ¢y + -+ + cq2? € Z[z1] is con(r) :=
ged(co, ..., ¢q), and that we call such an r primitive if and only if con(r) = 1. We will
need the following consequence of the classical Gauss’ Lemma for polynomials (see, e.g., [46],
Ex. 3.4, pg. 109)):

Lemma 2.28. If f, h€Z[x,| with h primitive, g €Q|x1], and f=gh identically, then g€ Z]x,]. B

We can now prove the following extension of Mahler’s bound to the case of polynomials
with degenerate roots.

Corollary 2.29. Suppose f € Z|x1] has degree d and |f|oc < H. Then any two distinct
complex roots (i, (o of f satisfy |log | — || =0O(d? + dlog H).

Proof: Let g:=gcd(f, f'), where we compute the ged of two polynomials in Q[z] via the
Euclidean Algorithm. (So g€ Q|x;] and g is monic.) In particular, since g is primitive for
some minimal v €N, Lemma 228 tells us that f/(vg) € Z[x,]. Moreover, since ¢ is monic,
must divide the leading coefficient of f and thus vy < H.

Recall that the square-free part of f is p:= f/ged(f, f'). It is then elementary that p
has the same roots in C as f, p is square-free, and p € Q[x;]. In particular, from the last
paragraph, we see that p € Z[z], with the same leading coefficient as that of f since g is monic.
Lemma then tells us that |p|; <2%|f|s. So then, |plse < 29Vd|f|oo < VdAH2. Applying
Mabhler’s Theorem, we see that log |¢; — (| =O(dlog(dv/dH2%)) = O(d[log(d) + d + log H]) =
O(d*> +dlog H). B

We will also need the following bound on the coefficients of products of polynomials:

k
[1/i

i=1

Lemma 2.30. If f1,..., fx € Z[x1] then

k
< [1(1+ deg fi)l il

Proof: Via direct expansion (and the Triangle Inequality) it is clear that the 1-norm for

polynomials is sub-multiplicative, i.e. ‘ I /il < H |fi]1. Tt is also immediate that | f|. <|f|1
=1 |1
and |f|; < (1 + deg f)|f|e for any polynomlal So We obtain

15| <|T6| < T1IAh < [0+ des Rl o
Finally, we will need the following bound on higher derivatives of polynomials, dating back
to work of Duffin and Schaeffer [45], based on a classic bound of A. A. Markov [75]:
Corollary 2.31. Suppose f€Clxy| has degree d and t >0. Then
d2(d2 - 12) L (d2 — (- 1)2) _{ng{<t|f($1)|
1-3---(25—1) ti '

o0

max_|f 9 (z1)] <
—t<ai<t

After rescaling the variable so it ranges over [—1, 1], the statement above follows immediately
from [88, Thm. 15.2.6 & Cor. 15.2.7, Sec. 15.2]. The latter results in fact include conditions
for equality in the bound above.

3. CRITICAL VALUES OF LINEAR FORMS IN LOGARITHMS AND THEIR SIGNS

We are now ready to prove two key lemmata (Bl and 34 below) that enable our new
complexity bounds.
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Lemma 3.1. Suppose m >2, b; € Z \ {0} and ;1,70 € Q with h(vy;;) <log H (for some
integer H>3) for all i€ {1,...,m}, B:=max;|b;|, and L(u) := > b;log |yi1u+ viol is
non-constant and differentiable on some non-empty open interval. Then the critical points
of L in R are ezactly the real roots of a polynomial g € Z[u] of degree at most m — 1 with
|9]oo <m2™ L BH?™. In particular, log|g|e = O(log(B) + mlog H), L has at most m roots
in any open interval I not containing a pole of L, and L has at most 2m real roots.

Example 3.2. Ezample is more representative (than Example [2.10) of the coefficient
growth one encounters when converting I into a univariate linear combination of logarithms
L: There we saw an input 6-nomial 4 x 4 system F with coefficients and exponents having
at most 2 digits, resulting in an L with coefficients having 6 or fewer digits. In particular,
the polynomial encoding the critical points of L is

g(u) := —85015812446550320118784u" + 160578806134338659719072u” — 78932164016242868100268u*
+13833463598904597755876u — 837930167824219163155,

which has coefficients with at most 24 digits, and 2 real roots, neither of which lies in the
sub-intervals of R contributing to the root count of F in (R*)*. So in Ezample[ZZ1] it is the
signs of the poles of L, instead of the signs of the critical values, that determine the number
of roots of F in (R*)%. o

Example 3.3. Returning to Example [2.14, which had L(u) being

—2log [16384cu + 4| + 2log [4096cu + 1| — 21og [256¢u + 1| + 2log [16cu + 1| — 2log|cu + 1| + log ul,
it is easily checked via Maple that this L has exactly 5 critical values, alternating in sign,
and the underlying critical points interlace the 6 positive roots of L. ¢

m
Proof of Lemma B.T: First observe that L'(u) =) % Thanks to our non-constancy
i=1"" >

assumption, L' has at most m distinct poles. Letting v; be the least common multiple of the
denominators of ;; and ; o, and setting

gi(u):= (bﬂm%‘ H(%',lu + %‘70)%) / ((viau + vi0)14),
j=1

let us define g(u):=>""", g:(u). Clearly, g; € Z[u] for all i, g€ Z[u], and g(u) is nothing more
than L'(u) [T72, (vj1u+70)v;. So we clearly obtain the statement on the real critical points
of L being the real roots of g, and it is clear that degg<m — 1. Lemma implies that
|9i|oo <BH? (271 H2(m=1)_ Clearly then, |g|o <m2™ ' BH?™. That L has at most m roots
in / is immediate from Rolle’s Theorem, since deg g <m — 1. We similarly obtain at most
2m roots in R since L has no more than m poles (as well as no more than m — 1 critical
points). H

Recall that a critical value of a function L : R — R is the value of L at a critical point of L.

Lemma 3.4. Following the notation and assumptions of Lemma [, let I be any open
interval defined by consecutive real poles of L, let € denote any nonzero critical value of L,
and let & (resp. n) be the minimum of |(; — (o| over all distinct roots (1, (e €1 of L (resp. the
derivative L'). Finally, let A denote the minimum of | — p| as ¢ (resp. p) ranges over the
critical points (resp. poles) of L. Then:

1. logn > —O(mlog(B) + m*log H). 3. log A > —O(mlog(B) + m?log H).

2. log || > —O(Glm log™ ™ <\/§H2m_1)>. 4. logd > —O<61m log™ ™ (\/EHQW_1>).
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Proof: If L has no critical points then, by Rolle’s Theorem, L has at most 1 root in I and
Assertions (1)—(3) are vacuously true. So let us assume L has exactly k — 1 critical points
(with k&> 2) in the open interval I, ug:=inf I, uj :=sup I, and suppose uj < - -+ <uj_1 are
the critical points of L in I. Also let g denote the polynomial from Lemma B.Il Below we
illustrate a coarse approximation of what the graph of L can look like, along with some of
our notation:
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Assertion (1) then follows immediately by applying Corollary 2229 to g, thanks to Lemma
Bl In particular, we get |logn|=0((m — 1)* + (m — 1) log(m2™~* BH*™))

=O0(m? + m[log(m) +m + log(B) + mlog H]),
which clearly reduces to the stated bound.

Assertion (2) then follows routinely from Theorem upon observing that || is nothing
more than the absolute value of a linear combination of logarithms of real algebraic numbers.
In particular, the arguments of the logarithms constituting L(u;) at a critical point u; € I
(for some je{1,...,k — 1}) all lie in the same real algebraic extension: Q(u;). Noting that
the minimal polynomial, p, of u; has degree <m —1, Lemmata 2.27 and B.I] then tell us that

|p]oe <271 (%) lg|2 (since p|g), where 7, and 7, are respectively the leading coefficients of
p and g. Moreover, since p, g € Z[u] we have that v,|y, and thus

(7) |p|oo < 2m—1 .1 (\/ﬁ(mBQm—lHQTn)) _ m3/24m—1BH2m'
So log |p|2 <log (y/m - m*?4™~1BH*™), and thus Landau’s Inequality tells us that
(8) deg(p)h(u;) <log (m24m’1BH2m) )

Proposition and Lemma Bl then tell us that |u;] < 1+ |gle < 1+m2™ 'BH*™. Also,
h(yiauj + vio) <log(2) + (h(yi1) + h(u;)) 4+ h(7i0), thanks to Proposition 2231 So then, by
Inequality (8]),
deg(p)h(viauj+7i0) < (m—1)log(2) 4+ (m —1)log(H) +log(m?4™ *BH?*™) + (m — 1) log H
< log(m?8™ "' BH*™~2),
Theorem then tells us that
(9) logle| > —14-30""*m"(m—1)*(1 +log(m — 1))(1 +log B) (log(m*8™ ' BH""?))™
> —1.4-30%-30"m®°(1 + logm)(1 + log B) log™ (m*8™ ' BH*"?)
= —0(30™m""log(m)log(B) log™ (m*8" 'BH*"?)).
Now observe that m®®logm=0((1+ 6;)™) for any 6; >0, and m?8™ ! <(BH*™~2)% when
1
H>8.08%, m> 1467, and 6, >0. So then, if we pick 6, =6, =+/30.5/30 — 1=0.00829... we
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obtain: log || > —O<30m(1 + 6,)" log(B) log™ ((BH4m_2)1+92))

= —0((30(1 + 61)(1 + 65))™ log™ "' ((BH*?)))

— ~0(30.5m2m  log™ (VBH>1) ) = ~O(61™ log™* (VBH™ 1)),
thus proving Assertion (2).

To prove Assertion (3) observe that A =min{u; — ug, uy — up_1}, i.e., A=|uy — | for
some j'€{1,k—1} and £€{0, k}, by our earlier definitions. If A =00 then there is nothing to
prove, so let us assume A <oo. If u; € Q then Assertion (3) follows easily from Proposition
[2.23] since u, has logarithmic height no greater than 2log H and w; must have logarithmic
height no greater than O(log(B)+mlog H). So we may assume that u; is algebraic of degree
at least 2 over Q.

We can then apply Theorem and Lemma 3] to obtain that A must be bounded from
below by

P”(uj/)
2!

(Ip' ()| +

T &Dl
. (m—1)!
(10) min F20m=D) .1

We know that |uj| < 1+ m2™ ' BH?*™ by Proposition 220, so it is enough to minimize the
preceding sum of derivative norms over the interval J:=[—1 — m2™ ' BH*" 1 + m2™ ' BH*™].
Noting the easy inequality max |f(z1)] < |f|p max {1, |t|d} for any fe€R[z;] of degree d

—ls7r1>

and t€R, we then have:

ma§|g(as1)| < |g|y max {17 (1+ m2m_1BH2m)m—1}
r1e

< mlglee (1 +m2m 1 BH>™)™
(11) < mem2" T BHP (1 4+ m2m BHY)

and Corollary 2.31] then implies

P ()l < max[pt(ay)]

x1€J
(m—1)2((m—1)*—1%)---((m—1)* — (r —1)?)

<
= 1-3-(2r—1)

ply - (14 m2m BH?™)™

18

since p has degree < m — 1. Since |p|; < m|p|w, Inequality (@) tells us that |[p™)(u;)

bounded from above by

(m—12((m—1)* =1%)---((m = 1)* = (r = 1)*)
1-3---(2r— 1)

cm - (m*P4m T BH?™) (14 m2"  BH?™)"

_1)2
((m 1) )m ) (m3/24mleH2m) (1 + m2mleH2m)m_1
r

IN

—1)2e\" —
((m ) 6) m3/24m—1 g pp2m (1 + m2m—lBH2m> 1 7
r
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where the last inequality follows easily from Stirling’s classical estimate for the factorial
P (u 0 P (uyr)
‘ (m—l)!]

is strictly less than

function. So then, [p'(u;/ )|+ ‘

[( — 1) e+ M 4+ 4 ((mfl)i;{(j';)*!l))m_l} m5/24mleH2m (1 + m2m—1BH2m)m—1

Now, by the Maclaurm series for e”, the bracketed factor above is strictly less than e(m—1)%

(m—1) (.,
So then, [p(u;) p(Ti)!])

is strictly less than

G(m_1)26m5/24m_1BH2m (1 + m2m—1BH2m)m*1
S em(m—l)em5/24m—lBH2m (1 4 m2m—1BH2m)m_
_ O((ee+93)m(m_1) BH?>™ (2(1+94)(m—1)BH2m>m>

_ O((21+9466+93)m(m*1) Bm+1H2m2+2m>

1

for any 03, 60,>0. Observing that 2e€<30.31, we can then clearly pick #3 and 64 to obtain

P (uy0) ‘ P (uy0)
(m —1)!

‘p/(uj/)‘ + = 0 (31m(m*1)Bm+lH2m2+2m) :

and thus, combining with Inequality (I0), (31"‘ m—1) gl pr2m*dm= 2) and we obtain

1
AT
Assertion (3) by taking logarithms.

To prove Assertion (4) we merely use the Mean Value Theorem. First, let ¢’ be the
minimum distance between any critical point u; of L (with nonzero critical value) and (',
where (' is any root of L. Clearly, § >260">0 (thanks to Rolle’s Theorem), so it is enough to
prove a sufficiently good lower bound on ¢’. Note in particular that if &' > A /2 then we are

done, thanks to Assertion (3). So let us assume 6’ <A /2.
Recall that, from the proof of Lemma Bl we have L'(u)=g(u)/ [ (71w + 7i0)vi where
i=1

v; is the least common multiple of the denominators of «; ; and ;.

Clearly, if ;1 # 0, then |(vii1u + vio)vi| = )u — ;ZZIO [viavil > |viivi|A/2 > A/2 for all

u€u; — 0, u; + 9, since '€, ;_”10 is a pole of L, and 7,11, is a nonzero integer. On the

other hand, if 7,1 =0, then |(y;1u + vio)vi| =|yi0vi| > 1 since v; ov; is a nonzero integer. So
then,

(12) H(%Ju +vio)vi > AT /2™ for all ueu; — o', u; + ).

i=1

By the Mean Value Theorem, we must have |L'(£)| =
So then, thanks to Inequalities ([[I]) and (I2]), we obtain

(uj — & u; +0").

H(%,lf + Yi0)Vi

=1

< m*2" 'BH*™ (1 +m2™ 'BH*™)

L) =

m—1 2m
Am
(13) < m2*m-ipH*m (1 + TTL2"“131L1T2”L)m_1 O(glm(mfl)BmHH2m2+4m72>
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Since ' =le/L'(£)| we thus obtain that log §’ = log |g| — log |L'(§)|, which is then bounded from

below by —O<61m log™"! (\/EH%H)) — O(log(m) +m + log(B) + mlog(H) + mlog(m2™ ' BH*™))
—mO(m?*log(31) + mlog(B) + m?*log H),

which reduces to —O<61m log™*+? (\/EHQ’”_l)). |

3.1. The Complexity of Approximating Logarithms and Real Roots of Polyno-
mials. Any real number can be expressed in binary. Since 2822 < g < 21+loe22] for any
x€R,, it is easy to check that 1+ |log, x| is the number of bits for the integer part of x. It
then makes sense to call the binary expansion of L2€_1_U°g2 zJ IJ the ¢ most significant bits of
an x € R, . Clearly, knowing the ¢ most significant bits of  means that one knows x within
a multiple of (1 + 279)*!,

Let us recall the following classical fact on approximating logarithms via Arithmetic-
Geometric Iteration:

Theorem 3.5. [13, Sec. 5] Given any positive x €Q of logarithmic height h, and ¢ €N with
(> h, we can compute |log, max{1,log|z|}| and the ¢ most significant bits of logx in time
O(flog”¢). W

The underlying technique dates back to Gauss and was refined for computer use in the 1970s
by many researchers (see, e.g., [29, 97, 28]). We note that in the complexity bound above, we
are applying the recent O(nlogn) algorithm of Harvey and van der Hoeven for multiplying
two n-bit integers [56]. Should we use a more practical (but asymptotically slower) integer
multiplication algorithm then the time can still be kept at O(£*°%) or lower.

Recall that bisection is the ancient technique of approximating a root of a continuous
function f : [r1,r2] — R by the following trick: If sign(f(r1)f(r2)) <0 then f must have a
root in the open interval (ry, ), and this root lies in the left half-interval (rl, %) if and
only if sign( flr)f (%)) < 0. Bisection thus allows one to extract an extra bit of precision
for a root of f at the cost of one more evaluation of f. Put another way, bisection allows
one to halve the size of an isolating interval at the cost of one more evaluation of f.

We will also need the following result on the bit complexity of approximating the real
roots of a polynomial in Z[x;] by rational numbers.

Lemma 3.6. Suppose f € Z[x1] has degree d, || < H, and { €N with {>2. Let §(f) denote

the minimum of |(; — Co| over all distinct real roots (y, (o of f. Then, in time
O(d*[log*(H) + ((¢ + d* + dlog H) log(dllog H)]),

we can find a collection of disjoint non-empty open intervals {J;}*_, with the following

properties:

(a) k is the number of real roots of f.

(b) Each J; contains exactly one root of f.

(c) The endpoints of all the J; are rational numbers with logarithmic height O({+d*+dlog H).

(d) All the J; have width no greater than 27¢5(f).

Proof: The case ¢ =0 is well-known in the computational algebra community and is ele-
gantly described in [96]. (In fact, [06] even allows polynomials with real coefficients known
only up to a given tolerance.) In particular, we merely apply the real root isolation algo-
rithm from Theorem 24 of [96] to the square-free part, p:= f/ged(f, f'), of f: From the
proof of Corollary 2229, we know that p € Z[x;]. Also, by [5I, Cor. 11.20] and fast inte-
ger multiplication [56] (and the development of [5I Ch. 6]), ged(f, f') can be computed
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within time O(d? log®(d) log(dH ) log®(dlog(dH))), and this dominates the complexity of the
division needed to compute f/ged(f, f'). Moreover, the coefficients of p have logarithmic
height log H' = O(d + log H), thanks to Lemma 227 So an overall complexity bound of
O(d*(d + log H)?) holds, via the O(d*log® H') bit-complexity bound (in our notation) from
[96, Thm. 24].

The case of arbitrary ¢ > 2 can be derived simply by applying bisection after using the
(=0 case to start with isolating intervals that are likely larger than desired, but correct in
number, for the real roots of f: One first observes that if a € Q has logarithmic height L then
Proposition implies that f(a) has height O(dlog(H) + d*L). So we can correctly find
the sign of f(a) by, say, Horner’s Rule [51], using O(dlog(H) + d*>L) bits of accuracy in all
intermediate calculations. Since there are at most d roots, and each application of Horner’s
Rule takes O(d) multiplications and additions, we see that the complexity of one step of
bisection, applied to all of our initial isolating intervals (to halve the size of each interval), is
dominated by O(d?) many multiplications of integers of height O(dlog(H) + d*>L). Assuming
we use the fast multiplication algorithm of [56], this will take time

(14)  O(d*- (dlog(H) + d*L) - log(dlog(H) + d*L)) = O(d*(log(H) + dL) - log(dlog(H) + d*L)).

Corollary 229 then tells us that |log d(f)|=O(d*+dlog H). This means that our bisection
must start with at least L=0(d? + dlog H) bits of accuracy, and this accuracy will succes-
sively increase to L + ¢ bits when we finish. So then, by Equality (I4]), getting ¢ additional
bits of accuracy beyond the minimum root separation will require time

(15) S, O(d(log(H) + d(L + 1)) log(dlog H + d*(L + 1))) .

Note that log(H) + d(L + i) = O(d® + d*log(H) + di) = O(d*(log(H) + 4)) and thus
log(d(log(H) + d(L + i))) = O(log(idlog H)). So each term of the sum (IZ) admits an
upper bound of

O([d® + d° log(H) + d*¢]log(¢dlog H)).
So our final bound is O(d*(d+log H)?)+ (- O(d*(d* +dlog(H)+ () log(dllog H)). Cancelling
dominant terms, we get our stated bound. H

Remark 3.7. We have opted for a streamlined proof at the expense of a larger complexity
estimate. In particular, the exponent of d in our bound can likely be lowered slightly if
one uses more sophisticated techniques, some of which are discussed further in [96] and the
references therein. ©

4. OUR MAIN ALGORITHMS AND THEIR COMPLEXITY

Our central algorithm for counting roots in (R*)" is conceptually simple but ultimately
somewhat laborious: Reduce to computing the signs of a linear combination of m logarithms,
evaluated at its critical points and poles. To compute the signs at the critical points, we
approximate the input to each logarithm, and each resulting summand, to extremely high
accuracy. The devil is in the level of accuracy, but thanks to our earlier development,
the required accuracy can be estimated explicitly, and the resulting complexity bound is
quadratic in (n?log(dH))*+t)m We will see an even better conditional speed-up in Section
below, but let us first explore what is provable with current technology.

Algorithm 4.1.
Input: Integers by, ..., by, rational numbers vi1,71.0,- -, Ym,1, Ym0, %0, Yoo, With m > 2,
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Yiat + vi0 >0 for all u e (ug, us) and i€{1,...,m}, and L(u) :Z b; log |vi1u + il non-

i=1
constant and differentiable on some non-empty open interval.
Output: The signs of L at all its critical points in (ug, Uoo)-
Description:
0. Let B:=max; |b;|, log H:=max {1, max; ; h(vi;)}, & = m?*8" ' BH*™ 2,
E = 1.4-m"30™3(1 + logm)(1 + log B) log™ 7,
D = m’e+ (m+2)log (8 +m2"*BH*"),
and p:=1.443(D + log(12m) + ).
1. Compute the polynomial g(u):= Z bivi1Vi H(vj,lu + 7j70)yj/ ((yipu + vio)vi), where
i=1 j=1
v; denotes the least common multiple of the denominators of v;1 and ;.
2. Via Lemmal3. 4, find respective isolating intervals Jy, . .., Jy_1 to the roots uqy < -+ - <ujp_q

of g in (up, Uso) such that each J; has width no greater than 27°.

3. Forallie{l,...,k— 1} do:

4.  Let u;:= w

5. Forallje{l,...,m} do:

6. Compute, via Theorem[3, a rational number L; agreeing with log |v;11; + ;0|
in its first [1.443€ + log,(6m)] most significant bits.

7.  End For

8.  Let £ := 21 b;L; and 0;:=sign(.%;).
‘7:
9. If|L]> 127143 then

10. Output “The sign of L at u; 1s 6;.”
11.  Else

12. Output “L(u;)=0."

13.  End If

14. End For

Lemma 4.2. Algorithm[{.1) is correct and runs in time
0(901™ (log(B) + mlog H)*™ log®(B) log*(log(B) + mlog H)).

Proof: The correctness of our algorithm follows directly from Theorem and Lemmata
B and B4l First note that the classical inequality 1 — % <logx <z —1 (for all x>0),
yields -3~ <log(v +s) —logv < 2 (for all v>0 and s >—v), upon setting x=**. Setting
v=";10; + vj0 and s =y;1(u; — u;), and assuming v;1u; + V0, 7j,1%; + Vj0 > 0, we then
obtain

(uj — 1) 750 _ (uj — )y
(16) Yixls + 750 (V115 + 7.0) (V.15 + 7j.0) Yinly + Yio
The proof of Assertion (4) of Lemma [3.4] tells us that W >A/2. Since 1/log2<1.443

Js
we have A > 2714437 thanks to the definition of D. So the definition of s tells us that
lu; — ;] < 5271437 g sufficient to guarantee that W >A/2. So, by Inequality (L6,
75

we obtain that |u; — @;| <277 guarantees |log(yi1ui + Vio) — log(Vi1t; + Yio)| < %2_1'4435.
Should 7,14 + 7,0 < 0 we can repeat our preceding argument, with a sign flip, to obtain
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that |u; — ;] <277 guarantees |log |y 1u; + il — log [yi1t: + 7iol| < 5=271**%¢. So then,
thanks to Step 6 and the Triangle Inequality, we see that our algorithm computes, for each
i€{l,...,k — 1}, a rational % such that |L(u;) — & < 3271445

Theorem then tells us that |L(u;)] is either 0 or strictly greater than 271443 So the
threshold on |.Z;| from Step 9 indeed correctly distinguishes between L(u;) being nonzero or
zero, and the signs of L(u;) and .Z; also match when L(u;)#0 thanks to our chosen accuracy.
In other words, our algorithm is correct.

We now analyze the complexity of our algorithm. First note that H, <7, £, D, and p
need not be computed exactly: it is sufficient to work with the ceilings of these quantities,
or even the smallest powers of 2 respectively greater than these quantities. In particular,
these parameters can easily be computed via standard efficient methods for computing the
exponential function [I] (along with Theorem B.H) and thus the complexity of Step 0 is
negligible, and in fact asymptotically dominated by Steps 2 and beyond.

Likewise, Step 1 is easily seen to take time within O(m?(log®(B)-+mlog® H)), by combining
the fast polynomial multiplication method from, say, [51, Sec. 8.4] with the fast integer
multiplication method of Harvey and van der Hoeven [56].

Lemma [3]] tells us that the complexity of Step 2 can be estimated by replacing (d, H, ()
in the statement of Lemma by (m — 1,m2™ *BH?*™ p). Noting that p = O(£) and
m", log" B,log" H=0(E) for any m>r>0, Lemma then tells us that Step 2 takes time

O(m*[log*(m2™ 'BH*™) + p(p + m? + mlog(m?2™~ BH*™)) log(pm log(m - m2m~'B*™))])
(17) = O(m*E?1og” &).

Thanks to Theorem B3] a simple over-estimate for the complexity of Step 6 is O(E log? & ),
so then the time spent in (each run of) Steps 4-7 in total is O(mé& log® £). Since k—1<m—1,
Steps 3-14 then take time no greater than O(m?€ log®&).

We thus see, from comparison to Estimate (7)), that Step 2 in fact dominates the asymp-
totic complexity of our entire algorithm. Since m”=0O((14¢)™) for any fixed r, ¢ >0, we have
that £=0(log(B)(30 + )" (log(B) +mlog H)™). Since log £ =0(mlog(log(B) + mlog H)),
we see similarly that the complexity of our algorithm is

O((900 + €)™ (log(B) + mlog H)*™ log*(B) log*(log(B) + mlog H)),
which is dominated by our stated bound. W

We can now state our algorithm for counting the positive roots of circuit systems:

Algorithm 4.3.
Input: Polynomials fi,..., [, EZ[Q:{EI7 e xﬂ] with A:=J, Supp(fi) a circuit and #A=n+ 2.

rn

Output: The number of roots of F=(f1,..., fn) in R.

Description:
0. Find the unique (up to sign) minimal circuit relation b€ Z"+2>*1 of A, and re-index
the points of b and A so that by, 1= --- =b,=0 and the unique non-degenerate sub-
circuit ¥ of A is X={aq,...,Qm,Qni1,Qni2}t. Then translate aq, ..., a1 by —a,.9,

and set a,9:=0.
1. Letting [c; ;] be the coefficient matriz of F', check whether all the n x n sub-matrices
of [ci;] are non-singular. If not, then output
“Your system might have infinitely many roots but I'm not sure:
Please check if there are any updates to this algorithm, addressing
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the cases of vanishing minors for the coefficient matriz.”

and STOP.
2. Reduce F = O to a system of equations of the form G =0, where G:=(g1,...,gn)
and g;(z):=x% — 1:6“"“ — i for all i.

3. Let L(u):=b,y1log |u| + Zb log [vi1u + 70| and

I:= {u€R+|%1u+%0>0forallz€{1 ,n}}.
4. Via Algorithm [{.1] and Proposition[2.14, compute the number N, of roots of L in I,
and output N.

Example 4.4. Depending on the coefficient matrix of F, the number of poles of L can
certainly be smaller than m + 1: For instance, one can directly build a 4 X 4 circuit system
Fe(Z|xy, xe, 3, 14))?* yielding, say,

L(u)=2log |u|] + log |u + 1| + 2log |2u + 2| + 3log |9u + 9| — 5log |Tu + 7|
and b=[1,2,3,-5,2,=3]". This L clearly has just 2 poles: 0 and —1. o

Lemma 4.5. Algorithm[{.3 is correct and runs in time
O((31n*log(ndH))?" 2 (log(nd) log(nlog(dH)))?),
where d is the largest absolute value of an entry of A and H:=max; | fi|-

Proof: First note that Step 1 tests a natural genericity condition mentioned earlier, and the
algorithm proceeds to Step 2 if and only if the genericity condition holds. So let us assume
we have proceeded to Step 2.

Observe then that the sum L from Step 3 is non-constant and differentiable on a non-
empty open sub-interval J CR,: By the sub-matrix non-singularity assumption of Step 1,
the 7, ; must all be nonzero, and thus any cancellation between terms of L can not affect the

term b, 41 log |u|. So then J=R, if ~; ;>0 for all 7 and j, and J= <O mln { Yi0/ 7, 1})

Vi 17,0

otherwise.
Letting ug :=inf I, uy :=uy :=sup, and letting uy < --- < wug_; be the critical points
of L in I as before, note that the sign of lim, _, + L(u) is either —sign(b,,1) (if up=0) or

—sign ( > b,;). Similarly, the sign of lim, _,, - L(u) is simply —sign < > bz-)
w0=—7:,0/7i,1 Up=—"i,0/7i,1
(resp. —sign(by42)) if ux <oo (resp. ux =+00). So the use of Proposition is clear.

The correctness of Algorithm then follows directly from Lemmata 2.5 Proposition
219, and Lemma So we now analyze the complexity of our algorithm.

Thanks to Lemmata B and 22, it is clear that Steps 0-3 are doable in time
n?37 log" W (nd) + n*3™ log' ™ (nH). This will not be the dominant part of the algo-
rithm: Observing that h(y; ;) =0(nlog(nH)) and h(b;) =O(nlog(nd)) for all 4, j (simply by
Hadamard’s Inequality and Cramer’s Rule), the proof of Lemma tells us that applying
Algorithm . and Proposition (with m<n + 1) takes time

(18) 0, <(900 + )" (nlog(nd) + n*log(nH))***(nlog(nd))? log*(n log(nd) + n? log(nH)))

for any fixed € > 0. Note in particular that the underlined expressions are clearly bounded
from above by:

n? + n*log(d) + n*log(nH) <n?*(1 + log(ndH)),
provided n,d, H>1. So the O-estimate from (I8]) is bounded from above by
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O(((30 4 €')(n?log(ndH))*"*? log® (nd) log®(n* log(ndH)))
for any &’ >¢. Since n?log(ndH)=n?log(n)+n?log(dH) <n’*+n3log*(dH)=O((nlog(dH))?),
we are done. l

n.

We are now ready to state the analogue of Lemma for counting roots in (R*)

Lemma 4.6. Given any (n + 2)-nomial n x n system F = (f1,..., fn) € Z[azfl, o ,mfl]n
supported on a circuit A with cardinality n + 2, we can count exactly the number of roots of
F in (R*)" in time O((31n%log(ndH))?" "2 (log(nd) log(nlog(dH)))?), where d is the largest

absolute value of an entry of A and H:=max; | fi|oo-

Proof: The proof is almost identical to that of Lemma [£5] save that we apply Corollary
instead of Proposition 219 Lemma instead of Lemma .15 and that we use a
modified version of Algorithm 3]

In particular, the modifications to Algorithm 3] are that (a) the output is now the number
of roots in (R*)", (b) we re-index so that b, is odd and (c) we replace Step 4 by Step 4’
stated below:

4. Via Algorithm [[1), compute the number N from Corollary 2222 and the number of
degenerate roots of L in R. Output their sum.

Note in particular that b must have an odd coordinate since minimal circuit relations are
assumed to have relatively prime coordinates. Also, the left or right-handed limits of L at a
real (possibly infinite) pole are easy to compute via the sign of a suitable sum of b; (if the
pole is finite) or the sign of —b,. 2 (if the pole is +00), as in the proof of Lemma A5 The
correctness of our modified algorithm is then immediate.

The complexity analysis for our modified algorithm is almost identical to that of Algorithm
3] save that there is extra work taking time O(n-n?) to compute the signs of A(u;) and the
F;- (u;). This is negligible compared to the other steps, so our final asymptotic complexity
bound remains the same. W

Remark 4.7. Reducing counting the roots of F in (R*)" to counting the roots of L in
< n + 2 sub-intervals of R (as in our proof above) is much more efficient than naively
applying Algorithm [[.3 to each of the 2™ orthants of (R*)". In particular, our proof helps
enable the conditional speed-up to time (nlog(dH))°M) from Theorem 8. ©

5. AFFINE RoOoTS AND PROVING THEOREM [I.1]

Before finally proving our main theorem we will need to establish some simple facts on
roots of over-determined systems on coordinate subspaces. Our first observation is immediate
from basic convexity (see, e.g., [54, Ch. 3-4]).

Proposition 5.1. If ACZ" is a circuit (resp. the vertex set of a simplex), and X is any
coordinate subspace of R™, then A N X 1is either empty, the vertex set of a simplex, or a
circuit (resp. either empty or the vertex set of a simplex). Furthermore, for any given circuit
A, there is at most one coordinate subspace X with AN X a non-degenerate circuit. B

For any I C{1,...,n} let C; :={(xy,...,2,) €C" | i€ {l,...,n} \ I = z; =0} and
pi={(z1,...,2,)€C" | i€ {l,...,n} \ I <= z;=0}. Note that Cy =Cj;={0}, C; is a
coordinate subspace of dimension #I, and Cj is a dense open subset of C; that we will call
a sub-orbit. We also define R;:=C; NR"™ and R} :=C;NR". Note that if / C.J then C; CC;
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and Cj is the disjoint union of Cj over all I C.J. The corresponding containments hold for
Ry, Ry, and R} as well. In particular, R’Ei} is the real x;-axis sans the origin.

Lemma 5.2. Suppose fE(C[xlil, o ,azﬁl], IC{l,...,n}, and f is well-defined on C}. Then
[ vanishes on all of C; <= ANR;=0.

Proof: By symmetry, we can simply permute coordinates so that I ={1,...,r}. By the
Ideal-Variety Correspondence in the coordinate ring R:=C [xfl, o rE g, ,xn] (see,
e.g., [60, Thm. 1.23]), f vanishing on all of Cj is equivalent to f lying in the ideal of R
generated by x,41,...,z,. Equivalently, for each monomial z°:=x7" - .-z’ of f there must
be an i€ {r+1,...,n} with z;|z°. But then this is equivalent to each monomial z* of f

having s; >0 for some i€ {r + 1,...,n}. In other words, (s1,...,$,) can not lie in R;. W

Lemma 5.3. [52, Ch. 8] Suppose A={ay,...,a;} CZ" has cardinality t and does not lie in
any affine hyperplane, and F = (f1,..., fos1) with fi(x)= Z;:l ¢; ;&% for all i and the ¢;
indeterminates. Then there is an irreducible polynomial

Ra€Zlcij| (1,7)e{L,....n} x {1,...,t}] \ {0},
such that [[c; ;]€C™" and Ru(...,cij,...)#0] = F has no roots in (C*)". In particular,
we can pick Ry so that deg Ry < (n + 1) - n!V (where V is the volume of the convexr hull

of A, normalized so that the unit n-cube has volume 1) and, if t =n + 1, then we can use
R =detc;;|. B

Example 5.4. When t =n + 2 the polynomial Ra can already be far more unwieldy than
an (n + 1) x (n + 1) determinant. For instance, with n =1, A = {0,1,d}, and d > 2,
the corresponding over-determined circuit system yields R4 being a 2d X 2d determinant
(a special case of the Sylvester resultant) having degree 2d. One can also check via any
reasonable computer algebra system that such an R4 has exactly 3d + 1 monomial terms, at
least for de{2,...,100}. o

The polynomial R4 above is an example of a sparse resultant, and is one of many ways to
formulate the fact that (n + 1)-tuples of n-variate polynomials generically have no roots in
(C*)"™. The same of course holds for (n + k)-tuples of n-variate polynomials for k& > 2, but
then the sufficient condition need not be determined by an irreducible polynomial that is
unique up to sign.

Example 5.5. Consider F'= (¢; + cowq,c3 + 421, ¢5 + cgx1). Then the non-vanishing of
either of det [2 Ej or det [g; jj suffices to make F' have no roots in C*. Put another way, the

non-vanishing of the resultant of some sub-pair of the original triple of polynomials suffices
to obstruct roots in C for the triple. ©

From Lemma (and using resultants of suitable sub-(d + 1)-tuples of F' restricted to
d-dimensional coordinate subspaces), it is easy to see that if A N X is non-empty for every
coordinate subspace X C R", then a generic n x n system F' supported on A can have no
roots on the union of coordinate hyperplanes in C". We will need a more explicit refinement
of this fact.

Lemma 5.6. Suppose A = {ay,...,a;} CZ" has cardinality t < n + 2 and does not lie
in any affine hyperplane, I :={i€{l,...,n} | ( min LG <0}, and F=(f1,..., fn) with

ai,...,an )€
fi(z) :Z;:l ¢ ;x GR[xfl, o af] forallie{1,...,n}. Suppose further that every square
sub-matriz of [c; ;| is non-singular and, if ANY contains a non-degenerate sub-circuit for
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some proper coordinate subspace Y ; R™, assume further that Rany (G) #0 for some sub-
tuple G:= (fo | € M) of F with #M =1+ dimY . Then, for all J 2 I we have that F is
well-defined on C%. Furthermore, for [ CJ#{1,...,n}, we have that F' either vanishes on
all of R* or has no roots in C%, with the latter occuring if and only if ANR;#(.

Example 5.7. The additional condition involving ANY is necessary when t=n + 2: For
instance, takingn=2 and I ={1}, the system F = (1+zy+2x, — 32}, 1+ 225+ 3z, —4x]) has
all square sub-matrices of its coefficient matriz non-singular, but F' has a unique root in Cj:
(1,0). The missing condition is in fact the non-vanishing of the resultant of ¢y 14c1 321 —1—017495‘1l
and ¢y 1 + Co 371 + Co4T]. ©

Proof of Lemma The statement on F' being well-defined on C% is immediate since
the only coordinate hyperplanes possibly containing poles for the f, are {z; =0} with € I.

Let us now assume that there is no subspace Y as stated. Then the intersection of A with
each coordinate subspace of R™ is the vertex set of a simplex, and Lemma [5.3] combined with
our sub-matrix assumption implies that F has no roots in C% if ANR; #0. If ANR,; =0
then Lemma implies that F' vanishes on all of C%, and thus on all of RY.

Should there instead be a subspace Y as stated, then Lemma combined with our
augmented genericity assumption implies that F' has no roots in C% if ANR, # 0. If
ANR;=0 then Lemma implies that [ vanishes on all of C%, and thus on all of RY. B

5.1. The Proof of Theorem [I.1l. For convenience, let us first name the genericity assump-
tions we defined above:

G Every n x n sub-matriz of [c;;] is non-singular. ©

Ga: Every square sub-matriz of [¢; ;] is non-singular and, if ANY contains
a non-degenerate sub-circuit for some proper coordinate subspace Y ;Cé R™,
assume further that Rany (G) #0 for some sub-tuple G := (f, | L€ M) of F
with #M =1+ dimY. ¢

The cases of Theorem [l for root counting in R’} and (R*)" then follow respectively from
Lemmata and when t=n + 2, under the genericity assumption G7. For t=n+ 1 we
simply use Lemma and Corollary 2.17] instead. Note in particular that a consequence of
Corollaries 2.11] and is that F generically has only finitely many roots in (R*)".

Let Z* denote the zero set of F'in (R*)". To count the roots of F' in R", let us switch our
genericity assumption to G.g, and count the roots of F' in (R*)" as in the last paragraph,
save for one small change: We assume our input is generic and skip Step 1 when applying
Algorithm [43] i.e., we no longer check if our system is generic (since there are exponentially
many determinants underlying G,g). Observe now that Lemma [5.0 implies that the real zero
set of ' in R™ will either be (a) Z*U{O}, (b) the union of Z* with a real positive-dimensional
sub-orbit, or (¢) Z*. So now we merely need to distinguish these possibilities efficiently.

This will reduce to indexing, with complexity negligible compared to Algorithm and

its variants. First, observe that p; ::( min) L >0 for any j implies that z;|f; for all ¢,
al,...,an )€

which in turn implies F' has infinitely many roots in R™. Computing all these minima takes
time O(n). So we may assume y; <0 for all j, and let I:={j | p; <0}.

If =0 then F is well-defined on all of C", and thus F vanishes on all of R; — for some
JCA{1,...,n} with #J >1 — if only if F' vanishes on all of RY;, for some j € {1,...,n}.
Lemma then tells us this happens if and only if AN {j} = 0. The last condition is
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decided easily by checking if, for each £€{1,...,t}, a, has a positive it! coordinate for some

i€{l,...,n}\ {j}. This can clearly be done in time O(n?), so let us now assume I #().

Lemma then implies that F' has infinitely many roots in R” if and only if there is a
JOI with J#{1,...,n} and ANR;=0. The last condition holds if and only if ANR;=(
(since I CJ = R; CR,). Checking ANR; Z () can be done in time O(n?) simply by
checking if, for each £€{1,...,t}, a; has a positive i coordinate for some i€ {1,...,n}\ I.
So we are done, and we see that the complexity of counting the roots of F' on the union of
real coordinate hyperplanes is well-dominated by the complexity of counting the roots of F
in (R*)", thanks to our genericity assumptions. W

Remark 5.8. Note that condition G.g involves the non-vanishing of each entry of [c; ;], as
well as the determinants of each k X k sub-matriz of [c; ;| for k€{2,...,n}. The product of

all these determinants clearly has degree D:=n(n+2)+2(3) ("1%) + - +n(") ("+?). Since

Y reo (2)2 = (QT:L), it 1s then easy to see that D < n(2::24) =200 The resultant underlying

condition G.g has degree (nd)o("), thanks to Lemma and Hadamard’s Inequality. So
then the DLSZ Lemma implies that H > w 1s enough to guarantee that at worst
an e-fraction of the [c;;] € {—H, ..., H}™ "+ fail condition Gag. This implies our earlier
statement on the number of bits needed for H to have G.g hold with probability 1 —e. ©

Remark 5.9. Unlike our setting here — where we restrict the union of supports to be a
circuit of cardinality n + 2 — we conjecture that counting real affine roots for arbitrary
binomial systems is #P-hard, parallelling the complex case studied in [34]. Indeed, n x n
binomial systems can have union of supports with cardinality up to 2n, and this complicates
counting real roots on coordinate sub-spaces. ¢

6. CONDITIONALLY SPEEDING UP TO TIME (nlog(dH))°: PROVING THEOREM

The key to proving our conditional speed-up will be to modify (a) two key bounds from
Lemma [3.4] and (b) the initial step of a key algorithm (Algorithm [.T]), by incorporating the
Diophantine improvements granted by the RALC should it be true.

Lemma 6.1. Following the notation of Lemma [34), if the RALC is true, then we can re-
spectively replace the bounds from Assertions (2) and (4) by:

27 logle| > —O((m*(log(B) + mlog H))®).

47 logd > —0O((m*(log(B) + mlog H))® + m?(log(B) +mlog H)).

Proof: The critical juncture is Bound (@), from our proof of Assertion (2) of Lemma B4
Replacing the use of the Baker-Wustholtz Theorem there with the bound from the RALC
immediately yields Bound (27).

Bound (4") then follows easily from Bound ([I3]) (near the end of the proof of Lemma [B.4]),
and the line following that bound, where see that log d >log(2) + log |e| — log |L/(£)| (in the
notation of the proof of Lemma[3.4]). So the last term (fully expanded in the proof of Lemma
B4 accounts for the final term in Bound (47). W

Lemma 6.2. Suppose the RALC' is true, by, ..., by €Z, V11,7105 - - s Ym.1> Ym0, Uo; Yoo € Q,

with m>2, 10+ %i0>0 for all we (ug, us) and 1€ {1,...,m}, and L(u) :Z bilog |vi1u + il
i=1
is mon-constant and differentiable on some non-empty open interval. Also let B:=max; |b;|
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and log H :=max {1, max; ; h(7;;)}. Then we can compute the signs of L at all its critical
points in (g, Uso) in time O(m*+2ma{LC (Jog(B) + mlog H)?™@{1.Ch log(m log(BH))).

Proof: We simply use Algorithm BT with one crucial change: We replace the definition of
& in Step 0 by O((m?*(log(B) +mlog H))“). We then proceed as in the proof of Lemma
42 In particular, Lemma tells us that this modified version of Algorithm [£1]is correct.
As for complexity, instead of p=0(E) with the old value of £, the new value of £ yields
p=0(m[log(B) + mlog H] + (m*(log(B) 4+ mlog H))“).

Bound ([IT) from the proof of Lemma 2] combined with our new values of £ and p, then
easily yield complexity O(m?p?(log(m) +loglog(B) +1loglog H)). This reduces to our stated
bound. W

We can now give our final remaining proof.

Proof of Theorem To speed up root counting in R’} , we use a modified version of

Algorithm We use Lemma in place of Algorithm El in Step 4. We then proceed
as in the proof of Lemma In particular, correctness is immediate. As for complexity,
Step 4 of our modified version of Algorithm is the dominant part. Our final bound then
amounts to substituting (n + 1,nlog(nd),nlog(nH)) for (m,log B,log H) into the bound
from Lemma [6.2] easily yielding a complexity bound of

O (n*t4max{1.C} (log(nd) + nlog(nH))?™*=1:C log(nlog(ndH))),
which is clearly (nlog(dH))°M.

To speed up root counting in (R™)*, we further modify Algorithm Lemma [4.6 gives a
modification to Step 4 (called Step 4’) that enables counting in (R*)" instead of R . We make
one more modification: We replace the use of Algorithm ] in Step 4’ with an application
of Lemma [6.2] Continuing as in the proof of Lemma then gives us correctness. The
complexity analysis is almost identical, save for an extra step involving the quantities A(u;)
and I'j(u;) (with complexity still negligible compared to the dominant steps). So our bound
remains of the same asymptotic order.

To speed up root counting in R”, the last 3 paragraphs of the proof of Theorem [L.1] from
Section [B.I] tell us that we can count roots on the union of real coordinate hyperplanes in R"
in time O(n?) simply by checking the intersection of the support A against <n coordinate
subspaces, thanks to Lemma and our genericity condition G,g. So counting roots in
(R*)" dominates our complexity, and we are done. W
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to being a great mathematician. Through hours-long grilling sessions in October 1993, at the
Centre de Recerca Matematica in Barcelona, he taught me lessons on perseverance, curiosity,
scholarship, and generosity that I would always remember. It was there that I also got to
know TY and his unique sense of humor. He always faced the greatest difficulties with a
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