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1. Introduction
Let

(L.1) f@) =1+ San

n=1

be an integral function with gaps, i.e. such that most of the a,, are zero, in
a certain sense. We shall prove in this case that f(z) assumes all finite
values in every angle with a density that is proportional to the size of the

angle.
Suppose that ¢(n) is the number of non-zero terms among the

coefficients @, to a@,. Then Pélya ([12]) proved that if f(z) has Fabry
gaps, i.e. if
(1.2) ?1:—)—>0 as n — o0,
and if f(z) has infinite order, then every line is a line of Julia. Thus f(z2)
assumes in every angle every value with at most one exception infinitely
often. This result has recently been extended by Anderson and Clunie
([1]) to functions of finite positive order. The case of zero order has
remained open.

Biernacki ([3]) has shown that if the indices n,, for which a, # 0
satisfy the gap condition
(1.3) Py — Mg > N0 (K > Too)
for some & > 0, then f(z) assumes all values in every angle. We shall
prove a more precise result under a weaker hypothesis than (1.3), which
reduces to (1.2) if the lower order of f(z) is finite. Thus in particular (1.2)
always implies that every line is a line of Julia.

2. Notation and statement of results
We shall assume that f(z) given by (1.1) is regular in |2| < p,, where
0 < py < 0, and write

Nf) = 5 [ loglf(re) s,
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which corresponds to the value N(r, 0) in Nevanlinna theory. We also put

L(r,f) = lf{lIng(Z)l, M(r.f) = sup If (@), 0 <7< po

Suppose that 0< 6, <0, <0,+2n, and write =(r,0;,0,,a) for the
number of roots of the equation f(z) = a in the open sector

(2.1) S(r,0,,8,) ={2]0 <|z| <7, 6, <argz<0,}.
We also put
(2.2) N@ﬁv@ﬂ)=f%%%ﬁm@?u

0

Then by Jensen’s formula, N(»,f) = N(r, 0, 27, 0).

We recall briefly the definitions of density and logarithmic density for
a measurable set E on the positive real axis.

Let E(a,b) denote the part of F in the interval (@,b). Then the lower
density dens E and upper density dens E are defined respectively by

(2.3) TomE-Tm~| &,
- r-w0 ' JE(0r)
and similarly the upper logarithmic density logdens E and lower
logarithmic density logdens E are defined by
1 dt

2.4 logdens E = hm —— —.
(2:4) g 71%31087' EQn b

If upper and lower density (logarithmic density) are equal, their common
value is called the density (logarithmic density) of E.

2.1. Our results will be based on an extension of Jensen’s formula.
‘We suppose that f(z) is meromorphic near the segment z = £¢¥ (0 < £ < r),
that f(0) = 1 and that f(z) # 0, on the segment.

Then we can define a unique value of arg f(te*’) which is continuous for
0 <t <r and reduces to zero when { =0. We denote this value by
v(t, 0) and write

1 (7 dt
(2.5) VWM=%LWﬂT.
We then have the following formula, which appears implicitly in

Pfluger’s paper [11], pp. 50, 59 and more explicitly in Levin’s book
[10], p. 188. We include the proof for completeness.

THEEOREM 1. Suppose that f(z) is meromorphic in the closure of the sector
S(r,0,,0,), that f(0) = 1, and that f(z) # O on the arms argz = 6,,6, of S.
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Then

= —-1 Jaalo lf T 0 d0+ P 8,)— [’ 0
2 o g ( € )I ('r: 1) (7‘, 2)'

Proof. We apply the argument principle to the sector S(p, 6;, 8,), where
0 < p <r and p is such that f(z) # 0, 00, for z = pe® (6, <0 < 6,). This
gives

2n{n(p, 0;, 62, 0) —n(p, 6;, 5, 0)}
s 0ar e‘”
= o(p, )= o(p,0,) + [+ 2EEEE)

6 9
= vlp, 6) =0l ) + | 5108 f(pe?) .

We integrate this equation from p = p;, to p,;, where f(z) # 0, oo, for
< 12| € pg, 0, < argf(z) < 0,, having first divided by p. This gives

(2-7) N(py, 0y, 92: 0) = N(py, 63, 0z, 0) — {N(p, 0, 05, 00) — N(py, 6, 6, 00)}

= 5= [ og(pxe) 140~ [ g )

+ V(pa; 61) = Vips, 01) + V{py, 02) — Vipa, 0)-

Since all terms are continuous in p,, p, this latter equation remains valid
if f(z) has a finite number of poles and zeros on |z| = p,, p,, but none for
p1 < |2| < py. Also since an arbitrary interval [py, p,], for 0 < p; < p, < 7,
may be split into a finite number of intervals of this latter type, we deduce
(2.7) for general p,, p,. Finally, we let p, tend to zero, in which case all
the terms involving p, tend to zero since f(0) = 1, and put p, =  in (2.7).
This proves Theorem 1.

We now put

1 [r dt
(2.8) r.6) = 5- | 106,01,
so that

| V(r,0)] < V(r,6),
and
1 ren

(2.9) I =5 fo Vi(r, 6) db.

We can now state our fundamental result.
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THEOREM 2. Suppose that f(z) is regular in |z| < py, and f(0) = 1.
Then we have, for 0 < r < py, 8, < 0, < 27,

1 16 )
(2.10) | N(r, 65,0, 0) 5 follogl f(re®)|do

< 4{I,(r)log M(r)}}.

CoroLLARY. Ifr — p, through a set of values E, such that

(2.11) log L(r,f) ~ log M(r)

and

(2.12) Iy(r) = o{log M(r)},

then we have, uniformly for 6, < 0, < 6, + 2,

(2.13) N(r,8,,0,,0) = {622_” 1+o(1)}log M(r)

as r - poon H.

If a is any complex number we put

(2.14) fal?) =

fi(z) = ez ?{f(z) - 1},

where ¢, p are chosen so that f;(0) = 1. Then evidently (2.11) will hold
simultaneously for f,(z) and f(z) and the same will apply to our estimates
for I(r). Thus in effect we shall be able to apply the conclusions of
Theorem 2, Corollary, simultaneously to all the functions f,(z) as r - p,
through suitable values. If p, = co and (2.11), (2.12) hold simultaneously,
we deduce in particular that every line is a line of Julia.

We shall prove that relatively weak conditions will suffice to yield the
conclusions of Theorem 2, Corollary. We have

(@ # 1),

THEOREM 3. If f(2) is a transcendental integral function of finite (lower)
order, then (2.11) and (2.12) hold simultaneously for all the functions f,(z)
on a set E of (upper) logarithmic density 1, provided that f(z) satisfies the
Fabry gap condition (1.2).

For functions of infinite order the same conclusions hold on a set E of
logarithmic density 1 provided that

(2.15) @(n) = o{n(logn)-*(loglogn)—*}, asn - o,
Jfor some o > 2.

We note that in all these cases every line is a line of Julia, and there are
no exceptional values. Thus Pélya’s theorem holds in this strengthened
form for all functions of finite lower order, including zero order.
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The fact that (2.11) holds under the hypotheses of Theorem 3 is due to
Fuchs ([5]) for functions of finite order. The conclusion for functions
of finite lower order represents a slight sharpening of a result of Sons ([14]),
who proved a corresponding theorem on a set of infinite logarithmic
measure. The condition (2.15) for (2.11) was suggested by Kovari ([9]),
who carried out the proof under the slightly stronger condition

¢(n) = O(n)(logn)™=  (a > 2),
but obtained the result outside a set of finite logarithmic measure.

2.2. The rest of the paper will be devoted to the proof of Theorem 3
apart from the next section in which we prove Theorem 2. In §4 we
obtain the lower bounds for L(r,f) which are required for Theorem 3.
The methods here are familiar and are due to Kévari ([8], [9]), Fuchs ([5]),
and Sons ([14]). However, in order to prove Theorem 3 in the case of
finite lower order we have to be rather careful to show that L(r,f) is large
at most points of certain particular intervals [1, R], namely those for which
log M(R,f) is not too big (Theorem 4) and this needs a modification in the
arguments employed by the previous authors. The key for this is the use
of Lemma 4 and in particular (4.5) subject to (4.4). For the application
to infinite order (Theorem 5) we use (4.3). We note that the Wiman—
Valiron method is not in fact essential for this type of application but can
be replaced by the simpler Lemma 2, which gives an estimate for the
remainder after N terms of a power series f(z) on |z| =7 in terms of
M(R,f) for R > r and, when combined with Lemma 4 permits a better
control of the location of the exceptional intervals.

In §§5-8 we estimate I(r) and these estimates constitute the central
idea of the paper. In Lemma 7 we show that the argument of a polynomial
is bounded on any ray by kw, where k is the number of distinet non-zero
terms. This leads to a bound for the number of zeros of such a polynomial
in a sector (Theorem 6). The bounds for the argument extend from
polynomials P(z) to power series f(z) = P(z)+7(z), on a straight line
segment [0, Re®] provided that |r(z)| < [f(2)| on the segment, and in
particular if |r(z)| is less than the minimum Z,(6, R) of |f(z)| on this
segment (Lemma 8). Using a bound from a previous paper for the
average of —logL,(6, R) we finally obtain in Lemma 10 an estimate for
the average value of #(R,6). Unfortunately, we need the logarithmic
integral of w(r,6), and so the logarithmic integral of the estimate of
Lemma 10. The result is achieved by means of Theorem 7, an inequality
for real functions whose statement and proof fill §6. In §7 we apply
Theorem 7 and Lemma 10 to obtain the required estimates for I(r) for
functions of infinite order, and in § 8 for functions of finite lower order.
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Finally, in § 9 the results of § 5 are combined with those in §§7 and 8 to
complete the proof of Theorem 3.

3. Proof of Theorem 2
The proof of Theorem 2 is quite simple. We define ¢, by the equation:

(3.1) 1 = a3~

1
Eg-)log M (7') .
We put

1 (% it
J(0,,0) = 5 [ log|fre®) |46,

and write N(6,,0,) for N(r,0,,0,,0). We show first that
(3.2) N(6,,0,) > J(8,,0,)— 2¢,log M(r).

If &y > 4(8,—6,) this is trivial since then the right-hand side is negative.

We now assume that &, < $(6,—6,). With this assumption suppose that
(3.2) is false. Then we have when 0 < & < ¢, in view of (2.6),

[ V(r,0,+)|+|V(r,6,—e)| > | V(r,0,—&)— V(r, 0, +¢)|
>J(0,+¢e,0,—¢e)—N(0,+¢,0,—¢)

> J(61,0,) —=log M(r) — N(6,,6,)

> (280 - %) log M(r),

since (3.2) is false by hypothesis. We integrate this inequality with respect
to ¢ from ¢ = 0 to ¢, and deduce that

802(2 _ -—l-)log M(r) < f | V(r,6,+¢)|d0+ f | V(r, 65— e)|d6 < 2mly(r),
27T 0 0
which contradicts (3.1). Thus (3.2) must hold.
We deduce at once that
N(By,0,+21) > J(By, 0, +27) — 26, log M(r).
Thus
N(6,,8,) = N(0,,0,+27)~N(0,,0, +2m)
= J(6,, 0, +2m) — N(,, 0, + 27)
< J(0y, 0, + 27) — J (B, 0, + 27) + 26, log M(r)
= J(6,,0,) + 2¢,log M(r).
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On combining this with (3.2) we deduce that

4
| (61, ) = J (61, 0,)| < 2el0g M(r) = s (hfrlog M (r).
This yields (2.10), i.e. Theorem 2.
Next we have always
6,— 06, 1 (6 00 ,— 6,
TlogL(r) < %Lllog [f(rei)|dO < - log M(r),

so that (2.10), (2.11), and (2.12) yield (2.13). This proves the corollary.

4. Lower bounds for L(r, f)

We proceed to obtain suitable conditions for (2.11) to hold in order to
prove Theorem 3. Following Kévari ([8], [9]), Fuchs ([5]), and Sons
([14]), we shall use for this an important inequality of Turan ([15]).
This is

LEMMA 1. Let P(2) = by+bzM+ ... +by_y2*¥-1 be a polynomial of N
terms, let y be the arc z = re¥ (§; < 0 < 0, +8), and let
M(r) = rgjyXlP(Z) L M(r) = nzlglP(Z) l-
Then

(4.1) M) < (‘“”)N

-5 M (r).

4

We apply the above lemma, by taking for P(z) a suitable partial sum
of our power series. A suitable error term for the remainder is provided
by the following simple

LeMma 2. Suppose that f(z) = TFa,z" is regular in 2| < py, and that
r < ret < p,. Then if

©

fN(z) = 2 a2

n=N+1
we have, for |z| = r,

—Nh
) < L2

In fact we have from Cauchy’s inequality, applied with R = re?,

la, | B < M(R),
so that
7‘ n

la,|m™ < M (R)(R) = M(reh)e"h,
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Thus
M{(ret)e=N+Dh  M(reh)e=Nh M (reh)e=Nh

o
2 [a,|m < =

n=N+1 (1—e™) eh—1 h

We deduce

Levma 3. Suppose that with the hypotheses of Lemma 2, the quantity N s
chosen so large that

1 1
v - h +{ —
N> h{logM(re )+log (h)}
Then, if v is the arc z = re' (8; < 0 < 6, +3), and
M(r,f) = max|f(z)],

2ey
we have

S \eV)41
M) > (g) " M)
where () ts the number of non-zero terms among a, to a,.

We apply Lemma 1 to Py(z) = f(2)—fy(2). By Lemma 2 we have
|fv(®)| € lon|z| =r. Thus

4 ¢(N)+1
779) 7, I::V) + 1

Mr,f) < M(r,Py)+1 < (—8—

4mre (NH—]
") rf)+1}+1

(5
< (5" e+,

and this proves Lemma 3.

4.1. A lemma on growth. We next need a lemma on growth for general
increasing functions. The result is

Lemma 4. Suppose that T(r) is a continuous increasing positive function
of r for r = 1, and that p(x) 18 a continuous positive decreasing function of x
for x > 0 such that,

(4.2) F&(”zﬂ

Then, if K > 0, we have, for r > 1 and r outside a set of finite logarithmic
measure,

(4.3) T +e(T(r)]} < eET(r).
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If further A and h are positive constants, such that b < K /A, and for some
arbitrarily large R we have

(4.4) T(R) < R,
then we have
(4.5) T(ret) < eET(r)

except on a subset Ep of [1,R], whose logarithmic measure is at most
hAK1log R+ 0(1), as R — oo through values on which (4.4) holds.

The result (4.3) subject to (4.2) is due to Edrei and Fuchs ([4],
Lemma 10.1), but we include the proof for completeness.

Let r, be the smallest value of r for which (4.3) is false and, if », has
already been defined, let r,,,, be the smallest value of r, if any, such that

r 2 r,[1+{T(r,)}]
and (4.3) is false. If there is no such r, for some n, then (4.3) holds for all

sufficiently large », and there is nothing more to prove. Thus we may
assume that r,, exists for all n. Then we have, since 7'(r) increases with r,

T(ruiy) 2 T 1 +o{T(r,)}) > eET(r,) > ... > ET(ry).
Thus r,, — oo with n. We also see that (4.3) holds except in the intervals
[7,, 7], where
,r;l- = rp[1 +?(Tn)]) Tn = T(rn) > eKTn—l'
Also,
ndt dx
|G =togtt o <o) < [ o0 T

since g(x) decreases with x. Thus the total logarithmic measure of the
exceptional intervals [7,,,7;] for » > 2 is at most

® (Ts dx
— <0
nz—:,z Ta- ? K J ) X
by (4.2). Thus (4.3) holds outside a set of finite logarithmic measure.
Next we define a sequence r,, similarly with respect to (4.5), i.e. we
choose for 7, the smallest value of r > 1 for which (4.5) is false, and if 7,
has been defined, we choose for r,,; the smallest value of r > r,e*, such
that (4.5) is false.
Then again (4.5) holds except in the intervals [rn,r;‘], where
T;z = rneh’ n =T(r n) = T(r'n. 1) 2 'n—1’ nz2
Let n be the largest integer for which »,, < R. Then

em-VET, < T, < T(R) < R,
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so that

(n—-1)K < AIogR+log§1,-,
1

nK < )\IogR+K+log% = Alog R+ O(1).
1

Also (4.5) holds in [1, R] outside the intervals |r,,7,] (1 < v < n) whose
total logarithmic measure is at most
b

hA
nh = an < flogR+0(l).

This completes the proof of Lemma 4.

4.2. A lemma of Fuchs. In order to achieve our lower bounds for
L(r,f) we follow the method of Fuchs and quote the following result
of his ([5]).

Lemma 5. Supposethat 0 < n < and 0 < 8 < 4. Let f(z) be meromorphic
in |z| € R, and such that f(0) = 1, and let d,,d,, ...,d,, be the set of all zeros
and poles of f(z) in |2| < R. Then we have, for r < R outside an exceptional
set F of intervals of total length at most 29 R,

'(rei? 4Rr R\ 2m 2R
(4.6) S=rL J}((::w)) a9 < = Rf)+(7+1og"' ) = r

7)? or r

where J is any interval of length 8, and T'(r, f) is the Nevanlinna characteristic.

We apply this lemma to our integral functions f(z), and shall replace
T(r,f) by the larger T'(r) = log M(r,f). We suppose that 0 < & < 1, and
shall use Lemma 4. We suppose that (4.5) holds, i.e. that

(4.7) T(Rye") < eET(R,),
assume that y < 7%, apply (4.6) with »h instead of 9, and put
R =Rpet-1% R = Reh, R,= Rk,

Then if m is the number of zeros of f(z) in | 2| < R, we have

m t T(R )
nhf TS

Also if Ry < r < Ry, we have

4Rr < _AR* 4e% 4eth 8
(R—=7)? = (R—R,)? = e21-2Rh(grh _1)2 < n2h? < W
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Thus we have in the interval [R,, B,], outside a set of r of length at most
27)th,

980K
S < -%—28eKT(R )+ (7+k+1 a) de 3}’; o,
Thus we have, for large R, and an absolute constant 4,
1 1
S < AGKS loggT(RO)W )

for any arc of length ér on |2| = », when r belongs to a subset £ of the
interval [R,, R,] of length at least

Ry—Ry—20hR, = R, — Ry— 27hR, — (R, - R,)
> R, — Ry—4nhR,.
Thus if B’ is the complement of £ in [R,, R,], we have

dr 1 .  4qhR
“<Efza'dr< R,

We write 7 instead of 4en and embody our result in

< denh.

Lemma 6. Suppose that 0 < < 1,0 < h < 1, and that T'(r) = log M(r,f)
satisfies (4.7). Then we have, for Ry < r < Rye?, except for a set E' of
logarithmic measure at most nh,

['(re?)
(4.8) r L e | % < S " Slog L T(Ry),
where A, ts an absolute constant, and y is any arc on |z| = r of length 8,
where 8 < 4.

Ae

4.3. Application to functions of finite order. We now put
A =Tm sv(n)

4.9
(+9) n-0 N
where ¢(n) is the number of non-zero coefficients among a,,a,,...,a,,
and have

THEOREM 4. Suppose that f(z) is an integral function such that for some
arbitrarily large R we have
(4.10) log M(R,f) < R,
where X is a positive constant. Let n,,m, be constants between 0 and 1 and
suppose that

Az”lﬂ'lz
(1 +A)(1 +1ogtA—lognms)’

where A, is a certain absolute constant.

(4.11)
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Then there exists a subset E of the real axis, such that the logarithmic
measure of E[1,R] is at least (1 —n,)log R+O(1), as R — oo through values
satisfying (4.10) and such that we have, for r in E,

(4.12) log L(r,f) > (1 —np)log M(r,f).

A somewhat weaker inequality was proved by Anderson, but never
published.T In order to achieve (4.12) he needed
__om
~ XlogA
for large A, where 8 was a larger upper density of the coefficients. We note
that if

b

A < A(1+X)(1+log+ NI,

then L(r,f) is unbounded by (4.11), (4.12), with %, n, near to one, so that
f(2) has no finite asymptotic or deficient value. For this case we can apply
(4.11) with suitable 7, < 1 and 7, < 1.

We choose K = 1 in Lemma 4 and define % by the equation

‘ . mn
(4.13) h —1nf(1,3)\).

Then if (4.10) holds and R > R,, (4.5) holds outside a set K in [1, R],
whose logarithmic measure is at most 47,log R+ O(1). We take for R, the
lower bound of numbers R > 1, such that (4.5) holds, and if R,, has been
defined, we define

(4.14) R, =¢"R,, so that T(R,) < eT(R,),

and take for R, ,, the lower bound of all numbers R > R, satisfying (4.5).
Let E; be the set of complementary intervals [R], R, ,,] and E,[1, R] the
part of E, in [1, R]. Then E,[1, R] consists entirely of points where (4.5)
is false and so by Lemma 4 we have

(4.15) f % < Miog R+0(1),
mapt 3

if R is such that (4.10) holds. Also the complement of E,(1, R] in [1, R]
consists of the intervals [R,, R; ] satisfying (4.14). In view of Lemma 6
we have, for » in [R,, R, ] and outside a subset of logarithmic measure

%”Ilk:
[ (ret) A
(4.16) ’ L f(re®) "712;‘2

since we may take » = %7, in Lemma 6.

dad <

5log % T(R,),

t The result is mentioned in a survey article by Fuchs ([6], Theorem 18, p. 286).
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We next apply Lemma 4, again with A given by (4.13) and deduce that
we have, outside a set E,, such that (4.15) holds for E,(1, R) also,

T(ret) < eT'(r).
Thus outside F, we now apply Lemma 3, provided that

1 1
- b + -
N> h(T(re ) +1log h)’
and in particular if » is large enough, R, < r < R}, and
N> %T(R,,).

We also suppose given ¢ > 0, and suppose N so large that
p(N)+1 < (A+¢)N.
Then we have, for any arc y of length 8 on | 2| = 7,

S \(ataN
M(r,f) > (———-)

4me Hr.f)-2,
so that for some point z, = rei% on y we have

(£17)  loglf(eo)| = log M(r,f) > T(r) ~ 222+ T(R,,)log(%)

> T(r)(l—&;%s—)log%).

Hence if z, = reift is any other point on v, it follows that, if (4.16) holds,
[*| e
0o f (',«eiﬂ)
_10(A+e),  dme A, 1
> T(r)(l —5 log 5 ———mzhab‘log 8)'
We recall that 4 is given by (4.13) and choose & so small that

Agdlog(1/8
(4.18) —E—?g,f,,—/—) < 315
)

which is certainly satisfied if
& < AymaPn,tht

log|f(z,)| > log|f(zy)| -7

Z

and so if

8 = At 8(1+279),
where A is a suitable absolute constant. We then suppose that A is so
small that

10A. 4nme 1
08Ty <
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and so
10(A 4me . ipe
—(—,—L—-I—-fllog—g—- < 37,, for a suitable positive &.

This is certainly satisfied if
- Agnoh < Ay
log(4me/3) ~ (1+A)(1+log*A—logmymy)

Thus if (4.11) holds with a suitable A4, the above conditions are satisfied.
If, further, » satisfies (4.16), then, if 2z, = re¥ is any point of |z| =r, we
can always find 6,, such that 6, < 6, < 6,+8 and such that z, = rei
satisfies (4.17), where § satisfies (4.18) and we deduce that

log|f(2,)] > T(r)(1 - dmp— 47mp) = (L =) T'(r).

This is true for any point 2, on |2| = r, so that
log L(r,f) > (1 =7g)T(r) = (1 —ng)log M(r,f)

as required.

Finally, the conclusion holds for all » not in E, nor E, but in [R,, R, ]
with the exception of a set of logarithmic measure 4n,h. Thus the
logarithmic measure of the set of 7 in [1, R] for which (4.12) is false is at
most
0(1)+#m, 3 log(%) +f @+J‘ # . n,log R+0(1),
vl W Jmam bt JEam b

as B — co. Here n is the least integer such that R, < R. This proves
Theorem 4.

4.4. Application to functions of infinite order. We proceed to prove

TrEOREM 5. Suppose that f(z) is an integral function satisfying (2.15).
Then we have
log L(r) ~ log M(r)

as r — oo on a set K of logarithmic density 1.

We again choose 7'(r) = log M(r), and apply Lemma 4 with

4

#l@) = log z(log log x)1te’

2210, 2=3, e<a-2.

We deduce that outside a set E, of finite logarithmic measure we have

T(re") < T{r(1+2R)} < $T(r),
where
2

h = 7L(7‘) = IOg T(fr){log 10g T('r)}l-l-a .
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We now apply Lemma 3 with this value of A, and deduce that, if

1 1
= h +
N > h{T(re ) +log h}’

i.e. certainly if  is large and
N = {T(r)log T'(r)(loglog T'(r))*+¢+ O(1),

we have, with the notation of Lemma 3, and on using (2.15)

log M,(r,f) > T(r) - (¢(N) + 1)log(4me/8) +0(1)
(4.19) > T'(r)[1— (loglog T'(r))*+—log(4me/8)],
where y is any arc of length 76 on |2| = 7.

Next we construct a set of intervals [R,, R, ] as before such that R, is
the smallest number such that
T(Re") < 3T(Ry),

and if R, has already been defined we set R;, = R, e*, and define R, , to
be the lower bound of numbers E > E;, such that

(4.20) T(Re?) < 3T(R).

Then if E, is the set of complementary intervals (R,, R, ,), we see that
(4.20) is false in F,, so that E, has finite logarithmic measure by Lemma 4.
Also it follows from Lemma 6 that we have, for r in (R,, R;) except in a
subset E,, of logarithmic measure »h,

']

1 —
n= lOg T( n) 8= [IOg T(Rn)] 6:

24,
ghzal g8 (R"l)'

We choose

and deduce that if y is our arc of length 8, where r is in [R,, R, ,,] and

outside ¥,,, then we have for large n
1,0

f If "¢ )49 < Aflog T(R,)}*{log log T(R,)}*+¥(log T(r,))~*T(r,)

<77T(R,).

Suppose now that r satisfies this condition and let z, = rei% be any point
on |z| =r. Then by (4.19) we can find z, = 7¢¥ on |z| = r such that
0, <0, <6,+6and

log|f(z,)| > T(r)}{1 - 6[loglog T(R,) + O(1)](loglog T(R,))*+*~*}
> T(r)[1—"Tloglog T(R,)*+*=].
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Hence
log|f(z)| > T'(r)[1 —n—T7loglog T'(R,)***~].
We may suppose that |f(z,)| = L(r) and deduce that
log L(r) ~ T(r), asr— o0,

through such values. Also the set of exceptional values of » consists of a
set B of finite logarithmic measure, together with all the sets E,, which
occupy a proportion of [R,, R;] which is small for large ». Thus the
exceptional set has logarithmic density zero, as required. This completes
the proof of Theorem 5.

5. Estimates for I (r): the basic formalism
Having obtained our estimates for L(r) we now turn to Iy(r).
The basis of our results is the following lemma for polynomials.

Levma 7. Suppose that f(z) = 1+ 3, a2 is a polynomial and that k of
the terms a, are different from zero. Then if f(z) # 0 on the ray argz = 0,
we have

[v(p,0)| < k(0 < p < 00).

We assume, as we may do without loss of generality, that 6 = 0, since
otherwise we may consider f(z¢%) instead of f(z). We write a, = b, +1ic,,
so that

N N
(5.1) f2)y =1+ vElb,,z”+inlc,,z”
= P(2) +iQ(2),

say, where P(z), Q(z) are real for real z. By Descartes’s rule of signst
@(x) has at most k — 1 positive zeros, since @(z) is a real polynomial having
at most k distinct terms. These zeros divide the positive real axis into at
most % intervals in each of which @Q(z) has constant sign, and so the
argument of P(x)+:Q(z) varies by at most = in each of these intervals.
This proves Lemma 7.

We can deduce immediately the following result, which may have
independent interest.]

THEOREM 6. Let P(z) be a polynomial of degree N, having k+ 1 non-zero
terms and such that P(0) # 0. Let n(p, 0,,0,) be the number of zeros of P(z)
in the sector S(p,8,,0,). Then, given ¢ > 0, we have, for sufficiently large

t See, for instance, P6lya and Szegé ([13], Problem 36, p. 43).

1 Biernacki implies in a footnote to [3] that something similar to Theorem 6
would follow from the method used by him in [2], pp. 587-94. However, his
arguments in [2] are not easy to follow.
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p, and 8, < 0, < 0,4+ 2m,

(5.2) n(p, 0,,0,) — N -2 <k+e.

In particular P(z) has at least one zero in the closure of S(p, 6,,8,) for large p,
provided that

(5.3) 21>

We consider the variation v, of argP(z) around the boundary of
S(p,0,,0,). By Lemma 7 the arms argz = 6,, §,, contribute at most 2kn
to v,. Also on |z| = p for large p

P(z) = 2NeiNo(ay + O(1)/p),
so that the arc on |2| = p contributes N(f,—6,)+O(1)/p to v,. Thus
|2y N(8,—6:)]| = | 2n(p, 63, 6,) ~ N (8, 6,)|
< 2km+0(1)/p.

This proves the result, provided that P(z) has no zeros on the rays
argz = 0;,0,. If there are such zeros we replace 6,,8, by 6,+36, 6,—38,
where 8 is chosen so small that N§/m <e and P(z)#0 for
0, <argz < 6,+8, and 0,—8 <argz < 6,. Then we may apply (5.2)
with 6, +8, 6,—8 instead of 0,0, and deduce (5.2) with 2¢ instead of e.
This proves Theorem 6.

In particular (5.2) gives a contradiction if n(p, 6;,6,) = 0 for all p, and

N (02 - 01) > k.
27

If N(0,—0,)/(27) =k, and P(z) has no zeros for 6, < argz < 0,, then
P(z) has no zeros for 6, —6 < argz < 6,+ 6, for some positive 8, and so we
again have a contradiction. This proves (5.3).

The inequality (5.3) is sharp, at least when N is a multiple of 2. Suppose
in fact that N = pk, where p is a positive integer, let @(z) be a polynomial
of degree k, with all its zeros real and positive, e.g. @(z) = (2—1)¥, and put

P(z) = Q(22).

Then P(z) has k+ 1 non-zero terms and degree N and all the zeros of P(z)
lie on the rays argz = 2vm/p (0 < v < p—1). Thus P(z) has no zero in
S(p, 0, 27/p), so that (5.3) is false if we replace the closure of S(p, 6,,0,)
by S(p, by, ;).

For our application we need a slight extension of Lemma 7. This is
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LemMaA 8. Suppose that the power series f(z) given by (1.1) is regular in
|z] < R, and non-zero on the segment y(0): z = te® (0 < t < R).
Suppose further that

Y| < 1f(2)]
on y(0). Then |v(R,0)| < n(p(n)+1).

We write

-]

P(z) = 1+ﬁ:]a,,z", Q) = Yaz,

n+l
so that P(z) has k+1 = ¢(n) + 1 non-zero terms. Also on y(8) we put
P _ (1 _%)_
f(@) f(2)
By hypothesis [Q(z)/f(2)| < 1, so that the argument of 1—@(z)/f(z) is
continuous on y(f) and less than 4= in absolute value. Thus
|arg P(z) —argf(z)| < 4=
on y(8). Now Lemma 8 follows from Lemma 7.
5.1. An estimate for v(p,6). In order to apply Lemma 8 we need an
estimate for the minimum L,(8, R) of |f(z)| on the segment y(d, R). The

following result was obtained by the author in a previous paper ([7],
Theorem 1, p. 183].

Lremma 9. Suppose that f(z) is meromorphic in |2| < Re®, where b > 0,
and that f(0) = 1. Then

- f log 55 0 Ry < (LHIe TR ),
where T (R, f) denotes the Nevanlinna characteristic and
J(t) = (1—t)log{1 + (2myt/(1—1))} .
mtlog(1/2)
The result in Lemma 9 was in fact proved with T'(Re”, 1/f) instead of

T(Reh,f), but since f(0) = 1, these two quantities are the same. Also,
since f is regular in our case, we have

T(Re”', f) < log M(ret, f).
Next we note that, for & <
2sinh(4h) ™ 2sinh 27
-hy — ndid
Yle ) = - log(l +sinh%h) <— log(l + h)

2811].}1%

(logh+log(1 + 277)) < (1 +%log%).
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Thus we deduce from Lemma 9 that, for 2 < 1,

G4 o f log 7575 R)d6< (2+-;~log+ )logM(Reh .

The inequality evidently remains valid for 2 > 1, since in this case we may
replace A by 1, which diminishes the right-hand side of (5.4). We deduce

Lemma 10. Suppose that b > 0, and that, for some ¢ such that 0 < ¢ < 1,
we have
h
(5.5) p(n) < en, forn > log_]lé(ﬁe_)‘
Then

(5.6) -21— f “|o(R,8)]d0 < 5 (10+2log+ )(logM(Relz)+2)
mTJo

T h

We recall from Lemma 2 that
[ h)p—~nh
3 |a,| B < 2B
v=n-+1 k
We choose for n the smallest positive integer such that
M(Rel)e—nt
inf (1, A)
Then (5.5) holds, since L,(6, R) < f(0) = 1. Thus Lemma 8 gives
[o(R,0)| < m(p(n) +1) < mlen+4).

(5.7) L,(6, R).

Also
M(Rem)

(n—=1)h TP\
S L RymE (1, B

so that
1
Ret +2
<145 {logM( e )+logL @, R)+log h}'
Thus we deduce that
3 . 1
(5.8) |v(R,0)| < w{z h(logM(Re )+logL1(0 R)+log )}
We now integrate with respect to 6 and use (5.4). This gives

1 [2n 3
2_11f0 |v(R,0)|d8 < {2 h[(3+z}log+ )logM(Re")+log+h“

< 5-{-h(10+‘)10g+ )(logM( e") +2).

This proves Lemma 10.
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6. A theorem for real functions

In order to exploit Lemma 10, and thus to prove our results we need to
integrate the estimate of (5.6) and show that the result is in general
comparable with log M(R). The argument here depends solely on the
convexity of the function log M(R) as a function of log R. The result
may have other applications and so we state it as

THEOREM 7. Suppose that g(x) is a positive strictly increasing convex
function of x for x > 0, such that g'(x) - co with x. Let x, be defined by

(6.1) glz,) = 2"9(0) (v=0,1,...),
put h, =x,,,—x, and h(z) =z, ,—x, when v, < x < z,,,. We suppose that
A, B are non-negative constants, and define
9o(x) = g(x +h)/R,
1
(6:2) g3(w) = 4+ Blog* 7 )gofe)-(1-+ (log* fw))*Tlog* log* g1~

where h = h(z), and «,B are real constants, such that « > 0, or B > 0 and
a=0. Let

(6.3) wwaﬁm&

Then if 0 < 9 < 1, there exists a positive constant K, depending only on
o, B, and a set B having lower density at least 1 —», and depending only on 7
and the function g(z), but not on o, B8, 4, B, such that we have, for x € E,

m@@@kK@ﬁfWMMWWMW)

x (logt+logt go(x))—ﬁ{A + B(l +logt %) }

We take for E’ the union of all the intervals [x,,, —nh,, %, + i1k,
and for E the complement of E’. Suppose that X >0 and that
z, < X < 2,,,. Then the part of £’ in [0, X] has measure at most

n—1

n Zo(xv+1 —xv) + %"I(X _zn) < "7X~

Thus E’ has upper density at most » and so E has lower density at least
1—.

We now assume that z, <z < x,,, and that x € E. Then we have,
for v < m,

(6.5) 2"l < k;:l <2

14

5388.3.24 U
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To prove the right-hand inequality in (6.5), which is true for all v, we
note that since ¢'(x) is increasing
g(xv+1) - g(xy) > g’(x,) > g(xv) - g(xv—l) .
h’v hv—-l
Thus

24(0) _ 2-9(0)
h, ° hy ’

v

which gives the required result. We suppose now that, for some v < 7,

ha _ g

h

and proceed to obtain a lower bound for 8. Then we have, for
0<ksn—v-1,

)
v

Pysria < 2hypp < 2%y = 2%8h,.
Thus

n—y—1 n—y—1 &
T=Typy STy —%pyq = kzo By iria < Oh, kzo 2

< 2"7h,,.
But since z € E, we have
=Ty > %nhv’

in < 275,

so that

so that
8 > p2v—n-1,
This completes the proof of (6.5).
We note next that, for p > 0,

Py Py gy
b, kg) [

so that (6.5) shows that

(6.6) 2-p hnp < M
b, Ui

Using (6.5) and (6.6) we shall proceed to estimate G,(z). It is sufficient
to consider the cases A =1, B=0, and 4 = 0, B = 1, separately, since
both sides of (6.4) are clearly linear in 4, B. We accordingly define, for
A=1,B=0,

Ty41
I, = g(t)dt (0 <v<m),

Ty

I, = [ gd;
T
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and, for A =0, B=1,

I = f "o d (0 <v<n),

, z
I = f g,(t)dt.
Tn
Thus in the general case we have
(6.7) G (x)=ASL+BYI.
v=0 y=0

We denote by K any positive constant depending on «, B, only, not
necessarily the same each time.
Suppose that z, < t < z,,,, where v < n, and ¢ < zif » = n. Then

9(@,40) _ _ g(0)2742
Tppo—t Pyt —1

(6.8) golt) =

Thus we have, using (6.5),

g(0)2+2 _ g(0)2+2  2v—mg(x )
00> % e, T e,

14
On the other hand, since x € E,

h(x) = hvz+1+xn+1_x > %nhn!
and by (6.6) we have, for v = n—p,

2p(p+1)
, < ol
Thus
PP H2-PP+I-P-1 gy ) 1 (n\P+D?
Hence

2
log*go(x) < log*gy(t) +(p+ 1)2log;+log 3

6
< ((p+ 1)2log;7-)(1 +logtg,(t)).
Thus if « > 0, or « = 0, B8 > 0,
(log* go(x))*(log*log* go(x))#

6] at+ipl
<K [(p+ 1)*log ;)] {1+ (log* go(2))*(log* log™* g4(t))},



612 W. K. HAYMAN
so that

{1+ (log*gq(t))(log* log* g,(t))#} 2

a+lpl
< K(p+1)2+2A (log g) " (log* go(z))*(log* logt g,(x))~#

We next obtain an upper bound for the other terms in the definition of
91(¢). We have from (6.8), forv=n-p < n,

fwwigo () dt = g(0)2+2 fh»+1+hp El:

hvﬂ. T

= g(0)2"+210g(1 + by )
kv+1

(0)2n+2"plog(1+ kn-—P)
P11

n~p+

9p+1 3
< 4g(x)2*7’10g(1 +T) < 4g(x)2?(p + 1)10g7—7.
Also

[otyat = goyme [ &
Tn

hpsrtensr—a T

< g(0)2”+210gx b

2
< 4g(x)log~,
ne1 T g ) 87)

since x € B, so that 2, ., —z > {nh,.
Using (6.9), we deduce that, for p = n—v (0 < v < n),

(6.10) I, < Kg(z)(log go(x))*(log+log* go(x))~#
6\ o+igl+1
x(p+1 )2a+2lﬂl+12—p (k)g .1;) .
We next tackle I,. We note that for v = n—p, where p > 0,
Ty
f go(t)log+ dt < logt f
( kv+1

< 4g(x)2-2(p + l)log% (log+h—}-+(p— 1)log 2),
n

in view of (6.6). Since also k(z) < k,+h,,; < 3h, by (6.5), we deduce that

Tve _ 3 1
L (t)log+h(t) < Kg{z)2-P(p+ 1)2log;7- (1 +log+h-—(—55).

v
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Similarly

j ® go(t)logt —=dt < logt—— f © 0ot dt
Zn )" Mz) )z, °

2
< 4g(x) (log+ }—L—(lx—))log;7 .

These inequalities together with (6.9) yield, for v = 0 to n,

(6.11) I, < Kg(x)(log* go(x))*(log* log* g(x))~#

X (p+ 1)2¢x+2lﬂl+22—1’ (log E)O‘HﬂH-l(l +log* ’L)
P 7 h(z))

Summing (6.10) and (6.11) from p = 0 to # and using (6.7), we deduce
(6.4), with 6/ instead of ¢/7. We deduce the result with e/n by increasing
K if necessary. This proves Theorem 7.

7. Estimates for Iy(r) conclusion

We. proceed to apply Theorem 7 to Lemma 10. We write, for any
complex number a, I (») for the quantity I(r), defined as in (2.9) but with
respect to f,(z) instead of f(z), where f,(2) is given by (2.14). We then have
the following

THEOREM 8. Suppose that f(z) is the integral function (1.1) and let p(n)
be the number of non-zero coefficients among a, to a,,. Suppose further that we
have, for all sufficiently large n,

(7.1) o(n) < en(logn)—*(loglogn)—4,

where € > 0, and « > 0, with B real, or o« = 0, with B > 0. Let 8, n be numbers
such that 0 < 8 < 1,0 < 5 < 1, and a be a complex number such that a = 1,
ord<|la—1] <L

Then there exists a set B of numbers on the positive axis, which depends only
on f(z) and has lower logarithmic density at least 1—v, a constant K
depending on o, B only, and r, depending on «, B, 8, ¢, and f(2) only, such that,
ifre E, and r > ry, we have

e\ atipl+l ( 1
- logt —+ 1)
n) S hir)

x log M (r)log N(r)—(loglog N(r))=5.

(7.2) I(r) < Ka(log
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Here N(r) is the central index of f(z) and h = h(r) is a quantity such that
(7.3) M(r)? < M(ret) < M(r)4,

where M(r) is the maximum modulus of f(z).

We start by applying Lemma 10 to f,(z). Suppose first that a # 1,
and write
M (r) = M(r,f,(2)).
Then since

fu(z) =f(IZ)___aa s f(Z) =a+(l —a)fa(z),
we deduce that, if § < |1—a| < &%,
M
M,(r) < %lﬂ < M(r) |11+_|Z: < %M(r),
3

M) < |a|+8My(r) < 5My(r)-

Suppose now that 7, is so chosen that M(r,) > (3/6)%.. Then we have

(7.4) 3 < M(r)t < M,(r) < M(r)2 (r > 7).
We now take
(7.5) g(z) = log M(e*)

in Theorem 7, let «,B be the quantities occurring in (7.1), and define
h = h(z) as in Theorem 7. It follows from these definitions that

29(x) < g(x+h) < 49(),
so that (7.3) holds.

Next we write z = logr,

(7.6) o) = L2E0,

and deduce from (7.1) that, for n > 1g.(z) (z > 2,), we have
o(n) < en(logn)~(loglogn)—*#
(7.7) < Ken{l + (log* go(x))*(log+log* g,(x)F}~1.

Also if we temporarily define log M,(e®) = g,(z), it follows from (7.4) that,
for x > x,,

D) 1gat]
@) > dglo), LD 2IEED 4,

Thus we have (7.7), with the same values of %, provided that x > x,(3)
and » > g,(x+h)/h. Hence we deduce from Lemma 10, that, if
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R =e¢* > R, = €™, say,
1 ren
5. Iva(R. 010
< 5+ Ke(1+ (log*gy(x))*(log+log* go(z))F) 2

x % (10 +2 log+}lb) (go(x+h)+2)

(18) < 5+Ke(1+logh7)ale)1 + og"gu(w))*(og* og* e},

where v (R, 0) refers to the function f,(z).
We can also deduce (7.8) for @ = 1. In this case

f) -1

czP

Si(z) =

so that (7.4) again holds for sufficiently large r, since f(z) is a transcendental
integral function. Thus the argument proceeds as before and we deduce
(7.7) for x > x,, provided that a, § are related as in Theorem 8, and x > x,,
where x, depends on 8 only. We note next that, since ¢’(x) is increasing,

g(x+h) > g(x)+hg'(x),
so that

h
golx) = g(x,:r )5 g'(x).

Also ¢'(x) cannot tend to a finite limit, since otherwise g(z) = O(x), so that
f(2) is a polynomial. Thus g,(x) - co with z, and hence so do

go(@){1 + (log* go(x))*(log* log* go(x))#}~* and g, (),
where g,(x) is defined as in (6.2).
It follows that we have, for z > x5, from (7.8)

51‘ f " v,(R,0)|df < K8(1 +log* }—lz)go(x){l + (log* go(x))*(log*logH gy(x))F} 1.
TJ0

Here x; depends on Ke as well as gy(z), i.e. on «, B, 3, ¢, and f.
We are now able to apply Theorem 7. We have

e dt 1 r2n
plw) = 1) = Lo+ | T o= [ ot 0)1a0

)+ (e [“ogter, 0)|d6
= Lo+ [ “drg | ven, )]

< Ifem) + f “g.(t) dt,
0
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where g,(t) is as in (6.2) with A = B = Ke. We also note that, since
g,(t) — oo with ¢,

(7.9) fzgl(t) dt - 00, as x - c0.
0

We now deduce from Theorem 7, that we have, on the set E of that
theorem, from (6.4)

9(z)(log gy(x))™

(1.10)  L(e?) <Ks(log )‘“"’ o

.(loglog go(x))—# (1 +logt e )) + I, (e™).

It follows from (6.4) and (7.9) that the right-hand side tends to infinity
with . The set of x =logr has lower density at least 1 —» and so the
corresponding set of » has lower logarithmic density at least 1—1.

It is not difficult to see from continuity considerations, that I (e%s)
is uniformly bounded, when z; is fixed and @ varies subject to
8 <|a—1]| < 61 Thus (7.10) yields, for z > z,(8) and z on E,

at+lgl+1
(7.11)  I,(e®) < 2Ke(log )

 g(e)log go))(loglog o)) (1 +log* 7).

Next it is classical that if u(r) is the maximum term and N(r) the central
index of f(2), then

d
(7.12) N{r) = r<-log u(r)
dr
except at isolated points, and NV ('r) increases with . Thus

N < hJ‘ N(t) Iog;;b(re") logll’{(reh)‘

Thus if 7 = €7,
golz) = > N(r).

On substituting this and (7.5) in (7.11) we deduce (7.2). This proves
Theorem 8.

log M(ret)
h

8. Functions of finite lower order
We can now prove our estimate when the order or lower order is finite.

TaEOREM 9. Suppose that f(2) is an integral function of finite lower order
satisfying the Fabry gap condition (1.2). Then there exists a set E, such that
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we have, as r - o0 on K, simultaneously

(8.1) log L(r) ~ log M(r)
and, if a 18 any complex number,
(8.2) I(r.f,) = oflog M(r.f)}.
Further if R — oo, through any set of values satisfying for a fixed A,
(8.3) log M(R,f) < RA,
we have
(8.4) fmm %? ~ logR.

CoroLLARY 1. E has upper logarithmic density 1, and if f(z) has finite
order, E has logarithmic density 1.

CoroLLARY 2. We have (2.13) as r - o0 on E for f,(2) instead of f(z),
when a 18 fized.

CoroLLARY 3. The function f(z) has no Borel exceptional values in any
angle, i.e. the order of N(r,8,,0,,a) is equal to that of f(z) for any finite a,
and 0, < 6, < 0, +2m.

Clearly Theorem 9 contains Theorem 3, when the order or lower order
is finite. It is, however, a little more precise, since it tells us that E is
‘thick’ in those intervals [1, R] for which log M(R) is not too large.

We proceed to prove Theorem 9. We apply Theorem 4 with
1, = Mg = A7l = n~7, where n is a large positive integer, and let £, be the
set for which (4.12) holds. Then since A =0 in this case we deduce
(4.12), i.e.

(8.5) logL(r.f) > (13 )log M(r.f) (r € By,
where
(8.6) fE [1.R1§t£ > (1 —?%)log R,

whenever R is sufficiently large and
(8.7) log M(R,f) < R™.

Next it follows from Lemma 4, (4.5) applied with 7'(r) = log M(r),
K =log?2, that we have

log M(re*) < 2log M(r),



618 W. K. HAYMAN

where & = log 2/n?, outside a set E;, which also satisfies (8.6) when R is
sufficiently large and satisfies (8.7). Thus outside E,, we have

(8.8) h(r) > log 2/n?,
where h(r) is the quantity satisfying (7.3). Also we may apply Theorem 8,

with « = B =0, and ¢ as small as we please for any fixed . We chose
n = 1/n, and ¢ so small that

Kelog(en)(login®+1) = 1/n
in (7.2). Then we deduce that, if r € E, where E is the set of that theorem
and h(r) satisfies (8.8), and if
(8.9) a=1 or nl<il—al|<mn,

and r is sufficiently large depending on » only, we have
(8.10) I(r) < %logM(r).

We deduce that we have simultaneously (8.5) and (8.10) outside a set
F, such that

dt 6
8.11 f — < —-logR,
( ) Rt &

whenever R satisfies (8.7), a satisfies (8.9), and R > R,, say.
We assume that R, is chosen to satisfy the above conditions, and, in
addition,

(8.12) R,>R
We now define

n--1
n—1 .

(8.13) F = UE,[R,, Bl
n=
Thus r € F,if R, <r < R,,, for some n and r € F,.
Suppose now that R satisfies (8.3) and B > R, , where n, = [A] +2.
Then we have R, < R < R, .,, where » >A+1; and, if R, ; <t <R
and t € F, we see that t e F, uF, = F,_,, so that, in view of (8.12),
we have

dt dt 6 1
- < —+log R, _; < log R+ log R,
fF(l,R) 4 fF,._l(l,R) 4 +iog 1<, -1 %80T8

7
< ;L—_—llogR.

Thus if £ is the complement of ¥, we see that (8.4) holds as B — co through
any set of values satisfying (8.3) for a fixed A. Since f(z) has finite lower
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order A, the set of R satisfying (8.3) is unbounded for A > A, so that £ has
upper logarithmic density 1. If f(z) has finite order A, and A > A;, then
(8.3) holds for all large R, so that E has logarithmic density 1.

Again if re B, R, <r < R,,,, and a satisfies (8.9), we see that r is
outside F,, and so (8.5) and (8.10) hold. In particular (8.1) and (8.2) hold
as r — oo in K if a is fixed. This completes the proof of Theorem 9.

It remains to prove the corollaries. We have already noted that (8.4),
subject to (8.3), implies Corollary 1. Next Corollary 2 follows from
Corollary 1 of Theorem 2, since if f(2) satisfies (8.1), so do all the functions
fu(z) for any fixed a.

It remains to prove Corollary 3. If f(z) has zero order we have
N(r,0,,0,,a) < N(r,0,27m,a) < log M(r)+O(1) = O(r®)

as r - oo for any ¢ > 0. Thus N(r, §,, 0,,a) has zero order.

We prove similarly that the order of N(r,0,,0,,a) can never exceed
that of log M(r). It remains to prove the opposite inequality, when f(z)
has positive order u. Suppose first that p < co. Then given ¢ > 0, we can
find r, as large as we please such that

log M(r,) > r, 31—,

Also, in view of Corollary 1, we can for all sufficiently large » find |, € E,
such that
T, < Ty < T lte

Thus
log M(?’,;z) > 10g M(Tn) > ,rn;t(l—s) > T;l/t(l-s)/(l‘{—s)_

If n - oo through the sequence 7;,, and 6,,0,,a are fixed, we deduce from
Corollary 2 that

, 0, — 0
N8, 600) > |22
Thus N(r, 8,,0,,a) has order at least u(1—¢)/(1 +¢),i.e. at least p.

Finally, suppose that p = co, but that f(z) has finite lower order A,.
Choose A, A, so that Ay < A; < A, < c0. Then there exist arbitrarily large
values of r = r,,, such that

+ O( 1 )] ,,.;L,u(l-s)/(1+s) .

(8.14) log M(r;) < rp M.
Also since u = o0, there exist arbitrarily large values r,, of r, such that
(8.15) log M(r,) > r,.

Given r;,, we choose for r, the largest number satisfying (8.15) and
7, < 75, which is possible for large n, since ], - oo with n. Thus

(8.16) log M(r) <7, 7, <r<7,

n n*
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Also, since log M(r) increases with r, we deduce from (8.14) and (8.15) that
2zl e, g > A
Thus it follows from (8.4) and (8.15) that we can find r;,, such that
r, <10 < 1 e,

and 7, € E, when n is large. Now Corollary 2 yields, for any fixed a,
as n -

(28, Bp0) > {52 o1)log 213

 ba=0 08y 1,

1. A S 2
47 T 2 4n
We can choose A, as large as we please and deduce that N(r,6,,6,,a) has

infinite order. This completes the proof of Corollary 3.

9. Completion of proof of Theorem 3

By proving Theorem 9 we have proved the part of Theorem 3 which
refers to funetions of finite order or finite lower order. We now obtain a
corresponding result for general functions under the gap condition (2.15).
In view of Theorem 5 we can confine ourselves to estimating I,(r). In fact
we can obtain a somewhat stronger result. This is

Tarorem 10. Suppose that f(2) is an integral funclion satisfying the
gap-condition
(9.1) p(n) = o{n(logn)—*(loglogn)=#} as n — oo,

where a >0, or a =0, B> 1. Then there exists a set E of logarithmic
density 1, such that we have, for any fixed a, as r - 0 on E

(9.2) 1,(r) = o(log M(r))(log N(r))~*(loglog N(r))-4,
where N(r) is the central index of f(z).

We shall apply Theorem 8. Before doing so we shall, however, need to
deal with A(r). Our conclusion is contained in

LemMMA 11. Suppose that h(r) is a quantity satisfying (7.3). Then

' 1
o
(9.3) log ) < 2loglog N(r),

outside a set of r of logarithmic density zero.
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Suppose that E is the set where (9.3) is false. Let B be any number
such that

(9.4) log M(R) < R
Then if 4, is any fixed constant, we have, for large r in E,
(9.5) h(r) < hy,

since N(r) - oo, with 7. Thus it follows from (4.4) and (4.5) of Lemma 2
applied with A = 1 and K = log 2, and (7.3), that (9.5) can hold at most on a
set K, of r such that

f dt
EoLR) b 1“% 2

as R — oo for R satisfying (9.4). Since k(r) satisfies (9.5) for all large » in
E, we deduce that

f dt = o(log R),
EQR) ¢

as R — oo through values satisfying (9.4).
Next it follows from (4.3) of Lemma 4, applied with 7'(r) = log M(r),
and (7.3) that
4

(9.6) Mr) 2 ogiog )2

outside a set of finite logarithmic measure. Also, if u(r) is the maximum
term we have as 7 — co outside a set of finite logarithmic measure ([16]),
log u(r) ~ log M(r).

Next in view of (7.12), we see that

log u(r) = fN(t)dt+0(1)slong(r)+0(1).
Thus
N > lolig( e o> 1°2gl£§(f)

outside a set of finite logarithmic measure. Thus if (9.4) is false and R
is outside a set of finite logarithmic measure, we have (9.6) and

N(R) > (log M(R))t,
which gives

h(R) < (log N(R))2.
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Hence if R is sufficiently large this gives

(9.7) < 2loglog N(R).

log* WE) R)

If (9.4) is false for all large R, we deduce (9.7) for all large R outside a
set of finite logarithmic measure, which proves Lemma 11. Otherwise, if
R, is large, let R, be the largest number such that R, < R; and (9.4) holds
for B = R,. Then, for R, < R < R,, we have (9.7) outside a fixed set £ of
finite logarithmic measure. Also for 1 < R < R,, we have (9.3) outside a
set of logarithmic measure o(log R,) = o(log R;). Thus we have in all
cases, if F is the set where (9.3) is false,

J @ = o(log R,).
ERy b

This proves Lemma, 11.

9.1. We can now prove Theorem 10, and for this purpose we apply
Theorem 8. We choose a positive integer p, and define ¢ by

3Ke log(ep)"“"ﬂ'“ = _l_ .

P

By hypothesis we have (7.1) for all large n. We deduce from (7.2) and
Lemma 11 that we have, outside a set F, of upper logarithmic density
at most y = p1,

I(r) < (10g+ ) + 1) log M(r)(log N(r))~*(loglog N(r))—#

(9.8) < %log M(r)(log N(r))—*(log log N(r))1—4,
provided that
(9.9) a=1 or %<|a—1|<p.

In particular (9.8) holds, subject to (9.9), outside a set F,,, such that

f a < 2logR (B > R,).
FyLp) b

We suppose again that the B satisfy (8.12), define F' by (8.13), and deduce
as before that F has logarithmic density zero and that (9.8) holds, subject
o (9.9), if r is outside F and r > E,. This completes the proof of
Theorem 10.
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9.2. Proof of Theorem 3. We now suppose that f(2) is an integral function
satisfying (2.15). Then it follows from Theorem 5 that

(9.10) log L(r) ~ log M(r)

as r - oo on a set E; of logarithmic density 1, and from Theorem 10 that
there exists a set B, of logarithmic density 1, such that for any fixed ¢
(9.11) I,(r) = oflog M (r)(log N(r))~*(loglog N(r))*~}

asr - oo in B, If E = E,nE, then (9.10) and (9.11) hold simultaneously

as r - o0 in B, and E has logarithmic density 1. This completes the
proof of Theorem 3.

In fact the argument gives a little more. If we apply (9.11) to f.(2),
and note that
log|fo(2)| = log|f(2)|+ O(logr),

we deduce from (2.10) that

1 [ ; log M(r)
Vi 00 0) = 5[ 0017180+ of o Tog )

as r—>o00 on E. A corresponding conclusion also holds under the
hypothesis (9.1) but if « < 1, or « = 1, 8 < 2, we cannot deduce (9.10). If
(9.1) holds with « > 1, or « = 1, B > 2, we have (9.10) and (9.2) and we
deduce from this and (2.10)

(83,83, = log () [ 1+ 0(1)) 5"+ olog N ()

x (loglog N (r))“l-ﬁ)]
uniformly for 8; < 6, < 6, +2~. In particular

6,—6,
27

N('I‘, 01) 02, ’I’) = (1 +O(1))10gM(7‘)

provided that

1

b2—6, > (log N(r))i=(log log N(r))t#-D

This paper owes a great deal to discussion with Dr J. M. Anderson,
Professor J. G. Clunie, and Professor W. H. J. Fuchs, but particularly
to Professor L. Sons who read the manuscript very carefully, corrected a
large number of small errors in it, and made several helpful suggestions.
I am also grateful to the Referee for pointing out several previous papers
to me, which I had overlooked, and suggesting the outline in §(2.1),
which will, T hope, make the paper a little easier to read.
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