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ABSTRACT. We derive an explicit formula for the expected number of real roots
of certain random sparse polynomial systems. We propose (and use) a proba-
bility measure which is natural in the sense that it is invariant under a natural
G-action on the space of roots, where G is a product of orthogonal groups. Our
formula arose from an effort (now an ongoing project with J.-P. Dedieu) to
generalize the recent condition number theorems of Shub and Smale to sparse
polynomial systems and compactifications other than projective space.

1. Introduction

One may wonder if the recent advances in toric variety techniques, e.g., convex
geometric formulae for the number of complex roots of a polynomial system [Ber75,
LW96, RW96, HS97, R0oj96], can be used to refine Shub and Smale’s recent work
[SS2] on the number of real roots of a random polynomial system. We answer this
question in the affirmative for a particular family of sparse polynomial systems and
formulate a conjectural answer for more general sparse systems. Our results are
formulated in terms of one specific probability distribution, but nevertheless present
a surprisingly unexplored aspect of random polynomial systems. Also, since real
root counting is currently much harder than complex root counting, stochastic real
root counts for sparse polynomial systems should be of interest to computational
algebraic geometers as well as probabilists.

We can pose our general scenario as follows: Let F' = ( be a poly
nomial system with support := ( and coefficients which are ran
dom variables.  his terminology simply means that we identify the monomial

1Slightly updated from version which appeared in ectures in pplied athematics, edited
by Jim enegar, i e Shub, and Steve Smale, merican athematical Society, 1

1 1 athematics Su ect lassi cation. Primary 1 y Secondary 1,1D1,
1 71 1 ’1 P 71 71 ) bl bl b D ) b 1 ) Dl ) )

e ords and phrases. random, e uations, polynomial, real, roots, ewton, polyhedra,
polytopes, multihomogenous, multinomial, expected, average, eigenvalue, aussian.
his research was completed at S and was funded by an S Postdoctoral ellowship.

c American Mathematical ociet
1 per pa e



= with the point :=( and thus let the nonempty
finite set determine precisely which monomial terms appear in  for all

. We call such an F' an no e 0 no e 0 . We
will also call  the o of and the convex hull onv( in the e on
o o eof

Re r 1. Our notion of sparsity is to specify supports. his idea is natural in
the sense that if one specifies the support of a polynomial then one can omit as
many monomial terms as one likes. t is also important to note that our approach
complements that of hovanskii [ 091], who has found ama ing results and
conjectures in terms of solely the n e of monomial terms in a polynomial.

Re r 2. Working with ewton polytopes is already more precise than working
with total degree. or example, an variate polynomial has total degree i its

ewton polytope is contained in onv (the standard simplex
in  uniformly scaled by a factor of

or reasons which will gradually become clearer, it is more convenient to work
in terms of ewton polytopes and lattices (subgroups of instead of directly
with . huslet be a sublattice of of finite index. We then say that is
o eei forall [ ]thereisan such that = onv(
Another bit of discrete geometry we will need is the following: f and is
an ( dimensional polytope with vertices in ,then  naturally determines
a (parallel ( dimensional sublattice =~ of . One can then speak of a point
being a certain number of e e , , away from  simply by
considering the dimensional factor lattice . hinking in these terms, let us
henceforth fix the following probability distribution on the coefficients of F'.

e nition 1. Let F be an randomi ed polynomial system with  complete
support , and let denote the vector consisting of all the coefficients of F'. Also,
forall [ ]and , let denote the coefficient of the  term of and let
this coefficient be a (real  aussian random variable with mean and variance

(
where  is the smallest sublattice of containing a translate of . his distribu
tion is called the e 0o e onfor
e 1. Suppose = , = ,and is the pair of sets

(¢c ¢ ¢ ¢ ¢  C « C

hen, following the notation of the last definition, it is clear that is complete
and thus F' must be a bivariate polynomial system of the following form:

( =

( =
where the ’sand ’s are independent real aussian random variables with mean
. ( ote that the ewton polygons of and are respectively a pentagon and a
triangle, and thus = = . ounting lattice steps then simply amounts to
partitioning the lattice into slices parallel to a ewton polygon edge. sing
any reasonable drawing of , it is then easy to check that the variances

of are respectively . We leave
the computation of the remaining variances as an exercise.




e nition 2. ollowing the notation of the last definition, we say that F' is

o e n o e andlet ( denote the expected number of roots of F' in
( , Where  :=
Re r . n general one really wants to count roots in , but restricting to
( is technically convenient. Also, for many cases (e.g., remark it is easily

verified that the roots of F' in all avoid the coordinate hyperplanes with proba
bility  so sometimes both counts are identical. evertheless, there are important
subtleties in general and we will leave these for future investigation.

We will soon see that this unusual choice of probability distribution is natural
and or, at very least, convenient. A purely aesthetic reason is that for certain
one can actually derive convex geometric formulae for ( . or example,
call an simplex n en 1 its vertices all lie in  and its wuclidean
volume is minimal over all such (nondegenerate  simplices. We then say that
a simplex is n o 1 it is a uniform integral scaling of an  fundamental
simplex. A o o 0o oe o en on is simply a polytope
sum = such that dim = and dim = for all . Letting
ol ( denote the renormali ation of uclidean volume which evaluates to for
fundamental simplices, we have our first main theorem.
in eore 1. Let F be an polyhedrally randomi ed system with
support . Assume the ewton polytopes of F' are integral translates of , where
is a product of uniform simplices of positive dimensions . hen

(= — ol (

We call the special case where = , all translations are , and is a product
of scaled standard simplices, the n e

xamples illustrating our main theorems appear at the end of this introduction.
Re r . n more concrete terms, the standard case of ain heorem gives
us the expected number of real roots of a random unmixed polynomial system of

given multidegree. ( nmixedness simply means that all the polynomials have the
same support. ore precisely, if we

. partition the variables into  vectors — — such that —
consists of exactly  variables for all , and
. assume that are general (( variate polynomials with ran

dom variable coefficients and total degree in — for all ,

then it is easy to see that the polyhedrally randomi ed systems of the form
F = define the standard case. Also note that with probability
such a system has no roots on any coordinate hyperplane.

?

Re r 5. An alternative characteri ation of the general case of ain heorem

would be to start with F' as in the last remark, let be a
basis for an  dimensional lattice , and let . hen, defining =
( , it is clear that any system of the form ( ( (
satisfies the hypotheses of ain heorem . onversely, given and the ewton
polytopes of F, let be any vertex of . hen by assumption we

can pick = and such that = forall [ ]. One



can then define to be the edges emanating from and find
(and thus and F' from the Smith factori ation [ ¢ 5, sec. . ] of the matrix
=] ]. We will see later that this characteri ation lets us write ol (

more explicitly as

Re r 6. hemultinomial coefficients | 9 Jin ain heorem are defined
(in the most obvious way by using gamma functions so that they are well defined
for half integral entries. When it is clear that ol ( = and we thus
cheat our way out of ambiguity. ote also that the power of disappearsi there
is at most one odd

Re r 7.Let (  denote the (unnormali ed  dimensional e o e
[Ber75, d , Roj9 , H96, 96, 95] of the convex hulls of the
hen it easily follows from the results of [Ber75] that for ene , the
expected number of roots of F in ( isexactly ( [Roj9 ]. he connection
to real roots is the following: Let ( denote the renormali ation of (  which
evaluates to for tuples of fundamental simplices. hen for asin ain
heorem ( = ol (

Re r . otethatthe = portion of the standard case yields a special case of
the following formula due to Shub and Smale [SS2]: ( = when =
and, for all , the ewton polytope of is the standard simplex uniformly scaled
by a factor of . ain heorem thus complements their result. ( hat our
distribution speciali es to theirs is very easy to verify.  onvex geometry was not
mentioned in [SS2], so it is even more of a coincidence that ( = (  (by
the multilinearity of ( in the case they considered.

iven any matrix  with integral entries, let even(  (resp. odd( denote
the number of non ero even (resp. odd entries in its Smith normal form [ ¢ 5,
sec. . ]. Alsolet ( denote the expected number of real roots of F' in a region
hen we can do even better and compute (

in eore 2. Suppose is a measurable subset of an orthant of (
hen, following the notation of ain heorem and emarks and |,

where exp ( :=

Re r 9. orthestandard case it is clear that is the identity matrix and thus
even( = andexp ( =

rom ain heorem it is easy to derive that ( (for the specified
in ain heorem  is also invariant under a natural group action. f
this is vacuously true, so let us assume that = . We can then note that
( naturally embeds into the product of projective spaces := by

homogeni ing each group of variables ~ with an extra variable. t then follows that
under this embedding, the distribution defined in ain heorem reduces (almost
everywhere to the uniform probability measure on [ o ]- he product of
orthogonal groups := ( ( acts naturally (and isometrically
on and we thus obtain the following corollary of ain heorem



oro r 1. ollowing the notation of ain heorems and , assume that =
hen there is a natural open embedding : ( making
( awell defined ( ( invariant function of (exp ( . O

Re r 1 . Onecanin fact derive the above corollary without resorting to  ain
heorem . Shub and Smale did this for the case described in emark and this
was how they derived their ( invariant measure [SS2].

or more general it is somewhat unclear if any sort of natural group in
variance can be maintained. owever, following the notation of emarks and |,
the generali ation where one replaces by preserves invariance and is
currently under investigation. n particular, the mixed versions of ain heorems
and corresponding to this broader family of are imminent.
Stretching ain heorem a little further, we propose the following conjecture.

S u re Root ou e onjecture. Suppose F'isan polyhedrally randomi ed
system with support .  hen the expected number of roots of F' in ( is

( , where is a constant depending only on the ( similarity
class of the inner normal fan of the polytope := onv( , modulo (
similarities of

We refer the reader to [ S7, d , u9 ] for the definitions and
properties of normal fans. n particular, the combinatorial condition on  above
is equivalent to  depending only on the isomorphism type of the compact o

e over associated to

Re r 11. As we've already seen, the conjecture is true for those  satisfying
the hypotheses of ain heorem . (Simply note that the toric variety associated

to  is isomorphic to , following the notation of remark . he
conjecture is also clearly true for the case described in remark , since the normal
fan depends only on . Also, if (= then it easily follows that the expected

number of o e rootsis [Roj9 ]. So the conjecture is true in this degenerate
case as well.

Re r 12. f one no longer assumes that is complete with respect to any
lattice, then extending the above conjecture becomes harder. n particular, if one
tries to use the polyhedral distribution corresponding to the ewton polytopes,
then the = case already shows that (  must depend on more information
than just ewton polytopes. ( or example, one can apply heorem of the next
section to a general trinomial. One is then faced with an intriguing (but vague
question: s there a canonical probability measure for polynomial systems with
incomplete support

he remainder of our paper is devoted to proving our main theorems. ain
heorem follows from ain heorem after partitioning ( into orthants and
performing a routine multivariable integration. ain heorem , after an algebraic
trick, follows from a beautiful integral formula due to delman and ostlan|  95].
Our proofs are detailed in the next section. Also, the references section contains
some important additional sources should the reader desire to learn more about
random equations, convex geometry, or counting real or complex roots of non
random polynomial systems.
n closing we point out that an important corollary of our  polyhedral dis
tribution is that it can form the basis for a complexity analysis of solving mul
tihomogeneous polynomial systems. his is ongoing work with . . edieu and



initial calculations show that some of the numerical conditioning results of Shub and

Smale [SS1, SS2, SS , SS ]  on homotopy methods for solving homogeneous

polynomial systems  can be generali ed to multihomogeneous systems [ R96].
We end this introduction with two examples illustrating our main theorems.

e2. Sited o er Suppose =, := ,and := . So

ain heorem applies and we are considering a single univariate trinomial of the

form F( = , where are independent real aussian random

variables with mean and respective variances -~ -. ain heorem tells us that

the expected number of roots of F' in is exactly . ain heorem tells us
that the expected number of positive roots of F is exactly — (since exp ( =

e . e tri 0o no i ro e Suppose = and =
( where := onv [ ]. nparticular, this is the standard
case with = and ( =( and = = = since
dim = . ow note that the embedding from orollary can be modified
slightly into an embedding : . his last embedding can then be
used to transform our system into the following randomi ed version of the
matrix polynomial problem [ LR 2] (modulo a set of measure : or all

[ ], let be an matrix consisting of independent real aussian random
variables with mean and variance , and consider the values of such that
the matrix is singular. Letting :=( , ain

heorem (combined with  tells us that the expected number of real eigenpairs
( of

isexactly ( = ~——— . n particular, lim —— = —. Our example

complements another result where all the variances are [ 95]. When = ,
both of these results merge and we have a randomi ed version of the generali ed
eigenvalue problem. ( his special case was discovered earlier in [  S9 ]. i
nally, for our randomi ed matrix polynomial problem, orollary implies that the
concentration of real eigenpairs is uniform on

2. roo o ur in eore

We will first prove ain heorem . ain heorem then follows from a
simple application of ain heorem which we will describe at the end of this
section.

Let us begin with a theorem which implicitly contains ain heorem , as well
as much more.

eore 1.[ 95, heorem . ]Let ( ( be any collection of real
valued rectifiable functions defined on , let  be a measurable subset of ,
and let the vectors  :=( ) [ ] be independent and identically
distributed. Assume each  is a (real multivariate normal random vector with
mean  and covariance matrix . hen the expected number of real eros of the
system of equations



that lie in the set ,is

— det log( ( (
where ( =( ( ( . O
Re r 1 . twouldbeagreathelp tohave a mixed version of the above theorem.
hat is, a version where the vectors have covariance matrices (and dimensions

depending on . Such a theorem (which is expected soon would then immediately
give us mixed versions of ain heorems and

efore beginning our proof of ain heorem let us define some convenient
notation: Let be the block diagonal matrix (with exactly blocks
whose — block (going from northwest to southeast is the matrix . Also let
- - =,( T o= and (T ~ := besuch that =, , and ~
each consist of exactly  variables for all [ ]. inally,let  be the standard
simplex and define  :=( (

2.1. in eore 2. irst note that the map defines a conformal
automorphism of  (resp. when is odd (resp. non ero and even . ext, note
that any ( defines a permutation of the orthants of ( via
(since ( and thus ( = = forany ( . hus, by the
Smith factori ation, it immediately follows that exp defines a conformal bijection
between two subsets ( , each a disjoint union of orthants. t then
becomes clear that exp : ( has exactly analytic inverses, and
these inverses di er only by coordinate re ections.

Re r 1 . echniques of this sort are developed further in [Stu91, S9 ,
TR95] in connection with a conjectural combinatorial upper bound on the number
of isolated roots in ( of a general non random sparse polynomial system. he
underlying framework is the theory of toric varieties and some excellent references
for this theory are [ s7, 4 , u9]

he preceding facts allow us to simplify the proof of ain heorem somewhat.
n particular, since = exp ( = exp (exp ( , it is clear
from our observations that ( = (, where is the support
of ' (recall remark . Also note that multiplying any by a monomial does
not a ect the roots of F' in ( .t thus suffices to work with the standard case.

ow, for the polyhedral distribution, it is clear that multiplying the vari
ances of the by a constant depending only on does not a ect the distribution
of the roots of F'. Also, it is easily checked (since all our simplices our now stan
dard that ( times the variance of is actually the following product of
multinomial coefficients

where the — term is an ( nomial coefficient. We will thus assume in our
calculations that the variance of the above product.

We now invoke heorem to compute ( by setting = , =
exp ( , and letting the vector ( be ( . ote that the covariance
matrix, in this case, is diagonal. Since the function factors in front of the cor
responding integrals from ain heorem and heorem fortuitously match, it



suffices to show that the two integrands are identical, up to the remaining factor of
. So let us examine the square of the integrand coming from our application

of heorem

= log( (
= log —
= log _ - -
= log ) ) - T
= log (77
= — log( -
= —( log(

where the — block in the above block diagonal matrix is indexed by the variables
in = and T . Since the determinant of a block diagonal matrix is the product of the
determinants of the blocks, it thus suffices to know the determinants of the blocks
to determine

n particular,




-

where is the ronecker delta. ow (by an observation of . . edieu which
the author humbly thanks him for one can use multilinearity to derive that the
determinant of the last matrix is

- = = ( - - =
( (

ultiplying the corresponding factors for the remaining blocks of our original
large matrix then gives

ain heorem follows immediately. O
2.2, in eore 1. ollowing the notation of the proof of ain heorem
, note that we can decompose ( into a disjoint union of re ected copies
of . wurther decomposing into orthants and invoking ain heorem , we obtain
by symmetry that
( = — . = =
— (

hus our proof amounts to evaluating a product of integrals of the following
form:

(T
Since the integrand is bounded and continuous on , we can enlarge the domain
of integration (by a set of measure  to without changing the value of the
integral. hen, by converting to spherical coordinates, using the standard formula

for the uclidean measure of a hypersphere, and converting to a trigonometric
integral by integration by parts, we obtain that the above integral is precisely

(—
ultiplying our integrals together and collecting terms, we obtain that
(= ——=
(— (—
ain heorem then follows from the fact that
ol ( =
his final assertion is easily proved: sing the notation of remark , it is clear that
= and det is the lattice index [ : ]. So ol ( =(det ol ( =
[ ] o ( = — (since the wuclidean volume of a standard
simplex is — .

O
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