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QCM vs. TQC

A topological quantum computer is a computational model:

@ based upon two-dimensional quantum systems of topological
phases

@ gates are achieved by particle exchange

@ measurement is fusion of quasi-particles

@ universality is (essentially) equivalent to density of braid group
representations.

@ Mathematically, modeled by a Topological Quantum Field
Theory
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QCM vs. TQC

Topological Quantum Field Theory?

Definition

A (unitary) 3D TQFT assigns to any (compact oriented labelled
extended) surface (M, £) a (finite-dimensional) Hilbert space:
H(M., ¢), subject to (many) compatibility axioms. Key: gluing and
disjoint sum axioms.

Labels £ a finite set, 0 € £ distinguished, with involution x — X.

Definition

The computational space is:H(n) := H(D?\ {z}"_,(0,t,...,t))
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QCM vs. TQC

More Details

Each component of boundary OM is labelled by i € L

Basic pieces are:
e empty: H(0) =C
C i=0
0 else
C a=h
0 else

o disk: H(D?; i) :{

e annulus: H(A;a,b) = {

e pants: P:= D?\ {z, 2} H(P;a, b,c) = CN@bc)
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QCM vs. TQC

Two axioms

To determine H(M:; {i}) use basic pieces and two axioms:

Axiom (Disjoint Sum)
H((My, &) [T(M2, £2)) = H(My, £1) @ H(Mo, £2)

Axiom (Gluing)

If Mg is obtained from gluing two boundary circles of M together
then
H(Mg, t) = P H(M, (¢, x, %))

xeL
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QCM vs. TQC

Example: Torus

H(T?) = CI~L

I :®{a,be£}gc @
=D e g =Cl<l
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QCM vs. TQC

Example: Fibonacci Theory

o L=1{0,1}
C a=b=c

e pants: H(P;a,b,c)=<C a+b+ce2Z
0 else

Define: V,f = 7—{(D2 \ {z,-}f‘zl; i1,--,1)
qubits realized on V31 ~ (2,

dim Vi = Fib(n—2) i=0
Fib(n—1) i=1
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QCM vs. TQC

Example: V)
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QCM vs. TQC

Example: V)
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QCM vs. TQC

Example: V)

= C2®C2QC ® CRCRC=C*DC
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QCM vs. TQC

Simulating QCM gates

Set S = (C?)®* QCM state space
Goal: simulate U € U(S) on H(n(k))

o
o

o

© 00

Set Vi ~(C?

Identify Sy = (V3)®k

embed Sy &5 S ® VO = (V1)K & VP (pick v € V2, use dis].
union axiom)

embed (V4)®k ®@ V2 — V5, (as summand, via gluing)

So iy, : Sk — V:?k.

Now i, o U|x) = p3k(Bu) o iv|x)
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QCM vs. TQC

So to simulate 2-qubit gates, we need a 6-puntured disk
From example: S, — (S2) @ C = VY

°
@ C summand is non-computational
°

leads to leakage errors: information leaks into C and is lost in

measurement.
@ This can be fixed but a “black art” generally...
@ More efficient ways known: N. Bonesteel et al.
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QCM vs. TQC

Simulating Fibonacci on QCM

Let U(B) € U(V}) be a unitary braiding matrix (for simplicity).
Goal: simulate U on X®k(M for some v.s. X.

Q Set X =D, p.c)ec H(P.a, b, c).

@ Decompose (D?\ {z " ,;1,...,1) into n— 1 pairs of pants.

0 Set W=Q" VX =Q" Ve H(P;a,b,c)

Q Distributing ® over & gluing and disj. union axioms imply
Vi w
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QCM vs. TQC

e dim(X) = 5 so not very efficient

e U(B) only acts on a subspace of W = X®1~1

@ Must use so-called F-matrices encoding associativity:
decompose 3 as product of al-il, use different embeddings for
odd/even i, conjugate them by F-matrices...
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Localizing Braid Reps

Best of Both Worlds?

Is there a model that is:
@ Universal
@ purely topological (fault-tolerant) and

o (explicitly) local?

Why? QC algorithms in fault-tolerant universal setting!
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Localizing Braid Reps

The Braid Group

Definition

B, has generators o;, i = 1,...,n — 1 satisfying:
(R1) ojoit10; = 0i410i0i41
(R2) gj0j = 00 if |I'—j‘ >1

/
e e
J /
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Fibonacci Theory: Jones Reps.

Localizing Braid Reps

Particle exchange induces the:

Definition

Jones representation (at 5th roots of unity):
55 By — U(VO) x U(V2) € UV & V2)

Can we find B,,-representations (¢,, W®") realizing p>?

o dim(V2 @ V}) = Fib(n) # d"

@ a realization must contain p2 (faithful) and

o have only V? and V! as sub-reps.
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Localizing Braid Reps

Sequences of Braid Representations

Let ¢ : B, — Bpy1, t(oj) =0 for i < n—1.

Definition

A sequence of braid representations is a family of B,-reps
(pns Vi) and maps 7, such that the following diagram commutes
for all n:

CB, —— Cpn(B,)

L Tn

CBpt1 —=Cppi1 (Bn—i-l)
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Localizing Braid Reps Conjectures

Braided Vector Spaces

Definition
(R, V) is a braided vector space if R € Aut(V ® V) satisfies

(R ® /\/)(/\/ ® R)(R® IV) = (/\/ ® R)(R ® IV)(IV ® R)

Induces a sequence of B,-reps (pr, V&") where
PR(Ui) — l\(?ifl ® R ® I\?nfifl

Representations are local: p,(o;) acts on tensor factors i, i + 1.
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Localizing Braid Reps

Example

Example
Let V = C? and

o O O
o = O O
o O = O
= O O O

then pg : B, — U(V®").

Notice: |pr(Bn)| < oo: finite group.
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Formal Definition

Definition

Suppose (pn, Vp) is a sequence of completely reducible braid
representations. A localization of (p,, V) is a braided vector
space (W, R) such that for all n > 2:

(i) there exist @, : Cpn(Bp) — End(W®") such that the
following diagram commutes for all n:

CB,

e

Cpn(Bn) —22 End(W®n)

(it) and (¢n, W®") is a faithful Cp,(B,)-module.
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In other words...

If (R, W) localizes (pn, Vp),
o Decompose (pn, Va): Vo = D;c), V,Si) as a CB,-module
o then W= ., i, V) as a CB,-module
e with !, > 0 (strictly positive multiplicities)

e dim(V,) # d" (usually), so extra copies of some VD needed.

e (R, W) uniformly localizes for all n > 2.

— g o
@ /[, localization vector.

Eric Rowell Localizing Topological Quantum Computers



Sequences of Braid Group Representations
Localization
Conjectures

Localizing Braid Reps

[llustration: Fibonacci

If (R, V) localizes p£,5)
with dim(V) = k
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Localizing Braid Reps

[llustration: Fibonacci

Sequences of Braid Group Representations
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Eric Rowell

If (R, V) localizes p£,5)

with dim(V) = k and mult.
vectors (ap, by)

then

()= )

Impossible! ap, by € Z.
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Localizing Braid Reps Canfiesines

YBE Conjecture

Conjecture (R,Wang)

Suppose R € End(V ® V) solution to (YBE) is:
@ Unitary
o finite order (R* = 1)

Then pr(B,) is finite for all n.
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Localization Conjecture

Conjecture (R,Wang)

Let (pn, Vi) be any sequence of unitary braid reps. Then TFAE:
@ p, is localizable, with R finite order
® |pn(Bn)| < o0

o eigenvalues )\, of inclusion matrices G(" satisfy
Mez.

Consequently

A localizable topological quantum computer cannot be universal.
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Localizing Braid Reps

Thank You!
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