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ABSTRACT. We investigate a family of (reducible) representations of
the braid groups B,, corresponding to a specific solution to the Yang-
Baxter equation. The images of B, under these representations are
finite groups, and we identify them precisely as extensions of extra-
special 2-groups. The decompositions of the representations into their
irreducible constituents are determined, which allows us to relate them
to the well-known Jones representations of B,, factoring over Temperley-
Lieb algebras and the corresponding link invariants.

1. INTRODUCTION

Representations of Artin’s braid groups B, are of great importance to
mathematicians [B], and physicists recently [W]. Certain representations of
the braid groups have been proposed as the fractional statistics of anyons
[W], and used in the topological models for quantum computing [FKLW].
Therefore it is interesting to identify the images of such braid group repre-
sentations. In this paper we analyze a particular representation of the braid
groups afforded by a unitary solution of the braid relation, i.e. a flipped

1 0 0 1
R-matrix R = & 01 10 that satisfies the Yt Bazxt ti
-mattix R= 51 0 1 i ang-Bazter equation
-1 0 0 1

(YBE) (R@L)(,®R)(R®L)=(Lo®R)(R®L)(I,®R)

where I is the 2 x 2 identity matrix. All solutions to the YBE of the form
R:V®V — V®V with V 2-dimensional have been listed in [H]. Dye
[D] found all unitary solutions of this form to the braid relations based on
this list. The importance of this particular braid operator R was pointed
out in the work of Kauffman and Lomonaco [KL], and the connection of R
with quantum computing was explored there which is another reason for our
interest.
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As is well-known, any (invertible) matrix satisfying the YBE gives rise
to representations of B,, for any n. The representation (,, (C2)®") corre-
sponding to the matrix R above is unitary and defined as follows:

Tn(o)) = I @ R I,

where o; is the i-th braid generator. The images of the braid groups B,
under this representation are finite groups, and the image matrix of each
braid generator o; has only two distinct eigenvalues. It follows that the
image group of an irreducible constituent of 7, is generated by the conjugacy
class of a braid generator with two distinct eigenvalues whose ratio is not
-1, i.e. has the so-called 2-eigenvalue property defined in [FLW]. Such
representations are completely classified [FLW], so in principle the image
groups of the irreducible constituents of 7, can be identified by using the
complete list in [FLW] Theorem 1.6. But as we will see that 7, is reducible,
hence first we need to find the irreducible constituents of 7,; then we need
to distinguish a few different cases in the complete list for the images of
the irreducible constituents, so instead we choose to solve the problem in
an elementary and self-contained way. We decompose these representations
7, (for all n) into their irreducible constituents and describe the images of
B, under m, as abstract groups. We find that the images of the pure braid
groups are (nearly) extra-special 2-groups E;il. The images of the full
braid groups B,, are extensions of the (nearly) extra-special 2-groups E, ',
by the symmetric groups Sy, and the restrictions of the representations m,
to the subgroup of pure braids are isotypic copies of the odd representations
of E;1,.

As already discussed in [KL] we can define link invariants using the repre-
sentations 7,. By observing that m, is related to the Jones representation of
the braid groups at the 4-th root of unity, we improve slightly some earlier
results of Jones about the images of the Jones representation of the braid
groups at the 4-th root of unity [J1]. As a consequence we point out that the
resulting link invariants are essentially the Jones polynomial at a 4-th root
of unity, hence really the Arf invariant of a link (see references in [J2]). The
slight improvement of Jones’s result comes from two subtle points about
the Jones representations. Firstly, in the Jones representation of the braid
group, there is some freedom in choosing phases so it is convenient to state
the results projectively, i.e. modulo scalars, while not losing any significance
mathematically. We choose to work out the images in full generality (as op-
posed to projectively) as this is desirable in physics for the applications to
the fractional statistics of quantum Hall fluid [R]. This changes the images
of the pure braid groups from the elementary abelian groups Zg_l to the
(nearly) extra-special 2-groups EL_;. Secondly, when the number of strands
of the braid groups is even, there are two irreducible sectors of the Jones
representation [J1]. Jones found the projective images for each sector, but
we determine the images of the two sectors together. This brings up a sub-
tlety about the centers of the (nearly) extraspecial 2-groups in those cases,
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which disappears when the two irreducible sectors are treated separately,
and projectively.

These results lead to several questions for future research currently be-
ing worked out by the authors. What are the closed images of the braid
groups under the representations afforded by the other R-matrices listed in
[D] and what are the associated link invariants? What are the other ex-
traspecial p-groups that appear as homomorphic images of the pure braid
groups? Results in this direction have been obtained in [GJ] and [vGdJ]
where Heisenberg groups are used in place of extraspecial p-groups.

2. PRELIMINARIES

2.1. Definitions and computations.

Definition 2.1. Artin’s braid group B, on n strands has presentation in
generators o1, ...,0,_1 satisfying relations:

(Bl) 0'7;O'j = O‘jo‘i if ‘Z —]| 2 2.

(BQ) 0;0;410; = 0j4+10i04+1 for 1 < ) <n-— 2

For tensor products of matrices we use the convention “left into right,”

that is, if X = <Z i) and A = (Z Z) then X®A = <z§(( flf() Various

matrices and quantities will be needed throughout, so we define them here:

(1) I, is the m x m identity matrix.

1 0 0 1
a0 1 =10
@E=Z10 1 1 0
-1 0 0 1
0 1
(3)5_<_1 0>

© P =(; 1)

(7) P, = (Ps® P,,)®"/2 ®I§)(n_2tn/2j) where |a| is the integer part of
a.

® o=y %)

9) gi = ml(04)?) = 12®(i71) ® R?® Ig@(”*i*“ (observe we ignore the
dependence of g; on n; the value of n will always be clear from the
context).

(10) ¢ = Z5(1+v=1).
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¢ 0
11) d = -
) d= (g ¢

0

0

(12) D =

O O Oy
ON O O
Ty O O O

(13) M = 75 (—11 D

We will also need a few simple computations involving these matrices so we
record them in the following:

Lemma 2.2. The matrices defined above satisfy:
(a) R*=s®0,

(b) R=J5(R* + Lh), R™' = 5(R7? + 1)
(¢) (RP®@L)(I, ® R?) = —(I, ® R*)(R?* ® I)
(d) gigir1 = —giv19i

(Rfl_® 12)(12 ® R2)(R ® L) = (I, ® R?)(R?® 1))

RY = —147 (9:)? = —Ion.
Py)"'sPs = /—10,, and (Ps)~! =0y
PO'x) lo—mpa'ac =0z, (Pa'ac) Spac

)

)

)

)

)

) 9i9; = 959i and Wn(gz)g] gjﬂn(ai) lf ’Z - .7’ >2
)

i)

) ‘ |

) (Pa) ' g2i1 P = V-1I5" @ 057 @ I§®n72%2), and (Pn) ™' g2: P =

Proof. The first assertions (a) and (b) are straightforward computations.
Having checked that s and o, anti-commute (c) follows, and (d) is immediate
from (c). Using (b) and the observation R~2 = —R? we express the left-
hand side of the equality in (e) in terms of R? and then use (c) to derive
the right-hand side. Assertion (f) is immediate from (e). Assertion (g) is a
consequence of the “far commutation” relations satisfied by the braid group,
and (h) follows from (b) and the definition of g;. The matrix Ps (resp. Ps,)
is a change of bases matrix that diagonalizes s (resp. o,) and commutes
with o, (resp. s). This is the statement (j), and (k) follows directly from
this fact and the definition of P,. O

2.2. Restriction to P,,. The homomorphism B,, to the symmetric group
on n letters S, given by o; — (7,74 1) has kernel P, the so-called pure braid
group. P, is generated by all conjugates of the squares of the generators of
Bn: (07)%. Actually a more economical presentation of P,, can be found (see
e.g. [B]), but we shall not need it here. To exploit this relationship between
B, and P, we shall restrict m, to the subgroup P,. For convenience of
notation we introduce the following notation:

Definition 2.3. H, := 7,(P,) and G, := 7,(By)

We can describe H,, very succinctly:
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Lemma 2.4. H, is generated by g1,...,gn—1-

Proof. Observe that H,, is generated by all conjugates of g;, so that H, is

the smallest normal subgroup of G,, containing the subgroup (g1, .., gn—1)
generated by the g;. But by Lemma 2.2(f),(g) (g1,...,9n—1) is normal in
Grn 80 {g1,---,gn-1) = Hp. O

Remark 2.5. Combining this with Lemma 2.2(a) we have a very powerful
tool for studying the representation 7, of B,. After decomposing the repre-
sentation 7, restricted to P, into its irreducible components and computing
the corresponding images of the (0;)%, we can immediately determine the

decomposition of the images of the o; under m, as m,(0;) = %(Qz + Ion).

Once we understand H,, as an abstract group and decompose its defining
representation (as it is presented to us as a matrix group) we will need
to consider the group G,,/H,. We can immediately see that G, /H, is a
homomorphic image of S, as 7, induces a surjective homomorphism 7, :
Bn/Pn — G,/H, and B, /P, = S,. We would like to know if 7, is an
isomorphism, so we must determine if Ker(7,) is trivial. Observing that
the kernel of 7, is (isomorphic to) a normal subgroup of S,, we need only
check that the kernel is not S, A, or the normal subgroup of .4 isomorphic
to Zg X Zy. For n > 4 it is sufficient to check that the element (12)(34) is
not in the kernel, while for n = 3 we should check that (123) is not in the
kernel. Since H,, is a normal subgroup of G,,, we also have a homomorphism
¥ : Gy — Aut(H,) where Aut(H,) is the automorphism group of H, and
Y(s) is conjugation by s € Gy,. Restricting to H, we see that ¥(H,) =
Inn(H,,) C Aut(H,) the normal subgroup of inner automorphisms of H,, and
so we have the induced homomorphism ¥ : G, /H, — Aut(H,)/Inn(H,).
Since Ker(7,,) C Ker(do7,) if we can show the composition has trivial kernel
then 7, must be an isomorphism. By Lemma 2.2(d) the generators g; of Hy,
commute or anti-commute, so the elements of Inn(H,,) act by sign changes.
So if we can show that the automorphisms corresponding to (12)(34) (for
n > 4) and (123) are not simply sign changes, we will have shown that 7, is
an isomorphism. The corresponding elements of B,, are (o103) and (o201)
and we use Lemma 2.2(f) to compute that under J7,, the element (o103)
maps g2 to g29193, and (o201) maps g2 to g2gi1g2 = g1. We check directly
that g1g3 # £1 using Lemma 2.2(a),(i) and (j), so 7T, is an isomorphism
for n > 3. In the case n = 2 we see that G4 is the group generated by the
matrix R which is isomorphic to Z,4, so combining, we have:

Theorem 2.6. We have an exact sequence:
1-H,SG, %8, -1

for alln > 2. In other words, G, is an extension of H, by S,.
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3. EXTRASPECIAL 2-GROUPS AND RELATED GROUPS

Definition 3.1. The group EY, is the abstract group generated by

T1yeeey T
with relations:

(1) 2=y, 1<i<m

(2) xixj = xx;, |i—j| > 2

(3) Ti1T; = —XiTiv1, 1<i<m

where —1 is an order two central element, and v = +1.

These groups appear classically and have important connections with Clif-
ford algebras. The case v = —1 appears in Exercise 3.9 in the text by Fulton
and Harris [FH|, and other cases appeared in [G]. The necessary facts about
these groups are found in various places, but are elementary so we reprove
them here for the reader’s convenience.

3.1. Properties of EZ . Any element in E? can be expressed in the normal
form: +x{* - 2% where a; € Zy. The following lemma will show that it
is unique.

Lemma 3.2. Denote by Z(EL)) the center of EY . We have:

+1 m even
(@) z(my) = 15
{£1,+z123 -2} m odd
(b) Ep,/{£1} = (Z2)"
(c) Any x € EY, \ Z(E})) is conjugate to —
(d) Any nontmmal normal subgroup of E” mtersects Z(EY)) nontriv-

tally.
7z 7 fr=1 k
(e) Form =2k —1 odd, Z(E}, ) = 9 X L Z_fy_ or k even
Ly ifv=—1 and k odd

(f) The normal form £a{*---x&m is unique.

Proof. Using the above-mentioned normal form we may assume, without
loss of generality, that z = (" --- 25" € Z(E},) since if z is central, so
is —z. By the commutation/anti-commutation relations in E? we have
xiz = (—1)%-1T% 410, = 2, for all i where we take a_1 = a1 = 0.
Thus we get the system of equations over Zs:

Q9 = 0

Ap—1 = 0

aj+ai9=0 (mod2), 1<i<m-—2
If m is even then the system has only the trivial solution o = 0, but if m is
odd there are two solutions 0 and (1,0,1,...,0,1), that is, all the ag; =0

and awg;j+1 = 1. Thus we have (a). It is clear from the relations in E? that
E? /{£1} is presented by m commuting generators of order 2, i.e (Z2)™. To
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prove (c) observe that any non-central element x € E¥ must anti-commute
with some x;. So (d) follows from (c) as any nontrivial normal subgroup
N must either be central or contain {x, —z} for some non-central element
x so that —1 € N as well. For (e) we compute the order of the central
element x1x3 - - - xor_1 and find that it is 2 or 4, which gives us the two cases.
Assertion (f) follows from a simple counting argument as |EY,| = 2™*! by
(b). O

Definition 3.3. A group G of order 2! is an extraspecial 2-group if
(see [G]):
(1) The center Z(G) and the commutator subgroup G’ coincide and are
isomorphic to Zs.

(2) G/2(G) = (Z2)™.

It is immediate from the anti-commutation relations that the commutator
subgroup of E¥ is {£1}, and for m = 2k the other conditions were verified
in Lemma 3.2 so we have:

Proposition 3.4. Ef, is an extraspecial 2-group.

Remark 3.5. Since the group Ej, | contains Ey,, we call the groups Ej,
nearly extraspecial 2-groups for any m (so they include extraspecial 2-
groups). This should not be confused with almost extraspecial 2-groups
found in the literature which are central products of extraspecial 2-groups
with Z4. The cases where the center of E/, is isomorphic to Z4 are almost
extraspecial, but when the center is Zs X Zy they are not (see [G]).

3.2. Representations of E!,. We wish to construct the irreducible repre-
sentations of EZ . There are 4 cases corresponding to the parity of m and
the choice of v. For the reader’s convenience we recall the following standard
facts from the character theory of finite groups (see any standard text, e.g.
[FH]):

Proposition 3.6. Let G be a finite group, and Irr(G) = {x;}icy the set of
irreducible characters of G, corresponding to irreducible representations V.
(a) |Irr(G)| is equal to the number of conjugacy classes of elements of
G.
(b) |G| = X25(dim V;)?

—— _JO  ifViEYV;

c) For xi, x; € Irr(G ; i(g) = -

(¢) For xi, x;j € Irr(G) X gec xil9)x4(9) {’G Vi =V

(d) If g and h are not conjugate then > 5 xi(h)xi(g) = 0.
3.2.1. E;kl. To determine the number of irreducible representations we count
conjugacy classes. The center {+1} gives us two singleton classes, and
Lemma 3.2(c) shows that the non-singleton conjugacy classes are given by
[+t - 252F] for any a € (Z2)?*\{0}. So we have 2+ (2% —1) = 22¢ +-1 in-
equivalent irreducible representations. Let Irr(EQ_kl) ={Vi, -+, Voo } de-
note a set of inequivalent irreducible representations of EQ_kl. By Lemma 3.2
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we can induce 1-dimensional representations of E,, kl from any representation
of (Z)% by letting the center act trivially. Thus we have 22 1-dimensional
representations (say, Va,..., Vo2, 1) leaving only one representation, V; to
determine. Using the class equation
22k 41
227 = B} = (dimV1)® + ) (dimV5)? = (dim V3)? 4 2%
2

we find that dimV; = 2¥. The 1-dimensional representations are equal to
their characters so for 2 < i < 22 + 1 we have y;(1) = x;(—1) = 1, and
Xi([£z;]) = %1 for all possible choices of sign. From Proposition 3.6(c),(d)
we find that y1(1) = —x1(—1) = 2*, and x1([£2§" - 252*]) = 0. We can
construct the representation (p1,V7) as follows (recall the definition of the
matrices s and o, from section 2.1):

p1(z1) = V=1(o. @ IF* )

pr(w2) = s @ I3

pl(a}%) = 2®i_1 s Igbk_i
pl(x2i+1) =V —1(I§®i_1 Ko, R0, &® Iég)k_i_l)

pr(zar) = I ® s

®k—1
As (0,)? = I, 82 = —I, and 0,50, = —s we see that this is indeed a

representation of E,', and since tr(s) = tr(c,) = 0 it follows from the
orthogonality of characters that this is the irreducible 2F-dimensional rep-
resentation of Egkl.

3.2.2. Egkl_l. We now construct the irreducible representations of E;kl_l.
Denote by z the central element xqx3 - - - £95_1 for convenience. Using Lemma
3.2 we find that there are 22*~! 4 2 distinct conjugacy classes in EQ_kl_1
and therefore we may label the inequivalent classes of irreducible repre-
sentations by Irr(E;! |) = Wi, Wigak-149)}. We get 22k=1 distinct
1-dimensional representations from (Zs)?*~! by composing with the projec-
tion onto Egi/{=1}; denote them by Wi, ..., Wgar-14). We compute their
characters ; for 3 < i < 22%=1 4 2 as in the E;; case ¢;(1) = ¢;(—1) = 1
and 1);(+x;) = £1 which determines their values on all classes (observe that
¥i(z) = 1i(—z) for nontrivial central elements +z for these 1-dimensional
representations). From Proposition 3.6(b) we get dim W; + dim W, = 2%
for the remaining two irreducible representations. Since dim W;|22% we see
that in fact, dimW; = dim Wy = 2¥~1. Using Proposition 3.6(c) we find
that the characters 11 and 9 vanish on all equivalence classes except for
the central classes: [1], [—1], [2] and [—z]. Observing that the restric-
tions of W7 and Wy to the subgroup E;klfz C E;,jﬁ1 must both be the
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unique non-trivial irreducible 2¥~!-dimensional representation we find that
Y1(—1) = 9o(—1) = —2F~1. Proposition 3.6(c),(d) then implies first that
P1(z) = Yo(—2) = —1h1(—2) = —1b2(2), and then using this and the orthog-
onality of 11 and 9 to see that ||¢1(z)| = 271, Restricting to Z(Ey; )
and recalling that Zs X Zo has only real characters while the non-trivial
characters of Z, have pure complex values on its generators we determine
the value of 9 (z) up to a choice of sign coming from switching W and Wj.
For the purpose of simplifying notation later we include a sign depending
on the value of £ (mod 4) and define:

+2k—1 for z = +1
(4) Y1(x) = { £(—=1) #2281y for x = +2

0 otherwise
and

42k—1 for x = +1
(5) Po(x) = { F(=1)*/2(261) for x = 42

0 otherwise

Next we give explicit matrix realizations of Wy and Ws. Since Z (E;kl_l)
must act non-trivially (although not necessarily faithfully) on W; and Wy
we use the inclusion E;klfl - E;kl to observe:

1
Ind % (W) = Ind_” (W) = W
Zk 1 2k 1

where V} is the 2F-dimensional irreducible representation of E2_1c1 given in
3.2. Thus by Frobenius reciprocity (and a dimension count) we have that

-1
(6) Res 2 (Vi) =

2k—1

W1 & Ws

From this we get explicit realizations (A1, W1) and (A, Wa). (N.b. the
only difference of A\; and Ay on the generators is that the image of xop_1
differs in sign.)

A(x1) = Xo(z1) = V=10, @ IPF2
)\1($2)=)\2($2)=S®12®k 2

A1(x2;)

= da(29) = ¥t @ s @ IFF1
A (22i41) = Ao (22i41) = V-1IT ' @ 0. @ 0, @ ISF72
A(T2k-2) = Ao(T2k—2) = I®k_2 ® s

\/7]®k 2

M(zok—1) = —Aa(xok—1) =
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One easily checks that these indeed define irreducible representations of
E;,j,l just as in the m = 2k case. It is perhaps worth computing the
traces of the images of the central element z under A; and Ao. We have:

A(2) = —Xa(2) = (V=D)*((0:)2 @ -+ @ (02)?) = (vV—1)F L1 so that:

k-1 if k=0 (mod 4)

B ) 2kt if k=2 (mod 4)

tr(A(z)) = —tr(Xe(2)) = Vo121 if k=1 (mod 4)
—/=1(2k71) if k=3 (mod 4)

The traces of the images of +1 are also easily computed, and comparing
these values with the above formulas 4 and 5, we check that the characters
of A1 and Ay are v; and 1o respectively.

3.2.3. EL . Suppose that (p, V) is any representation of E_.! defined on gen-
erators p(z;) = A; for some set of matrices {4;}1<i<m. Denote by o, ...z},
the generators of E}, and define p'(z}) = /—1A;. Then since (A;)? = —Idy
we have (p'(z}))? = Idy and (p/,V) defines a representation of EL (ob-
serve that the commutation/anti-commutation relations are homogeneous
and hence also satisfied). Obviously this process is reversible, so that all
representations of E! are obtained in this way. If we define representations

N, and M, of Ed, | corresponding to the two 2¢~1-dimensional representa-
tions of E;kl_l then we find that the characters ¢} and ¢4 always have real
values on the central elements +2' = +az5-- -z}, | as they should-since
according to Lemma 3.2 the center of E%kfl is always isomorphic to Za X Zs.

4. APPLICATIONS

In this section we describe the abstract structure of the groups G,, and
H,, and decompose the representation 7, : B,, — (C2)®" into its irreducible
constituents. We then extend these ideas to the re-normalized representation
of B,, that factors over the Temperley-Lieb algebra.

4.1. H, and G,, as abstract groups.

Theorem 4.1. H, = ;il.
Proof. To verify that the map ¢ : E;il — H,, defined by x; — g¢; extends
to a (surjective) group homomorphism one just checks that the g; satisfy
the defining relations of E; ;. Since Ker(¢) is normal it must be trivial or
intersect Z(E;!) by Lemma 3.2(d). We check that ¢(—1) = ¢(z?) = ¢? =
—Iom so —1 ¢ Ker(¢) and we have proved the theorem for n — 1 even. If
n—1 = 2k — 1 is odd, we must also check that +z ¢ Ker(¢) where z is
the nontrivial central element defined in Lemma 3.2. For this we must use
Lemma 2.2(k) which shows that there is a change of basis which diagonalizes
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the odd-indexed g¢o;41 while fixing the even indexed go;. We compute the
image of z in this basis:

(Po) ' o(£2)Pr = (Po) " (20193 - - g2k —1) P = £(V=1)"(aF")
which is a diagonal matrix of trace 0, so not the identity. (]

Combining with Theorem 2.6 we have:

Theorem 4.2. The image of B,, under the representation m, is an extension
of E; 1, by Sh.

-1 ~

4.2. Decomposition of m,. By Theorem 4.1 we have E -, = H, as an
abstract group so the (defining) representation (m,, (C2)®") of H, induces
a representation ¢, := m, o ¢ of E;El.

4.2.1. n odd. Assume that n = 2k + 1 is odd. Then we may decompose
(C2)®2k+1 = @y, m;V; as representations of E;, for some multiplicities m;.
Let x be the character of ¢or1. Since

we see that x(—1) = —228*! and x(1) = 22**!1. By Proposition 3.6 we can
compute the multiplicities m; of the irreducible components V;:
1 -
Mi = a1 Z Xi(z)x(x)
a:eE;,j

The character x; of the 2k_dimensional representation V; vanishes on the
non-central elements of E2_k:1 so we compute the multiplicity

ok . 92k+1 | ok . 92k+1 2k+1
mi = B

so V; appears 21 times. But dimV; = 2F so dim(2FF1V;) = 22F+1 =
dim(C?)®2F+1 50 in fact oy, 1 decomposes diagonally as 28*1 copies of the
unique 2¥-dimensional representation (p1, V1) of Eg;!.

—_ 2k‘+1

4.2.2. n even. Suppose n = 2k is even. We have already established (see
6 in Section 3.2) that the restriction of the irreducible 2¥-dimensional rep-
resentation V; of E;kl to E;kl_l decomposes as the direct sum Wy @& Wy of
the two inequivalent irreducible 2¥~1 dimensional representations W; and
Wi. So the 2%¢-dimensional representation ¢o;, decomposes diagonally as
the direct sum of 2* copies of each of (A1, W7) and (A2, W). One could also
use the characters v; to determine these multiplicities.

Remark 4.3. As m,(P,) = é,(E; 1), all of the arguments above hold mutatis
mutandis for decomposing 7, restricted to P,.
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4.2.3. Extension to B,. With the explicit formulas for the representations
p1, A1 and A2 in hand, we easily compute the extensions p1, 5\1 and 5\2 to B,
using Lemma 2.2(a). Using the matrices d, M and D from Section 2.1 we
give the explicit matrices for the 2¥-dimensional irreducible representation
p1 with n = 2k 4 1 noting that the 5\1 @ 5\2 is just the restriction of p;.

pr(on) = d@ 15!

pr(o2) =I5 @ M @ I+
p1(o2i41) =I5 @ D@ IF!

P _ T®k-1
pr(oow) =" @ M
The decomposition of m, remains the same, so summarizing we have:

Theorem 4.4. The representation m, of B, decomposes as

oyon = [CFCIEEV o odd
(CH®2 @ (W, @ W) n even

5. JONES REPRESENTATION AND JONES POLYNOMIAL

The Jones representation of the braid groups B, are defined using the
Temperley-Lieb algebras T'L,(q). Jones representation p, in the following
means the unitary representation of the braid groups at ¢ = €2™/" factoring
through the semisimple Temperley-Lieb algebras, which are quotients of the
Hecke algebras in [J1]. The specific formulas that we use are the ones in
[FLW].

Definition 5.1. Let ¢ = /—1. The Temperley-Lieb algebra TL,(q) is
defined as the (semisimple) quotient of the braid group algebra C[B,] by
(the ideal generated by) the relations:

TL1: (05 4+ 1)(0; —¢q) =0

TL2: 0,0i+10; + 0;0i+1 + 0iy10i+0;i +0ip1 +1 =0

TL3: (0; — 0441)? = /=1 (i.e. Jones-Wenzl projector p3 = 0)

Observing that the Yang-Baxter operator R satisfies (R—(I4)(R—(ly) =
0 we can define a new matrix R’ = —(R that satisfies (R'—/—114)(R'+1;) =
0. Since the equation (YBE) is homogeneous, (YBE) is satisfied by R’ also.
It is a (mildly tedious) computation to verify that the matrices A; = (R'®12)
and Ay = (IQ & R/) satisfy A1 Ao A1 + A1As + AsA1 + A1+ As+ 1, =0, and
(A; — A3)? = \/—11;. Thus the representation 7/, of B,, afforded us by R’
(or CB,, if we prefer) factors over the Temperley-Lieb algebra T L, (v/—1).
We can easily extend what we have learned about the representation m, of
B, to this slight variation by observing the effect of renormalizing R. We
record the result in the following (compare to [J1]):
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Corollary 5.2. Denote by H), = 7, (P,) and G}, = 7,,(B,). Then we have
H)~EL | and G| /H] = S,.

n—1-

Proof. This follows easily from the observation that renormalizing R by —C
has the effect of multiplying the generators ¢; of H, by —+/—1. Doing the
same to the generators of the group E;il just gives us a presentation of the
group E._;, and the same arguments as in the original representation ,

go through verbatim. O

To relate 7/, to the Jones representation py of B, we recall some facts
about the Jones representation. The Temperley-Lieb algebras at a 4-th root
of unity are complex Clifford algebras and are isomorphic to the matrix
algebra of 2771 x 2"~1 matrices if n is odd, and the direct sum of two
matrix algebras of 2271 x 23! matrices if n is even [J2]. (Note here n is
the number of strands in the geometric realization of B,,, and differs by 1
from Jones’ notation in [J1].) So the Jones representation ps consists of a
single irreducible sector if n is odd, and the direct sum of two irreducible
sectors if n is even. Comparing with the comments in Subsection 3.2.3 we
can also determine the decomposition of the representation 7, as before. It
follows that the restriction of the Jones representation ps to P, for n even is
the odd representation V; of the extra-special 2-group E._;, and for n odd,
W1 @ Wy as in Theorem 4.4. The images p4(B,,) fit into the following exact
sequence:

1 —El | — ps(B,) — S, — 1.

Projectively, we have

1 =737 = py(By) — S, — 1.

The symmetric group S, acts on the coordinates of Z5, hence Zg_l when
n is even. This action splits the exact sequence. But when n is odd, this
sequence does not split as is shown in [J1].

The Jones polynomial of a link at /—1 is given by the following formula
[FLW]:

o n—14 ) _ (=D
Ja(6) = (1) T (V2)TT 7 Trace(pa()),

where e(0) is the sum of all exponents of the standard braid generators
appearing in o, and & is the closure of . We can also define link invariants
using the flipped R-matrix R. The conditions for enhancement (u;, «, 3) is
given in [T] Theorem 2.3.1. Working through the conditions, we found two
link invariants: Tg(&, ) = a® %) . (v/2)~™ . Trace(m,(0)), where a = +1.
Comparing with the Jones polynomial we get the relation:

Tr(6,a) = (1)) ") V2. ]y (6).

As we know that Jones polynomial Jy(6) is (v/2)(@) 1. (=1)A@) if Arf(5)
is defined and 0 otherwise, where ¢(¢) is the number of components of the
link 6 [J2]. It follows that Tr(6, ) computes essentially the Arf invariant
of a link.
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