Ezercise (1). Verify that (AT)™' = (A™!)7, using the fact that (AB)T = BT AT.

Solution. We must show that (AT)(A™1T = I. Using the fact above we have: (AT)(A™1)T =
(ATAT =T =1.

Exercise (2). Show that for a square matrix A, (Az) -y =z - (ATy).

Solution. Converting to matrix multiplication and using associativity, we have: (Az)-y =
(Az)Ty = (2T AT)y = 2" (ATy) = 2 - (ATy).

FEzercise (3). Assume that P is orthogonal. Show that v - w = (Pv) - (Pw).

Solution. By exercise (2) (Pv) - (Pw) = v - (PTPw), and by orthogonality of P we have
PTP =1sothat v- (PTPw)=v-Iw=v-w.

FEzercise (4). Suppose that {vy,..., vt} is an orthogonal set in R”. Show that the set
{Puvy, ..., Pug} is also orthogonal if P is an orthogonal matrix.

Solution. We must show that Pv;- Pv; = 0if i # j. From Exercise (3) we have Pv;- Pv; =
v; - vj since P is orthogonal. Since {vy,...,v;} is an orthogonal set, v; - v; = 0 if i # j.

FEzercise (5). Assume that P is orthogonal and symmetric. Show that P? = I.
Solution. Since P is symmetric, P = P, so that P orthogonal means P? = PPT = I.

Ezercise (6). Show that if P and @ are orthogonal matrices, then so is PQ). Show that
det(P) = £1.

Solution. We must show that (PQ)(PQ)? = I. Since P and Q are orthogonal we compute:
(PQ)(PQ)T = (PQ)QTPT = PIPT = PPT = I. Recalling that det(AT) = det(A), from
the equation PPT = I we obtain det(I) = 1 = det(PPT) = det(P) det(PT) = det(P)?,
so that det(P) = +1.

FEzercise (7). Show that the set, S of symmetric matrices is a subspace of M,, ,,. Determine
dim(S).

Solution. We must show that if A and B are symmetric then A+ B and r A are symmetric
for any r € R. But this is clear, since (A + B)T = (AT + BT) = A+ B, and (rA)T =
rAT = rA. To determine the dimension of S, verify that a basis for S is {E, Eij + E;i}
where 1 <k <mand1<i<j<n (sowedon’t count Ej5 + Es twice). Then counting
we get n+ (n—1) 4+ ---+ 24 1 basis elements, which adds up to (n + 1)(n)/2. So, for
example, when n = 2 dim(S) = 3
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Exercise (8). Let B = |1 1 1|. Find an orthogonal matrix P so that PBP™! is
1 11

diagonal.

Solution. We see that the eigenvalues of B are 0 (twice) and 3. A length 1 eigenvector
for A = 3 is uz := %(1, 1,1). The eigenvalue A = 0 corresponds to vectors in Null(B),



which we find by solving Bx = 0. We get (z,y,z) = (=t — s,t,s), so that (—1,1,0) and
(—1,0,1) are eigenvectors with eigenvalue 0. We must orthonormalize: u; = %(—1, 1,0),
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xe = (—1,0,1) —uy - (—=1,0, 1)u; = (—1,0,1) — 5(—1, 1,0) = 5(—1, -1,2)

~1/vV/2 —1/v6 1/V3
so that u2:x2/Hx2H:%(—l,—l,2). Thus we have P = ( 1/vV2 —1/V6 1/\/5)
0 2/vV6  1/4/3



