| Thisfile contains the computations relevant to the paper "On the classification of non-self-dual
modular categories' by Hong and Rowell. Thus covers the case with Galois group (01),(34), b=0, a=-g

. and y=f.

[ > wi th(Li near Al gebra): w th(G oebner):

[ Using the Galois argument assuming that (01)(34), the orthogonality relations imply z=(d-1) and
h1=-1/2(d+1).

> S1: =subs({x=1, y=f, a=-g, b=0}, Matrix(5,5,[[1,d,f,g,9].,[d,x,y,a,a],[f
,Y,z,b,b],[g,a, b, h1+I*h2, hl1-1*h2],[g, a, b, h1-1*h2, h1+l *h2]]));
d f g g
1 f -9 -9
Sl:= f z 0 0

g 0 hi+h2l hi-h2l
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] 0 hi-h21 hi+h2]
> C =Matrix(5,5,[[1,0,0,0,0],[0,1,0,0,0],[0,0,1,0,0],[0,0,0,0, 1], [0,
0,0,1,0]]);

71 0 0 0 0f
éo 1 0 0 OF
c:%o 0 1 0 og
Ho o o0 o 1
S0 0 0 1 of

| These relations describe the condition that 2 is proportiional to the "charge conjugation matrix."
> Srels:=factor(convert (eval n{ S1"2-K*"2*C), set));

Sels:={0,f(1+d+2), (-1 -2hl +d)g, (-1 -2h1l +d) g, 2d +f* -2 g% 2f* + 2 -K?,

. 2g°+2h1%-2h2%2g°+2h1?+2h2% -K? 1+d* +f* +2g* -K?%}
> factor(Basis(‘union‘(Srels, {1+d+z,-1-2*h1+d}), |l exdeg([K, d,f,qg,z],][
h2,hl])));

. [2h1+2+z-1-2hl+d,g*°+h1*-h2% 2+4h1-2h2% +2h1% +f*, (K -2 h2) (K +2 h2)]
> slrul es: =sol ve({2+z+2*hl, -1-2*hl+d},{z, hl});

1 d
slrul&s::{hlz—a +E' z=-d-1}

"> S:=subs(slrul es, S1);
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| These relations come down to a single relation among the d,f and g (the other allow elimination of K,

| h1and h2 and 2).

> orthrel:={2*d+f"2-2*g"2},

i orthrel :={2d +f* -2 g°}

| Observethat if disan integer, then d=1 since (01) interchanges d and 1/d. thisin turn impliesthat f is
an integer dividing (d+1)=2, hence f=1 or 2, so that g"2=(2d+f"2)/2=(2+1)/2 or (2+4)/2. It must be
the latter, since g"2 is an algebraic integer. So g=sqrt(3), d=1 and f=2 isthe only way d is an integer.
Note that since (01) interchanges g and -g/d, g cannot be an integer, and if f is an integer f=f/d so that
| d=1. We must consider this case eventually.

[ We use the various symmetries of the N_{i,j} 'k to write down the fusion matricesin terms of just 14
L variables. Note that M4 isjust the transpose of M3.

> ML:=Matrix([[0,1,0,0,0],[1,nl,n2,n3,n3],[0,n2,n4,n5 n5],[0,n3,n5,n
6,n7],[0,n3,n5,n7,n6]]);

1 0 0 O
nl n2 n3 n3
M1:= n2Z n4d n5 n5
n3 n5 n6 n7

L n3 n5 n7 n6
r> M2:=Matrix([[O0,0,1,0,0],[0,n2,n4,n5,n5],[1,n4,n8,n9, n9],[0,n5 n9,n
10, n11],[ 0, n5,n9,nl11, nl10]]);

0O 1 O 0
n2Z M n5 ndS
M2:= nd n8 n9 no
n5S n9 nl0 nll

L n5S n9 nl1 nl10
r> MB:=Matrix([[O,0,0,0,1],[0,n3,n5, n7,n6],[0,n5,n9,nll, nl0],[1, n6,nl
0,nl1l2,n13],[0,n7,nl1ll,n14,n12]]);




0O 0 O 1
n3d n5 n7 n6
M3:= n5 n9 nll nl0
n6 n10 nl2 ni3
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n7 nll1 nl4 nl2

[ The matrices must commute, giving a set of diophantine equations.

> conrels:="mnus’(‘union’(convert(eval n ML&* M2- MR&* ML) , set ), convert
(eval m ML&* M3- MB&* ML) , set ), convert (eval m( M2&* MB- MB&* MR) , set ), conve
rt(eval m M3& Tr anspose(MB) - Transpose( M3) & M3), set)), {0});

comrels:={n12 —nl13, n13 - n12, N3 n6 + n5 n10 +n7 n13 —n3 n7 —n5nll —n7 nl4,
n3n7+n5nll +n7nl4 —n3n6 —n5nl10 —n7 nl3,
n6 n5+n9 n10 +n11 n13 —n7 n5 —n9 n11 —nl1l n14,
n7 n5+n9 n11 +nll nl4 —n6é n5 —n9 n10 —nl11 n13, 1 +n6” +n10” +n13* —-n7> -n11* -n14?,
1+nlnd+n2n8 +2n3n9 —n2° —-n4® -2 n5% n2°+n4*+2n5° -1 -nln4 -n2n8 -2 n3n9,
n3%+n5% +2n7n6 —nln7 —n2 n1l -n3 n12 —n3 n14,
n5° +n9% +2n11nl10 -n4 n7 —n8 n11 —n9 n12 —n9 nl4,
n7”+n11® +n14° -1 -n6° —n10* -n13?,
nln7 +n2nll +n3nl2 +n3nl4 -n3? -n5 -2 n7 néG,
n4 n7 +n8 nll +n9 n12 +n9 n14 —n5* —-n9* -2 n11 n1o0,
nin5+n2n9 +n3nl0 +n3nll -n3n2 —n5n4d —n6 NS —n7 n5,
n2n5+n4n9 +n5n10 +n5nl1l -n3n4 —n5nN8 —n6 N9 —n7 n9,
N2 n6 +n4 nl0 +n5nl13 +n5n12 —n3n5 —n5n9 —n6 N10 —n7 nll,
n2n7+n4nll+n5nl2 +n5n14 —n3n5 —n5n9 —n6 n11l —n7 nloO,
n3n2+n5n4 +n6n5+n7n5 -nln5 -n2n9 —-n3nl0 —-n3 nll,
n3n4d+n5n8 +n6 N9 +n7 N9 —n2n5 —n4n9 —n5n10 —n5nll,
n3n5+n5n9 +n6 n10 +n7 nll —n2n6 —n4 n10 —n5n13 —n5nl2,
n3n5+n5n9 +n6 N1l +n7 nl0 —n2 n7 —n4 n11 —n5n12 —n5 nl4,
N3 n6 +n5nl10 +n6 n13 +n7 n12 —n3n7 —n5nll —n6 n12 —n7 nl4,
n3n7+n5nll +n6nl2 +n7nl4 —n3n6 —n5nl10 —n6 n13 —n7 nl2,
n6 n5 +n9 n10 +nl10 nl3 +nll nl2 —n7 n5 —n9 n11 —n10 n12 —-n1l n14,
n7n5+n9nll +nl0nl2 +nll n1l4 —n6 N5 —n9 n10 —n10 n13 —-nl1l n12,

1+n1n6 +n2nl0 +n3n13 +n3n12 -n3% -n5% -n6°> —n7?
1 +n4n6 +n8 n10 +n9 n13 +n9 n12 —n5> —n9? —n10® -n11?
n3%+n5%+n62 +n7? -1 —-n1 n6 —n2nl0 -n3 n13 -n3nl12,




| n5%+n9%+n10% +n11% -1 —n4 n6 —-n8 n10 -n9 nl3 -n9 n12}
> indets(conrels);
{n1, n10, n11, n12, n13, n14, n2, n3, n4, n5, n6, n7, n8, n9}

" The commutation relations alone leave 6 degrees of freedom.
> Hi | bert Di nension(conrel s,tdeg(nl, nl0, nll, nl2, nl1l3, nl4, n2, n3,

n4, n5, n6, n7, n8, n9));
6
[ The Characteristic polynomials of M1,M2 and M3 are computed in two ways. First from the
knowledge of the eigenvalues.
> chl: =col | ect (expand(product (" (X-S[2,i]/5[1,i]) ,i=1..5)),X);
ch2: =col | ect (expand(product (" (X-S[3,i]/9[1,i])’,i=1..5)),X);
ch3: =col | ect (expand(product (" (X-S[4,i]/9[1,i])’,i=1..5)),X);

1 1
ch1::—1+x5+%5+1—dax4+%E—d%><3+%+d%><2 +%—1+d%><
h2:= X+% L2 %x E»z d+— E><3+E+i 2
¢ d " d

2° d> 1
ch3:= X+ —+—+—— %X E%—%—Z+7 g
E}d h2> 3 d? g%x % 1 d h2
+ +g-—— +— -_— + — -
L g g4g4dgdg4gd 4d 4
r>
[ set m=(d+1)/f which in an integer.
> sinmplify({subs({m=(d+1)/f}, coeff(ch2, X, 4)+coeff(ch2, X, 2)-m, subs({
me(d+1)/f}, subs({X=-n},ch2))});
{0}
" The form of these polynomials imply further relations.
> sinmplify({coeff(chl, X 0)+1, coeff(ch2, X, 0), coeff(ch2, X, 1), coeff(ch3
, X, 0), coeff(chl, X, 4)+coeff(chl, X 1), coeff(chil, X, 3)+coeff(chl, X 2)}
);
i {0}
> factor(chl); factor(ch2); factor(ch3);
(X-1) (X+1)?(dX~-1) (X~-d)
d
X2 (X =) (d+1+fX)(dX~-f)
df
X(X-g)(dX+g)(@dX*g°-4gXd+4gX-2d+1 +d* +4 h2?)

4dg

o> pl: =Characteri sti cPol ynom al (ML, X):

p2: =Char acteri sti cPol ynom al (M, X):

| p3:=CharacteristicPol ynom al (M3, X):
> factor(pl); factor(p2);




(-n6 +n7 +X) (2Nn5° —n4 n7 —n4n6 —X>nd =X n6 -2 X*n5% +X°n6nd X +X* +Xn4
+X*nlnd +XN1n6 +X?ndn7 +X?nln7 +2Xnln5° +2 X n3%nd +Xn6 n2® +Xn2°n7
+XN6+XNn7 -4Xn2n3n5 -Xn6nlnd -Xnlndn7 -X>n7 -X®nl -2 X*n3% -X*n2%)

(X=n10 +n11) (2 n5°-n2nll —n2 n10 -2 X* n5* =X>n10 -2 X* n9* -X*n8 +X n10
+X*n10n8 - X* +X* +X?n8nll +X*n2n10 +X*n2n8 +X?n2nll +2 Xn2n9* +X n10 n4*
+Xn4°nll+Xnll -4Xn4n5n9 —Xn10n2n8 -Xn2n8 n1l -X°n1l -X>n2 -X*n4?

| +Xn2 +2 X n5° ng)

[ Observe that the only linear terms of pl are (X-1) and (X+1), while the linear terms of p2 are X and
(X+m) (provided d is not integral)

we may use this later, but for now we avoid using m.

> sol ve(X+nll- n10=(X+m); sol ve(X+nll-nl0=X);

{X=X, m=-n10 +nll, n10 =n10, n11 =n11}

{X=X,n10=nl1, n11 =nl1}
> minrels: ={(nl0-nl1l)*(nl10-nl1l+m};
L mlinrels:={(n10 - n11) (m+n10 —n11)}
> linrels:={(n6-n7)"2-1};
i linrels:={(n6 - n7)* -1}
[ Therelations implied by the coefficients of the Characteristic polynomials.
> chrel s: =factor({coeff(pl, X 0)+1, coeff(p2, X, 0), coeff(p2, X, 1), coeff(
p3, X, 0), coeff(pl, X, 4) +coeff(pl, X, 1), coeff(pl, X, 3)+coeff(pl, X 2)});

chrels:={(n10 - n11) (-2 N5 +n2 n11 +n2 n10), n4 n6> - n4 n7° -2 n5°n6 +2 n5° n7 +1,
n7°n9 — 2 n11 n5 n7 +n14 n5° —n14 n3 n9 +n11%n3, -n10° -4 n5 n4 n9 n11 +4 n10 n4 n5 n9
+n11% n4? +n10? n2 n8 +2 n5% -2 n5% n8 n10 —n10? n4® +2 n11 n5?n8 -2 n2 n10
~2n9°n2nl10 -nl11?n2 n8 +2 n9? n11 n2 +nl11?% -2 n6 —n4 —nl -4 n2 n3 n5 n7
+4n2n3n5n6 —n6° +n7° =2 n1n5°n6 -2 n4n6 +n72n2% -n6%n2? +nl n4 n6>
+2n1n5°n7 -n1ndn7? +2n5% +2n3°n7n4 -2n3°n4n6, n1 N4 —2n3%+2nln6 +2n4 n6
—-n2?-2n5% —n7% +n6° -1 +2n6 n2° +n4 n7* +2n3°n6 +2n3°n4d 4n2n3n5 -2n6nlnd

—n4n6> +nd +2n6 —nl n6> =2 n3%n7 +n1n7? +2nln5? -2n52n7 +2n5°n6}
> nops(chrel s);
6
these involve the integer m=z/f=(d+21)/f.
> intchar:=Vector([1,1,-m0,0]):
> intcharrel s: = union’ (convert (eval m{ ML& i ntchar-intchar), set), conve
rt(eval m M&*i nt char+n¥intchar), set), convert (eval m( M3& i ntchar), se
t),convert (eval m{ Transpose( M3) & i ntchar), set));

intcharrels:={
0,nNl-nNnmn3-nrSmnsS-nNMmn/7-nllm1+n6-n10mn2-nd m+m, 1+n4 -n8m-m?

-}
[ > nrels: = union' ({coeff(p2, X, 4)+coeff(p2, X,2)-msubs({X=-n},p2)}, i




nrels,intcharrels);

mrels:={0, (N10-nl11) (m+n10-nll),n1-n2mn3-n5mn5-n9m n7-nllm
1+n6 -—n10m n2 -n4 m+m, 1 +n4 —n8 m-m?, -m° — (2 n10 + n8 +n2) m"*
+(2n5% +2n9% +n11% -n10° -2n8 n10 -2 n2nl0 +1 +n4® -n2 n8) m® - (-n2 -2 n10
+2n11n5% -2 n5° N8 +4n4n5n9 -2 n2 n9? +2 n10 n2 n8 -2 n10 n4? +2 n9? n11
~2n10 n5? -2 n10 n9? —n11? n8 —n11%n2 +n8 n10? +n2 n10%) m + (-2 n5 +2 n2 n10
+n10? -n11® -2 n11 n5° n8 +4n5n4 n9 n11 -4 n10n4 n5n9 -2 n9° n1l n2 +2 n5°n8 n10
+2n9° n2 n10 +n11” n2 n8 —n10° n2 n8 —n11® n4® +n10° n4*) m+ 2 n11 n5° - 2 n10 n5°
~n11%n2 +n2n10% -n8 +2n5°n8 -4 n4 n5n9 +n11%n8 -2 n9* n11 +2 n10n5> -n2 n10°

I +2n10 n4? +n11° n2 +2 n2 n9% =2 n10 n2 n8 +2 n10 n9* —n8 n10% -2 n11 n5* -m}

| Wetake all of the relations together and process them. .

> al I Nrel s: =subs({n8=u, n11=v, n13=t, n14=w}, ‘union‘ (linrels, conrel s, ch
. rels,nrels)):

r> factor(Basis(all Nrels,lexdeg([w, v, t, u,nl,n6, n9, nl0,nl2, n2,

n3, n4, n5n7],[mM)));

[N3-n5mn2-ndm+m -1-n4 +2n10m -n5+n9m —n4 +1 +2n6, nl —nd m* +nr,
-1 -n4 +um+m?, t-nl12, -n7 +vm, (2 +m?) (n7 + 1) (L - 2 n7 +n4), n7 (-2 n10 +m +u),
-1-n4 +2n5° +2n7° +3n7 -3n4n7,
n5+n5n4 -2n7n5-2n7wm+ndm’n5 -m’n5 +2 n7 mnl2 -2 n7 m’ n5,
-1 -n4+3n7 +2n7° -3n4n7 +2m° 2n4m’ +4n5n12m
2n5n10-2n7n9-n5m+2n7nl12 -2n7w —2n7 n5m +mn5 n4,
-Mm+n5n9 -2n5nl12 +ndm -2n7n9+2n7nl2 -2n7w +n5u -2 n7 n5m +mn5 n4,

-N7TN9+n5v,-3m-mMdn/m-2n5n12 +ndm+2n5w +n7 m +2 n72m,
A-2n7+nd)(Nd-3-2n7),nN5+2mnl2n4d -2wm-2n7wm-n5n4 -3m’n5
+2n7mnl2 -n7m’n5 —wm® —m* n5 +n12 n4 m°,

Mm+m+nl0+ndn7m-n7m+n4nl0 -2n7v -2 n72m,
N+ndn9-2n7n9-n5m+2n7nl12 -2n7w —-2n7n5m +mn5 n4,

3Mdm+3m+u+2ndn7m-2n7m-4n7v -4n7°m +ndu,v—-2n7nl0+ndv,
-n12+w+3n5m-2n7nl12 +2n7w +2n7n5m -mn5n4d +wn4d —nl12 n4,

-3+n4 -4n9n12 +2n9% +4n10? -2 unio,
-5 -nd4 +n7 +2n7% -n4n7 +8n10% +2n9w -4 unl0 -2n9 ni2,

1+n4+2n7 -4vnl0 +2uv -4 n10? +2unl0, -1 —n4 +2 n7? -2 n10% +n7 -n4n7 +2V2
NS+2vw-2vnl2-n5n4 +2n7n5 -2n9nl10 +2n9v,

n4+n7 +2w? +2n7% -n4n7 -2n12% -3,n5+2n7 N5 -n5n7> +2mni2nd —3wm -n7 wm
—2n5n4 -3m’n5 +n7mn12 -n7 m?n5 -mn12 +2n12n7°m 2n12 -2 n7 n9 +2 n7 n12




+2n7°n9-2n5m-2n7w -4n12n7? -3wm’ +n7n5m -3 m°>n5 -mn5n4d +3 n12 n4 m?
+2n12 n4, -7 (n7 + 1) (=2 n7 m+4n10 +n4 m +m -4 V), =4 n7 n12 +n7 m> n5 +n7 m* w
+5n5m+4n7w-4n12n7> -3wm’ +6n7 n5m —-m°> n5 +2n12nd m* -n7°n5m +4 w n7°
—n12n7 m* +2n7°m*w -2 mn5 n4 —-m? n12, 2 N5 - n5 n4 +n7 N5 —3 N5 n72 +n4 n5 n7
+2mn12nd -3wm+n7wm-m’n5 —-n7 mnl2 +n7 m’n5 -mn12 +2n7 mw,
n7(-3ndm-8n7n10 +8v+5m+ndn7m-n7m -2 n7°m +8n5 nl2), n7 n12 n4 + n12

—2n7n12+n5m+n7w -3n12n7? —-wm’ -m>n5 +n12 nd m?> +wn72 12 n4 -mn5 nd
+2n7n5m,

4ANI2N7TW+2n4-5n7 +2 -3n7% +3n4n7 +2n7° —n4n7? 2 m? -4n12%n7 +2n4n?,

2n7°mw+n7mnl12 -3n5 -2n5n4 +6 N7 N5 +8n9 n10 -2 n10n12 +n5n7? +8 n10 n7 n9
+6mnl2n4d -8vnl2n7 -12n9v +8vnl2 +3n1l2u -4wm-n7wm +2n1l0w -2un9

+UwW-7m’n5 +4mnl12 -8 n10 n12 n7 —n7 m> n5,

-1-n4 -n7 +2n7nl0v +2n7? +n4n7 -4n9nl2n7 -2nl0® -2vnl0 +2n7 nl0% 2 n7° mw
—n7mnl2 +3n5-2n5n4 +6 N7 N5 -8 N9 n10 +6 n10n12 —n5n72 +2mnl2nd +4n9v
—3nl2u-4wm+n7wm+2nl0w +2un9 -uw —m’n5 -4 mn12 -4 n10 n12 n7
+4wn7n10 +n7 m? n5, 2n7°mw—n7 mn12 +3n5 =6 N5 n4 +10 n7 n5 -8 n9 n10
+10n10 n12 —n5n7° +10mMnl12 nd4 -8 vnl2n7 —=4n9v +8vnl2 -3nl2u -12wm N7 wm
+6Nn10W+2un9 —uw -9m?n5 —4mnl12 -8 n10 n12n7 +8vn7n9 +n7 m*n5, -2 m
~-3n4n7m-8n10n7°-2ndm+8n7v +4n5n12 +9n7m +n7°m +3n4n7°m
+4n12n4n5-6n7°m -4 n7° mw +2n7 mnl2 +16 n12°n5 -4 n5 n4 +4 n7 n5 +8 n9 n10
+2n10n12 +2n5n72 -4 mnl12n4 —-8vnl2n7 -4n9v +8vnl2 +n12u -3wm -2n7wm
+6n10w-2un9 —uw —6m?n5 +11 mn12 -8 n10 12 n7 -2 n7 m’ n5, -8 n12 w +13
+13n4 -2n7 -13n7° -8n7°m’ —4n4n7 +8n9n12 -16 n10° +6 n7° -5n4n7°> 2m’ n4
+6m’ +16vnl0 +8unl0 —16 N7 n10% +2m* +8n12°n4 +2n4 m? +4 n12% nd m’
—4n12wm2+8n9n12n7, -16n10+4u-4m-3nMdn7m-8n5nl12 +8n9vnl2 +8n7v
-8n12n9nl0+5n7m+ndn7’m+7n7°m-2n7°m -4wnlOnl2 -16n10 +4u -3m
+2wmnl2 +2uwnl2 —3n4n7 m-12n5n12 +6 mn12? =12 n10 n12% +n4 m +8n7v
+8n12n9n10—4n12un9+3n7m+6n72m+6n122u,—4n10—8v+2u—7m—5n4n7m
+8n7n10 -8n5n12 -n4 m+8n7 v +8 un10® +5n7 m +10 n7° m -16 n10°, -4 n10 n12 u
+2n9-2n12 -2w +2n7n9 —2n5m -wm? -8 n10°n9 +4unl0n9 +n7 n5m -m°n5
-mn5n4 +n12 nd m”> +8n10°n12, 2 n7n9 +2n7nl2 +2n9vnl0 —n5m -2 n7 w
-2n10°w -2n10°n9 -2 n7 n5m+mn5 n4 +2 n10° n12, 44 n10 — 24 v +14 u +4 n10 u®



~25m~17 n4 n7 m+24n7 n10 —44 n5 n12 +8 mn12? -16 n10 122 +nd m +32n7v
+8n12n9n10 -4 n12un9 +17 n7 m+34 n7°m +8 n12° u =16 n10°, 2n10 12 u—-2n9
+2n12+2wW+2n7n9 =2n7 n12 +n5m +2n7w +wm’ -4 n10°w +n7n5m +m° n5
-n12nd m® -4n10°n12 +2 uwn10, -4 n10nl2 u +2m’n12 +6n9 -6 n12 -6 w +2 n7 n9
+2u’n9+4n7n12 -10n5m-4n7w -3wm® -8n10°n9 -n7 n5m -3m°>n5 -2 n12 u?
—mn5n4 +3n12 nd m? +16 n10° n12, 4 n10 n12 u - m* n12 =6 N9 +6 n12 +6 w +6 n7 n9
—8n7Nn12+6N5m+8n7w +2wm’ —4nl0°w +5n7n5m +3m°>n5 +n12 u? -mn5 n4
-3n12n4 m* -12n10° n12 +u®w, 24 n12w—- 14 - 14 n4 -36 n7 =5 n7° +8 N7 m’ +40 n4 n7
—24n9 n12 +40 n10” +8 n12° -5n7° -2 n7* +n4 n7® +11 n4 n7*> +8n7°n10® -12m°

- 56 vnl10 —24 unl0 +56 n7 n10° =16 n12% n4 +4 n4 m® —16 n12% n7% -48 n9 n12 n7,
—-5n7°mn4 +24wnl0nl2 +20m® -40n10 -16 v +12u -38 m -40 wmn12 50 n4 n7 m
+16 n7 n10 +24 n10 n7? +32n7 n10° =48 vn12° n7 +24 n10 n12° -18 n4 m -8 n7 v
—32n12n9 n10 +66 n7 m+40 mn12% n4 +3n4 n7°m +55n7°m =20 n4 m> —16 n10 n12% n7
+10n7*m-11n7°m-32vn10® +16 n12°v, 4 + 4 n4 +3n7 +n7° =5 n4 n7 —24 n10?
+4n12% +2n7° =16 n12° n10° -n4 n7* +2m’ +8vnl0 +16 unl0 -8 n7 n10* -2 u”
+4n12°n4 +8n12°unl0 +8n9nl2n7,2+2n4 +2n7 +3n7° -6 ndn7 +3n7° -2n7*
-8n12°n10% +n4 n7° —-n4 n7? +8vnl10 -8 n10° +4 unl0 +8n12nl0°w -8 n7 n10?

+16 N9 n12 n7, -56 wn10 n12 -8 m®> +976 n10 +224 v —272 u +325m -8u® +238n4 n7 m
— 22417 n10 +736 n5 n12 +128 n10 n12* —16 vn12? n7 =312 mn12® +664 n10 n12?

~59n4 m=-528n7 v —272n12 n9 n10 +136 n12 un9 —64 mn12* 252 n7 m +16 mn12%n4
~7n4n7°m-483n7° m-296 n12° u +32 n12° un9 +48 n10 n12°n7 +14n7°m

- 64 n12° N9 n10 +64 n10° -48 n12% v -64 n12* u, 24 n12 w - 8 -8 n4 +68 n7 +126 n7°

~ 156 n4 n7 - 24 n9 n12 —32 n10? +80 n12% =32 n10* +2 u* +87 n7® -5 n7* -128 n12% n10?
+3n4n7°-42n4n7* -8n12* m’ =36 m* +56 vn10 —16 unl0 +32 n9 n12° n7
-32n10?n12% n7 -56 n7 n10” -2 m* +32 u? +56 n12° n4 +8n12* u® -2n7° +16 n12* n4
+20 nd m® - 32 m? n12? +32 n12% u? =32 n12% n7* +16 n12* -32 n12* n10? +n7* n4

| +144 n9 n12 n7 +32 n12% v n10]

[ m>0 an integer implies..

> factor(Basis(‘union‘(allNrels, {1-2*n7+n4, mM2*n5+ntnl12+Wwm 2* n7*ntn
12- n5+n7*n5, n5*m n7*n12+n7*w} ), pl ex(nl, n6, n9,nl2, n2, n3, n4,w,
v,nl0, t, u, n5n7,mM));

[N5%+2n7 -2n7% -2n7 +m’ +um —(n7 - 1) (<4 n7t +3n5 m+n5 u),
n7 +n5mt —n7? +m? —n7 m?, -n7 (<3 m-u +un7 -2 n5t +3n7 m),




6n7+2un5t-u’n7 -3m’ +u® -6 n7? +3n7 m?, -n7 +n10 m —n7 (-2 n10 +m+u),

-5 (=2 n10 +m+u), =2 N7 +m? +2 un10 —u?, -4 n7 +4 n10% +m?* —-u?,

-6n7m+3m+2nl10 +4v —u +4n5t —2un7, -n5 +tm+wm+n7n5 +m’n5 -2 n7 mt,
nSm-n7t+n7w,2n7m-2m-n5t+n5w,

3n5mM+2n5u+2tm? +n7n5m-u’t +m°n5 —2n7m’t +u®w, 8m-8u+32n10 -19n7m
—~7un7+22n5t+2m° -5n7°m+2t°m -n7°u —4ut® +12n10t> 2n7m’> -8 n7 mt’
+8t°n5 -4t*un7 +2uwt,

N5+5tm+n7n5+2nl0t +m°n5 -8 n7 mt +4n5t> —2un7t -uw +4nl0w,
2n7-2+w’-t5,1-2n7+n4,n3-n5m n2-2n7m+2mnl2-t,

. 2t-2w-3n5m+4n7t-n5u +2n9, -n7 +1 +n6, 2m° -2 n7 m* +nl]
[ assuming n7=0 gives m=0.
> factor(Basis(‘union‘(allNrels,{1l-2*n7+n4, M 2* n5+nFnl2+w*m 2*n7* ntn
12-n5+n7*n5, n5*m n7*nl12+n7*w, n7}), pl ex(nl, n6, n9,nl2, n2, n3,
n4,w, v,nl0, t, u, n5n7,mM));

[m?, N7, n5m, n5% um, n5u, u?, N10 m n5 n10, un10, n10% 4n5t—u+4v+2nl0 +3m
wm-n5+tm-2m-n5t+n5w,
Am-4u+16n10 +11n5t +t*m-2ut® +6n10t> +4t°n5 +uwt,
N5 +5tm+4n5t° +2n10t —uw +4n10w, w” -2 -t>, n4+1,n3,n2+2mni2 -t N9 -w —t,
L né +1, nl]
[ Thus we may assume n7 not zero since then we have m=0.
> factor(Basis(‘union‘(allNrels, {1-2*n7+n4, m2*n5+nFnl2+wm 2*n7* ntn
12- n5+n7*n5, n5*m n7*nl2+n7*w, - 3* m u- 2*n5*t +u*n7+3*n7*m - 2* n10+u+m
), plex(nl,n6, n9, nl2, n2, n3, n4,w, v,nl0, t, u, n5n7,mM));
[n5%+2n7 -2n7% -2n7 +m? +um —(n7 - 1) (<4 n7 t +3n5 m+n5 u),
3m+u-un7+2n5t-3n7m2n10-m-u,-m+2v-u,
—-n5 +tm+wm+n7n5 +m?n5 -2 N7 mt, N5 M—-n7t+n7w, -m+u +n7 m-un7 +2n5w,
3n5-2tm-n7n5-m’n5 +2n7mt +uw —ut, 2n7 -2 +w” —-t% 1-2n7 +n4, n3-n5m
n2-2n7m+2mnl2-t, -2t-2w-3n5m+4n7t-n5u +2n9, -n7 +1 +n6,
. 2m*-2n7m® +nl]
" finally, we solve for al but w,v,t,u.
> intrels:=factor(Basis(‘union‘(allNrels, {1-2*n7+n4, mM2*n5+ntnl2+w*m
-2*N7* M nl2- n5+n7*n5, n5*m n7*nl12+n7*w, - 3* m u- 2*n5*t +u*n7+3*n7*m - 2
*nl0+u+m), | exdeg([ m nl, n6, n9,nl0,nl2, n2, n3, n4,n5 n7],[u, v,
t, w)));

intrels:=[2+t* —w” +2uv —4 V%, (-w +t) (-3vw -Vt +ut +uw),
—(—w +1) (t3+t2W+2t —2tV2 —tw? +2wV2 +2w —W3), 2n7 -2 +w? —t%, vw -Vt +n5,

“1+nd +w? —t32n3+2w+tPw-w® -2t —t2 +tw? 2wtv+n2 -t2v-vw? n12 -t n10-v,




B +t2w-tw? —w® +2n9 +2wV? —2tv2, w2 —t>+2 neG,

L 2nl+4twH22wt —2twd 2w 4wt -2t -t m-2v+u]
> rulesl: = union' ({n8=u, n1l=v, n13=t, n14=w}, sol ve({seq(intrels[i],i=4

..14) 1))

1 1
rulesl :={m=-u+2v,nl=t*-2tw+w’ +§t4 -wt® +tw? —§W4, nl0=v, nll=v, n12 =t

1 1 1 1
nl3=t nl4=w, n2:vw2—2wtv+t2v, n3:t—w+5t3 —Etzw _Eth +5W3,

t2 W2 t2 W2
2 2 _— _—
=1+ - = = + = - =1+ - =
M=1+t"-w",n5=-vw+vt, n6 5 2,n7 1 5 2,n8 u,
1 1 1 1
3 2 2 2 3 2
= + - - - + = = = =
n9 2W 2tW 2t W —WV 2t tvi,t=t,u=u,v=v,w=w}

> indets(subs(rulesl, ‘union‘(allNrels,{1-2*n7+n4, mM2* n5+nt n12+w*m 2*
n7* M nl2- n5+n7*n5, n5*m n7*nl2+n7*w, - 3*m u- 2*n5*t +u*n7+3*n7*m - 2*nl
O+u+ni)));
{t,u, v, w}
> agb: =fact or(Basi s(subs(rul esl, ‘union‘(allNrels, {1-2*n7+n4, mM2*n5+m
*N124+wm 2*n7* Nt nl2- n5+n7*n5, n5*m n7*nl2+n7*w, - 3* m u- 2* n5*t +u*n7+3
*n7*m -2*nl0+u+n}) ), plex( u, v, t,w)));
agb = [-(-w +t) (P +tPw+2t =2tV —tw® +2w Vv’ +2w -w°),
(—W+t)(—3vw—vt+ut+uw),2+t2—w2+2uv—4v2]
> Mls: =subs(rul esl, ML); Ms:=subs(rulesl, M); Ms:=subs(rulesl, M3);
M1ls:=

[0,1,0,0,0]

1 1
%,tz—th+w2 +Et4 —wt +tw? —Ew4,vw2—2wtv+t2v,

t—w+%t3—%tzw—%th +%W3,t—w+§t3—%t2w—%tw2 +%w3%

[0, vW?—2wtv+t?v, 1+t°—w*, -vw +Vt, VW +Vt]

% t—w+lt3—:—Ltzw—}tw2 +lw3 VW +Vt ﬁ_w_z 1+ﬁ—W—ZE
' 2 2 2 2 2 2 2 2

%J t—W+1t3—1t2w—1tw2 +1W3 AVE A 1+ﬁ—W—2 E—W—ZE
' 2 2 2 2 ' 2 2’2 2

M2s:=
[0,0,1,0,0]

[O,vw2—2th+t2v, 1+t2—W2,—vw+vt,—vw+vt]




1 1
2 2
1 1 1 1
3 2 2 2
“wie- _= _
oW 2tw 2t W —-WV
1 1

2

[ >
[ The unique positive character is psiO.
| > psi0:=Vector([1,d,f,qg,9]):

1 1 1 1
%),—vw+vt,‘w3+—th——tzw—wv2 —=13 +tv2,v,vE
2 2 2
0

2
) 0, 0, : 10

t S I w tw? t,1 C W £ wh

e o A —= += VW + +——— ———L

TN Tt W W T A T v T o
1,1 ,1 1 2

Mase 0 VW +Vt, 5w3+5tw2—5t2w—wv2—5t3+tv2, v, vE
£ w t ks

) 2 , vV, , .

2w u

! 1+E_?’ V1 W, t;

1 1
%,1+t2—W2,u,_W3+_tW2—£t2W—WV2 —Etg’ +tv2,

3 2
-~ +tv E
2

1 1
3 2 2 2 3 2
,VWAHVE, Wi HZtwe - tTw-wyve -t +tve v, v
é) 2 2 2

psi 2: =subs({m=(d+1)/f},intchar):

(> psirels:=numer(‘mnus’(‘union'(convert (eval m MLs&* psi 0- psi O[ 2] *psi
0), set), convert (eval m M2s&* psi 0- psi O[ 3] *psi 0), set), convert (eval MM
3s&* psi 0- psi 0[ 4] *psi 0), set), convert (eval m MLs&* psi 2- psi 2[ 2] *psi 2),
set), convert (eval m( M2s&* psi 2- psi 2[ 3] *psi 2), set), convert (eval m( M3s&
*psi 2-psi 2[ 4] *psi 2),set)),{0}));

psires:={2f+t°f-w’f-2vd -2v,2+dt* -dw* +2vf +4tg -2 ¢°
2d+dt2—dW2+2vf+2wg +2tg—Zgz,1“vw2—21‘wtv+ft2v—dt2 —t? +d w® +w?,
2 +t? 2 —w?f* —ufd -uf -d* -2d -1,
de2—2dwtv+dt2v+f+t2f—sz—ngw +2gvt —df,
2tf-—2wf+ft —ft>w —ftw? +fw® +2dvw +2vw -2d vt -2 Vt,
2dvw+2dvt +fw? +ftw? —ft?w —2fwv? —ft° +2ftv? +#vg 2fq,
1+d+dt* —dw® +uf +gw® +gtw? —gt’w 2gwv® —gt® ®2gtv?
2dt-2dw+t3d -t>wd —tw?d +w’d —2vwf +2vtf +2gt® 2gw® €2g 2dg, 2t°f
—4twi+2wW?f+t'f 2wt f +2tw’ f —w*f —2dt’v 2t°v M dwtv Hwtv 2dvw?

—2vw2, 2vwi+2vtf+t3d +t2 +t?wd +t2w tw?d tw? -w’d -w® 2wvid 2wV



—2tvPd-2tVv3 2+2dt>—4dtw+2dw? +dt* —2dwt® +2dtw® -dw* +2fvw?

L —4fwtv+2ft2v+4tg -4w(g +th3 —2gt2W —thw2 +2gw3 —2d2}
| later we will consider the case d=1, f=2 and g=sqrt(3).
psirel s2: =subs({d=1, f=2,g=sqrt(3)}, numer (‘ m nus‘ (‘ uni on‘ (convert (eva
| m({ ML&* psi O0- psi O[ 2] *psi 0), set), convert (eval m( M&* psi 0- psi O] 3] *psi 0),
set), convert (eval m MB& psi O- psi O[ 4] *psi 0), set), convert (eval m ML& ps
2-psi 2[ 2] *psi 2), set), convert (eval m M2&* psi 2- psi 2[ 3] *psi 2), set), conve
rt(eval m MB& psi 2- psi 2[ 4] *psi 2),set)),{0})));
psirels2:={2n1-2n2,2n3-2n5,4n4-4n8,2n5-2n9,2n7-2nll, 2+2n6 -2 nl0,
NL+2n2+2n3¢y3,2n2-2n4+2,-3+n4+2n8 +2n9¢3,n2+2n4+2n5y3 -2,
~2+n6 +2n10 +n12y3 +n1343, n3+2n5 +n6y3 +n7y3 -3,

n5+2n9+n104y3 +nl1l1y 3 -243,n7+2nll +nl44y 3 +nl2y 3 -3}
> indets(psirels2);

{n1, n10, n11, n12, n13, n14, n2, n3, n4, n5, n6, n7, n8, n9}
> dlbasi s: =factor(Basi s(psirel s2,tdeg(nl, n10, nll, nl2, nl3, nl4,
n2, n3, n4, n5, n6, n7, n8, n9)));

dlbasis:=[-3+2n943 +3n8,-1+n94/ 3 +n7 +n6,n5-n9, -3 +2n94/ 3 +3 n4, -n9 +n3,
2n9y3+3n2, 243 -3n9-2n7y3 -n14 +n13, n14 +n12 +n7y3 -3, -n7 +n11,

. —2+n9y3 +n7 +n10,2n93 +3n1]
[ > sol ve(convert (dlbasis, set));

2n9y 3
{n1:——3£, n10=2-n9y3 —n7, nl1=n7, n12=-nl4 -n743 +|3,
2n9y3 2n9y3

,N3=n9,n4d=1-

nNl3=-24¢3+3nN9+2n7y3 +nl14,n14=n14,n2=- 3 3 ,

2n913
nN5=n9,Nn6=1-n9¢y3 -n7,n7=n7,n8=1- 3 , N9 =n9}

" sSncethesearei ntegers, we see that if d=1 we get the following rules:
> dlrul es: ={n1=0, n9=0, n8=1, n7=1, n10=1, n12=0, n14=0, n13=0, n2=0, n4=1, n5
=0, n6=0, n3=0, n11=1};

dlrules:={n1=0,n10=1,n11=1,n12=0,n13=0,n14=0,n2=0,n3=0,n4d =1, n5=0,
n6=0,n7=1,n8=1,n9=0}

> subs(dlrul es, [ M, M2, M3] ) ;
O 1 0 0 0ggo 0 1 0 O0gmo0 O 0 0 1
1 0 0 O ozéo 0O 1 0 oééo 0 0 1
0 0 1 0 o1 1 1 0 0jdo 0 0 1
o o o o 1HHo 0o o 1 1HH1T 0 1 O
i 0 0 0o 1 o0 o o 1 1880 1 1 o0




> map( Ei genval ues, % ;

100 -10Ho
e N
1HH 2HH |
1HH 2HH-

] We combine the nontrivia relations obtained so far.

> SandNrel s: = union‘ (psirels, convert (agb,set),orthrel);
SandNrels:={(-w +t) (-3vw -vt+ut +uw),

—(~w+t) (P +tPw+2t =2tV —tw® +2w Vv’ +2w -w®), 2d+f° -2¢?
2+t2—W2+2UV—4V2,2f+t2f—W2f—2Vd—2V,2+dt2—dW2+2Vf+4tg—292,
2d+dt*—dw? +2vf+2wg +2tg -2¢% fvw’ -2 fwtv+ft®v—dt® —t* +dw® +w?,
2f+t° P -w?f* —ufd —uf -d* -2d -1,

de2—2dwtv+dt2v+f+t2f—sz—ngw +2gvt —df,

2tf-2wf+ft> —ft®w —ftw® +fw® +2dvw +2vw -2dvt 2 vt,
2dvw+2dvt +fw® +ftw? —ft>w -2fwv? -t +2ftv? +#vg 2fq,

1+d+dt* —dw? +uf+gw3 +gtw2 —gtzw —Zng2 —gt3 +thv2 2,
2dt-2dw+t>d -t*wd -tw’d +w’d —2vwf +2vtf +2gt* 2gw® £2g 2dg, 2t*f
—4twf+2w?f+t*f 2wt f +2tw’ f -w*f -2dt°v 2t°v Mdwtv Mwtv 2dvw’
—2vw? 2vwi+2vtf+t2d +t° +tPwd +#*w —tw’d -tw® -w’d -w® 2wvid 2wV
—2tvid-2tV4 2+2dt° —4dtw+2dw? +dt* —2dwt® +2dtw® -dw* +2fvw?

—4fwtv+2ft°v+4tg-4wg +2gt’ —2gt°w —2gtw® +2gw® -2d°}
> i ndet s(SandNrel s);

{d,f,g,t,u, v, w}
> SandNbasi s: =f act or (Basi s(SandNrel s, pl ex(d, f, g, u, v,t, w));

SandNbasis:=[-(—w +1) (t3+t2W+2t —2tVv2 —tw? +2wVZ +2w —W3),
P +tPw+2t =2tV —tw? +2w Vv 2w -w®) (2VE+ 1+t +2tw -3 wP),
2tV -tv-2wvi -tPwv +witv +wiv +ut —3vt +uw —5vw,2+t2—W2+2uv—4v2,
—g(t?’+t2W+2t—2tv2 —tw? +2wv? +2w —W3), -2 —w? +t? +292 —gW3 —gt3 —-6tg
—2wg-2wtd +2tw® +2w? -4V wW? +4wtv? -4V 27 WP +gtw® Hgtiw,
2f-4v-w?f+t’f-2gvt +2gvw,
—tg—wg—wt3 +tw® —w? +w? +#2 2viw? 2wtV 2V 2wt W,
2+uf-tg-3wg-2wt® +2tw® —2w? 2w’ 2> 4v:w? Hwtv? 4v: 27w 3vw



+vt-wiv-witv +tPwyv +tv 2wV —2tv? A —vng 2gvtw —tzgv wif -tf
+fg, -w? +t7 —4vZ +2w? +2tw® -2t w® -4vPw? 2wt 4wg Hwtv' 4tg gw’
+gtw?+gt®w-gt® +f°, tg -1 +wg +d]

[ >
| The next step is to introduce the relations involving the roots of unity theta i. Thefirst goa isto show
L that th2 satisfies a nontrivial degree 3 (or less) polynomial in Q[d].

> psithO:=Vector([1,d*thl,f*th2,g*th3,g*th3]):

> Thetarel s:=sinplify(subs({},[th172*S[ 2, 2] - (sun(’ ML[ Kk, 2] *psi t hO[ k]’
,k=1..5)),thl*th2*5[ 2, 3] - (sum(’ ML[ k, 3] *psithO[ k], k=1..5)),thl*th3
*S[2,4]-(sum(’ ML[ Kk, 4] *psi thO[ K]’ , k=1..5)),th3*th2*S[ 4, 3] - (sun(’ M2[
k,4] *psithO[ k], k=1..5)),th272*g[ 3, 3] - (sunm(’ M2[ k, 3] *psit hO[ k]’ , k=1
..5)),th3"2*(9[ 4, 4] +5[ 4, 5] ) - (sun(’ (MB[ k, 4] +M3[ k, 5] ) *psi t hO[ k] ", k=1
--5))1));

Thetarels:= [thl2 —1-nldthl-n2fth2 -2n3gth3, th1th2f-n2dthl —n4fth2 —2n5gth3,

—th1th3 g -n3dthl —n5fth2 —n6 gth3 —n7 g th3, -n5 d thl —n9 f th2 —n10 g th3 —nl11 g th3,

-th2® d —th2® -1 -n4 d th1 —-n8 fth2 -2 n9 g th3,

th3%d —th3? =1 —d th1 n7 —d th1 n6 —fth2n1l —fth2 n10 -2 gth3nl12 -gth3n13 —gth3nl4]

r>

" weimmediately find that th1=1.

> factor(Basi s(‘union(SandNrel s, convert (subs(rul esl, Thetarel s), set)
),tdeg(thl,u, v,t, wd,th2,th3,f,9)))[7];

L gth3(th1-1)

> Thetarel sl1: =factor (numer (subs({thl=1}, Thetarels)));

Thetarelsl:=[-n1d —n2fth2 -2n3gth3, fth2—-n2d —n4 fth2 -2 n5 g th3,

—gth3-n3d -n5fth2 —n6 gth3 —n7 g th3, -n5d —n9 f th2 —n10 g th3 —n11 g th3,
-th2®d -th2* -1 -n4d -n8fth2 -2 n9 g th3,
. th3*°d-th3’-1-dn7 -dn6 —fth2nll —fth2n10 -2 gth3n12 —gth3nl3 -gth3nl4]
> indets(Thetarel sl);
L {d, f, g, n1, n10, n11, n12, n13, n14, n2, n3, n4, n5, n6, n7, N8, n9, th2, th3}
> map(degree, Thetarel s1,th3);
L [1,1,1,11,2]
> solve(Thetarel s1[2],th3);
—fth2 +n2 d +n4 f th2

2n5g

" Thisisvalid unless n5=0, which implies d=1 (which we consider below).
> factor(Basis(subs(rul esl, *union‘(SandNrel s, {n5})),plex(u,t,v,wf,g

,d)));
[(d-1)(d+1),2d+f*-2¢g* dg°+4wg-g° -2 +2d,4v-f-df dg+2t-2dw —g,
u(d-1),2f+2df-fg°-dfg®-2u +2g°uy,2d-g°+uf-dg® +2, -w (df +f -u)]
| We substitute back in to eliminate th3 and take at the numerators of the resulting rational functions,

which give us our new relations.
> Thet arel s2: =fact or (nuner (subs({t h3=sol ve(Thetarel s1[2],th3)}, Theta




relsl)));
Thetarels2 :=[-n1dn5 -n2fth2n5 —n3fth2 +n3n2d +n3 n4 fth2, 0, f th2 +n2 d +n4 f th2

-2n3dn5-2n5%fth2 -n6fth2 +n6 n2d +n6 n4 fth2 —n7 fth2 +n7 n2d +n7 n4 f th2,
-2n5°d-2n9fth2n5 -fth2n10 +n10 N2 d +n10 n4 fth2 —fth2n1l +n11n2d +nll n4 f th2,
—th22d n5 —th2°n5 —n5 —n4 dn5 —n8 fth2n5 —n9fth2 +n9n2d +n9 n4 f th2,
4n12n5g® n4fth2 +2n13 n5 g n4 fth2 +2 nl4 n5 g2 n4 f th2 +2 £ th2? n4 —n4? £ th2?

+df*th2® -4 fth2n10 n5% g° -4 fth2 n11 n5° g —2 n2 d n4 f th2 +2 n2 d° n4 f th2
~4n12n5g°fth2 +4n12n5g°n2d -2 n13n5g®fth2 +2n13n5g°n2 d —2 nl4 n5 g* f th2
+2n14n5g°n2d -f*th2? -n2°d? -4n5°g® -4dn7n5°g® -4dn6 n5% g +2fth2n2d

I -2 fth2n2 d* -2 df* th2? n4 +d n4? f* th2? +n2% d°]
> Thet arel s2red: =fact or (Reduce(subs(rul esl, Thet arel s2), SandNbasi s, pl
ex(d, f, g, u, v,t, w,th2))):

> map(degree, Thetarel s2red, t h2);
[_ool —00, —00, _ool 2| 2]
> factor([coeff(Thetarel s2red[5],th2,2), coeff(Thetarel s2red[5],th2,1
), coeff(Thetarel s2red[5],th2,0)]);

[2v(~w +t)(tg+2-wQ), 4t3v+12vt+4t2wv+2tzgv—8tv3 —-4w’tv +8wVv: 4w’y

-4gvtw - 4tf+2vgw +4vw —4wf, 2v(-w+t)(tg+2-wg)]
prowded v(t-w) is not zero, th2 satisfies a nonzero degree 2 polynomial (observe that g cannot be

L rational). The following shows that if v(t-w)=0, then d=1, which we will consider separately.
> factor(Basis(‘union’(SandNrels,{v*(t-w}),plex(f,g,u,v,t,wd)));

[(d-1)(d+1), (~w+t)(d+1), -w?+t?> =d +1,v(d - 1), v (-w +1), w (4 v? +d + 1), u (d - 1),
W(u—4v),ut—4vw,2uv+1—4v2+d,dg+2t—2dw—g,w(dw+g—t),
-d+tg +dw? —tw, 1—3d+292 -4v? +4dw? —4tw, f+df-4v,v(-2v+f),

L uf+1-4v>+d,fg-2vg-tf-wf+4vw, 1-d-4tw-4v° +4dw” +f]
> ThetaEl i m =subs(rul esl, ‘uni on' (convert(Thetarel s,set),{thl-1}));
ThetaElim:={thl1 -1,

1

1 1
—(~vw+vt)dthl - W3+5tW2 —Etzw ~wV? —Etg +tv2%th2—2vgth3,

th1th2f—(vw?-2wtv+t?v)dthl - (1 +t> —w?)fth2 =2 (~vw +vt) g th3, th1* - 1

1 1
—EZ—ZtW+W2 +§t4 ~wt® +tw? —£w4 thl—(vw2—2wtv+t2v)fth2

ZE 1t3 1t2 1t 2 L0 th3, -th1 th3
- -W+~ - - +— —

% i lew Ziwt s 3%dthl t)f th2 % Wz%ths
w > > w > w 2w (—vw +vt) >




2 w?
—%+?—?%th3, ~th2?d —th2? -1 - (1 +t* -w?)d thl —ufth2

1 1 1
_ 3,-,.2 =2 2 .3 2
Z%W +2tw 2t W —WV 2t +tv%th3,
t2 W2 2 W2
th3?d -th3* -1 —dthl§,+3—?E—dthl%—?%—thhZV -3gth3t —gth3w}
> i ndets(ThetaElim;

{d, f, g, t, thl, th2, th3, u, v, w}
> indets(all Nrel s2);

L {m n1, n10, n12, n2, n3, n4, n5, n6, n7, n9, t, u, v, w}
[ first suppose d=1. Thisforcesth3=0.
> factor(Basi s(subs(‘union’({d=1,f=2,g=sqrt(3)},dlrul es), convert(The
tarel s,set)),tdeg(thl,th3,th2)));

[th2, th3, thl + 1]

(> w th(nuntheory):

| Since[Q[d,f,g]:Q]=2, th2 satisfies a cyclotomic polynomial of degree 1,2 or 4.
> invphi (4); invphi(2);

[5, 8, 10, 12]

[3, 4, 6]
> basesl: =i ->factor(Basi s(‘uni on' (SandNrel s, ThetaEl i m {cycl ot om c(i,
th2)}),plex(d,f,g,thl,th3,th2,u,v,t,w))[1];

basesl ;=i — factor(Groebner:-Basis(
‘union‘ (SandNrels, ThetaElim, { numtheory:-cyclotomic(i, th2)}),
plex(d, f, g, thl, th3, th2, u, v, t, w)))1
> map(basesl, i nvphi (4));
[(22201 - 19008 w® + 20736 w® — 201456 w* —65532 w?) (t* - 2t w +4 +w?),
(-36481 - 89856 w° +10368 w® +159984 w* +19704 w?) (t* - 2t w +4 +w?),
(-58081 — 302400 w® +103680 w® +187920 w* +75660 w?) (t°* -2t w +4 +w?),

(6w?+ 18w +13) (6 w? — 18 w +13) (288 W* + 24 w? — 121) (t* - 2 t w + 4 +W?)]
> map(basesl, i nvphi (2));
[(OW” +4) (t* -2 tw +4 +w?), (-1 +60W” +72w*) (1P - 2 tw +4 +W?), 1 =2 tw +4 +W’]

i clearly have no solutions.
> expand((t-w) "2+4);

L t*—2tw +4 +w?

[ finally we see that if th2"2=1, we get d=1.

> factor(Basis(‘union‘(SandNrel s, ThetaElim{th272-1}), plex(f,g,thl,t
h3,th2,u,v,t,wd)));

[(d-1)°(d+1)% ~(d-1)(d+1)(25d-25-128 w?), (d - 1) (d +1) (14wd - 19w - 15 ),

~d-1)(d*+2d -3 +2tw -w’ —t?),




4-6d+2tw’ +6t° -w* +20d° -4tw 2wt® 2w® #* 11+29d +64 Vv +5d° -16 tw>
~-16t°-16w’d +16w* -13d°> +16 dwt +16tw +16 wt® -16t* w7,
—29v+6u+6du-13vd +12wtv -6t°v -7d’v +vd® -6vw? —219v +64 U +64 uw?
+16w?vd-53vd +80wtv —-32t°v +64vw’t -32t°w?v -16dwtv -32vw* 5d°v
+21vd®-304vw? -105vt +30ut -15w° v —-142 vw +15vwt® +15tw’v 15 vt
+7wd?v+32vwd -17vd®w -15dvt +30uw, 43+32uv+29d +5d* -16 tw® -16 w’d
+16w* -13d* +16dwt +16tw +16 wt> —16 t>w” -16 w?, (d +1) (d°-2d -1 +2th2),
(t?—2tw +4 +w?) (th2 - 1), (th2 - 1) (th2 + 1), (d - 1) (3d*+2d -5 +4 th3), 28v-6u-4vd
—-3th3vt? +6th3vtw —6wtv +3t°v +6 th3u —24 th3v -3th3vw? -4 d*v +#vd® +3vw?
,—d —-d*-2th2 -2th3 +2th2th3 +3 +d°® th1-1, (d-1)(7d°w-10wd +30g -15t -2 w),
-3-3d+16gw +4w? -4w?d +3d? +3d® +4dwt 4tw,

13-19d +4w? +16tg —-4w?d +3d* +3d°® +4dwt —4tw,9vt—6w3v—52vw—48vg
—6th2+12tW2v+129u —-5wd’v+6vwd +3vd w -9dvt +12 uw,
-10g+5t-w-4d’w -4wd +4d3w +10th2g -5th2t +5th2w,
13w-13wd-5t-8d°w +5td +8d®w +20gth3,1-2d +d* +4 g?

-11v+5vd -2vw? +4wtv +3d°v -2t°v -5vd® +4 1]




