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Abstract

We consider normalizers of an irreducible inclusion N C M of II; factors. In
the infinite index setting an inclusion uNu* C N can be strict, forcing us to also
investigate the semigroup of one-sided normalizers. We relate these normalizers of N
in M to projections in the basic construction and show that every trace one projection
in the relative commutant N’ N (M, ey) is of the form u*enu for some unitary u € M
with ulNu* C N. This enables us to identify the normalizers and the algebras they
generate in several situations. In particular each normalizer of a tensor product of
irreducible subfactors is a tensor product of normalizers modulo a unitary. We also
examine normalizers of irreducible subfactors arising from subgroup—group inclusions
H C G. Here the normalizers are the normalizing group elements modulo a unitary
from L(H). We are also able to identify the finite trace L(H )-bimodules in 2(G) as

double cosets which are also finite unions of left cosets.
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1 Introduction

In this paper we consider the following general problem: given an irreducible inclusion
N C M of II; factors, is it possible to determine the normalizing unitaries and the von
Neumann algebra that they generate? In such generality very little can be said, but we will
examine two naturally occurring classes of inclusions where this question can be answered
completely. The first of these arises from an inclusion H C G of countable discrete groups.
Certain algebraic conditions ensure that the inclusion L(H) C L(G) of group von Neumann
algebras is irreducible, and when H has finite index in G we have one of the most basic
examples in subfactor theory. We will not assume finite index, and so our results also
apply to the infinite index case. The second situation requires a finite group G to act by
outer automorphisms on a II; factor M. The fixed point algebra M¢ gives a finite index
irreducible inclusion M% C M for which the algebra generated by the normalizing unitaries
can be determined. The lemmas that we develop for the solution of this problem also allow
us to describe the normalizers of tensor products in terms of tensor products of normalizers.
The main technical result is Theorem 3.4 which relates one-sided normalizers to projections
in N'"N (M, ey) of unit trace. This is the basis for the main theorems of the paper, which
are Theorems 4.2, 5.5, 6.2 and 7.1. We describe these in more detail below.

Dixmier, 3], was the first to recognize the importance of the normalizer N'(A) for a von
Neumann subalgebra A of a factor M. In the case of maximal abelian self-adjoint subalgebras
(masas), he classified the masas according to whether N'(A)” was M (regular), was a proper
subfactor (semiregular), or was equal to A (singular). He also provided examples of each
type by considering inclusions H C G of suitably chosen group-subgroup pairs. Masas
satisfy A = A’ N M and so their commutants are large. The opposite end of the spectrum
is the condition N’ N M = C1, which defines an irreducible subfactor. Such subfactors will
be the focus of our study. The isolated examples of singular subfactors in [21] were the
starting point for a systematic examination of this phenomenon for inclusions of the form
M x, HC M %, G in [26, 27]. Singularity was connected to strong singularity of masas in

[23, 25], and one consequence of this was the formula
(1.1) N(A: @ 42)" = N(A1)" ® N(Az)"

of [25] for singular masas, which simply says that the tensor product of singular masas is again
singular. Subsequently Chifan, [1], proved (1.1) for general masas. These papers collectively
have provided strong motivation for the work undertaken here. It also depends heavily on

the recent theory of perturbations, developed primarily by Popa, [17, 18, 19, 20, 5], building
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of the work of Christensen [2] in which an important averaging technique is developed. The
normalizers of regular masas play a key role in this perturbation theory. A second crucial
ingredient is the theory of subfactors [9, 8, 16, 14].

The link to subfactor theory is made by the simple observation that if u € N (N), then
the operator u*eyu lies in the relative commutant N’ N (M, ey) for the basic construction
(M, en) (see the next section for explanations of terminology). It is then appropriate to study
normalizers in the context of the basic construction and this relative commutant, which has
proved to be a fruitful interaction. There is also a further ingredient: an unexpected role
in our work is played by the more general one-sided normalizers, those unitaries u € M
satisfying u/Nu* C N. This containment can be strict, so normalizers and their one-sided
counterparts are distinct in general, as we show in Example 6.3.

For a masa A C M, any unitary u which is a one-sided normalizer of A has the property
that vAu* C uMu* = M is a masa in M contained inside the masa A. The defining
property of masas then implies that uAu* = A and u is also a normalizing unitary. A second
situation where equality occurs is a finite index inclusion of factors N C M. Each one-sided
normalizing unitary u induces an equivalence of containments N C M and ulNu* C uMu* =
M which then have equal finite indexes. This is incompatible with uNu* C N C M unless
the first two algebras are equal, in which case u is a normalizing unitary. As a consequence,
the one-sided normalizers do not appear until we consider infinite index inclusions of factors,
and these form a substantial part of the paper.

The contents of the paper are as follows. Section 2 establishes notation, reviews some
well known facts about the basic construction, and recalls the Galois theory for finite group
actions. Section 3 examines the interplay between one-sided normalizers and projections
in N'N (M,ey) when N is irreducible. Here it is shown that every such projection f
satisfies Tr(f) > 1, and is of the form u*eyu for a one-sided normalizer u precisely when
Tr(f) = 1. These results occur in Theorem 3.4 which is the technical basis for our subsequent
theorems. Section 4 characterizes both one-sided normalizers and normalizers for tensor
products (Theorems 4.1 and 4.2), while Section 5 considers normalizers for the inclusion
MY C M, where G is a finite group. In this case we have a finite index inclusion, and
so there is no distinction between normalizers and one-sided normalizers, as noted above.
The algebra generated by the normalizers of M¢ is shown to be M!%€l where [G, G] is the
commutator subgroup. Surprisingly, it has been possible to describe this algebra without
being able to identify individual non-trivial normalizing unitaries in this case.

The last two sections are devoted to group-subgroup inclusions. When L(H) C L(G), we



characterize the normalizers and one-sided normalizers of L(H) in terms of their counterparts
at the group level. The ranges of projections in L(H)'N(L(G), er(m)) are the L(H )-bimodules
in (?(G). We investigate these in Section 7. Those that correspond to projections of finite
trace are characterized algebraically in terms of left cosets and double cosets in Theorem
7.1, while the subsequent examples show that the situation is much more complicated for
projections of infinite trace.

The following useful analogy between masas and subfactors has been implicit in much of
the last two sections. For a masa A C M, the Pukanszky invariant is defined by using the
algebra A" = (AUJAJ)', and this can also be viewed as the relative commutant A'N (M, e4).
It is type I, and the integers (including oco) which comprise the Pukénszky invariant come
from the various summands of type I, in e A’. For irreducible inclusions of factors N C M,
essentially the same algebra N’ N (M, ey) occurs, where ey is central just as e, is central
in the masa case. When an abelian subgroup H C G generates a masa L(H) in L(G), it
is often the case that the Pukanszky invariant can be determined from the structure of the
double cosets HgH in G [24, 4]. These may be identified with L(H )-bimodules in £*(G), and
as such they play a significant part in Section 7 where subfactors arising from subgroups are
considered. The interplay between these various quantities has been studied extensively in
the theory of finite index inclusions of factors [9, 8, 10] but the methods developed there do
not seem helpful for the infinite index situation.

We end by pointing out that Theorem 6.2 could have been deduced from Theorem 7.1.
We have chosen not to do so, because the techniques for Theorem 7.1 are more complicated

and appear in a more understandable form in the proof of Theorem 6.2.

2 Notation and preliminaries

The basic object of study in this paper is an inclusion N C M of II; factors, where the
unique normalized faithful normal trace on M is denoted by 7. We will always assume that
these factors are separable although this is just for notational convenience; the results are
valid in general. We always assume that M is in standard form, so that it is represented as
left multiplication operators on the Hilbert space L?(M, 7), or simply L?(M). We reserve the
letter £ to denote the image of 1 € M in this Hilbert space, and J will denote the isometric
conjugate linear operator on L?(M) defined by

(2.1) J(x€) = x7€, x e M,

and extended by continuity to L?(M) from the dense subspace M¢. Then L2(N) is a closed
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subspace of L?(M), and ey denotes the projection of L*(M) onto L*(N). The basic con-
struction is the von Neumann algebra generated by M and ey, and is denoted (M, ey).
Since M' N B(L*(M)) = JM J, we also have (M, ey)' N B(L*(M)) = JNJ. This shows that
(M, ey) is either type II; or I1, and in both cases there is a unique semifinite normal trace
Tr with the property that Tr(ey) = 1. The Jones index can be described as Tr(1), although
this is not the original definition. These are standard facts in subfactor theory, and can be
found in [9, 14, 8]. These sources also contain the following properties of the Jones projection
en which we now list. We will use them subsequently without comment. The unique trace

preserving conditional expectation of M onto N is denoted Ey.
(i) en(x§) =En(z)¢, € M.
(ii)) eyxeny = En(z)eny = enEn(z), © € M.
(iii)  — eyx and = — zey are injective maps for = € M.
(iv) {zeny: z,y € M} generates a strongly dense subalgebra of (M, ey).
(v) Tr(zeny) = 7(zy) for x,y € M.
(vi) Mey is #-strongly dense in (M, ex)en.
(vii) ex(M,en)eny = Ney = enN.
(viii) M n{en} = N.

One further fact which we will need is provided in the following lemma. It is surely

known to experts, but we do not know a reference.

Lemma 2.1. Let N; C M;, i = 1,2, be inclusions of I1; factors and let Tr; be the canonical

trace on (M;,en,), i =1,2. Then
(22) <M176N1> @ <M27€N2> = <M1 @ M27€N1@N2>7
and Try ® Try is the canonical trace on the tensor product.

Proof. We identify the Hilbert spaces L?(M;) @ L*(Ms) and L?(M; ® M,) and assume that
both algebras in (2.2) act on the former. This identifies ey, gy, With en, ® en,. Tomita’s

commutant theorem gives that the commutants of these algebras are respectively
(JNlJ) @ <JN2<]) and ((JMlj) @ (JMQ‘]»ﬂ{eNl@NQ},'
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To show equality it suffices to apply J® J on the left and the right and instead prove equality
of
N1 @ N2 and (M1 @ MQ) N {€N1@N2},.

But this is just (viii) above applied to the containment Ny ® Ny C M; ® M,. Because

(Try @ Tra)(en, ® en,) = 1, the statement on traces is now clear. O

When a finite group G acts on a II; factor M by outer automorphisms, the fixed point
algebra MY is a subfactor of M. The Galois theory of [12, 13] then characterizes the
intermediate subfactors in terms of subgroups in the following way: there is an order reversing
one to one correspondence between subgroups K of G and intermediate subfactors given by
K +— M¥. We will use this in Section 5.

The last two sections are concerned with inclusions H C G of groups. The canonical
basis for (*(G) is denoted {d,: g € G}, and we assume that G is represented on this Hilbert
space by the left regular representation A, so that A\,0; = 04 for s,t € G. The right regular
representation p satisfies p(s) = JA;J. As is standard, L(G) is used for the von Neumann
algebra generated by the left regular representation.

On several occasions we will require the following lemma. A similar result can be found
in [26], but this is not quite in the form that we need, so we offer a slightly more general

version here.

Lemma 2.2. Let N C M be an inclusion of 11y factors on L*(M) such that N'N M = C1.
Let {¢1,...,0n} be a set of automorphisms of M with the property that the restriction of
each qﬁj_l@ to N is not implemented by a unitary in M whenever i # j. Let X C N
and Y C JMJ be self-adjoint subsets which generate their respective containing factors and
assume that 1 € X. Then the von Neumann subalgebra of M, (B(L*(M))) generated by

¢1(z)y
rreX,yey

on(T)y

18

. t; € B(L}(M))



Proof. By the double commutant theorem, it suffices to show that the commutant of the

first set of operators is the set of diagonal scalar matrices. Commutation with

Y
cyey

Y

allows us to consider a matrix (m;;) € M, (M). The conditions for this to commute with

¢1(z)
cxe X

On()

are
(2.3) di(x)my; = my;o,(x), reX, 1<i,j<n,

which then must hold for all z € N. Since ¢;(NN) has trivial relative commutant in M, while
(2.3) shows that mym;; € ¢;(N)' N M, we conclude that each m;; is a scalar multiple of a
unitary. The case i = j in (2.3) places my; € ¢;(N) N M = C1 so the diagonal entries are
scalars.

Suppose that some m,;; # 0 for a pair of integers i # j. By scaling we may replace m;;

in (2.3) by a unitary u € M. If we apply gb;l, then we obtain
(2.4) ¢; H(¢i(@))0; (u) = ¢ (w)z,  x €N,

which is contrary to the hypothesis that ¢;1¢i is not unitarily implemented on N. This
shows that m;; = 0 for ¢ # j, completing the proof. m

3 Normalizers and the basic construction

Throughout this section N C M will denote an irreducible inclusion of II; factors. We
make no assumption of finite index; when we restrict to the finite index situation, we will
indicate this explicitly. Our aim is to relate the normalizers and one-sided normalizers of N
to the set of projections in the relative commutant N’ N (M, ey).

The unitary group of M is written as U(M) and we use the notation

N(N)={ueU(M): uNu* =N}, ON(N)={uelUd(M): uNu* C N}



to denote respectively the group of unitary normalizers and the semigroup of one-sided
unitary normalizers of N. The semigroup of one-sided normalizers is a sub-semigroup of the

groupoid normalizers
GN(N)={ve M :vNv"CN, w"v've N}

Since N'(N) C ON(N), we note that the following three lemmas are valid for normalizers

in addition to one-sided normalizers.

Lemma 3.1. Let u € ON(N), and let ¢: N — N be the x-homomorphism defined by
¢(x) = uzu*, x € N. Then ey is a central projection in ¢(N) N (M, ey). In particular, this

projection is central in N' N (M, ey).

Proof. Let v be a fixed but arbitrary unitary in ¢(N)' N (M, ey). We begin by establishing
that v = X for some A € C, [\ = 1.

Let n = v€ € L*(M). By || - ||o-density of M¢ in L?*(M), we may find a sequence {z,,}°°,
in M such that

(3.1) Tim [y — .6l = 0.
Noting that v commutes with ¢(N) and with JN.J, we obtain

Jo(w)Jp(w)n = Jo(w)Jp(w)vg = vJp(w)Jp(w)S
(3.2) =€ =1, w e U(N),

so 7 is an invariant vector for Jo(w)J¢(w). Then

(3.3) [To(w)Jp(w)xng = nllz = [[To(w) Jo(w)(xng = n)ll2 < [[2n€ = nll2-

For each n € N, let y,, € M be such that y,£ is the unique element of minimal || - ||-norm in

conv’{p(w)x,p(w)*§: w e U(N)Y,

by [22, Section 8.2]. Taking convex combinations and norm limits in (3.3) shows that

(3.4) [Yn€ = nll2 < [l2ng = nll2,

so (3.1) implies that

(3:5) Tim{[yn€ = nll> = 0.



Moreover, uniqueness of ,£ shows that

(3.6) P(W)ynd(w)* =yn,  wEU(N),
and so
(3'7) ¢(w)yn = ynqﬁ(w% w e Z/{<N)

Thus y, € ¢(N) N M = C1 since N is irreducible. From (3.1) and (3.5), we conclude that
n = X for some A € C. Since ||n||2 = ||v€||2 = 1, it follows that |A| = 1.
For an arbitrary x € M,
(3.8) venzé = vEn(z)€ = vJEN(z")JE.
Since v commutes with JNJ = (M, ey)’, (3.8) shows that
veyré = JEn(z*)JvE = JEN(27)JAE
(3.9) = AEy(2)€ = denzé, r € M.

Thus vey = ey, so
(3.10) venv* = (vey)(env*) = dendey = ey,

since |A\|? = 1, showing that v commutes with ey. Since v € ¢(N)'N{M, ex) was an arbitrary
unitary, we conclude that ey is central in this algebra.

The second statement of the lemma is an immediate consequence of taking u to be 1,
whereupon ¢(N) = N. O

Lemma 3.2. Let u € ON(N) be a fized but arbitrary unitary. Then u*enu is a minimal

projection in N' N (M, en) and is also central in this algebra.

Proof. As in the proof of Lemma 3.1, let ¢: N — N be the x-homomorphism defined by
¢(z) =uzu* forx € N. f y € N'N(M,ey) and x € N,

(3.11) (uwyu)r = u'yp(x)u = up(z)yu = z(u yu).

Then (3.11) shows that u*yu € N' N (M,ey) whenever y € N' N (M,ey). In particular,
u*eyu € N'N (M, ey) by letting y be ey.

To establish minimality of u*eyu, consider a projection ¢ € N’ N (M, ey) satisfying
qg < u'eyu. Then ugu* < ey, so there is a projection p € N such that uqu* = pey, as

implied by the relation ey (M, ex)eny = Ney from Section 2. For each z € N,

o(z)pey = uzu*uqu® = urqu® = ugqru®

(3.12) = uqu”p(x) = pend(x) = pp(z)en,



and so ¢(x)p = po(z) forx € N. Thus p € ¢(N)'NN C ¢(N)'NM = C1, showing that p = 0
or p = 1. Tt follows that ¢ = 0 or ¢ = u*eyu, proving minimality of u*eyu in N’ N (M, ey).

We now show centrality of u*eyu. For z € N and y € N' N (M, ey),

(3.13) uyu’P(z) = o(z)uyu”

by taking x = ¢(z) in (3.11). So uyu* € ¢(N)' N (M,ey). By Lemma 3.1, ey is central in
the latter algebra from which we obtain

(3.14) enuyu® = uyutey.

In (3.14), multiply on the left by «* and on the right by u. The result is that u*eyu commutes
with y for y € N'N (M, ey), showing centrality of u*eyu. O

The next lemma determines when u*eyu and v*eyv are equal for unitaries u,v € ON(N).

Lemma 3.3. Let u,v € ON(N). Then u*eyu = v*env if and only if there exists w € U(N)

such that v = wu.

Proof. If v = wu for some u € U(N), then
(3.15) vieyv = vrwreywu = u'enu,

since w commutes with ey.

Conversely, suppose that u*eyu = v*eyv. Then vu*eyuv® = ey. Multiply this equation
on the right by ey to obtain vu*Ey(uv*)ey = ey. Since vu*Ey(uv*) € M, we conclude that
vu*En(uv*) = 1, so uv* = Ex(uv*), and Ey(uv*) is a unitary in NV, which we denote by w*.

Then v = wu as required. O

The following theorem is the main technical result which links one-sided normalizers to
certain projections in N'N (M, ey). The construction of the x-homomorphism ¢ in the proof

comes from [17].

Theorem 3.4. (i) Fach non—zero projection of f € N'N (M, en) satisfying Tr(f) < 1 has
the form u*eyu for some u € ON(N).

(ii) Each non—zero projection f € N' N (M, ey) satisfies Tr(f) > 1.

Proof. By Lemma 3.2, each projection u*eyu, where u € ON(N), lies in N' N (M, en).
Conversely, let f be a non—zero projection in N’ N (M, ey) satisfying Tr(f) < 1, and choose
a projection p € N such that 7(p) = Tr(f). Then Tr(pex) = 7(p), so f and pey are
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equivalent projections in the factor (M, ey). Let V € (M, ey) be a partial isometry with
VV* =pey and V*V = f. For x,y € N,

(3.16) VaV*VyV* =VafyV* =V fayV* = VayV™,

and this shows that « +— VazV* defines a *-homomorphism ¢: N — (M, ey). Since exV =
V', the range of 1 is contained in ey (M, en)eny = Ney, and so there is a x-homomorphism
¢: N — N such that

(3.17) VaV* = ¢(x)en = eno(z), r € N.

If we multiply (3.17) on the left by V* and use f € N'N (M, ey), fV* =V*and V*ey = V*,
we obtain

(3.18) zV* =V7o(z), x € N.

As in [17] (see also the discussion in [22, Section 8.4]) there exists a non—zero partial isometry
w € M such that

(3.19) rw* = w*e(x), x € N.

Multiplication by w on the right in (3.19) shows that w*w € N’ N M = C1, and so w is a
unitary. Since ¢(1)ey = VV* = pey from (3.17), while ¢(1) = 1 from (3.19), it follows that
p=1and Tr(f) = 1. Thus Tr(f) < 1 is impossible, establishing (ii).

From (3.19), wNw* = ¢(N) C N, and so w € ON(N). Now consider W = eyw €
(M,ey). This is a partial isometry because WW* = ey. Moreover, W*W = w*eyw €
N'N (M, ey) and is central by Lemma 3.2. For x € N,

W*Vae=W(x)V =w'enyo(z)V
(3.20) =w*¢p(z)enV = zw'eyV = W™V,

using (3.18) and (3.19). Thus the operator W*V lies in N’ N (M, ey). Now
(3.21) (W VYW V) =W VV*'W = w eyw,

so W*V is a partial isometry. Also

(3.22) (W*VYyW*vV) =V"WW*V = fV*"WW*V f

and so is a projection ¢ in N'N(M, ey) below f. From (3.21), ¢ is equivalent in N'N(M, ex) to
the central projection w*eyw, so equality must hold. Thus w*eyw = ¢ < f, and faithfulness
of the trace Tr gives w*eyw = f since both projections have unit trace. This completes the

proof of (i), and (ii) has already been proved. O
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We will use this theorem in one of the forms below. Before we state these, we recall some
simple facts from subfactor theory.

If N C M is an irreducible inclusion of II; factors and P is an intermediate von Neu-
mann subalgebra, then any central element of P lies in N' N M = Cl1, showing that P is
automatically a subfactor of M. Moreover, the operator ep lies in (M, ey). To see this, it
suffices to show that ep commutes with (M, ey) = JNJ. For each z € M and y € N

(3.23) (epJyJ — JyJep)xl = (Ep(xy™) — Ep(z)y™){ =0

since y* € N C P so that Ep(zy*) = Ep(x)y*. A similar calculation also shows that ep € N’,
soep € NN (M, ep).

Corollary 3.5. Let N C M be an irreducible inclusion of 11 factors and let P be an
intermediate subfactor. Then ON(N) C P if and only if every nonzero projection [ €
N'N (M, en) such that f <1 — ep satisfies Tr(f) > 1.

Proof. Suppose first that ON(N) C P. Consider a nonzero projection f € N'N(M, ey) with
f <1—epand Tr(f) <1, a situation which will be shown to be impossible. By Theorem
3.4, there exists u € ON(N) such that f = u*eyu. Since u,u* € P and eyep = ey, we

obtain
(3.24) epfep = epu*epenepuep = uepenepu = u'eyu = f.

But epfep = 0, so (3.24) gives the contradiction f = 0. Thus each such nonzero projection
has Tr(f) > 1.

Now suppose that every nonzero projection f € N’ N (M, eyn) with f < 1 — ep has
Tr(f) > 1. Consider an arbitrary unitary u € ON(N). By Theorem 3.4, u*eyu is a minimal
projection in N’ N (M, ey) and is also central. Thus one of the inequalities u*eyu < ep or
u*eyu < 1 — ep must hold. However Tr(u*eyu) = 1, so the second possibility is ruled out
by the hypothesis. Thus u*eyu < ep, from which it follows that (1 —ep)u*ey = 0. Apply
this equation to the vector £ to obtain u*{ = epu*{ = Ep(u*)€. Thus u* € P so u € P, and
it follows that ON(N) C P. O

Corollary 3.6. Let N C M be a finite index irreducible inclusion of 11; factors and let
P be an intermediate subfactor. Then N(N) C P if and only if every nonzero projection
feNN(Mey) with f <1—ep satisfies Tr(f) > 1.

Proof. Under the additional hypothesis of finite index, N'(N) = ON(N) and the result
follows from Corollary 3.5. O
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Corollary 3.7. Let N C M be a finite index irreducible inclusion of subfactors. Then N is
reqular if and only if every minimal projection f € N'N (M, ey) satisfies Tr(f) = 1.

Proof. Suppose that N is not regular, and let P = N (N)", a proper intermediate subfactor.
Then 1 — ep # 0, so dominates a nonzero minimal projection f € N’ N (M, ey) since this
algebra is finite dimensional. By Corollary 3.6, Tr(f) > 1.

Conversely, suppose that N is regular, so that P, as defined above, equals M. By
Theorem 3.4 (ii), each nonzero projection f € N' N (M, ey) satisfies Tr(f) > 1. Suppose
that there is a minimal f with Tr(f) > 1. Each u € N(N) gives rise to a minimal projection
u*eyu € N'N (M, ey) and it is central, by Lemma 3.2. Thus fu*eyu = 0, otherwise this
projection would contradict the minimality of f. If this equation is applied to the vector

u*€, then the result is
(3.25) fu & =0, u € N(N).

Since M is the strong closure of span{u*: u € N(N)}, (3.25) implies that f annihilates M¢

and so f =0, a contradiction which concludes the proof. Il

Remark 3.8. We can apply the results above to a regular irreducible subfactor and recover
the results of Jones, [6]. For a regular irreducible inclusion N C M of II; factors, let
Ug,ug, - - € N(N) be left-coset representatives of N'(N)/U(N), which is a countable discrete
group (see [7, Section 3]), so that (ufenu,)n,>1 is a family of orthogonal projections in
N'n (M, ey), by Lemmas 3.2 and 3.3. As in the proof of Corollary 3.7, the projection
(31 Unenuy) " annihilates M¢ so that

k
E Uy eNUy = 1.
n>1

Hence (uy,)n>1 forms a Pimsner-Popa basis for N C M, the index [M : N] = Tr(1) is either
an integer or oo, and any one-sided normalizer of N is automatically a two-sided normalizer

of N.

4 Tensor products

Throughout this section, we will consider two irreducible inclusions N; C M;, ¢ = 1,2, of 1I;
factors. Our objective is to relate the normalizer of the tensor product to the normalizers of
the individual algebras. In the context of masas A; C M;, i = 1,2, Chifan, [1], has shown
that N(A; ® As)” = N(A1)" ® N(A2)”, and we will obtain a similar relationship for the
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N;’s below. We will also be able to identify explicitly the normalizing unitaries for the tensor
product.

We let M = M; ® My and N = N; ® N,. Tomita’s commutant theorem ensures that
N C M is an irreducible inclusion. The basic construction behaves well with respect to

tensor products, and there is a natural isomorphism
(4'1) <M= 6]\/) = <M176N1> ® <M276N2>

where ey = en, ® ey, (see Lemma 2.1). If Tr;, i = 1,2, denote the canonical traces on
(M;, en,), then the canonical trace Tr on (M, ey) is given by Tr = Tr; ® Trs.
We begin by using the results of Section 3 to determine the one-sided normalizers of the

tensor product.

Theorem 4.1. Each unitary v € ON(N) has the form w(u; ® us) where w € U(Ny @ N»)
and u; € ON(N;), i =1,2.

Proof. 1t is clear that any unitary of the stated form is a one-sided normalizer of Ny ® Ns.
Conversely, consider a one-sided unitary normalizer v of Ny ® N,. Then v*eyv is both a
minimal and central projection in N'N (M, ey ), by Lemma 3.2. Two applications of Tomita’s

commutant theorem show that

(4'2) N’ﬂ<M,€N> :(N{O<M17€N1>)®<Ném<M2’6N2>)
and
(4.3) Z(N'n (M, en)) = Z(N; N (My,en,)) @ Z(Ny N (Ma, eny,)),

where Z(-) denotes the center of an algebra. If these centers are decomposed as direct sums
of their atomic and diffuse parts, then minimality for v*eyv implies that v*eyv = p; ® pa for
minimal projections p; € Z(N/ N (M;,en,)), i = 1,2. By Theorem 3.4, Tr;(p;) > 1, forcing
equality since Tr(v*eyv) = 1. A second application of Theorem 3.4 gives the existence of

unitaries u; € ON(N;) such that p; = ulfey,u; for i = 1,2. Thus
(4.4) venv = ujen,u; @ uzen,ug = (U @ ug) en(ug & us).
By Lemma 3.3, there exists a unitary w € U(N; @ Nz) such that v = w(u; ® uy). O

The case of one-sided normalizers above easily leads to a similar result for unitary nor-

malizers.
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Theorem 4.2. Each unitary v € N(N) has the form w(u; ® ug) where w € U(N; ® N3)
and u; € N(N;), i=1,2.

Proof. Clearly each unitary of the stated form is a unitary normalizer of N. Conversely,
let v € N(N). Viewing v as a one-sided normalizer, Theorem 4.1 implies that v has the
form v = w(u; ® uy) where w € U(N; & Ny) and u; € ON(N;) for i = 1,2. Then
w*v € N(N; ® Ns), showing that u; € N(N;), otherwise (u; ® ug)*(N1 ® Nao)(u1 ® uz)
would be strictly contained in Ny ® Ns. O

Corollary 4.3. Let N; C M;, i = 1,2, be irreducible inclusions of 11y factors. Then

(45) ON(Nl @ N2>// = ON(N1>// @ ON(NQ)//
and
(46) N(Nl @ Nz)/l - N(Nl)// @ N(NQ)//.

Proof. This is immediate from the characterizations of one-sided and two-sided normalizers
in Theorems 4.1 and 4.2. O

Corollary 4.4. Let N; C M;, i = 1,2 be inclusions of 11y factors with N; singular in M;.
Then N1 @ Ny is singular in M, @ M.

Proof. This is immediate from Corollary 4.3 as a singular subfactor is automatically irre-

ducible. []

Remark 4.5. The result of Theorem 4.2 can be false in more general situations. Consider

two regular masas A; C M;, i = 1,2. Then A; ® A, is a regular masa in M; ® M, since
{'Lbl X Ug: U; € N(AZ)} Q N(Al @ Ag)

Choose projections p; € A; of equal trace 1/2, so that p; ® 1 and 1 ® py have equal trace in
A; ® As. From [15], there exists a unitary u € N (A; ® A,) such that u(p; ® 1)u* = 1 Q ps.
Then u cannot have the form (u; ® ug)w for w € U(A; ® Ag) and u; € N(4;), since this
would imply that

1®@ps =u(p1 @ L)u" = (u1 @ uz)(p1 ® 1)(ug ® ug)*
(4.7) = (mp1u) ® 1),

which is impossible.
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5 Fixed point algebras

In this section we consider a finite group G acting by outer automorphisms on a II; factor
M, where we denote the action by the homomorphism a: G — Aut(M). For each subgroup
H C @G, the fixed point algebra is denoted by

M"Y ={x e M: ap(x) =2 for he H}.
The following lemma is quoted from [12] (see also [8]) for the reader’s convenience.

Lemma 5.1. Let G be a finite group, let M be a 11y factor, and let a: G — Aut(M) be an
action of G on M by outer automorphisms. Then M is a factor and the inclusion MG C M

is 1rreducible.
Let N = M®. For each g € G, define a unitary u, € B(L*(M)) by
(5.1) ug(z€) = ay(x)¢, z e M.

Then ugru) = ay(z) for x € M, and the crossed product M x, G is faithfully represented
on L*(M) as the set of operators of the form dec zquy for ;€ M and g € G. A simple
calculation identifies the commutant as JM%J = JNJ, so that in this representation M x,G

is identified with (M, ey). The projection ey is ﬁ %ug. From [9)],
g

(5.2) M : N]=[(M,en) : M] =[M x,G: M| =G|,

and so the canonical trace Tr on (M, ey) satisfies Tr(1) = |G]. Its restriction to M %, G is
the unique trace on this factor (up to scaling), and so Tr(u,) = 0 for g # e. Consequently
Tr agrees with the trace arising from = +— |G|(zd,, d.) on the group algebra CG. Moreover,
N' N (M, en) is span{u,: g € G} = CG since any element ) z,u, € N' N (M, ey) satisfies

gelG

(5.3) vagv*ug = ngug, veU(N),

geG geG

implying that each z, is a scalar by Lemma 5.1.

Lemma 5.2. Suppose that G is a finite abelian group acting on a 11y factor M by outer
automorphisms a: G — Aut(M). Then M€ is reqular in M.

Proof. For a general finite group GG, the minimal central projections in the group algebra CG

correspond to irreducible representations of G. Furthermore the trace of the minimal central
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projection corresponding to a d-dimensional representation is d?. By Schur’s Lemma, every
irreducible representation of an abelian group is one-dimensional. As CG is also abelian,
the minimal projections in CG are central and so have trace 1. The result then follows from

Corollary 3.7. O
Remark 5.3. In the situation of Lemma 5.2, the minimal projections in CG are of the form

ey = ﬁ ZG(b(g)ug for ¢ in the dual group G.
ge

Before we can state the main result of this section, Theorem 5.5, we require a technical
result on actions of quotient groups. If G is a finite group with a normal subgroup H, then
any action a: G — Aut(M) induces an action #: G/H — Aut(M*) by

(5.4) Ogr () = ay(z), reM? ged.

Lemma 5.4. Let G be a finite group acting on a 11y factor M by outer automorphisms
a: G — Aut(M) and let H be a normal subgroup. Then the action 0: G/H — Aut(M*)

1s also by outer automorphisms.

Proof. Fix g € G\H, and fix an ordering ¢, ..., g, of the elements of G so that g,...,g, is
a list of the elements of H. Left multiplication by g induces a permutation 7 of the integers
{1,...,n} such that gg; = gr(), 1 <i < n.

Suppose that 6,z is implemented by a unitary v € M#. This will be shown to be
impossible by deriving the contradiction v = 0. Note that the elements of M have the form

p
> oy, () for x € M. Applying 6,5 gives
i=1

(5.5) 0411 (Z ozgi(x)) v = UZ ag, (), x €M,

and so
p p

(5.6) Z g, (@) =10 Z ag, (), x e M.
i=1 i=1

Multiplication by an arbitrary element y € M’ in (5.6) leads to

p P
(5.7) Zyagw(i)(x)v = vaagi(:c), reM, yeM.
i=1 i=1
We now introduce some matrices as follows, using 7" to denote the transpose:

R=(1,1,...,1), C=RT,
——

n
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. v, je{r(D).....7(p)}.

Vi=(v1,...,v,)" where v; =
0, otherwise,
v, 1<j<p,
Vo= (01,...,7,) where 0, = J=P
0, otherwise,
and
yag, (z)
D(z,y) =
yag, (z)
With this notation, (5.7) becomes
(58) RD(QZ,y)Vi :‘/QD(IL',?/)C, T e M7 y e M.

By Lemma 2.2, the operators D(z,y) generate the von Neumann algebra
131
(5.9) . t; € B(LA(M))
tn

Thus D(z,y) can be replaced in (5.8) by any diagonal matrix from (5.9), leading to

p

(5.10) zp:tﬂ-(i)v = thi, t; € B(LZ(M))

i=1
From this we deduce that v is a scalar by setting t; =ty = -+ =t, = t, where t € B(L*(M))
is arbitrary. If v # 0, then it can be canceled from (5.10). Consequently

p p
(5.11) Y tepy = ti  ti€ B(L*(M)).
=1 =1

Since g ¢ H, {m(1),...,7m(p)} N{1,...,p} =0, and so (5.11) can fail for suitable choices of
the operators t;, 1 < j < n. This forces the contradiction v = 0, showing that each 0,y for
g € G\ H is outer. O

We are now able to describe the algebra N'(M“)”. We use the standard notation [G, G]

for the commutator subgroup
[G,G) = (g 'h'gh: g,h €G).

This is the smallest normal subgroup for which the quotient is abelian, and can also be

described as

(5.12) G,G]=nN{H <«G: G/H is abelian}.
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Theorem 5.5. Let G be a finite group acting on a 11y factor M by outer automorphisms
a: G — Aut(M). Then
N(MG)” _ M[G’G].

Proof. By the Galois theory of [12, 13], there is a subgroup K such that N (M%) = M¥,
and so it must be shown that K =[G, G].

First suppose that H is a normal subgroup of G with abelian quotient G/H. There is a
well defined action of G/H on M* given by

(5.13) Oou () = ay(z), reM?, ged.

By Lemma 5.4, this is an outer action and G/H is abelian. By Lemma 5.2, (M™)%/H s

regular in M and the first of these algebras is M“. Consequently N'(M)” contains M.

From the Galois theory of [12, 13], K C H. It then follows from (5.12) that K C [G, G].
Conversely, suppose that u is a unitary normalizer of M. For each x € M%, uzu* € M¢

and so

*

(5.14) uzu® = oy (uru®) = ay(u)rag(uw)”, geq.

Then u*a,(u) lies in the relative commutant of M which is trivial by Lemma 5.1. Thus
there exists a homomorphism ¢ +— A, of G into the circle group T such that ay(u) = Aju. The
kernel H of this homomorphism is a normal subgroup with abelian quotient and u € M.

Since [G, G] C H, it follows that u € MGl Thus MK C MI%€] and we obtain the reverse
inclusion [G, G| C K, proving equality. O

Example 5.6. We are able to obtain more examples of singular subfactors from Theorem
5.5. If G is any simple non-abelian finite group, such as As, acting by outer automorphisms
on a II; factor M, then M is singular in M. We can also obtain singular subfactors from
outer actions of non-simple groups. Consider G = H X H, where H is a finite simple non-
abelian group. The normal subgroups of G are {e} x {e}, H x {e}, {e} x H, and H x H,
so [G,G] = G and MY is singular in M whenever G acts on the II; factor M by outer
automorphisms. It may be of interest to examine the strong-singularity constants of [27]

arising from these fixed point examples.

6 Group factors

This section is concerned with inclusions of II; factors which arise from inclusions of

countable discrete groups. We examine the normalizers of L(H) C L(G) when H C G, and
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relate these to the algebraic normalizers of H as a subgroup of G. One-sided normalizers

will again play a role, so apart from the standard notation
Ne(H)={g€G: gHg' = H}
for the normalizer, we also introduce the semigroup of one-sided normalizers
ONG(H)={g€G: gHg™' C H}.

Subsequently we will exhibit situations where these two normalizers are distinct.
We will need the following simple lemma, where some of the conditions are reminiscent
of those in [11, 3], concerning masas arising from subgroups. We will use the terminology

K-conjugates of a group element g € G for {kgk™': k € K} where K is a subgroup of G.
Lemma 6.1. Let K C H C G be an inclusion of countable discrete groups.

(i) L(H) is irreducible in L(G) if and only if each g € G\{e} has infinitely many H-

conjugates;

(ii) If G is 1.C.C., L(H) is irreducible in L(G) and K has finite index in H, then L(K) is
irreducible in L(G).

Proof. (i) If there exists g € G\{e} with finitely many H-conjugates {h;gh;': 1 <i < n},
then Y Ay, AgA,—1 is a non-scalar element in L(H)' N L(G).
i=1 '
Conversely, suppose that each g € G\{e} has infinitely many H-conjugates, and let

y € L(H) N L(G). Viewing y as an (*(G)-vector Y a,d, where a; € C and Y |ay|* < o0,
geG geG
commutation with A € H implies that

(61) Z Oégégh = Z agéhg = Z Oéhflghfsgh
geG geG geG

so that ay = a1y, for g € G and h € H. Thus o, = 0 for g # e since otherwise there are
infinitely many equal non-zero values for the coefficients. It follows that y € C1 and that
L(H) is irreducible in L(G).
(ii) Write H = |J" | h;K as a finite union of left K-cosets. The H-conjugates of g € G with
g # e are

H{hikgk™"ni*: k € K}

i=1
By (i), the set of H-conjugates of g is infinite. Hence the K-conjugates of g are also infinite.
Another application of (i) shows that L(K) is irreducible in L(G). O

19



Theorem 6.2. Let H C G be an inclusion of countable discrete groups, where G is I.C.C.
and L(H) is irreducible in L(G).

(i) Each ue ON(L(H)) has the form wA, for w € U(L(H)) and g € ON¢(H);
(ii) each u € N(L(H)) has the form wA, for w € U(L(H)) and g € Ne(H).

Proof. (i) Let u be a fixed element of ON(L(H)), and write v = u* (just as in Section 3, it

is more convenient to consider u*). Then x +— v*zv defines a *-homomorphism «: L(H) —

L(H) satistying xv = va(zx) for € L(H). Let {g;H}3°, be a listing of the left H-cosets in

G (which could also be a finite set if H has finite index). The closed subspaces \,,¢*(H),

i > 1, of £*(GQ) are pairwise orthogonal and span this Hilbert space. Viewing v as an element

of %(G), we may then write v = i Ag;mi for vectors n; € (2(H) satisfying i |Im:l]3 < oo. In
i=1

i=1
fact, ni = Erm)(A;,v) € L(G). This gives

(6.2) > Mg =Y AgJa(\) Tn,  heH.
1=1

i=1
By renumbering, we may assume that ||| # 0. Each h € H defines a permutation of
the left H-cosets by ¢;H +— hg;H, and so there is a permutation 7, of {1,2,...} such
that hg;H = gr,;H. The map h + m, is then a homomorphism of H into the group of
permutations of N. Moreover, there are maps ¢;: H — H such that hg; = gr,®:i(h),
h € H, and (6.2) becomes

(6.3) ZAW) i)l = Z)\ Ja(M\)*Jn,  heH.

Define an equivalence relation on N by i ~ j if ||7;|l2 = ||n;||2, and let S; be the equivalence
class containing i. For each i > 1, the ¢?(H)-components of the vectors in (6.3) which lie
in A
respectively |[n;]|2 and ||[7x,q)l|2, showing that ¢ ~ 7, (i) for all + > 1 and h € H. Since

G, W (H) are Ag,myn; on the left and Ja(An)*Jir, ) on the right. Their norms are
Im|l # 0 and lim ||n;||2 = 0, the set S; is finite and each 7, maps S; to S;. The restriction
of 7, to Sy givleg?io homomorphism of H into the finite group of permutations of Sy, and so the
kernel K has finite index in H. Then kg H = g;H for k € K, so there is a homomorphism
B: K — H given by B(k) = g7 'kg1. We also regard 3 as being a *-automorphism of L(G)
defined by #(x) = A; 2\, and which maps L(K) to L(H). In (6.2) replace h € H by
k € K C H, multiply on the left by \; , and compare the vectors that lie in (*(H). The

result is
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Now 11 = Er ) (A, v), and so 71 can be viewed as an element y € L(H ). Thus (6.4) becomes

(6.5) B(Ar)y = ya( ), k€K,

and so yy* € B(L(K))' N L(H). Thus A\, yy*A; € L(K)' N L(G).
By Lemma 6.1 (ii), L(K) is irreducible in L(G). Thus A, yy*\; € C1, so by scaling we
may assume that y is a unitary w* € L(H). Then (6.5) becomes

(6.6) VAU = WAL A g, W, ke K,

showing that A\, w*v* € L(K) N L(G) = Cl. Multiplying w* by a suitable ¢, we may
assume that Ajw*v* = 1, so u = v* = wA 1. Since uL(H)u* C L(H), we see that
Aot L(H)Ag, € L(H), so if we replace g;' by g then g € ON¢(H) and u has the form w),
for w e U(L(H)).

(i) If w € N(L(H)) then u has the form w, for ¢ € ON¢(H) and w € U(L(H)). Since

conjugation by u maps L(H) onto L(H), the same is true for conjugation by \,, showing

9>

that gHg~! = H and that g € Ng(H). O

Example 6.3. An immediate consequence of Theorem 6.2 (ii) is that L(H) is singular in
L(Q) precisely when Ng(H) = H. Here we give examples of singular inclusions L(H) C L(G)
which nevertheless have non-trivial one-sided normalizers.

Consider the free group F,, where the generators are written {g;: ¢ € Z}, and for each
n € Z, let H, be the subgroup generated by {g;: ¢ > n}. The shift i — i+ 1 on Z induces
an automorphism ¢ of F, defined on generators by ¢(g;) = gi+1, ¢ € Z, and ¢ maps H,, into
H,.1 € H,. Then n — ¢" gives a homomorphism «: Z — Aut(F.), and we let G be the
semidirect product F., X, Z. We abuse notation and write the elements of this group as we"

where w € F,. The multiplication is
(6.7) (vd™) (wP™) = (vP™(w))d™ ™, v,weF,, m,n¢cZ.

We then consider the inclusion H,, C F., X, Z. By construction ¢H, ¢! = H,,; so ¢ is a
one-sided normalizer of H,, for each n € Z. We now show that the only normalizers of H,
lie in H,,.

Suppose that v¢* has the property that vo* H,¢*v=! = H,. If v € H, then H,,,;, = H,,
forcing k = 0, and we see that v¢* € H,. Thus we may assume that v ¢ H,. Let j
be the minimal integer such that g; appears in v. Then j < n otherwise v € H,. Then
Hy, = v 'H,v C Hj, so n+k > j. Take r > n such that the letter g, does not appear

in the reduced word v. Then there is no cancellation in v~'g,v. In particular, the letter g;
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cannot cancel from v='g,v € v H,v = H, 1, and so n+k < j, showing that v='H,v = H;.
There is also no cancellation in vg,v~!, so vg,v~! € ijv_l is not contained in H,, a
contradiction. Thus there are no non-trivial normalizers of H,,, so L(H,) is singular in L(G)
although it does have non-trivial one-sided normalizers. Further algebraic calculations along

the same lines show that
(6.8) ON¢(H,) = {v¢": ve H,, r>0}, n € Z.

We omit the easy details.
It is worth noting that the disparity between normalizers and one-sided normalizers in

this example is extreme; the former generate L(H,,) while the latter generate L(G).

Remark 6.4. Just as in Remark 4.5, the analgous statement to Theorem 6.2 is false in
the abelian situation. Let H be an abelian subgroup of an I.C.C. group G such that every
element of G'\ H has infinitely many H-conjugates — this is Dixmier’s condition, [3], which
is equivalent to L(H) being a masa in L(G). Normalizers of L(H) are not necessarily of the
form u\, for some g € Ng(H) and a unitary u € L(H). This leads to a question to which
we do not know the answer. Suppose that Ng(H) = H. Must L(H) be singular in L(G)?
The methods used to prove singularity of masas coming from subgroups, [23], [21, Lemma

2.1], require additional algebraic conditions on H C G.

7 Bimodules

We consider an inclusion H C G of countable discrete groups such that L(H)' N L(G) =
C1. Each projection f € L(H) N (L(G),eru)) has a range which is invariant under left
and right multiplications by elements of L(H). Conversely, any norm closed L(H )-bimodule
in (2(G) is the range of such a projection f. In this section we investigate the structure
of L(H)" N (L(G), er)). In Theorem 7.1 we characterize the bimodules for projections of
finite trace, and subsequently we show that the structure can be much more complicated
when projections of infinite trace are considered. We recall from Theorem 3.4 (ii) that any
non-zero projection f € L(H) N (L(G), emy) satisfies Tr(f) > 1.

Theorem 7.1. Let H C G be an inclusion of countable discrete groups such that L(H)' N

L(G) =Cl1, and let f € L(H)'N(L(G), er(m)) be a non—zero projection such that Tr(f) < oo.

Then Tr(f) is an integer, and there exist ¢, ..., g, € G such that the range of f is the direct

sum Gn} N, (*(H). In particular, the range of f is a finite sum of L(H)-bimodules generated
i=1
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by double cosets HgH each of which is a finite sum of right L(H)-modules generated by left
cosets gH .

Proof. The projection onto @ A, (*(H) is > Ag,er(mA;, and so has trace equal to n. We
i=1 i=1

g0
consider a non-zero projection f € L(H) N (L(G), erm) with Tr(f) < oo, and we write
Tr(f) = (n — 1) + p where n € N and p € (0, 1]. In the course of the proof it will be shown
that = 1.

Choose a projection p € L(H) with 7(p) = p. Following the approach of [14], the diagonal

projections
f €L(H)

0 eL(H)
(71) P1: and PQZ
0 CL(H)

0 Per(mH)

in ML, ((L(G), er(m))) have equal finite traces and so are equivalent in this factor. Thus there
exists a column matrix V = (vy,...,v,)" with entries v; € (L(G), erm)) such that V*V = f
and VV* = P,. In particular, vjermy = v, 1 <4 <n. Asin [17] (see also [22, Section 8.4]),
the map x — VaV* defines a homomorphism +: L(H) — M, (L(G), er(m)) whose range lies
under P, and so there is a homomorphism ¢: L(H) — M, (L(H)) such that

1
(7.2) v =ewp om=| |
p
for z € L(H). Then
(7.3) Va=Vfr=Vaf =VaV*'V = ¢(x)BV = ¢(z)V, =€ L(H),
0
(7.4) oV =V*é(z),  xe L(H),

by taking adjoints in (7.3). Note that (7.4) is an equality of 1 X n row operators with entries
from (L(G),erm)). Let n; = vi§ € 2(G), 1 < j < n. For a fixed j, the Kaplansky density
theorem allows us to choose a uniformly bounded net (wserm)) converging *-strongly to

vier(m), where w, € L(G). For each y € L(H),
(7.5) viyé = limw,yé = lim Jy* Jw.& = n;y,
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and this equality then holds for each j, 1 < j < n. Now apply (7.4) to column vectors whose

only non-zero entries are £ in the j™ component, 1 < j < n, and use (7.5) to conclude that

(7.6) (s m2, - M) = (M, M2, -, me)0(x),  « € L(H),

where the right action of L(H) on ¢*(G) is used to define the multiplication on the right
hand side of this equation. By putting = 1 in (7.6), we see that 1, = n,p, so (7.6) can also

be written as

(7.7) w(ny, ) e(u’) = (o), w € U(L(H)).

Choose a sequence (Y1,m&, .-, Ynm€), m > 1, converging to (11, ...,m,) in || - [|2-norm where

Yim € L(G). The convex sets
K, = conv{u(Yim, - -, Ynm)O(u*): v € U(L(H))}

are weakly compact in L(G) x - -- X L(G), so the image in (*(G) @ --- @ (*(G) is also weakly
compact and weakly closed. Since K, is invariant for the action u-¢(u*), the unique element

(wim&, ..., Wpmé) € Ky of minimal || - [|g-norm, with w; ,, € L(G), satisfies
(7.8) T(Wimy ey Wam) = (Wigny « ooy Wom ) O(), x € L(H).

Moreover, wili%o 1mi — wimé€|l2 = 0 for 1 < ¢ < n. It follows from (7.8) that zn:wimwzm €
L(H) N L(G) = C1 for each m > 1. Thus the || - ||2-norm and operator nlo:rlm agree for
(Wimy -« s Wom), m > 1. Since these converge to (1y,...,m,), they are bounded in || - [|2-
norm and hence in operator norm. By dropping to a subnet, we may further assume that they
converge weakly to a row operator (wy,...,w,) € L(G) X -+ x L(G), whereupon 7; = w;§

for 1 <¢ <n. From (7.5), we conclude that

(7.9) viys = ny = wily = wys,  y € L(H),
and so vier ) = wiery) for 1 < j < n. Moreover, (7.6) becomes
(7.10) r(wy, ..., wy) = (wy, ..., w,)o(z), x € L(H),

and w,p = w,, by putting x = 1.
Let {g;H: i > 1} be a listing of the left H-cosets in G. Then there exist row operators
(Z14s- -y 2ny), J > 1, with z;,; € L(H) such that

(711) (U}l,...,wn):Z)\gj<21,j7---7zn,j>7

J=1
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where the sum, which could be finite, converges in || - ||o-norm, and z, ;p = z,;. For each
h € H, (7.10) gives

(7.12) MDD A (Z1gs o zmg) = D Ag (21gs - 2n) S (M)
j=1 j=1
For convenience, write Z; = (z1,...,2,;) and suppose that the numbering has been

chosen so that || Z;|la > ||Zj+1]|2, for j > 1, possible because || Z;|ls — 0 as j — oo. If
1Z;ll2 # 0, then S; = {i: || Zi||2 = ||Zj]|2} is a finite set and, as in the proof of Theorem
6.2, each h € H permutes the cosets {¢g;H: ¢ € S;}. We will now show that the number of
non-zero Z;'s must be at least n.

The range of f is the range of V* = V*ep ) and this operator is (wiermy, - - -, WneL(m))-

Thus the range of f is contained in the closure of

{szCii G € 52(H)}~

Indeed, equality must hold since the projection onto this subspace is

i=1

If Z;, 1 <j <r <n, are the only non-zero Z,’s, then (7.11) shows that the range of f is

{ZAgigi: G € EQ(H)}

,
and the projection onto this space is ) Ay e m)Ay, which has trace r < n — 1, contradicting
i=1

contained in

Tr(f) > n—1. Thus we may pick an i?lteger N > n such that || Zy||2 > | Zn+1]]2- Then each
h € H permutes the left cosets {g;H: 1 < i < N}, so as in Theorem 6.2 there is a finite
index normal subgroup K of H such that g; ' - g; induces a homomorphism ¢;: K — H for
1 <i < N. Since each Z; # 0 for 1 < j <N, from (7.11) we can find vectors ((15,---,Cny)s

1<j <N, G, € ?(H),such that )~ w;(;; has a non-zero A\, -coefficient. A suitable linear
=1

oo
combination then gives a vector > A\g.(; € Ran f, where (; € ¢*(H), j > 1, and are non-
j=1

zero for 1 < j < N. Pre—multiplic;tion by K and post-multiplication by H allow us to find

vectors in the range of f whose first N components are
N
> A b (M) NG
i=1
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which we write in matrix form as

P1(Ak) AT G
(7.13) Mgrs s Agn) - :

<oy N\gN

On (M) INLT ) \Cw

For i # j, gbngj_l(x) = A1y, @1y, for © € L(G). If there is a unitary v € L(H) with
qﬁi(bj_l(y) = uyu* for all y € L(K), then U1y € L(K)' N L(G) = C1. Hence g; 'g; € H,
which is a contradiction as ¢;H # g;H. We can now apply Lemma 2.2 to deduce that the

diagonal matrices in (7.13) generate the von Neumann algebra

]
. t; € B(*(H))
tn

Since (; # 0 for 1 < i < N, we see that

d1(Ae) IS (1
span | keK, heH

N (M) JALT ) \Cw

- N -
is dense in the direct sum of N copies of £2(H). If f =" A\germ) Ay, then f is a projection
i=1

of trace N. The range projection of ff is f while the range projection of ff lies under f.

Since these range projections are equivalent in (L(G), ermy), we conclude that Tr(f) < Tr(f).
Thus

(7.14) n<N=Tr(f) <Tr(f) =n—1+pu,

forcing p = 1, and N = n. In particular, no choice of N > n was possible. Thus only A,
terms for j < n appear in (7.11) and so f < f. Equality of the traces then gives f = f, and
the result follows. O

Corollary 7.2. Let H C G be an inclusion of countable discrete groups such that L(H) N
L(G) = C1. Then the projections in L(H)' N (L(G),erm)) of finite trace generate an abelian

algebra.

Proof. Let {g;H: i > 1} be a listing of distinct left H-cosets in GG. Then the projections
{Ag.eran Ay, @ > 1} are pairwise orthogonal, and suitable finite sums of these account for
all finite trace projections in L(H)' N (L(G), erm)), by Theorem 7.1. The result is immediate
from this. O
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We note that Corollary 7.2 is special to the group-subgroup situation. If a finite group
G acts on a factor M and we let N be MY, then we have already seen that N' N (M, ey)
is isomorphic to the group algebra CG which can be highly non-abelian. Even for L(H) C
L(G), the situation for infinite trace projections can be very complicated, as the next example

shows.

Example 7.3. Let G = 3, generated by {a,b,c}, and let H = Fy, generated by {a,b}. We
will show that L(H)" N (L(G), erm)) is the direct sum of C and a I, factor. First consider
two reduced words wi, wy € F5 which begin and end with non-zero powers of ¢. For ¢ =1, 2,
let f; be the projection onto the L(H)-bimodule generated by w; in ¢2(G). Then f, and fo
are in L(H)' N (L(G), erm)) and we establish that they are equivalent in this algebra. There
can be no cancellation of letters in the words x;wyy; when x;,y; € Fo, 1 < i < n, are reduced

words. Then {z;wyy;: 1 <i <n} is an orthogonal set so, for scalars «;,

n
E QG T;W1Y;
i=1

with a similar equality for wy replacing w;. Thus there is an isometric map v: Ran f; —

n

2
=2_lail,
2

=1

(7.15)

Ran f; defined on a generating set of vectors by
(7.16) v(zwyy) = Twey, z,y € Fo,

and this extends to £2(G) by setting v = 0 on (Ran f;)+. The definition makes it clear that v
commutes with the left and right actions of L(H), so v € L(H)'N(L(G), erm)), and v*v = fi,
vv* = fy. Thus 1 — ep(g) is an orthogonal sum of equivalent projections corresponding to
words beginning and ending with a non-zero power of ¢. Since there are infinitely many
such words, this will contribute a tensor factor of B(¢?(N)). Thus it suffices to consider
projections in L(H) N (L(G), ermy) whose ranges are contained in the L(H)-bimodule X,
generated by c¢. We denote the projection onto X, by f..

Consider the II; factor L(H) ® JL(H)J acting in standard form on L*(L(H) ® JL(H)J).
If we define an operator U: L*(L(H) ® JL(H)J) — X. by

i=1 i=1
for words z;,y; € Fy and scalars «;, then the calculation of (7.15) shows that U extends to

a well defined unitary between these Hilbert spaces. Since
(7.18) Uz @ JyJ)U*(c) = zcy ™!
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for words z,y € Fo, we see that U(L(H) ® JL(H)J)U* is the von Neumann algebra of
operators on X, generated by left and right multiplications by elements of L(H). Thus U
conjugates (L(H) ® JL(H)J)" to fo(L(H) N (L(G), erm)))fe, from which it follows that

L(H)' N (L(G), erm)) = Cepy © (1 — eran) (LIH) N (L(G), erm)))
>~ Cerm @ (L(H) ® JL(H)J) ® B(f*(N))
(7.19) = Ceymy @ (JL(H)J) ® L(H) ® B((*(N)),

and the latter tensor product algebra is a Il factor. We also conclude that there are no

minimal projections in L(H) N (L(G), ermy) under 1 — er . O
Example 7.3 showed that L(H)'N(L(G), ex) could contain a I, factor. Our final example

shows that, even in the singular infinite index case, this algebra can also be atomic, abelian
and generated by its minimal projections of finite trace. Furthermore, the traces of these
minimal projections can be uniformly bounded. We note that any countable discrete group
G can act on F|g| by outer automorphisms. Index the generators of Fig by {¢;: t € G} and
let B, € Aut(F|g|) be defined on generators by g, — g, s,t € G. The semidirect product
Fig| x5 G is a countable I1.C.C. group.

Example 7.4. Let Zy act on Z by
(7.20) apm(n) = (—=1)"n, nezZ, me Ly,

and then let Z X, Zy act on Fo, by an action [ as described above. Set G = Fo, X5 (Z X, Z2)
and let H be the subgroup generated by F., and Z,. Each g € G has infinitely many H-
conjugates and so L(H) is irreducible in L(G). Any g € G\H contains a non-zero group
element n € 7Z, and then properties of the semidirect product show that the double coset
HgH is a union of two left cosets generated by +n € Z. By Theorem 7.1, we see that each
of these double cosets corresponds to a minimal projection in L(H) N (L(G), erm)) of trace
2, so this algebra is abelian and any projection in it under 1 — ey is an orthogonal sum of
projections of trace 2.

Many variations on this theme are possible. Replace Zs by a group of order n and replace
Z by an infinite group on which it acts. The minimal projections will then all have integer

trace bounded by n.
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