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Abstract

In this paper we consider two von Neumann subalgebras By and B of a type II;

factor A. For a map ¢ on N, we define

[6lloo2 = sup{[lé(x)ll2: [lz]| <1},

and we measure the distance between By and B by the quantity |Eg, —Eg|loc,2. Under
the hypothesis that the relative commutant in N of each algebra is equal to its center,
we prove that close subalgebras have large compressions which are spatially isomorphic
by a partial isometry close to 1 in the || - [[o~norm. This hypothesis is satisfied, in
particular, by masas and subfactors of trivial relative commutant. A general version
with a slightly weaker conclusion is also proved. As a consequence, we show that if A
is a masa and u € AV is a unitary such that A and uAu* are close, then v must be close
to a unitary which normalizes 4. These qualitative statements are given quantitative

formulations in the paper.
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1 Introduction

In this paper we study pairs of von Neumann subalgebras A and B of a type II}
factor N under the assumption that they are close to one another in a sense made
precise below. Some of our results are very general, but the motivating examples are
masas, subfactors, or algebras whose relative commutants in A/ equal their centers. In
these special cases significant extra information is available beyond the general case.
Ideally, two close subalgebras would be unitarily conjugate by a unitary close to the
identity, but this is not true. In broard terms, we show that two close subalgebras
can be cut by projections of large trace in such a way that the resulting algebras are
spatially isomorphic by a partial isometry close to the identity. The exact nature of
the projections and partial isometry depends on additional hypotheses placed on the
subalgebras. Our results are an outgrowth of some recent work of the first author who
proved a technical rigidity result for two masas A and B in a type II; factor N that
has yielded several important results about type II; factors, [18, 19]. The techniques of
these papers were first developed in [15]. This paper uses further refinements of these
methods to prove the corresponding stability of certain subalgebras in separable type
I1; factors (Theorems 6.4 and 6.5). Several of the lemmas used below are modifications
of those in [2, 18, 19], and versions of these lemmas go back to the the foundations of
the subject in the papers of Murray, von Neumann, McDuff and Connes. Although
the focus of this paper was initially the topic of masas, our results have been stated
for general von Neumann algebras since the proofs are in a similar spirit. The crucial
techniques from [18, 19] are the use of the pull down map ® : L'((N,B)) — L'(\),
and detailed analyses of projections, partial isometries and module properties. The
contractivity of @ in the |- ||;-norm, [19], is replaced here by a discussion of unbounded
operators and related norm estimates in Lemma 5.1.

If $: N — N is a bounded linear map, then ||¢|/o2 denotes the quantity

[6lloc,2 = supfllg(z)llo: [lz]l < 1}, (1.1)

and ||E4 — Epl|c,2 measures the distance between two subalgebras A and B, where E 4
and Eg are the associated trace preserving conditional expectations. We regard two
subalgebras as close to one another if ||E4 — Ep|/ 2 is small. A related notion is that
of d—containment, introduced in [11] and studied in [2]. We say that A Cs5 B if, for
each a € A, |la|| < 1, there exists b € B such that ||a — b||2 < §. This is equivalent



to requiring that ||(/ — Eg)Eallec2 < 9, and so the condition [|[E4 — Egllcc2 < 0
implies d—containment in both directions, so we will often use the norm inequality in
the statement of results (see Remark 6.6).

A significant portion of the paper is devoted to the study of masas. Two metric
based invariants have been introduced to measure the degree of singularity of a masa
A in a type II; factor. In [13], the delta invariant §(A) was introduced, taking values
in [0,1]. Motivated by this and certain examples arising from discrete groups, strong
singularity and a-strong singularity for masas were defined and investigated in [22].
The singular masas are those which contain their groups of unitary normalizers, [5],
and within this class the notion of a strongly singular masa A C N/, [22], is defined by
the inequality

lu = Ea(u)ll2 < [Ea = Eyaur floo2 (1.2)

for all unitaries u € N. Such an inequality implies that each normalizing unitary lies
in A, so (1.2) can only hold for singular masas. We may weaken (1.2) by inserting
a constant « € (0,1] on the left hand side, and a masa which satisfies the modified
inequality is called a-strongly singular. Recently, [18], 6(.A) was shown to be 1 for
all singular masas. This result, [18, Cor. 2], may be stated as follows. If A is a
singular masa in a type II; factor N and v is a partial isometry in N with vv* and v*v

orthogonal projections in A, then
lov*|l2 = sup{||z — Ea(x)|l2: = € vAV*, x| < 1}. (1.3)

This result supports the possibility that all singular masas are strongly singular. Al-
though we have not proved that singularity implies strong singularity, we have been

able to establish the inequality
lu —Ea(u)ll2 < 90[Es — Eyau]loo2 (1.4)

for all singular masas A in separably acting type II; factors N'. The constant 90 emerges
from a chain of various estimates; our expectation is that it should be possible to replace
it with a constant equal to or close to 1. The method of proof in [18] (and of the main
technical lemma in [19]) uses the convexity techniques of Christensen, [2], together with
the pull-down identity of ® from [12], some work by Kadison on center—valued traces,
[9], and fine estimates on projections. Our main proof (Theorem 5.2) follows that of

[18], and also requires approximation of finite projections in L*°[0, 1]|®@ B(H). These



are combined with a detailed handling of various inequalities involving projections and
partial isometries.

There are two simple ways in which masas A and B in a type II; factor can be
close in the || - ||so,2-norm on their conditional expectations. If u is a unitary close to
Ain || - |2 norm and uwAu* = B, then |E4 — Eg|oc,2 is small. Secondly, if there is
a projection ¢ of large trace in A and B with ¢ A = ¢B, then again |[E4 — Ep|/co 2 is
small. In Theorem 6.5 we show that a combination of these two methods is the only
way in which A can be close to B in separably acting factors.

The structure of the paper is as follows. Section 2 contains preliminary lemmas
which include statements of some known results that will be used subsequently. The
operator h in Proposition 2.4 was important for Christensen’s work in [2] and plays
an essential role here. Theorem 2.6 investigates its spectrum to aid in later estimates.
The third section deals with two close algebras, one of which is contained in the other.
We present a sequence of lemmas, the purpose of which is to cut the algebras by a large
projection so that equality results. The fourth section collects some more background
results preparatory to the next section where it is shown that two close subalgebras can
be cut so that they become isomorphic by a suitably chosen partial isometry. In the
final section we focus attention on applying these results to masas. One consequence is
that if a unitary conjugate u.Au* of a masa A is close to the original masa then u must
be close to a normalizing unitary, and this allows us to present the results on strongly
singular masas mentioned above.

The crucial estimates are contained in Theorems 5.2, 3.5 and Corollary 2.5. We
recommend reading these three results in the order stated, referring back to ancillary
lemmas and propositions as needed. Corollary 2.5 is essentially due to Christensen in
his pioneering paper [2], but without the norm inequalities which we have included.
Two of our main results, Theorems 3.5 and 5.2, generalize [19, A.2] and use methods
from [15, Section 4].

Our results are formulated for subalgebras of a finite factor . In only a few places
is this requirement necessary, Theorem 3.7 for example, and when the statement of a
result makes sense for a von Neumann algebra A/ with a unital faithful normal trace,

the same proof is valid.



2 Preliminaries

Let NV be a fixed but arbitrary separably acting type II; factor with faithful nor-
malized normal trace 7, and let B be a von Neumann subalgebra of A/. The trace

induces an inner product

(v,y) =7(y"z), 2,y€EN, (2.1)
on N. Then L*(N, ) is the resulting completion with norm

|zl = (r(z*2))/?,  zeN, (2.2)

and when z € N is viewed as a vector in this Hilbert space we will denote it by Z.
Several traces will be used in the paper and so we will write || - |2+ when there is
possible ambiguity. The unique trace preserving conditional expectation Eg of N onto

B may be regarded as a projection in B(L?(N),7), where we denote it by ez. Thus

—

eg(2) = Eg(z), zeN. (2.3)

Properties of the trace show that there is a conjugate linear isometry J: L*(N,7) —

L*(N,7) defined by

J(@) =75, zEN, (2.4)

and it is standard that A, viewed as an algebra of left multiplication operators on
L?(N,7), has commutant JNJ. The von Neumann algebra generated by A" and e is
denoted by (N, B), and has commutant JBJ. If B is a maximal abelian self-adjoint
subalgebra (masa) of NV, then (N, B) is a type I von Neumann algebra, since its
commutant is abelian. Moreover, its center is JBJ, a masa in N’/ and thus isomorphic
to L*>°[0,1]. The general theory of type I von Neumann algebras, [10], shows that
there is then a separable infinite dimensional Hilbert space H so that (N,B) and
L>[0,1)®B(H) are isomorphic. When appropriate, for B a masa, we will regard an
element = € (N, B) as a uniformly bounded measurable B(H )-valued function z(t) on
[0,1]. Under this identification, the center JB.J of (N, B) corresponds to those functions
taking values in CI. We denote by tr the unique semi-finite faithful normal trace on
B(H) which assigns the value 1 to each rank 1 projection.

The following lemma (see [12, 17]) summarizes some of the basic properties of

(N, B) and ep.



Lemma 2.1. Let N be a separably acting type 11y factor with a von Neumann subal-

gebra B. Then

(i) epwep = epEn(z) = Ep(z)es, €N
(i) esWN,B) =esN", (N,Beg=Neg";
(i) ifz € N UJBJ and ez =0, then x = 0;
)
)

—

es(N,B)eg = Bep = egB;

(iv

there is a faithful normal semi-finite trace Tr on (N, B) which satisfies

(v
Tr(vesy) = roy), @y €N, (2.9)
and in particular,

Tr(eg) = 1. (2.10)

The following result will be needed subsequently. We denote by ||z||2 1 the Hilbert
space norm induced by Tr on the subspace of (N, B) consisting of elements satisfying

Tr(z*z) < c0.

Lemma 2.2. Let B be a masa in N and let € > 0. If f € (N,B) is a projection of
finite trace and

If —esllam <e, (2.11)

then there exists a central projection z € (N, B) such that zf and zep are equivalent

projections in (N, eg). Moreover, the following inequalities hold:

2,Tr S e. (2.12)

\|lzf — zesll2e,  |lzeB —esll2, ||2f —eB

Proof. From (2.8), ep is an abelian projection in (N, eg) so, altering ep(t) on a null
set if necessary, each ep(t) is a projection in B(H) whose rank is at most 1. If {t €
[0,1]: ep(t) = 0} were not a null set, then there would exist a non-zero central
projection p € JBJ corresponding to this set so that egp = 0, contradicting (2.7).
Thus we may assume that each ep(t) has rank 1.

Since Tr is a faithful normal semi-finite trace on (N, B), there exists a non-negative

R-valued measurable function k(t) on [0,1] such that

Tr(y) = /0 K)i(y(®)dt, ye (V,B), Tr(y'y) < oo. (2.13)

By (2.10), 1
Tr(eg) = /0 k() tr(es(t))dt = 1, (2.14)



and thus integration against k(t) defines a probability measure p on [0,1] such that

1
Tr(y) = /0 try()du(t), ye Wes), Tr(y'y) < co. (2.15)

It follows from (2.15) that

1
19113 7 :/0 tr(y(t)"y(@))dpt),  y e N,B). (2.16)

Consider a rank 1 projection p € B(H) and a projection g € B(H) of rank n > 2.
Then

tr((p—q)?) = tr(p+q—2pq) = tr(p+q — 2pgp) > tr(p+q—2p) > 1,  (2.17)

and the same inequality is obvious if ¢ = 0. Let G = {t € [0,1]: rank(f(¢)) # 1}.
Then, from (2.11),

2 |f —esllim > /Gtr((f(t) — en(1))?)du(t) > u(G), (2.18)

by (2.17). Let z = xge ® I, a central projection in (N, B). Then the ranks of z(¢) f(t)
and z(t)eg(t) are simultaneously 0 or 1, and so zf and zep are equivalent projections

in (M, B). Then
5 = ol = | trlen()dutt) = u(G) < <, (2.19)
from (2.18), while

l2f — eslim = /G tr(es(t)dp(t) + / tr(F(t) — en(t)?)dp(t)

c

<|If = esl3m (2.20)
since, on G,
tr(es(t)) = 1 < tr((f(t) — es(1))?), (2.21)
by (2.17). Finally,
lzf = zesllam < 2]l f = esllzm <, (2.22)
completely the proof of (2.12). O

We now recall some properties of the polar decomposition and some trace norm

inequalities. These may be found in [3, 10].



Lemma 2.3. Let M be a von Neumann algebra.

(i) If w € M then there exists a partial isometry v € M, whose initial and final

spaces are respectively the closures of the ranges of w* and w, satisfying
w = v(w*w)'? = (ww*)?v. (2.23)

(ii) Suppose that M has a faithful normal semifinite trace Tr. If x € M, 0 <z <1,
Tr(z*x) < o0, and f is the spectral projection of x corresponding to the interval
[1/2, 1], then

lle —f

21 < 2[le — z||2,1r (2.24)
for any projection e € M of finite trace.

(iii) Suppose that M has a faithful normal semifinite trace and let p and q be equivalent
finite projections in M. Then there exists a partial isometry v € M and a unitary

u € M satisfying

vio=p, w'=g, (2.25)

vlp —q| = Ip — qlv, (2.26)

o —pl,|v—q| <2'2p—q, (2.27)
upu® =q, ulp—gq|=|p—qlu, (2.28)
11— u| <2'2|p—ql. (2.29)

(iv) Suppose that M has a faithful normal semifinite trace and let p and q be finite
projections in M. Then the partial isometry v in the polar decomposition of pq
satisfies

Ip = vl llg = vl < V2[lp = qllom- (2.30)

The following result is essentially in [2], and is also used in [18, 19]. We reprove
it here since the norm estimates that we obtain will be crucial for subsequent devel-
opments. The operator h below will be important at several points and we will refer

below to the procedure for obtaining it as averaging eg over A.

Proposition 2.4. Let A and B be von Neumann subalgebras in a separably acting type

Iy factor N, and let K 4(ep) be the weak closure of the set

K q(eg) = conv{uegu®: wu is a unitary in A} (2.31)



in (N,B). Then K 4(eg) contains a unique element h of minimal || - || re-norm, and

this element satisfies

(i) heAn(WN,B), 0<h<I; (2.32)
(i) 1—Tr(esh) < [[(I —Es)Eall5 (2.33)
(iii) Tr(egh) = Tr(h?); (2.34)
(iv) [Ih—esllzm < (I — EB)Eallco2- (2.35)

Proof. Each x € K 4(ep) satisfies 0 < z < 1, and so the same is true for elements of
K '4(ep). Moreover, each 2 € K 4(ep) has unit trace by Lemma 2.1 (v). Let P be the
set of finite trace projections in (N, B). Then, for x € (N, B), z > 0,

Tr(z) = sup{Tr(zp): p € P}. (2.36)
If pc P and (z,) is a net in K 4(eg) converging weakly to = € K 4(eg), then
lim Tr(zop) = Tr(zp), (2.37)
o

and it follows from (2.36) that Tr(x) < 1. Since x? < , it follows that z € L?((\, B), Tr).
Since span{ P} is norm dense in L?((N, B), Tr), we conclude from (2.37) that (x,) con-
verges weakly to x in the Hilbert space. Thus ?ﬁ(elg) is weakly compact in both
(N,B) and L?({(N,B), Tr), and so norm closed in the latter. Thus there is a unique
element h € K 4(eg) of minimal || - ||21y — norm.

For each unitary v € A, the map = — uzu® is a || - |2 7v — norm isometry which

leaves K 4(ep) invariant. Thus
whu® = h, w unitary in A, (2.38)

by minimality of h, so h € A’ N (N, B). This proves (i).
Consider a unitary v € A. Then, by Lemma 2.1,

1 —Tr(eguegu™) = 1 — Tr(egEg(u)u®) = 1 — 7(Eg(u)u*)
— 1 - 7(Es(w)Es(w)") = 1 — [ Es(w)[3
= (I =Es)(@)|3 < (I = Es)Eal% - (2.39)
This inequality persists when uegu® is replaced by elements of K 4(eg), so it follows

from (2.37) that
1= Te(esh) < (7 — Eg)Eal . (2.40)

9



proving (ii).

Since h € A'N (N, B),
Tr(uegu*h) = Tr(epu*hu) = Tr(eph) (2.41)

for all unitaries u € A. Part (iii) follows from this by taking suitable convex combina-
tions and a weak limit to replace uegu® by h on the left hand side of (2.41). Finally,
using (2.40) and (2.41),

I|h — 68”%,% = Tr(h2 — 2hep + ep)

= Tr(eg — hep)

=1—Tr(hep)

<~ Ep)Eall% 2 (242)
proving (iv). O

For the last two results of this section, h is the element constructed in the previous

proposition.

Corollary 2.5. Let A and B be von Neumann subalgebras of N and let f be the spectral

projection of h corresponding to the interval

[1/2, 1]. Then f € A N(N,B), and
les = fllamr < 2[[( — Ep)Eallco,2- (2.43)

Proof. The first assertion is a consequence of elementary spectral theory. The second

follows from Proposition 2.4 (iv) and Lemma 2.3 (ii). O

Theorem 2.6. Let Qy C Q1 be a containment of finite von Neumann algebras and let

T be a unital faithful normal trace on Q1. Suppose that
QN Q1 = Z(Q) = Z(Q1), (2.44)
and let h € (Q1, Qo) be the operator obtained from averaging eg, over Qi. Then
h e 2(Q) = Q1 N(Q1, Qo) = Z(Q), (2.45)
and the spectrum of h lies in the set
S = {(4cos’(n/n)) "t :n >3} U[0,1/4]. (2.46)

In particular, the spectrum of h lies in {1} U [0,1/2], and the spectral projection ¢
corresponding to {1} is the largest central projection for which Quq1 = Q1q:.

10



Proof. Let Qs denote (Q1, Qo). Then Q) = JQyJ, so Q1NQs = JO1JN(JQoJ)’, which
is J(Q,N Q1)J = J(Z2(Q1))J = Z(Q1). In addition, Z(Q2) = Z(Q)) = Z(JQuJ) =
Z(Q1), so the algebras Z(Qp), Z(Q1), Z2(Q2), @, N Q1 and Q) N Qs coincide under
these hypotheses. Since h € Q) N Qa, by Proposition 2.4, we have thus established
(2.45).

The set S consists of an interval and a decreasing sequence of points. If the spectrum
of h is not contained in S, then we may find a closed interval [a,b] C S°N (1/4,1) so
that the corresponding spectral projection z of h is non—zero and also lies in Z(Q;). By
cutting the algebras by z, we may assume that al < h < bl and [a,b]NS =0soa > 1/4.
The trace Tr on Qo coming from the basic construction satisfies Tr(1) < a~'Tr(h) =
a!Tr(eg,) < 4 and is thus finite. Let Ctr denote the center—valued trace on Qz, whose
restrictions to Qg and Q; are also the center—valued traces on these subalgebras. Then
Ctr(eg,) > al. If Qp has a central summand of type I,, with corresponding central
projection p then cutting by p gives containment of type I,, algebras with equal centers
and are thus equal to each other. This would show that Ap = p and 1 would lie in the
spectrum of h, contrary to assumption. Thus Qs is a type II; von Neumann algebra.
Then 1 may be expressed as a sum of four equivalent projections {pl-}?:1 each having
central trace (471)1. Thus each p; is equivalent to a subprojection of eg, and so there
exist partial isometries v; € Qa such that 1 = 2?21 vieg,v; . Since eg,Q1 = eg,Q2,
we may replace each v; by an operator w; € Q1, yielding 1 = Z?:l wieg,w; . For each
x € Q1, multiply on the right by xzeg, to obtain

4

zeg, = ZwiEQo (wix)eg,, = € Qi, (2.47)
i=1

sox = Zle wiEg,(w}z), and Q; is a finitely generated right Qp—module. In a similar
fashion Q9 = 2?21 wieg, Q2 = Zle wieg, Q1, and so Qg is finitely generated over Q;.
This is a standard argument in subfactor theory (see [12]) which we include for the

reader’s convenience.

Let © be the spectrum of Z(Q2), and fix w € Q. Then
Iy = {x € Qy: Ctr(z™z)(w) = 0} (2.48)

is a maximal norm closed ideal in Q2 and Qy/Z5 is a type II; factor, denoted My, with
trace 7, = w o Ctr, [21]. Similar constructions yield maximal ideals Z, C Q, k =0, 1,

and factors My = Q/Z;. Equality of the centers gives Qr NZy = 7y for k = 0,1,

11



and so My C M; C Msj is an inclusion of factors. Let m: Qs — My denote the
quotient map, and let e = m(eg,). From above we note that My is a finitely generated
Mi—module.

Consider x € Z;. By uniqueness of the center—valued trace, the composition of Eg,

with the restriction of Ctr to Qg is Ctr. Thus
Ctr(Eg,(z*2)))(w) = Ctr(z™z)(w), =€ Q. (2.49)

Conditional expectations are completely positive unital maps and so Eg,(z*)Eg,(z) <
Eg,(z*z), showing that Eg, maps Z; to Zy. Thus there is a well defined 7,,—preserving
conditional expectation E: M; — M given by E(z + Z;) = Eg,(z) + Zp for z € Q;.
From above, e commutes with Mg and My is generated by M; and e. Moreover,
exe = E(z)e for x € M; by applying 7 to the equation eg,zeq, = Eg,(x)eg, for
x € Q1. Thus My is the extension of M; by My with Jones projection e, [7].
Now Ctr(eg,)(w) = h(w) € [a,b], so 7,(e) = h(w) while 7,(1) = 1. It follows that
[M1: Mo]~! € [a,b], contradicting the theorem of Jones, [7], on the possible values of
the index.

Now let ¢; be the spectral projection of h corresponding to {1}. If we cut by ¢
then we may assume that h = 1. But then eg, = 1 and Qy = Q1. We conclude that
Qoq1 = Q1¢q1- On the other hand, let z € Z(Q1) be a projection such that Qpz = Q; z.
Then eg,z = z, so hz = z, showing that z < ¢;. Thus ¢; is the largest central

projection with the stated property. O

12



3 Containment of finite algebras

In this section we consider an inclusion M C A of finite von Neumann algebras
where N has a faithful normal unital trace 7, and where N' Cs M for some small
positive number §. Our objective is to show that, by cutting the algebras by a suitable
projection p in the center of the relative commutant M’ N A of large trace dependent
on §, we may arrive at Mp = pN'p. This is achieved in the following lemmas which are
independent of one another. However, we have chosen the notation so that they may
be applied sequentially to our original inclusion M C AN. The definition of N' C5 M
depends implicitly on the trace 7 assigned to A. Since we will be rescaling traces
at various points, we will make this explicit by adopting the notation N” C5, M. If

71 = A7 for some A > 0, then
lzll2m = VAl2llzr,  zEN. (3.1)

Consequently V' C;, M becomes N C /5 5.7, M for this change of trace.

It is worth noting that the beginning of the proof of the next lemma shows that if
Mo C Ny, Ny Csy7y Mo for a von Neumann algebra Ny with a faithful normal unital
trace 79, then M{ NNy Cs,.r, Z2(Mo).

Lemma 3.1. Let §; € (0,1) and consider an inclusion My C Ny, where N has a
unital faithful normal trace T relative to which Ni Cs, -, Mi. Then there exists a
projection p1 € Z(MyNN1) such that 71 (p1) > 1—6% and (Mip1)' Np1Nipy is abelian.

Setting Mo = Mip1, No = piNip1, and 7o = 71(p1) "1, we have My NNy is
abelian and Na Cs, 7, Ma, where 83 is defined by 65 = §2(1 — 63)~ L.

Proof. Let C = M} N Ni, which contains Z(Mj). If ¢ € C, ||c|| < 1, we may choose
m € M to satisfy |[c — m||2-, < 1. Conjugation by unitaries from M; leaves c
invariant, so Dixmier’s approximation theorem, [4], shows that there is an element
z € Z(M;) such that |c — z|l2-, < 61. Thus C C5, Z(M;). Let A be a maximal
abelian subalgebra of C which contains Z(M;), and note that Z(C) € A. Choose a
projection p; € Z(C), maximal with respect to the property that Cp; is abelian. We
now construct a unitary u € C(1 — p1) such that E 41_p,)(u) = 0.
The algebra C(1 — p1) may be decomposed as a direct sum

C(1—p1) =P, (3.2)

k>0

13



where Cp is type II; and each Cj for £ > 1 has the form M, ® A for an abelian
subalgebra Ay of A. Let gi, k > 0, be the identity element of Cx. Then Agqg, k > 1,
contains Ay and is maximal abelian in Cg, so has the form D, ® A for some diagonal
algebra Dy, C M, , [9]. Note that the choice of p; implies ny > 2. For k > 1, let uy, be
a unitary in M, (= M,, ® 1) which cyclically permutes the basis for Dj. For k =0,
choose two equivalent orthogonal projections in Agy which sum to qg, let v € Cyp be an
implementing partial isometry, and let ug = v + v*. Then u = io: uy is a unitary in

k=0
C(1 — p1) for which E 4;_p,,)(u) = 0. Thus w = p1 + v is a unitary in C. Then

01 2 [[w = Ezuy) (w)llzn 2 lw = Ea(w)llo,m

= [lu = Eaq—p)(@ll2m = llullzn =1 = prllzn; (3-3)

and the inequality 71(p1) > 1 — 6% follows.
Now let My = Mip1, No = ptNip; and 75 = Tl(pl)_lTl. Then M, NNy = Cpy,
which is abelian, and N5 Cs, -, M2, where 0z = 61 (1 — 62)~1/2. 0

Lemma 3.2. Let 63 € (0,271) and consider an inclusion My C Na, where Ny has
a unital faithful normal trace 1o relative to which No Céy,ry Ma. Further suppose
that MY N Ny is abelian. Then there exists a projection py € M, N Ny such that
mo(p2) > 1 — 462 and (Mapa)' N (paNape) = Z(Maps). In particular, when Ny is
abelian we have Nops = Maps.

Setting Mz = Mapa, N3 = paMaps and 13 = T2(p2) 72, we have My N N3 =
Z(Ms3) and N3 Csy ry Ms, where 85 is defined by 63 = 65(1 — 463) L.

Proof. Let A = Z(My) and let C = M,NNs, which is abelian by hypothesis. It is easy
to see that C Cs, -, A, by applying Dixmier’s approximation theorem, [4]. Consider
the basic construction A C C C (C,.A) with canonical trace Tr on (C,.A) given by
Tr(xeqy) = m(vy) for ,y € C. Note that C is maximal abelian in B(L*(C, 7))
and thus maximal abelian in (C,.A). Following the notation of Proposition 2.4, let
h be the element of minimal | - ||lor-norm in K¢ (eq) and recall from (2.35) that
|h — eall2m < d2. For each A € (271,1), let f\ be the spectral projection of h for the
interval [\, 1]. Since h € C'N (C, A) = C, we also have that fy € C for 271 < X < 1.
Fix an arbitrary A in this interval.

We first show that for every projection ¢ < fy, the inequality

EA(q) > X supp(Ea(q)) (3.4)

14



holds. If not, then there exists a projection ¢ < f) and € > 0 so that the spectral

projection gy of E4(q) for the interval [0, A — €] is non—zero. Then

0#Ea(qq) <A —ce. (3.5)

From this it follows that e4(qqo)ea < (A — €)e4, which implies that ggoeaqqo < (A —
£)qqo. (To see this, note that, for any pair of projections e and f, the inequalities
efe < Xe, |lefll < VA, |Ifell < VX, and fef < Af are all equivalent). Averaging this
inequality over unitaries in Cqqp, which have the form wuqqy for unitaries u € C, leads

to
hqqo < (X —€)qqo. (3.6)

The inequality hAfy > Afy implies that

hqqo > Aqqo, (3.7)

and this contradicts (3.6), establishing (3.4).

Now consider two orthogonal projections ¢; and g2 in Cfy. From (3.4) we obtain

1> Ea(q1 +q2) > A(supp E4(q1) + supp E4(g2))

> 2A(supp E4(q1) - supp Ea(g2)). (3.8)

Since A > 27!, this forces E4(q1) and E4(g2) to have disjoint support projections.
Whenever a conditional expectation of one abelian algebra onto another has the prop-
erty that E(p)E(q) = 0 for all pairs of orthogonal projections p and ¢, then E is the
identity. This can be easily seen by considering pairs p and 1 — p. In our situation, we
conclude that Afy = Cfy. Let ps be the spectral projection of h for the interval (271, 1].
By taking the limit A — 27!4, we obtain Apy = Cpz, and the estimate o(p2) > 1 — 402
follows by taking limits in the inequality

(1 =221 = 72(f2) = (1 = N1 = 1)%) < (1 - h)?)
= Tr(ea(l —h)?) = leall = h)|3n
= llealea = W)z < llea = hl3x <65 (3.9)
Now let M3 = Mapa, N5 = paNaps and 73 = Ta(p2) 'm2. Then Z(Ms) = M4NN;

and N3 Cg, -, M3, where 63 = d2(1 — 455)*1/2‘ 0

Lemma 3.3. Let 03 € (0,4*1) and consider an inclusion M3z C N3, where N3 has a

unital faithful normal trace T3 relative to which N3 Césy,m5 Ms. Further suppose that
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Z(M3) = M4 N Ns. Then there exists a projection ps € Z(Ms) such that 73(p3) >
1 — 1663 and
Z(Msps) = (Msps)' N (psNsp3) = Z(psNsps). (3.10)

Setting My = Msps, Ny = psNsps and 14 = 73(p3) " ‘73, we have
Z(My) = MyN Ny = Z(Ny) (3.11)
and Ny Cs, -, My, where 84 is defined by 67 = 65(1 — 1663) 1.

Proof. Since Z(N3) C M4 N N3 we have, by hypothesis, that Z(N3) C Z(Msg). If
x € Z(Ms), ||z|| < 1, and u is a unitary in N3 then choose m € Msj such that

|lu — ml|2,m < 03. It follows that
luz — zulla,ry = [[(u = m)z —2(u = m)|l2,7 < 203, (3.12)

and so ||uzu* — |2, < 203. Suitable convex combinations of terms of the form uzu*
converge in norm to an element of Z(Nj3), showing that Z(Ms) Cagy.rs Z(N3). Now
apply Lemma 3.2 to the inclusion Z(N3) C Z(M3j), taking d2 = 203. We conclude that
there is a projection p3 € Z(Ms3) such that 73(p3) > 1—1653 and Z(N3)ps = Z(M3)ps.

Now let My = M3ps, Ny = Naps and 74 = 73(p3)~'73. Then (3.11) is satisfied and
Ny Coyry My, where 54 = 63(1 — 1662)71/2. O

Lemma 3.4. Let 4 € (0, 2*1/2) and consider an inclusion My C Ny, where Ny has a

unital faithful normal trace T4 relative to which Ny Céy,ms Ma. Further suppose that
Z(My) = MyNNy = Z(Ny). (3.13)

Then there erists a projection py € Z(My) such that T4(ps) > 1 — 207 and Mypy =
Naps.

Proof. Consider the basic construction My C Ny C (Ny, My) with associated pro-
jection epq,, and let h € N N (Ng, My) be the operator obtained from epq, by
averaging over the unitary group of Nj. By hypothesis, the conditions of Theo-
rem 2.6 are met, and so h € Z(N;) and has spectrum contained in {1} U [0,271].
Let ¢ € Z(Ny) = Z(My) be the spectral projection of h for the eigenvalue 1, and note
that h(1 — q) < (1 — ¢)/2. Fix an arbitrary € > 0 and suppose that

Tr(eat,ulerts(1 - 9))u’) > (27" + ) Tr(ear, (1 - q) (3.14)
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for all unitaries u € My. Taking the average leads to
Tr(eamah(1 - @) = (27 + &) Tr(eas, (1 - q)), (3.15)

and so 74(h(1 —q)) > (271 4+ &)a(1 — q). If ¢ = 1 then we already have Nj = My;
otherwise the last inequality gives a contradiction and so (3.14) fails for every € > 0.
The presence of (1 — ¢) in (3.14) ensures that this inequality fails for a unitary u. €
Ni(1 —¢q). Thus

Tr(epmyue(eans (1 — a))ul) < (27 + &) Tr(ear, (1 - ) (3.16)
for each € > 0. Define a unitary in My by v. = q¢ + u.. By hypothesis,

8% > llg + ue = Epty (g + )37, = 11— Eany) ()31,
=[5,y = Eaty (u) 13, = 7a(1 = @) — 72 (B (ue)ul)
=1(1 —q) — Tr(epmucer, (1 — q)ur)
>yl —q) — (27 +e)ma(l — q), (3.17)
where we have used (3.16) and the fact that ¢ € Z(My) = Z((Ny, My)). Letting
e — 0in (3.17), we obtain 74(q) > 1 — 247.
Define py = ¢ € Z(My). The basic construction for Mypy C Nypy is obtained

from the basic construction for My C Ny by cutting by the central projection g. Since

hq = q, it follows that NVyps = Mypy, completing the proof. O

We now summarize these lemmas.

Theorem 3.5. Let N be a von Neumann algebra with a unital faithful normal trace
7, let M be a von Neumann subalgebra, and let § be a positive number in the interval
(0,(23)7Y2). If N Cs5 M, then there exists a projection p € Z(M' N N) such that
7(p) > 1 —236% and Mp = pNp.

Proof. We apply the previous four lemmas successively to cut by projections until the
desired conclusion is reached. Each projection has trace at least a fixed proportion of

the trace of the previous one, so the estimates in these lemmas combine to give
7(p) > (1= 87)(1 - 463)(1 — 1683) (1 — 20%), (3.18)

where the §;’s satisfy the relations

52 — 62 52 — 6% 2 _ 5% 2 _ 6% (3 19)
! T2 P 1483 YT 11662 ‘
Substitution of (3.19) into (3.18) gives 7(p) > 1 — 2342. O
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Remark 3.6. The assumption that § < (23)~%/2 in Theorem 3.5 guarantees that the
0;’s in the lemmas fall in the correct ranges. This theorem is still true, but vacuous,
for 6 > (23)~Y/2. The constant 23 can be improved under additional hypotheses by
joining the sequence of lemmas at a later point. If the inclusion M C N, N’ Cs M also
satisfies the hypotheses of Lemmas 3.2, 3.3 or 3.4 then 23 can be replaced respectively
by 22, 18 or 2. (I

For the case when the larger algebra is a factor, the estimate in Theorem 3.5 can

be considerably improved.

Theorem 3.7. Let N be a type 11y factor with a unital faithful normal trace T, let M be
a von Neumann subalgebra, and let § be a positive number in the interval (0, (2/5)'/2).
If N Csr M, then there exists a projection p € M’ NN with 7(p) > 1 —§2/2 such that
Mp = pNp.

Proof. Let ¢ € M’NN be a projection with 7(¢) > 1/2. Then 1 — q is equivalent in N
to a projection e < q. Let v € N be a partial isometry such that vv* = e, v'v =1—¢q.

Let w = v +v* € N and note that ||w| =1 and Ex(w) = 0. Then
lw = Ep(w)lf3, = [lv+ "3 = 27(1 - q), (3.20)

so we must have 27(1 — ¢) < §2, or 7(q) > 1 — 62/2. On the other hand, if 7(¢q) < 1/2
then this argument applies to 1 — ¢, giving 7(¢) < 62/2. Thus the range of the trace
on projections in M’ N A is contained in [0,62/2] U [1 — 62/2,1].

By Zorn’s lemma and the normality of the trace, there is a projection p € M' NN
which is minimal with respect to the property of having trace at least 1—4§2/2. We now
show that p is a minimal projection in M’ N N. If not, then p can be written p; + po
with 7(p1), 7(p2) > 0. By choice of p, we see that 7(p1), 7(p2) < 62/2. It follows that

1—062/2<7(p) =7(p1) + 7(p2) < 6%, (3.21)

which contradicts 62 < 2/5. Thus p is minimal in M’ NN, so Mp has trivial relative
commutant in pA'p. Let 71 be the normalized trace 7(p)~'7 on pN'p. Then pN'p Cs, -,
Mp, where &, = 6(1 —§2/2)"1/2 < 271/2,

We have now reached the situation of a subfactor inclusion P C 9, O Cs P for a

fixed § < 271/2 and P’ N Q = C1. Since
Q' N(Q,P)=J(P'NQ)J=Cl, (3.22)
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the operator h obtained from averaging ep over unitaries in Q is Al for some A > 0.
By Proposition 2.4 (ii) and (iii), we have 1 — XA < 62 < 1/2 and X\ = A2Tr(1), yielding
Tr(1) = 1/A < 2. Thus [Q: P] < 2, s0 Q = P from [7]. Applying this to Mp C pNp,

we conclude equality as desired. O
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4 Estimates in the || - ||;-norm

This section establishes some more technical results which will be needed subse-
quently. Throughout A is a finite von Neumann algebra with a unital faithful normal

trace 7 and A is a general von Neumann subalgebra.

12 and

Lemma 4.1. Let w € N have polar decomposition w = vk, where k = (w*w)
let p = v*v and q = vv* be the initial and final projections of v. If e € N is a projection

satisfying ew = w, then

(i) lp = kll2 < lle = wll2; (4.1)
(i) [le —dqll2 < lle = wll2; (4.2)
(iii) [[e —vll2 < 2]le — wllo. (4.3)

Proof. The first inequality is equivalent to
T(p+ k? — 2pk) < T(e + wrw — w — w*), (4.4)
since ew = w, and (4.4) is in turn equivalent to
T(w+w*) < 7(e —p+2k), (4.5)

since pk = k from properties of the polar decomposition. The map = — T(k‘l/kal/z)

is a positive linear functional whose norm is 7(k). Thus
[m(w)| = |r(w)| = 7(vk)| = |r(k"20k!2)| < 7(k). (4.6)

The range of e contains the range of w, so e > ¢q. Thus
7(e) = 7(q) = 7(p); (4.7)

and so (4.5) follows from (4.6), establishing (i).

The second inequality is equivalent to

7(q — 2eq) < T(w*w — ew — w¥e)

= 7(k? —w — w"). (4.8)
Since eq = g, this is equivalent to
T(w+w*) < 7(k* 4+ q) = 7(p + k?). (4.9)
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From (4.6)
T(w+w*) <2 7(k) =7(p+k* — (k—p)*) < 7(p+ k?), (4.10)

which establishes (4.9) and proves (ii).

The last inequality is

le = vll2 < le = vkll2 + [lu(k — p)ll2

< lle —wll2 + [k = pll2 < 2|le — w2, (4.11)
by (i). O
The next result gives some detailed properties of the polar decomposition (see [2]).

Lemma 4.2. Let A be a von Neumann subalgebra of N and let ¢: A — N be a

normal x-homomorphism. Let w have polar decomposition
w = v(ww)? = (ww*) v, (4.12)

and let p = v*v, q=wvv*. If

o(a)w = wa, a€A, (4.13)

then
(i) wweAd and ww* e p(A); (4.14)
(ii) ¢(a)v =va and ¢(a)g =vav™ for all a € A (4.15)
(ili) pe ANN and qe (A NN. (4.16)

Proof. If a € A, then
w*wa = wP(a)w = (P(a™)w) w
= (wa")*w = aw*w, (4.17)

and so w*w € A’. The second statement in (i) has a similar proof.

/2

Let f be the projection onto the closure of the range of (w*w) Since w* =

(w*w)'/?v*, the range of w* is contained in the range of f, and so f > p by Lemma 2.3(i).

For all z € N and a € A,

d(a)v(w*w)?z = ¢(a)wz = waz

= v(w*w)?az = va(w*w)'/ 2z, (4.18)
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since (w*w)'/? € A’ by (i). Thus
ola)vf =vaf, acA, (4.19)

which reduces to

¢(a)v = va, acA, (4.20)

since f € VN((w*w)*/?) C A, and
v=uvp=uvpf=uvf. (4.21)
This proves the first statement in (ii). The second is immediate from
o(a)qg = ¢p(a)vv™ = vav™, ac A (4.22)

The proof of the third part is similar to that of the first, and we omit the details. [J
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5 Homomorphisms on subalgebras

In this section we consider two close subalgebras By and B of a type II; factor V.
Our objective is to cut each algebra by a projection of large trace in such a way that
the resulting algebras are spatially isomorphic by a partial isometry which is close to
the identity. The proof of this involves unbounded operators on L?(N, T), so we begin
with a brief discussion of those operators which will appear below. A general reference
for the basic facts about unbounded operators is [10, section 5.6].

When 1 € N is viewed as an element of L2(N\,7) we will denote it by &, and then
x€ is the vector in L2(\,7) corresponding to x € A/. We then have a dense subspace
N¢ C L2(N,7). For each n € L*(NV,7), we may define a linear operator ¢, with
domain N¢ by

lp(xf) = Jx"Jn, zeN. (5.1)

If n happens to be y¢ for some y € N, then ¢, coincides with y, but in general ¢, is

unbounded. For z,y € N/, we have

(Unz&, y&) = (Ja*JIn,y&) = (x*Jn, JyE)
= (JyJ&, x*JIn) = (x&, Jy*JJIn), (5.2)

and so ¢, has a densely defined adjoint which agrees with £, on N¢. Thus each ¢,
is closable, and we denote the closure by L,. The operators that we consider will all
have domains containing N'¢, so it will be convenient to adopt the notation S = T to
mean that S and T agree on N¢. This frees us from having to identify precisely the
domain of each particular operator. We note that all unbounded operators arising in
the next result are affiliated with N, and thus any bounded operators obtained from
the functional calculus will lie in \V.

The following lemma will form part of the proof of Theorem 5.2. Looking ahead,
we will need to draw certain conclusions from (5.29); for reasons of technical simplicity

we consider the adjoint of this equation below.

Lemma 5.1. Let By and B be von Neumann subalgebras of N, and let A be a von
Neumann subalgebra of By whose identity is not assumed to be that of By. Suppose that
there exist W € (N, B) and a *-homomorphism 6 : A — B such that aW = W6(a) for
a € A and such that Weg = W. Then there exists a partial isometry w € N with the

following properties:
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(i) w*aw = (a)w*w, a€ A;

(i) 1 —wlzr < 2lles = Wlla,zv;

(i) 1= p/llzr < lles — Wila, v, where pf = w*w € (A NN

(iv) if g1 € N and g3 € B are projections such that ¢W =W = Wqs then giw = w =

wqs.

Proof. Let n = W¢ € L*N,7). We will first show that aL, = L,0(a) for a €
A. Since span{NepN'} is weakly dense in (N, B), we may choose, by the Kaplansky
density theorem, a sequence {y,, }5° ; from span{NegN } converging to W in the strong*
topology. Since W = Weg, we also have that y,ep — W in this topology, and each
ynes has the form wyeg for w, € N, since egNeg = Beg by Lemma 2.1. We also note

that eg commutes with each 6(a) € B, and that eg = £. Then, for a € A, z € N,

aLyxé = aJx*Jn = Jo* JaWepgg
= Jz*JWegb(a)§ = lim Ja*Jwpeph(a)€

n—oo

= lim Jz*Jw,J0(a*)J§ = lim Jz*JJ0(a")Jwpeps

= Jz*JJO(a")JWE = Lyb(a)xt, (5.3)

establishing that aL, = L,f(a). Let T'= |L,|, and let L, = wT be the polar decom-
position of L,, where w is a partial isometry mapping the closure of the range of T' to

the closure of the range of L,. Then
awT =wTh(a), ac€ A (5.4)

Let p’ = w*w, the projection onto the closure of the range of T. Then p'T = T and
(5.4) becomes
w*awT =TH(a), a€ A (5.5)

For each n € N, let e,, € N be the spectral projection of T for the interval [0, n]. Then

each e,, commutes with 7" and so we may multiply on both sides of (5.5) by e, to obtain
epwrawepe,Te, = e, Tepenf(a)e,, ac€ A, (5.6)

where e, Te,, € N is now a bounded operator. When a > 0, (5.6) implies that (e, Te;,)?

commutes with e,f(a)e,, and thus so also does e, Te,. It follows that
epw awTe, = ey0(a)Te,, a€ A, n>1. (5.7)
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For m < n, we can multiply on the left by e, and then let n — oo to obtain that
emw*aw( = enf(a)(, a€ A, ¢ € RanT. (5.8)
Now let m — oo to deduce that w*aw and 6(a) agree on Ran T, and consequently that
wraw = wraww*w = f(a)w w = 0(a)p’, a € A, (5.9)

since p’ = 1 on Ran7'. This establishes (i), and by taking a > 0 in (5.9), it is clear
that p’ € (A) N N. We now turn to the norm estimates of (ii) and (iii).

On [0, 00), define continuous functions f,, forn > 1 by f,.(t) = x[o,n] (t)+nt_lx(n,oo) (1),
and let h, = f,(T) € N be the associated operators arising from the functional cal-
culus. These functions were chosen to have the following properties: they form an
increasing sequence with pointwise limit 1, each f, dominates a positive multiple of
each X9, and each tf,(t) is a bounded function. Thus {h,};2; increases strongly to
1 and each Th,, is a bounded operator and thus in A'. The range of each h,, contains
the range of each e,, and so L;h, and L, have identical closures of ranges for every
n > 1. Thus w is also the partial isometry in the polar decomposition L;h, = wThy,,
n > 1. The point of introducing the h,’s is to reduce to the case of bounded operators

where we can now apply Lemma 4.1 to obtain

11— wll2r <21 = Lyhnll2r, 11 =Pll2r <11 = Lohall2,r, (5.10)
for all n > 1. For each b € B,
Ly = Jo*JWE = lim Jb"Jwpepé = lim wpepJb*JE = WHE, (5.11)

using that eg commutes with both b and J. Thus L,eg = Weg = W and, since

ww* Ly, = Ly, we also have ww*W = W. Returning to (5.10), we obtain

1= Lyhnll2r = lles = Lyhnesll2m = lles — wThneslla
= |les — whyTesl2m = |les — whpw* Lyep|2 1
= |les — whyw* Wegl|2,1r- (5.12)
Since Tr is normal we may let n — oo in this last equation, giving lim, |1 —
Lyhyll2- = |les — Wll2,7e. The inequalities of (i) and (iii) now follow by letting
n — oo in (5.10). We now establish (iv).
Let ¢ € N be such that ;W = W. For each x € NV,

Ly(z§) = Ja"IWE = Ja I WE = quJa™ JWE (5.13)
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and so ¢ is the identity on the closure of the range of L, which is also the range of w.
Thus ¢yw = w.
Now suppose that g2 € B is such that W¢gy, = W. By replacing g2 by 1 — g2, we

may prove the equivalent statement that wge = 0 follows from W gy = 0. Then
0=Wgq = Wepq = Wazep = Lygaes = wl'qep. (5.14)

Multiply by e,w* to obtain e,Tqses = 0. Since e, T € N, it follows from Lemma 2.1
that e, T'gs = 0 for all n > 1. Then ¢oTe, = 0 for all n > 1, and letting n increase,
we find that g annihilates the closure of the range of T' which is also the range of w*.

Thus gow* = 0 and so wgs = 0, completing the proof. O

The following is the main result of this section. We will also state two variants

which give improved estimates under stronger hypotheses.

Theorem 5.2. Let § > 0, let By and B be von Neumann subalgebras of a type 111 factor
N with unital faithful normal trace T, and suppose that |[Eg —Epg,||co2 < . Then there
exist projections qo € Bo, ¢ € B, ¢, € ByNN, ¢ € B NN, pl, = g4}, P = q4¢’, and a
partial isometry v € N such that vpBopiv* = p'Bp', vo* = p/, v*v = pj. Moreover, v
2 <696, |1 — p||lor < 356 and |1 — phla.r < 350.

can be chosen to satisfy |1 — v
Under the additional hypothesis that the relative commutants of By and B are re-

spectively their centers, the projections may be chosen so that py € By and p’ € B.

Proof. We assume that § < (35)~!, otherwise we may take v = 0. Let eg be the Jones
projection for the basic construction B C N C (N,B) and let h € B N (N, B) be
the operator obtained from averaging eg over the unitary group of By (see Proposition
2.4). If we denote by e the spectral projection of h for the interval [1/2,1], then
e € ByN(N,B) and |leg — e|l2, v < 24, by Corollary 2.5. Then

eBy = eBye C e(N, B)e. (5.15)

Consider z € e(N,B)e with ||z|| < 1. Since eg(N,B)eg = Bep, there exists b € B,
||b]] < 1, such that egzrep = beg. Then

lz — Eg, (b)ell3 1 = ll(z — Ep, (b))ell3 rv

= Iz — Ep, (b))eesll3 1 + I(z — Eg, (b))e(1 — es)l3 e (5.16)
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and we estimate these terms separately. For the first, we have

[(z —Epy(b))eesll2 e = [le(z — Epy (b))esllo,m

(

< lle(z = Es(b))esll2r + [[e(Es(b) — Es, (b))esll2
(
(

< |le(x — epzep)enll2,m + 0
= |le(e — es)(wep)ll2,1r + 0
< |le —epll2m + 9 < 30. (5.17)

For the second term in (5.16), we have

I(z — Eg, (b)e(1 = en)l3me = (@ — Esy(b)e(e — e)3 1
< |lz = Es, (0)lle = esl n
< 1662 (5.18)
Substituting (5.17) and (5.18) into (5.16) gives
|z — Ep, (b)e||3m < 250°. (5.19)
Hence e(N, B)e Cs51 Boe. Since |le — 63||%7Tr < 462, it follows that
14462 > Tr(e) > 1 — 46°. (5.20)
If we now define a unital trace on e(\, B)e by 71 = Tr(e)~! Tr, then e(N, B)e C. ,, Boe
where ¢ = 50(1 — 462)~ /2. By Theorem 3.5, there exists a projection f € (Bpe)' N
e(N, B)e with 7 (f) > 1 — 232 such that Byf = f(N,B)f (since ef = f).

Let V € (N, B) be the partial isometry in the polar decomposition of egf, so that
esf = (egfep)/?V. The inequality ||V — egllam < V2 |les — fll2.1 is obtained from
[3] or Lemma 2.3 (iv), and we estimate this last quantity. We have

les = flI3 1 = Te(es + f — 2e5f)
=Tr(eg + e —2epe — (e — f) + 2eg(e — f))
= lles — ell3me + Tr(2es(e — f) — (e — f))
< llew — ellfmy + Tr(e — ) < 46% + 23:>Tx(e)
< 467 4 (23)(25)0%(1 + 46%) /(1 — 46?) (5.21)

so ||V —egll2,r < V2 61 where 67 is the last quantity above. Then VV* € eg(N, B)eg =
Beg, and V*V € f(N,B)f = Byf, by the choice of f. Thus there exist projections
po € By, p € B so that

V*V =pof, VV* = peg. (5.22)
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If z € Z(By) is the central projection corresponding to the kernel of the homomorphism
by — bof on By, then by replacing po by po(1 — z), we may assume that pobopg = 0
whenever pobopof = 0. Since po(1 — 2)f = pof, (5.22) remains valid and we note that
the following relations (and their adjoints) hold:

V=Vpy=V[f=pV =egV. (5.23)
Define ©: poBopg — (N, B) by
©(bo) = VboV™, bo € poBopo. (5.24)

We will show that © is a *~isomorphism onto pBpep. Now pegV =V from (5.23), so
the range of © is contained in peg(N, B)egp = pBpep. Since

V*O(bo)V = pofbopof, bo € poBopo, (5.25)

from (5.22), the choice of py shows that © has trivial kernel. The map is clearly

self-adjoint, and we check that it is a homomorphism. For pobopo, pobipo € poBopo,
O (pobopo)©(pobipo) = VpobopoV*VpobipoV* = Vpobopo fpobipo V™
=V fpobopob1po V™ = ©(pobopobipo), (5.26)

using V f = V. Finally we show that © maps onto pBpeg. Given b € B, let

x =V pbpegV = poV "pbpesVpo € pof(N, B) fpo = poBopof. (5.27)
Then z has the form pobopo f for some by € By. Thus
O(pobopo) = VpobopoV™* = Vpobopo fV*
=VaV* = VV*pbpegVV*
= peppbpeppes = pbpeg, (5.28)

and this shows surjectivity. Thus ©: poBopy — pBpeg is a surjective *~isomorphism,
and so can be expressed as ©(pobopo) = O(pobopo)es where 0: poBopg — pBp is a

surjective *~isomorphism. From the definitions of these maps,
Vb =6(bo)V,  bo € poBopo- (5.29)

If we take the adjoint of this equation then we are in the situation of Lemma 5.1 with
W =V* and A = poBopy. We conclude that there is a partial isometry v € N (the w*

of the previous lemma) such that
Ubov* = G(bo)vv*, bo € poB()po. (530)
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Then clearly the projection p’ = vv* commutes with 6(poBopo) = pBp, and it lies under
p from Lemma 5.1 (iv) since pV = V. Thus p’ € (pBp) N pNp.
Now consider the projection py = v*v. Since Vpy =V, it follows from Lemma 5.1

(iv) that vpg = v, and thus pj, lies under py. From (5.29), we have
pobopy = v*0(bo)v, by € poBopo, (5.31)
and the map by — v*6(bg)v is a *~homomorphism on poBypg. Thus, for all by € poBopo,
Pobo(1 — po)biph = Pobobips — (Pobopo) (PoboPs) = O, (5.32)

from which we deduce that pybo(1 — pj) = 0 and that p € (poBopo)’. This shows that

16 € (PoBopo)’ N poNDpo.

It remains to estimate |1 — v||2,-. Since

IV —esllom < V2 lles — fllom < V2 61, (5.33)

from (5.21), we obtain

11— vl = |11 — wll2,r < 2[leg — Wllomy = 2[leg — V|2 < 2201, (5.34)

using Lemma 5.1 (ii). The estimate of Lemma 5.1 (iii) gives

11— pllor < lles = Wl < V261, (5.35)

while a similar estimate holds for ||1—pj{||2,- because p" and pj, are equivalent projections
in V.
From the definition of d; and the requirement that § < (35)7!, we see that

80% /6% < (69)?, (5.36)

by evaluating the term (1+462)(1—46?)~1 at 6 = 1/35. The estimate |1 —v||2,, < 695
follows. Then
11— p[l2.r < V2 381 < (69/2)6 < 356 (5.37)

with a similar estimate for |1 — pj||2,-. The fact that each projection is a product of
a projection from the algebra and one from the relative commutant is clear from the
proof. The last statement of the theorem is an immediate consequence of the first part,

because now the relative commutants are contained in the algebras. O
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The estimates in Theorem 5.2, while general, can be substantially improved in

special cases. The next result addresses the case of two close masas.

Theorem 5.3. Let § > 0, let By and B be masas in a type 11y factor N with unital
faithful normal trace T, and suppose that |Eg—Ep,||cc.2 < . Then there exists a partial
isometry v € N such that v:v = py € By, vv* = p € B, and vByv* = Bp. Moreover v
27 <309, ||1 —pll2r <150 and ||1 — pol|2,+ < 156.

can be chosen to satisfy |1 — v

Proof. We assume that § < (15)7!, otherwise we may take v = 0. By averaging ez
over By, we see that there is a projection ey € BN (N, B) satisfying ||eg — epll2m < 20.
By Lemma 2.2, there exists a central projection z € (N, B) such that zep and zep are
equivalent projections in (N, B), and ||zeg — egllom < 20. Let e = zeg € B N (N, B),
and consider the inclusion Bye C e(N, B)e. Let w € (N, B) be a partial isometry such

that e = ww”*, zeg = w*w. Then wzep = w, and so
Boe C e(N, B)e = wzepw* (N, Bywzepw™ C wzegBw* (5.38)

and the latter algebra is abelian. The proof now proceeds exactly as in Theorem 5.2,
starting from (5.15) which corresponds to (5.38). The only difference is that having
an abelian inclusion allows us to replace the constant 23 in (5.21) and subsequent

estimates by 4, using Lemma 3.2. This leads to the required estimates on ||1 — v||2.7,

|1 = pll2,r and [[1 — pol|2,r. o
We now consider the case of two close subfactors of A.

Theorem 5.4. Let § > 0, let By and B be subfactors of N and suppose that
|IEg — EByllcce < 6. Then there exist projections qo € By, q € B, ¢, € ByNN,
¢ € B NN, po=qq, p=qq, and a partial isometry v € N such that vpoBopov* =
pBp, vv* = p, v*v = pg, and

11— vllor <136, 7(p) =7(po) > 1 - 676", (5.39)

If, in addition, the relative commutants of By and B are both trivial and 6 < 67-1/2,

then B and By are unitarily conjugate in N .

Proof. We assume that § < 67-/2, otherwise take v = 0. The proof is identical to
that of Theorem 5.2 except that we now have an inclusion eBpe C e(N, B)e of factors.

Our choice of ¢ allows us a strict upper bound of (2/ 5)_1/ 2 on the € which appears
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immediately after (5.20). Thus the estimate of Theorem 3.7 applies, which allows us
to replace 23 by 1/2 in (5.21). This gives

807 /6% < 145 < 169 (5.40)

and the estimates of (5.39) follow.
If the relative commutants are trivial then p € B and py € By, so v implements an

isomorphism between pBp and poBypp which then easily extends to unitary conjugacy

between B and By. L]

Let R be the hyperfinite type II; factor, choose a projection p € R with 7(p) = 1—9,
where § is small, and let # be an isomorphism of pRp onto (1 — p)R(1 — p). Let
By = {z+6(z): = € pRp} and let B have a similar definition but using an isomorphism
¢ such that #~'¢ is a properly outer automorphism of pRp. Such an example shows
that the projections from the relative commutants in Theorem 5.4 cannot be avoided.

These results above suggest that it might be possible to obtain similar theorems for
one sided inclusions. By this we mean that if By C5 B then there is a partial isometry
which moves some compression of By (preferably large) into B. However the following
shows that this cannot be so, even if the two algebras are subfactors with trivial relative
commutant in some factor M, and even if we renounce the requirement that the size
of the compression be large and merely require the compression to be non—zero. In
this respect, note that if there exists a non—zero partial isometry v € M such that
v'v € By, vv* € B and vByv* C vv*Buv*, then there would be a unitary u € M
such that uBgu* C B. It is this that we will contradict, by exhibiting II; subfactors
By, B € M with trivial relative commutant and By Cs B for § arbitrarily small, but
with no unitary conjugate of By sitting inside B. The construction, based on [16], is
given below.

By [16], for each A < 1/4 there exists an inclusion of factors (N (\) € M()\)) =
(N C M) with Jones index A~! > 4, trivial relative commutant and graph Iy a =
As. (Note that in fact by [20] one can take the ambient factor M to be L(F4,), for
all A < 1/4.) Let e9 € M be a projection such that Exr(eg) = Al and let Ny C M
be a subfactor such that A7 C N C M is the basic construction for N7 C N with
Jones projection ey. Then choose a subfactor @ C M such that (1 —ep) € Q and
(1 —e0)Q(1 —eg) = Ni(1 — ep). An easy computation shows that Q Cgsyy N1, where
§(A) = 6A —4X%. Thus, since N1 C N, we get Q Cyn) N as well.

31



Proposition 5.5. With the above notation, we have Q Cg(y) N, with () = 6\ —4)2,

but there does not exist a unitary v € M such that vQv* C N.

Proof. Suppose there is a unitary v € M such that vQv* C N7, and let Ny be v*Nwv.
Then Ny is an intermediate factor for Q. But the irreducible subfactors in the Jones
tower of a subfactor with Temperley—Lieb—Jones standard lattice do not have interme-
diate subfactors (see, for example, [1]), giving a contradiction.

An alternative argument goes as follows. The basic construction extension algebra
Q' N (M, Q) contains the projections eg and epg, which satisfy eg < epn;,. Their
traces are respectively A2/(1 — A)? and . But the relative commutant Q' N (M, Q) is
isomorphic to C3 and, of the three minimal projections, the only two traces that are
less than 1/2 are

A2 A
TES\E and T (5.41)

Since T(en;) = A, the only possibility is to have

A2 A A
T(eny) = A T Ton - e (5.42)

This is, of course, impossible. ]
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6 Unitary congugates of masas

In this section we apply our previous work on perturbations of subalgebras to the
particular situation of a masa and a nearby unitary conjugate of it. The main result of
this section is Theorem 6.4. This contains two inequalities which we present separately.
Since we will be working with only one unital trace we simplify notation by replacing
|l - ll2,+ by || - |2, and we denote by d(x,S) the distance in || - ||2-norm from an element
z € N to a subset S CN.

Recall from [14] that the normalizing groupoid G(A) of a masa A in N is the set
of partial isometries v € A such that vv*, v*v € A, and vAv* = Avv*. Such a partial
isometry v implements a spatial *-isomorphism between Av*v and Avv*. By choosing
a normal *-isomorphism between the abelian algebras A(1 —v*v) and A(1 —vv*) (both
isomorphic to L*[0,1]), we obtain a s-automorphism of 4 satisfying the hypotheses
of Lemma 2.1 of [8]. It follows that v has the form pw*, where p is a projection in A

and w € N(A) (this result is originally in [6]). The next result will allow us to relate

|IE4 — Eyau|loc,2 to the distance from u to N(A).

Proposition 6.1. Let A be a masa in N, let u € N be a unitary and let e1,e2 > 0.
Suppose that there exists a partial isometry v € N such that v:v € A, vv* € uAu*,
vAv* = uAu*vv*, and

[0 = Eyau (v)[]2 < €1, (6.1)

[v]l3 > 1~ €3. (6.2)
Then there exists i € N(A) such that
llu —alla < 2(e1 + £2). (6.3)

Proof. Let v1 be the partial isometry u*v € N. From the hypotheses we see that vivy,
v1v] € A and
v AV = W Av*u = vruAutvvtu = Avjug, (6.4)
and so v; € G(A). It follows from [8] that v; = pw* for some projection p € A and
unitary w* € N(A). Thus
vw = up. (6.5)
From (6.1), there exists a € A such that [ja| < 1 and E, 44+ (v) = wau*. Since A is
abelian, it is isomorphic to C'(2) for some compact Hausdorff space Q. Writing b = |al,

0 < b <1, there exists a unitary s € A such that a = bs.
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Now (6.2) and (6.5) imply that
Ipll3 = [lvll3 > 1 - &3,

and so

11— pllz = (1= pl3)"/? < eo.

It now follows from (6.5) that
[ —ww*|2 = [low — ulls = [Jup — ull2 = [[1 = pll2 < ea.
From (6.1) and (6.8) we obtain the estimate

II1 —bsu*w|o = [[uw® — ubsu®||2 < ||luw™ — v||2 + [|Jv — uau™||2

<ep+e.

Let ¢ = Eg(su*w) € A, ||c|| <1, and apply E 4 to (6.9) to obtain

II1 —bcll2 < &1 + eo.
For each w € ,

[T =b(w)e(w) | = [1 = [b(w)e(w)| = 1 = b(w),
from which it follows that
(1—0)* < (1 —bc)(1 — be)*.

Apply the trace to (6.12) and use (6.10) to reach

I1 — 0|2 < &1+ e

Thus

la —slla = [lbs — slla = [|b— 1]z < &1 + e2.

From (6.1), (6.13) and the triangle inequality,

|lv —usu™||2 = ||v — ubsu™ 4+ u(b — 1)su*||2

= ||v — Eyaur(v) + u(b — 1)su™||2 < 2e1 + &3.
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This leads to the estimate
s — wslla = llsu*w — 1]l = lusu*w — ul3
= Jlusu*w —up + u(p — 1)||2 < ||lusu™w — upl|2 + €2
= |lusu*w — vwl]z + 2 = |lusu™ — v|j2 + &2

< 2(e1 + €32), (6.16)

using (6.7) and (6.15). Now define & = ws, which is in N(.A) since s is a unitary in A.
The last inequality gives (6.3). O

The constant 90 in the next theorem is not the best possible. An earlier version of
the paper used methods more specific to masas and obtained the lower estimate 31.

This may be viewed at the Mathematics ArXiv, OA/0111330.

Theorem 6.2. Let A be a masa in a separably acting type 11y factor N, and let u € N

be a unitary. Then

Proof. Define € to be ||(I — Eyau+)Eallco2. If € =0 then Egq = Ej 4+ and u € N(A),
so there is nothing to prove. Thus assume € > 0. Let B = uAu*.

By Proposition 2.4, there exists h € A" N (N, B) satisfying
[h = esllom < e. (6.18)

Applying Lemma 4.2 (ii), the spectral projection f of h corresponding to the interval
[1/2,1] lies in A’ N (N, ep) and satisfies

If — esllam < 2, (6.19)

(see Corollary 2.5). Theorem 5.3 (with § replaced by ) gives the existence of a partial

isometry v € N satisfying

vive A, w* e B=uAu", vAv* = Bvv* = uAu*vv®, (6.20)
|v = Eyau (0|2 < 30¢, (6.21)
|v||3 = 7(vo*) > 1 — (15¢)2. (6.22)

We may now apply Proposition 6.1, with £ = 30 and €2 = 15¢, to obtain a normalizing

unitary u € N(A) satisfying
llu — |2 < 2(30 + 15)e = 90, (6.23)
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and this is the first inequality. The second is simply

17 = Evau )Ealloo2 = [(Ea — Eyau ) Ealloo,2

< HEA — Eyau 00,25 (6.24)

completing the proof. ]

Lemma 6.3. If A is a von Neumann subalgebra of a type 11y factor N and v € N is
a unitary, then

HE.A — Eydur ||oo,2 < 4d(u, N(A)) (6.25)

Proof. Let v € N(A) and define w to be uv*. Then wAw* = uwAu*, so it suffices to
estimate |[E4 — Eyaw+ |lco2- Let h =1 —w. Then, for z € N, ||z| < 1,

[Ea(z) = Epaw+ (@)]l2 = [[Ea(z) — wEA(w zw)w"(|2
= lw'Ba(z)w — Ex(w zw)l|2
< w Ea(z)w — Ex2)]l2 + [[Ea(z) — Ea(w*zw)ll
< |Ea(z)w — wEA(z)2 + [z — wizw]|2
= |Ea(z)h — hEA(2)||2 + ||z — zh]|2
< 4f|hflz = 4|11 — w2 = 4fjv — ulf2. (6.26)

Taking the infimum of the right hand side of (6.26) over all v € N(A) gives (6.25). O
The next theorem summarizes the previous two results.

Theorem 6.4. Let A be a masa in a separably acting type 11y factor N and let u be
a unitary in N'. Then

d(u, N(A))/90 < |[(I — Eyau)Ealloc2 < IEaA — Eyau+lloo2 < 4d(u, N(A)). (6.27)
If A is singular, then A is (1/90)-strongly singular.

Proof. The inequalities of (6.27) are proved in Theorem 6.2 and Lemma 6.3. When A

is singular, its normalizer is contained in A, so

lu = Ea(u)ll2 < d(u, N(A)) (6.28)

holds. Then
lu = Ea(w)ll2 < 90/ — Euau oo (6.29)
proving a-strong singularity with o = 1/90. O
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The right hand inequality of (6.27) is similar to

HE.A - Eu.Au* 0,2 < 4”” - ]EA(U)HZ, (6-30)

which we obtained in [22, Prop. 2.1], so u being close to A implies that A and uAu*

are also close. We remarked in the introduction that there are only two ways in which

|IE4 — EyAu*||oo,2 can be small, and we now make precise this assertion and justify it.

Theorem 6.5. Let A and B be masas in a separably acting type 11y factor N, and let

o1, 52, e> 0.

(i) If there are projections p € A, q € B and a unitary u € N satisfying

u'qu=p, u'qBu=pA, (6.31)
lu—Ep(u)ll2 < b1 (6.32)

and
tr(p) = tr(q) > 1 — 652, (6.33)

then
IE4 — EBHoo,2 < 4671 + 209. (6.34)

(i) If |Ea — EBllco2 < €, then there are projections p € A and q € B, and a unitary

u € N satisfying

uqu=p, u qBu=pA, (6.35)
lu—Ep(u)ll2 < 45¢ (6.36)
and
tr(p) = tr(q) > 1 — (15¢)% (6.37)
Proof. (i) Let C = u*Bu. Then
IEs — Eclloo,2 < 401, (6.38)

from (6.30). If € N with ||z]] <1, then

[Ec(z) — Ea(z)[2 < [I(1 = p)(Ee — Ea)(2)ll2 + [[PEc(pz) — Ealpz)ll2
< 255, (6.39)

since

pC = pu*Bu = u*qBu = pA (6.40)
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and pE 4(p(+)) is the projection onto p.A. Then (6.34) follows immediately from (6.38)
and (6.39).
(ii) As in the proofs of Theorem 6.2 and its preceding results Proposition 2.4, Lemma

4.2 and Theorem 5.2, there is a partial isometry v € AN satisfying

p=vveA qg=wvv"e€B, vqBv=pA, (6.41)
lv —Eg(v)]l2 < 30e (6.42)

and
tr(p) = tr(q) > 1 — (15¢)% (6.43)

Let w be a partial isometry which implements the equivalence

*

ww=1-p, ww" =1-q, (6.44)

and let u = v +w. Then u is a unitary in N, since the initial and final projections of

v and w are orthogonal, and

u*qBu = v*qBv = pA. (6.45)
Observe that
lw — Es(w)lz < Jwlls = (tx(1 - p)/2 < 15¢, (6.46)
so that the inequality
llu — Ep(u)||2 < 45e (6.47)
follows from (6.42) and (6.46). O

Remark 6.6. Recall that A Cs B is equivalent to [|(I — Eg)E4llcc2 < 0. In [2], Chris-
tensen defined the distance between A and B to be

A = Bll2 = max {|[(I = E5)Ealloo2, [I(/ —Ea)EpB|lc02}- (6.48)
This quantity is clearly bounded by ||[E4 — Eg||o,2, and the reverse inequality
IEA —Egllcc2 < 3] A— B2 (6.49)
follows from [22, Lemma 5.2] and the algebraic identity

P-Q=PI-Q)—(I-P)Q, (6.50)
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valid for all operators P and Q. In general, for any € N, ||z| <1,

[(Ea — Eg)(2)|)3 = (Ea(z), (Ea — Eg)(z)) — (Eg(z), (E4 — Eg)(z))
= ((I —Eg)Ea(z),z) + (I — E4)Es(x),z)
<N = Eg)Ealloc2 + (1 = E4)Eslloo,2, (6.51)

which gives the inequality
B4 = Esllos2 < (2|4 = Bll2)"/2. (6.52)
Thus the two notions of distance give equivalent metrics on the space of all subalgebras
of NV. O
We close with a topological result on the space of masas, in the spirit of [2, 22],

which also follows from results in [18]. We include a short proof for completeness.

Corollary 6.7. The set of singular masas in a separably acting type 111 factor is closed

in the || - ||oo,2-metric.

Proof. By Theorem 6.4, it suffices to show that those masas, which satisfy (6.29) (with
any fixed a > 0 replacing 90) for all unitaries u € A/, form a closed subset. Consider
a Cauchy sequence {A,}5°, of masas satisfying (6.28), and fix a unitary u € N. By
[2], the set of masas is closed, so there is a masa A such that nlggo IEA, —EAlloo,2 = 0.

Then

|u—Ea(u)ll2 < [Ju—Ea,(u)l2+ [|Ea, (u) — Ea(u)2
< allEyaur — Ea,lloo2 + [Ba, — Eallco,2

< a”EuAnu* — EyAu ||00,2 + O‘H]EUAU* - ]EA”OO,Q + ||EAn - EAHOO,%
(6.53)

and the result follows by letting n — oc. O
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