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ABSTRACT. We describe all fusion subcategories of the representation category Rep(D*“(G))
of a twisted quantum double D¥(G), where G is a finite group and w is a 3-cocycle on G.
In view of the fact that every group-theoretical braided fusion category can be embedded
into some Rep(D¥“(G)), this gives a complete description of all group-theoretical braided
fusion categories. We describe the lattice and give formulas for some invariants of the fusion
subcategories of Rep(D“(G)). We also give a characterization of group-theoretical braided
fusion categories as equivariantizations of pointed categories.

1. INTRODUCTION

Let G be a finite group and w be a 3-cocycle on G. In [DPR1, DPR2] Dijkgraaf, Pasquier,
and Roche introduced a quasi-triangular quasi-Hopf algebra D“(G). When w = 1 this quasi-
Hopf algebra coincides with the Drinfeld double D(G) of G and so D*(G) is often called a
twisted quantum double of G. It is well known that the representation category Rep(D“(G))
of D¥(G) is a modular category [BK] and is braided equivalent to the center Z(Vecf) of
the tensor category Vecg of finite-dimensional G-graded vector spaces with associativity
constraint defined using w [Mj].

The principal goal of this paper is to give a complete description of fusion subcategories of
Rep(D¥(G)) and the lattice formed by them. Our description of the lattice may shed more
light on the structure of Rep(D“(G)). For instance, the group of braided autoequivalences
of Rep(D¥(G)) acts on this lattice, and so one can, in principle, derive some information
about this group from our description.

Our results also have consequences more generally for a group-theoretical braided fusion
category, that is a braided category C dual to Vec(: for some G and w (see Section 2.1 or [02]).
Since C is braided, it can be realized as a fusion subcategory of Rep(D“(G)) = Z(Vecg). This
means that our description of all fusion subcategories of Rep(D¥(G)), for all finite groups
G and 3-cocycles w, is equivalent to a description of all group-theoretical braided fusion
categories. In particular, our results give a description of all modular [BK] group-theoretical
fusion categories.

Group-theoretical fusion categories are of interest as examples of fusion categories that can
be described explicitly in terms of finite groups and their cohomology [O1]. They are also
more general than one might at first expect: All semisimple quasi-Hopf algebras of prime
power dimension have group-theoretical representation categories, a consequence of a more
general result on nilpotent fusion categories [DGNO]. For some time it was unknown whether
there are any complex semisimple Hopf algebras having non-group-theoretical representation
categories; the first known example was announced recently by the second author [Nk].
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1.1. Main results. Let GG be a finite group, and k an algebraically closed field of character-
istic zero. Unless otherwise stated all cocycles appearing in this work will have coefficients
in the trivial module k*. All categories are assumed to be k-linear and semisimple with
finite-dimensional Hom-spaces and finitely many isomorphism classes of simple objects. All
functors are assumed to be additive and k-linear.

Theorem 1.1. Fusion subcategories of the representation category of the Drinfeld double
D(G) are in bijection with triples (K, H, B), where K, H are normal subgroups of G central-
izing each other and B : K x H — k* is a G-invariant bicharacter.

Theorem 1.1 gives a simple description of all fusion subcategories for the untwisted double
D(G). Now let w € Z3(G, k*) be a 3-cocycle on G . In the twisted (w # 1) case the notion
of a G-invariant bicharacter must be twisted (see Definition 5.4).

Theorem 1.2. Fusion subcategories of the representation category of the twisted double
D¥(G) are in bijection with triples (K, H, B) where K, H are normal subgroups of G cen-
tralizing each other and B : K x H — k* is a G-invariant w-bicharacter.

As noted earlier, the above result is equivalent to a description of all group-theoretical
braided fusion categories.

Let (K, H, B) be a triple as described in the above theorem and let S(K, H, B) denote the
corresponding fusion subcategory of Rep(D“(G)). The next result gives a criterion for the
fusion subcategory S(K, H, B) C Rep(D“(G)) to be nondegenerate or prime. Recall [M1]
that a nondegenerate braided fusion category is called prime if it has no proper nontrivial
nondegenerate subcategories.

Theorem 1.3. (1) The fusion subcategory S(K, H, B) C Rep(D“(G)) is nondegenerate
if and only if HK = G and the symmetric bicharacter BB|(gnm)x(knm) 5 nonde-
generate.

(ii) Rep(D“(Q)) is prime if and only if there is no triple (K, H, B), where K and H
are proper normal subgroups of G' that centralize each other, HK = G, and B is a
G-invariant w-bicharacter on K x H such that BBOPI(KQH)X(KQH) 1s nondegenerate.

We note that, in our situation, being nondegenerate is equivalent to being modular (see
Section 2.3). Therefore, the above result combined with Theorem 1.2 gives a description of
all modular group-theoretical fusion categories.

1.2. Organization of the paper. Section 2 contains necessary preliminary information
about fusion categories and module categories. We also recall definitions and results from
[M1, DGNO)] concerning centralizers in braided fusion categories.

Section 3 (respectively, Section 5) is devoted to a description of fusion subcategories of
the representation category of the Drinfeld double (respectively, twisted double) of a finite
group. We chose to treat the untwisted and twisted cases separately because the twisted case
involves rather technical cohomological computations which may obscure the main results.
We note that when w = 1 the results of Section 5 reduce to those of Section 3.

Sections 3, 5, and 6 contain proofs of some of our main results stated above. Theorems 1.1,
1.2 and Theorem 1.3 correspond to Theorems 3.12, 5.11, and Theorem 6.7, respectively.

Section 4 (respectively, Section 6) is devoted to a description of the lattice and some
invariants of fusion subcategories of the representation category of the Drinfeld double (re-

spectively, twisted double) of a finite group.
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In Section 7 we prove that a braided fusion category is group-theoretical if and only if it
is equivalent to an equivariantization of a pointed fusion category with respect to an action
of a group G.
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2. PRELIMINARIES

2.1. Group-theoretical fusion categories. A fusion category over k is a k-linear semisim-
ple rigid tensor category with finitely many isomorphism classes of simple objects and finite
dimensional Hom-spaces such that the neutral object is simple [ENO].

A fusion category is said to be pointed if all its simple objects are invertible. A typical
example of a pointed category is Vecg, the category of finite dimensional vector spaces over
k graded by the finite group G. The morphisms in this category are linear transformations
that respect the grading and the associativity constraint is given by the normalized 3-cocycle
won G.

Consider the fusion category Vecg. Let H be a subgroup of G such that w|gxmxm is
cohomologically trivial. Let 1) be a 2-cochain in C?(H, k*) satisfying w|gxmxag = 6%1.
The twisted group algebra k¥[H]| is an associative unital algebra in Vecs. Define C =
C(G, w, H, 1) to be the category of k¥[H]-bimodules in Vecg. Then C is a fusion category
with tensor product ®jw and unit object k¥[H]. Categories of the form C(G, w, H, )
are known as group-theoretical [ENO, Defn. 8.40], [02]. It is known that a fusion category
C is group-theoretical if and only if it is dual to a pointed category with respect to an
indecomposable module category. (See [O1] and [M3] for notions of module category and
duality.)

2.2. Adjoint categories and central series of fusion categories. The following defini-
tions were introduced in [GN, ENO].

Let C be a fusion category. The adjoint category Coq of C is the full fusion subcategory of
C generated by all subobjects of X ® X*, where X runs through simple objects of C. For
example, let G be a finite group and let C = Rep(G) be the representation category of G.
Then C,q = Rep(G/Z(G)), where Z(G) is the center of G.

Let CO =C, C = C,y, and C™ = (C("~Y),, for every integer n > 1.

The non-increasing sequence of fusion subcategories of C

C=cOocWo...ocm>o...

is called the upper central series of C. This definition generalizes the classical one, as we
show next: Let G be a finite group with identity element e, and C = Rep(G). Let

{e}=C%G)ccli(G)c---cC(G)c-
be the upper central series of G; i.e., C°(G) := {e}, CY(G) := Z(G) (the center of G) and
for n > 1 the subgroup C"(G) is defined by C"(G)/C" YG) = Z(G/C"}(G)). Then
C™ = Rep(G/C™(@)).
Let C be a fusion category such that its Grothendieck ring Ky(C) is commutative (e.g., C

is braided). Let D be a fusion subcategory of C. The commutator D of D is defined to be
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the fusion subcategory of C generated by all simple objects Y of C such that Y ® Y* € D.
An example: Let G be a finite group and let C = Rep(G). Any fusion subcategory of C is of
the form Rep(G/N) for some normal subgroup N of G. The simple objects of the category
Rep(G/N)® are irreducible representations Y of G for which ¥ ® Y* restricts to the trivial
representation of V.

Let Coy = Vec, C1y = Cpy (the maximal pointed subcategory of C) and C,y = (Cn-1))
for every integer n > 1. The non-decreasing sequence of fusion subcategories of C

co

(1) Vec =Ci) CC1) €+~ CCp) S -~

is called the lower central series of C. This definition generalizes the classical one: Let G be
a finite group and C = Rep(G). Let

G=Co(@G) 2 CL(G) 2+ 2 CulG) 2 -+

be the lower central series of G; ie., Cn(G) = [G,C,—1(G)] for all n > 1. Then Cy,) =
Rep(G/CL(G)).

2.3. Centralizers in braided fusion categories. Let C be a premodular category (i.e.,
a braided ribbon fusion category) with braiding ¢ and twist € (see [BK]). By the S-matriz
of C we mean a square matrix S := (S(X, Y)) whose columns and rows are labeled by
simple objects of C and the entry S(X, Y) is the (quantum) trace (defined using ¢ and 6) of
CKXCX,yIX®Y—>X®Y.

Following Miiger, we will say that two objects X,Y € C centralize each other if

Cyx OCxy = 1dX®y.

Assuming that categorical dimensions in C are positive, simple objects X and Y in C
centralize each other if and only if S(X,Y) = d(X)d(Y) [M1, Prop. 2.5]. All categories
considered in this work have positive categorical dimensions.

Let D be a full (not necessarily tensor) subcategory of C. In [M1], Miiger introduced the
notion of the centralizer of D in C as the fusion subcategory

D:={XelC|cY, X)oc(X,Y)=lidxgy, foralY € D}.

We define the Miger center of C, denoted Z5(C), to be the full fusion subcategory C'. The
category C is said to be nondegenerate if Z5(C) = Vec (the fusion subcategory generated by
the unit object). Such a category C is called prime if it has no non-trivial proper nonde-
generate subcategories. It was shown in [M1] that a nondegenerate braided fusion category
factorizes (in general, non uniquely) into a product of prime ones.

Note that the corresponding S-matrix S of C is invertible, i.e., C is modular, if and only
if C is nondegenerate.

It is also known [M1] that if D is a fusion subcategory of a modular category C then
D" =D and

(2) dim(D) - dim(D’) = dim(C).

Lemma 2.1. Let A and B be full Abelian subcategories of C (a priori not assumed to be closed
under tensor product or taking duals) centralizing each other and dim(A)-dim(B) = dim(C).
Then A and B are fusion subcategories and A" = B.
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Proof. Let A denote the fusion subcategory generated by A. Note that B centralizes A, i.e.,

B C (A)'. We have
dim(C) = dim(A) - dim((A)") > dim(A) - dim(B) = dim(C).

Hence, the inequality above is an equality, so A and B are fusion subcategories and A" =
B. [ |

3. FUSION SUBCATEGORIES OF THE QUANTUM DOUBLE OF A FINITE GROUP

3.1. The quantum double of a finite group. Let G be a finite group. For any g € G,
let K, denote the conjugacy class of G' containing g. Let R denote a complete set of repre-
sentatives of conjugacy classes of G. Let C denote the representation category Rep(D(G))
of the Drinfeld double of the group G:

C := Rep(D(Q)).

Remark 3.1. (i) It is well known that C is equivalent, as a braided fusion category,
to the category of G-equivariant vector bundles on G, where G acts on itself by
conjugation.

(ii) The category C contains the category Rep(G) of representations of G as a fusion
subcategory. Namely, Rep(G) is identified with the category of G-equivariant bundles
supported on the identity element of G.

The set of isomorphism classes of simple objects of C is identified with the following set:
(3) I':={(a, x) | a € R and Y is an irreducible character of Cg(a)}.

The categorical dimension of the simple object (a, x) is

G|
deg .
|Ca(a)]

It is well known that C is a modular category [AC1]. Its S-matrix S and twist 6 are given
by the following formulas :

(4) d<a7 X) = ’Ka’ degX =

Y — ’G’ — —1\ —/ —1a
S((a, x), (b, X)) = TG0l geg(;’b)x(gbg )Y (9 " ag),
0(a, x) = Cﬁ(gi,

for all (a, x), (b, X') € T, where G(a, b) = {g € G | agbg™! = gbg'a} and Y denotes the
character conjugate to x. For more details we refer the reader to [BK].

Note that the categorical dimensions (4) of objects of C are defined using the braiding on
C and the above twist 6.

Remark 3.2. It is known that the entries of the S-matrix lie in a cyclotomic field. Also,
the values of characters of a finite group are sums of roots of unity. So we may assume that
all scalars appearing herein are complex numbers; in particular, complex conjugation and
absolute values make sense.

The following lemma was proved in [NN, Lemma 3.1].
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Lemma 3.3. Two objects (a, x), (b, X') € I centralize each other if and only if the following
conditions hold:
(i) The conjugacy classes K,, K, commute element-wise,

(i) x(gbg™")X' (9" ag) = deg x deg X/, for all g € G.

We generalize this result in the next lemma.

Lemma 3.4. For any two objects (a, x), (b, X') € T, |S((a,x), (b,x"))| = d(a,x)d(b,X) if
and only if the following conditions hold:

(i) The conjugacy classes K,, K, commute element-wise,

(1) g(gbg‘lﬂ = degx, [X'(¢ 'ag)| = degX’, and x(gbg~')X'(9 " ag) = x(b)X'(a), for all
geq.

Proof. The condition |S((a, x), (b, x'))| = d(a, x) d(b, x") is equivalent to the condition

(5) > Xlgbg™) X (97 ag)| = |G| deg x deg X',
g€G(a,b)

where G(a, b) = {g € G | aghg™' = gbg—'a}. Tt is clear that if the two conditions in the
statement of the lemma hold, then (5) holds.

Now suppose that (5) holds. We will show that this implies the two conditions in the
statement of the lemma. We have

|G| degx degx' =| Y x(gbg™) X' (9™ ag)
g€G(a,b)

< Y Ix(gbg X (9 ag)]
g€G(a,b)
< |G| deg x deg x’.

80 3 secian IX(gbg™ X (97 ag)| = |G| deg x degx’. Since

|G(a, b)| < |G|, |x(gbg™")| < degx, and |X' (¢ 'ag)| < deg X/,

we must have G(a, b) = G, |x(gbg™')| = degx, and |}/ (¢ 'ag)] = degx’. The equal-
ity G(a, b) = G implies that the conjugacy classes K,, K}, commute element-wise. Since
Ix(gbg™1)| = deg x and |x'(¢'ag)| = deg x’, there exist roots of unity a, and 3, such that
x(gbg™) = a, deg x and x'(¢7'ag) = B, deg X', for all g € G. Substitute in (5) to obtain
the equation

(6) > agb,

geG

~q.

Note that (6) holds if and only if o8, = a.f., for all g € G. This is equivalent to saying
that x(gbg™") X'(¢7tag) = x(b) X'(a), for all g € G, and the lemma is proved. [ ]

Note 3.5. The following special cases of Lemma 3.4 will be used later.
(i) [5((e, x), (b, x"))| = d(e, x) d(b,X’) if and only if x|jc = degx, where

[G,b] = {gbg™ 07" | g € G).
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(ii) |S((a, 1), (b, x"))| = d(a,1)d(b,x’) if and only if the conjugacy classes K,, K}, commute
element-wise and /||, = deg X'

3.2. Canonical data determined by a fusion subcategory of Rep(D(G)). Let D be a
fusion subcategory of C. There are two canonical normal subgroups of G determined by D.
First, let

(7) Kp :={gag™' | g € G and (a,x) € DNT for some x}

be the support of D. That is, Kp is a minimal subgroup of G with the property that every
vector bundle in D is supported on Kp.

Second, let Hp be the normal subgroup of G such that D N Rep(G) = Rep(G/Hp).
Equivalently,

(8) Hp = ﬂ Ker(x),

where Ker(y) = {g € G | x(g) = deg x} is the kernel of the character x.

Proposition 3.6. Let D be a fusion subcategory of C. Then Hpr = Kp, Kpr = Hp, and the
subgroups Kp and Hp centralize each other.

Proof. Consider a simple object (e, x) of Rep(G). By Lemma 3.3 it centralizes D if and only
if x(a) = deg x for all a« € Kp. Thus, D'NRep(G) = Rep(G/Kp), which is the first equality.

The second equality follows by replacing D with D’ and using Miiger’s double centralizer
theorem (D” = D) [M1]. By Lemma 3.3, Kp and Kp/ centralize each other. ]

Lemma 3.7. Let € be a fusion subcategory of Rep(D(G)) and let (a,x) € ENT. Suppose
Xlrg  Xlxg
degx’ = degx’

X' is an irreducible character of Cg(a) such that

E'. Then (a,x’) € £.

Proof. Let us show that (a, x’) centralizes £'. Pick any (b, x"”) € & NT'. To see that (a,x’)
and (b, x”) centralize each other we only need to check that Condition (ii) of Lemma 3.3 is
satisfied. We have

where Kei is the support of

X' (gbg™ ") X" (97 'ag)  x(gbg™") X" (9 " ag)

degy’ degyx” degxy  degy”
for all g € G. The first equality above is due to the equality )Cclelg;f = );le};‘ié , while the second

equality is due to the fact that (a,x’) and (b, x”) centralize each other. Therefore, (a, x’)
centralizes &', i.e., (a,x’) € £” = £ and the lemma is proved.
|

Let us define a pairing
BDIKDXHD:KDXKD/%]{?X,
as follows. Let (a,x) € DNT, and

_ x(ghg™)
9 Bp(g 'ag,h) = >=——
(9) (9~ ag, h) doz x



for all g € G,h € Hp. Let (b,x’') € D' N T, so that (b, x’) centralizes (a, x). Then

(10) x(gbg™") (X/(Q_lag))_l

deg x - deg x’

for all g € G. The equation (10) shows that the pairing does not depend on the choice of x.
By its definition, Bp is G-invariant. Also note that

BD(kklv h) = BD<k7 h’)BD(kJa h’) and BD(k> hh’/) = BD(k7 h)BD<k> h/)

for all k, k' € Kp and h,h' € Hp = Kpr; the latter equality is immediate from the definition
of Bp, while the former follows from equation (10) which gives an alternative definition of
Bp.

Thus, to every fusion subcategory D C C we associate a canonical triple (Kp, Hp, Bp),
where Kp and Hp are normal subgroups of GG centralizing each other and Bp : Kpx Hp — k*
is a G-invariant bicharacter.

3.3. Construction of a fusion subcategory of Rep(D(G)). Suppose we have two normal

subgroups K and H of G that centralize each other, and a G-invariant bicharacter B :
K x H — k*. Define

(11)
S(K, H, B) := full Abelian subcategory of C generated by

(a,y) €T a € KN R and Y is an irreducible character of Cg(a)
% X such that x(h) = B(a, h) degx, for all h € H '

Remark 3.8. (i) As we mentioned in Remark 3.1, Rep(D(G)) is identified with the
category of G-equivariant bundles on G. The above subcategory S(K, H, B) is iden-
tified with the subcategory of bundles supported on K whose G-equivariant structure
restricts to H as follows: The action of h € H on the fiber corresponding to a € K
is the scalar multiplication by B(a, h). That K is indeed the support of S(K, H, B)
follows from the next lemma.

(ii) Note that S(G, {e}, 1) = Rep(D(G)), while S({e}, G,1) is the trivial fusion subcat-
egory of Rep(D(G)).
The following lemma was proved in [NN, Lemma 3.2].

Lemma 3.9. Let E be a normal subgroup of a finite group F'. Let Irr(F) denote the set of
wrreducible characters of F'. Let p be an F-invariant character of E of degree 1. Then

> (degx)* = [F: E].
x€lrr(F):x|p=(deg x) p

Recall that by the dimension of a full Abelian subcategory of C we mean the sum of squares
of dimensions of its simple objects.

Lemma 3.10. The dimension of the subcategory S(K, H, B) is |K|[G : H].
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Proof. We compute
dim(S(K, H,B))= > dim((a,x))?

(a,x)€S(K,H,B)NT

= > K > (deg x)*

acKNR x:(a, x)€S(K,H,B)NI"
= > |KJf[Cqla) : H] = |K|[G : H],
acKNR

where the third equality above is explained as follows. Fix a € K N R and observe that
B(a,-) is a Cg(a)-invariant character of H of degree 1 and then apply Lemma 3.9. ]

Given a bicharacter B : K x H — k* let us define B°® : H x K — k* by B°®(h, k) =
B(k, h) forall k € K, h € H.

Lemma 3.11. S(K, H, B) is a fusion subcategory of C and S(K, H, B) = S(H, K, (B°)™1).

Proof. First, we show that the full Abelian subcategories S(K, H, B),S(H, K, (B°*)~') C C
centralize each other. Let (a,x) € S(K, H, B) and (b, x') € S(H, K, (B°)™"). Since K and
H centralize each other, in order to show that (a, x) and (b, x') centralize each other, it only
remains to check that condition (ii) of Lemma 3.3 holds. We have

x(gbg™") X' (9" " ag) _ —1y/ pop\—1 —1 _ -1 1 -1
dogx degy B(a, gbg~")(B*)""(b,g ag) = B(a,gbg™")B(g9~ ag,b)” =1,

for all g € G. The first equality above is by definition of S(K, H, B) and S(H, K, (B°?)™1),
while the last equality is due to G-invariance of B. Therefore, condition (ii) of Lemma 3.3
holds and it follows that S(K, H, B) and S(H, K, (B°?)~!) centralize each other.

By Lemma 3.10, dim(S(K, H, B)) - dim (S(H, K, (B°®?)™!) = |K||G : H] - |H||G : K| =
|G|? = dim(C). Since S(K, H, B) and S(H, K, (B°?)~!) centralize each other it follows from
Lemma 2.1 that S(K, H, B) is a fusion subcategory and S(K, H, B)' = S(H, K, (B°®)"!). =

Theorem 3.12. The assignments D +— (Kp, Hp, Bp) and (K,H,B) — S(K,H,B) are
inverses of each other. Thus, there is a bijection between the set of fusion subcategories of
C and triples (K, H, B), where K, H C G are normal subgroups of G centralizing each other
and B : K x H — k* is a G-invariant bicharacter.

Proof. First, we show that (Ksx u By, Hs(x,u,8), Bs(k,u,p)) = (I, H, B). As mentioned in
Remark 3.8, it follows from Lemma 3.9 that Ksx n,p) = K. By Lemma 3.11, Hs(k,u,p) is
the support of S(K,H,B)" and so Hs(xup = H. For any a € KN R,h € H, we have

Bsku,py(a, h) = ge(g;, where (a,x) € S(K,H,B)NTI. Since (a,x) € S(K, H, B), we have
x(h) = B(a, h)degx. Therefore, Bs(x,u py(a,h) = B(a,h) and the G-invariance of the two
bicharacters in question imply that Bsx u,py = B.

Second, we show that S(Kp, Hp, Bp) = D. Pick any (a,x) € S(Kp, Hp, Bp). Then for

all h € Hp,

h "(h
) X
deg x deg x’
where (a,x’) € D. Here the first equality follows from the definition of S(Kp, Hp, Bp)
(11), while the second equality follows from the definition of Bp (9). Therefore, E‘e}g{’ =
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% and it follows from Lemma 3.7 that (a,x) € D. So, S(Kp, Hp, Bp) C D. Similarly,

S(Kp,Hp, Bp') = S(Hp, Kp, Bp) C D'. Using Lemma 3.10 we have
dim(C) = |G|? = dim(S(Kp, Hp, Bp)) - dim(S(Hp, Kp, Bp)) < dim(D) dim(D') = dim(C).
HQHCQ, dlm(S(KD, HD; BD)) = dlm(D) and so S(KD, HD, BD) =1D. |

4. SOME INVARIANTS AND THE LATTICE OF FUSION SUBCATEGORIES OF Rep(D(G))

4.1. The lattice. Let G be a finite group. Let K, H, K’, and H' be normal subgroups

of G such that K and H centralize each other and K’ and H’ centralize each other. Let

B:Kx H:—k*and B : K' x H :— k™ be G-invariant bicharacters.

Proposition 4.1. S(K,H,B) C S(K',H',B’) if and only if K C K', H C H, and

Blgxo = B'|kxm-

Proof. The statement follows from the definitions and Remark 3.8. |
Define a homomorphism

(PB,B’ 2KﬂK’—>HﬂHI by a|—>B(a,-)]HmH/(B')*l(a,-)|HmH/,

where H N H’ denotes the group of group homomorphisms from H N H' to k*. Also, define
a G-invariant bicharacter

Ypp i kerppp x HH' — k* by  (a,hh’) — B(a,h)B'(a,h').
Proposition 4.2. (i) S(K,H,B)NS(K',H",B") = S(ker o pr, HH' , )5 /).
(11) S(K, H, B) \/ S(K,7 Hl, B/) — S(KK/,keI" QOBOP,(B’)OI); (wBop7(B/)Dp)Op).

Proof. (i) First, we show that S(K,H,B) N S(K',H',B') C S(kerpp g, HH' {5 p). Let
(a, x) be any simple object of S(K, H, B) N S(K',H', B"). By definition, a € KN K'N R
and y is an irreducible character of Cg(a) such that
X|g = B(a,-)degx and x|z = B'(a,-) deg x.
It follows that B(a,-)|unm = B'(a,)|anm, so that a € ker pp . Also,
x(hh') = B(a,h)B'(a, k") deg x = g p(a, hh') deg x,

for all h € H,h' € H'. Therefore, (a,x) € S(keryppp,HH  ¢Ypp), so S(K,H,B)N
S(K/, Hl, B/) Q S(ker SOB,BH HH/, wB,B’)'

Next, we show that S(ker g g, HH',¢pp) C S(K,H,B)NS(K',H', B'). Let (a,x) be
a simple object in S(ker pp g, HH',1p p/). By definition, a € kerpp g "TRC KNK' N R
and y is an irreducible character of C¢(a) such that

X’HH’ = @bB,B'(G, ) deg x.

If h € H, this implies

X(h) - wB,B’ (CL, h) degX = B(au h)B/(CL, 6) degX = B(CL, h) deg X-

Similarly, if A" € H', then x(h') = B'(a,h’)degx. By definition, (a,x) € S(K,H,B) N
S(K' H',B'),s0 S(kerpp p, HH',Yp p) C S(K,H,B)NS(K', H', B") and the proposition
is proved.
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(ii) We have
S(K,H,B)VS(K',H',B) = (S(K,H,B) NS(K' H',B")"
= (S(H,K,(B®)"")nS(H', K, (B)?) ™))’
=S (ker ©(Bor)-1,((Bryor)-1, KK, w(Bop)—l7((B/)op)—1)/
S (KK ker p(poey-1,((5ryor)-1, (W(mer)-1,((5ryer) 1)) )
= S (KK’ ker ©pon (5ryov), (Vpor (5ryer) ) -

The first equality above is due to [M1, Lemma 2.8 and Theorem 3.2(i)], the last equality
follows from a direct calculation, and the other equalities follow from either Lemma 3.11 or
part (i). [ |

A braided tensor category C is said to be symmetric if the square of the braiding is the
identity [BK]. A fusion subcategory D of a premodular category C with positive categorical
dimensions is said to be isotropic if the twist of C restricts to the identity on D [DGNO]. By
Deligne’s theorem [D] an isotropic subcategory D C C is Tannakian, i.e., it is equivalent to
the representation category of a finite group as a symmetric fusion category. An isotropic
subcategory D C C is said to be Lagrangian if D' = D, or equivalently (dim(D))? = dim(C).
Recall that a bicharacter f : L x L — k™ on an abelian group L is alternating if f(zx,z) =1,
for all x € L.

Proposition 4.3. The fusion subcategory S(K, H, B) C Rep(D(G)) is
(i) symmetric if and only if K C H and B(ky, ko) B(ka, k1) = 1, for all ki, ks € K,
(ii) isotropic if and only if K C H and Bl|gxk is alternating,
(i) Lagrangian if and only if K = H and B is alternating.

Proof. (i) S(K, H, B) is symmetric if and only if S(K, H, B) C S(K, H, B)'. By Lemma 3.11
and Proposition 4.1, this is true if and only if K C H and Blgxx = (B°®) Y xxx, as stated.
(ii) Suppose K C H and B|gxx is alternating. In particular, this implies B(a,a) = 1 for
all a € KN R, so that @
x(a
Bla,x) = 7 oy
for all (a,x) € S(K,H,B)NT. That is, S(K, H, B) is isotropic.

Conversely, assume S(K, H, B) is isotropic, so in particular S(K, H, B) is symmetric.
Therefore, by (i), K C H and B(ky, ko) B(ks, k1) = 1, for all k1, ks € K. It remains to show
that B(k,k) = 1, for all k£ € K; to this end, pick any (a,x) € S(K, H, B) NI and observe
that

= B(a,a) =1

Bla,a) = % —a,y) = 1,

where the last equality is due to the definition of isotropic. Normality of K and G-invariance
of B together imply that B(k, k) = 1, for all k € K, as desired.
(iii) This was proved in [NN]. [ |

Recall that the notions of Miiger’s center Z,, nondegenerate and prime braided fusion
categories were defined in Section 2.3. Also, recall that a symmetric bicharacter f : L X L —
k> on a group L is nondegenerate if {x € L | f(z,y) =1 forall y € L} = {e}.

Proposition 4.4. 2,(S(K, H, B)) = S(ker ¢ gor)-1, HK, 15 (gor)-1).
11



Proof. Using Lemma 3.11 and Proposition 4.2 (i), we have

Z,(S(K,H,B)) =S(K,H,BYNS(K,H, B
=S(K,H,B)NS(H, K, (B®)™)
= S(ker v (pory-1, HK, g (por)-1).
||

Proposition 4.5. (i) The fusion subcategory S(K,H,B) C Rep(D(G)) is nondegen-
erate if and only if HK = G and the symmetric bicharacter BB |(gnm)x(knm) 5
nondegenerate.

(ii) Rep(D(Q)) is prime if and only if there is no triple (K, H, B), where K and H are
normal subgroups of G that centralize each other, (G,{e}) # (K,H) # ({e},G),
HK = G, and B is a G-invariant bicharacter on K x H such that the symmetric
bicharacter BBOP\(KQH)X(KQH) 18 nondegenerate.

Proof. (i) Note that S(K, H, B) is nondegenerate if and only if Z5(S(K, H, B)) = S({e}, G, 1),
by [M1, Corollary 2.16]. By Proposition 4.4, this is the case if and only if ker ¢ 5 (gor)-1 = {e},
HK = G, and 9 gory-1 = 1. The condition ker ¢p (gor)-1 = {e} is equivalent to the condi-
tion that B(a,-)|gnx B (a, )| gnk is nontrivial on H N K whenever a € H N K — {e}, that
is, BB|(knmx(knm is nondegenerate. The condition Yp (Bory-1 = 1 is automatically true
when ker ¢ (gory-1 = {e}.

(ii) This follows immediately from Theorem 3.12, Remark 3.8 (ii), and part (i). [ |

Remark 4.6. Let G := Z/p"Z, where p is a prime. It was shown in [M1] that for p = 2 the
category Rep(D(G)) is prime and that for odd p nontrivial proper modular subcategories of
Rep(D(G)) are in bijection with isomorphisms G' = G where G denotes the set of group
homomorphisms from G to k*. Let us recover this result from Proposition 4.5. Suppose
that S(K, H, B) where (G,{e}) # (K,H) # ({e},G) is a nondegenerate subcategory of
Rep(D(G)). The condition HK = G implies that at least one of the subgroups H, K
coincides with G. Let us assume H = G and suppose that |[K| = m < p". Let x,y € G
be generators of H and K respectively. Then B(x, y) is an mth root of 1, so B(y, y) is a
root of 1 of order less than m and BB|kx = B?|k«x is degenerate. Thus we must have
H = K = G and B must be a (necessarily symmetric) bicharacter on G such that B? is
nondegenerate. This is impossible for p = 2. When p is odd B? is nondegenerate if and only
if B is nondegenerate, i.e., when B comes from an isomorphism G = G.

As was observed by Miiger in [M1], prime nondegenerate categories serve as building
blocks for nondegenerate categories. Precisely, it was shown in [M1, Theorem 4.5] that
every nondegenerate category is equivalent to a finite direct product of prime ones (note,
however, that such a decomposition is not unique in general). Below we collect some remarks
concerning the primality of Rep(D(G)).

Remark 4.7. (i) If G = M x N is a direct product of non-trivial groups M and N,
then Rep(D(G)) is not prime. Indeed, by Proposition 4.5, the (nontrivial proper)
subcategory S(M x {e},{e} x N,1) C Rep(D(G)) is nondegenerate. This fact was

also observed by Miiger in [M1].
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(ii) If G is simple and nonabelian, then it immediately follows from Proposition 4.5 that
Rep(D(G)) is prime. Note that the aforementioned statement is not true for abelian
simple groups [M1] (see also Remark 4.6).

(iii) As mentioned above, simplicity of a nonabelian group G is sufficient for Rep(D(G))
to be prime, however, it is not necessary. Indeed, take G = S,,, n > 3, and let
K, H be a pair of centralizing normal subgroups of G such that HK = G. Note that
K N H, being a central subgroup of GG, must be trivial, as the center of G is trivial.
This implies that GG is a direct product of H and K. However, as is well known, S,
does not admit a non-trivial direct product decomposition, therefore, Rep(D(S,)) is
prime by Proposition 4.5.

4.2. The Gauss sum and central charge. Let D be a premodular category with twist 6.
Recall that the Gauss sum of D is defined by

> 0(X)d(X)?
Xelrr(D)

where Irr(D) is the set of isomorphism classes of simple objects in D. The central charge is

defined by
7(D
(p)= 2
dim(D)
For basic properties of Gauss sum and central charge we refer the reader to [BK, Sect. 3.1].

In particular, the central charge of a non-degenerate braided fusion category is known to be
a root of unity (this statement is known as Vafa’s theorem, see [BK, Thm. 3.1.19]).

Proposition 4.8. The Gauss sum of the fusion subcategory S(K, H, B) C Rep(D(G)) is

G
ASUKHB) = S KB,
a€KNHNR
When S(K, H, B) is nondegenerate its Gauss sum is

~(S(K, H, B)) = |K|K|H| S Blaa)

and its central charge is

((S(K,H,B)) = *\KHH GE;H
Proof. We have
T(S(K7 H7B)) = Z Q(G,X) d(CL, X)2

simple (a,x)€S(K,H,B)

S D AT TR

simple (a,x)€S(K,H,B) deg X

By definition of S(K, H, B) the above expression is equal to

> |1 > (deg x)x(a)

acKNR x€Irr(Ca(a)):x|g=B(a, ) deg x
13



Observing that B(a,-) is Cg(a)-invariant and applying Frobenius reciprocity and Clifford
theory, the above expression is equal to

> | IKLP > (deg x)x(a)

a€KNR X is an irr. constituent of IndZG(a> B(a,")

Applying Frobenius reciprocity again, the above expression is equal to
Cg(a
> (1Kl (nd5e™ B(a, ))(@)) -
acKNR

Finally, using the formula for the induced character and the fact that the induced character
is zero on Cg(a)\H the above expression is equal to

| Kol -1
Z | Z B(a,z™ ax)

ae KNHNR zeCq(a)

_ Z |Ka’ ‘CG(GNB(CL, CL)

aceKNHNR |H|

_ld]
= Y IKdB(aa).

‘ ‘ acKNHNR

When S(K, H, B) is nondegenerate, by Proposition 4.5, HK = G, so K N H is contained in
the center of G. Therefore, the Gauss sum is

HS(KHB) = 0 Y KBl

| | ae KNHNR

_ K]
KA Z B(a,a)

aeKNH
and the central charge is

7(S(K, H, B))
Vdim(S(K, H, B))

K
et Saennn Blasa)

! |-G - H]

\% ‘KHH ae;H

((S(K,H,B)) =

Remark 4.9. Note that the sum ),y B(a, a) is the classical Gauss sum for the quadratic
form a — B(a,a) on the Abelian group K N H.
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4.3. The central series. Following Bruguieres [Br|, we say that a functor F' : C; — Cy
between semisimple categories C; and Cy is dominant if every simple object in Cs is a direct
summand of the image (under F') of some object in C;.

Lemma 4.10. The fusion subcategory S(K,H,1) C Rep(D(G)) is generated by the set
gens(S(K,H,1)) :={(a,1) el |Jae KNR}U{(e,x) €' | x|u = deg x}.

Proof. The lemma follows immediately from the observation that the restriction functors
Rep(G/H) — Rep(Cg(a)/H), a € K N R, are dominant. [ |

Proposition 4.11. The adjoint subcategory S(K, H, 1)qq of the fusion subcategory S(K, H, 1)
of Rep(D(Q)) is S(|G, K],Cq(K) N m~Y(Z(G/H)),1), where 7 is the canonical surjection
from G to G/H and |G, K| = (gkg k™! | g€ G,k € K).

Proof. By Miiger’s double centralizer theorem and Lemma 3.11 it suffices to show that
(S(K,H, 1)) =S(Cae(K)Nm Y (Z(G/H)),|G, K],1). By [GN, Proposition 6.7], the simple
objects (up to isomorphism) of (S(K, H,1).q)" are given by the set

Irr((S(K, H,1)aa)')
(0,x") € I'[1S((a,x), (b:X))| = d(a, x) d(b,X'), for all simple (a, x) € S(K, H,1)}
(0,x") € I'[[S((a, x), (b: X)| = d(a, x) d(b, X), for all (a,x) € gens(S(K, H, 1))}
={(b,x) €T | xljg = degx, for all x € Irr(Rep(G/H)), [Ka, I] = {e},
and x'|(g,q = deg X', for all a € K N R}
={(b.X") €T | b€ Ca(K),[G,] € H and x'[j¢,x) = deg X'}
={(b,x) €T |be Co(K)Nn~H(Z(G/H)), and X'|j¢,x) = deg x'}
=TIir(S(Ce(K)Na Y Z(G/H)),[G, K],1)).

In the second equality above we used Lemma 4.10 and in the third equality we used Note
3.5. [

Corollary 4.12. (i) The nth term of the upper central series of Rep(D(G)) is given by
Rep(D(G))™ = S(CL(G), Ca(Cr_i(G)) NC™(G), 1),  n>1.

(1) The nth term of the lower central series of Rep(D(G)) is given by
Rep(D(G))m) = S(Ca(Cr-1(G)) NC™(G), Cr(G), 1), n > 1.

Here C,,(G) and C™(G) are the nth terms of the lower and upper central series of G, respec-
tively.

Proof. Part (i) follows immediately from Proposition 4.11, while part (ii) follows from [GN,
Theorem 6.8] and Lemma 3.11. ]

5. FUSION SUBCATEGORIES OF THE TWISTED QUANTUM DOUBLE OF A FINITE GROUP

5.1. The twisted quantum double of a finite group. Recall that a normalized 3-cocycle
w:GxGxG— kX is a map satisfying:

(12) w(g2, g3, 91)w(91, 9293, 9a)w (g1, 92, g93) = w(G192, g3, ga)w(91, G2, g394),

(13> W(g, €, l) = 17
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for all g,1, g1, g2, 93,94 € G. It follows that w(e,g,l) =1 = w(g,l,e) for all g,l € G as well.
We may assume the values of w are roots of unity. Define

wla, z,y)w(z,y,y 'z axry)
14 =
(14) Ba(z,y) o(z.7 1az.7) ,
w(z,y, a)w (xyay N
15 a\T, - )
(15) Na(T,Y) (@ yay.9)
(2,9, a)w(a, 4 za, 4 ya)
16 oz, =
(16) Ya(T,Y) (. a.aTya)
w(axa™ aya™, a)w(a,x,y)
1 —
(17) Va(7,Y) S(aratag) ,
for all a,x,y € G. Since w is a 3-cocycle, we have
(18) Ba(,y)Ba(2y, 2) = Bu(@,y2) Bo-10z(y, 2)

for all a,z,y, 2 € G. Therefore, for any a € G, (4|c, () is a 2-cocycle. Note that

(19) Balce(a) = Nalca(e) = Yalca(a) = Valca(a)
Direct calculations, using (12), show that the following identities hold:

7ab($7 y) _ ﬁl‘(aa b)ﬁy(a’ b)
(20) @ T, a )@ g) | Be(@b)

Vab($a y) _ Ux(C% b)ny(a7 b)
(21) b L bb (@ y) | Te(ab)

for all a,b,z,y € G.
Let C = Rep(D¥(G)). It is well known that C is a modular category [AC2]. The set of
isomorphism classes of simple objects in C may be identified with the set

I':={(a,x) | @« € R and x is an irreducible ,-character of C¢(a)},

where a 3,-character of Cg(a) is the trace function of a k% [Cg(a)]-module.
The following lemma is proved in [NN, Lemma 4.2].

Lemma 5.1. Two objects (a, x), (b, X") € I centralize each other if and only if the following
conditions hold:

(i) The conjugacy classes K,, K, commute element-wise.
(ii) For all x,y € G,

o (x,y 1by) Ba (xy Loy, 1 x tax z laz,y ! — _ — —
<ﬁ( Y~ by)Ba( yﬁa(zg/c,zil))ﬁﬁz;((z;yil) )Bo(y Y )) Y(zy~byz )y (yz~lazy ') = deg x deg '

The lemma has the following useful consequence: Taking the magnitude on both sides of
the equation in Lemma 5.1(ii), we obtain

Ix(zy~byz ™)X (y2~ azy )| = deg x deg X',
since the values of 3, and (3, are roots of unity. Now, for any h € Cg(a), x(h) is a sum of
deg x roots of unity, and so by the triangle inequality, |x(h)| < degx, with equality if and
only if all roots are the same. Similarly for x’. Thus if (a,x), (b, x’) centralize each other,

then X degbz;f D and X yxdegaxy —) are roots of unity for all z,y € G.
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5.2. Canonical data determined by a fusion subcategory of Rep(D*(G)). Let D be
a fusion subcategory of C. Define two normal subgroups of G as follows:

Kp = {gag'|g€ @G, (a,x) € DNT for some x}
Hp = ﬂ Ker(x)
x:(e,x)€D

where Ker(y) = {g € G | x(9) = x(e)}. Note that the definition of Hp is equivalent to
D N Rep(G) = Rep(G/Hp) as before.

Proposition 5.2. Let D be a fusion subcategory of C. Then Hpr = Kp, Kpr = Hp, and the
groups Kp and Hp centralize each other.

Proof. By Lemma 5.1 a simple object (e, x) in Rep(G) centralizes D if and only if x(a) =

deg x for all @ € Kp. The rest is similar to the proof of Proposition 3.6. [
Lemma 5.3. Let € be a fusion subcategory of C and let (a,x) € ENT. Suppose X' is an
irreducible B,-character of Cg(a) such that % = ?Tlg{’";'. Then (a, ') € £.

Proof. We will show that (a, x’) centralizes . Let (b, x”) € £'NI'. Note that since (a, x) € &,
the conjugacy classes K, and K, commute. It remains to show that the equation in Lemma

5.1(ii) holds for the pair (a, x’), (b, x”). By hypothesis, Ee‘g;f = ELZi?

by x in the equation. However we already know that (a, x) centralizes £’ since (a,x) € &,
so by Lemma 5.1(ii), the desired equation holds. ]

so we may replace x’

Let D be any fusion subcategory of C. Define a pairing
BD KD X HD — Kk
as follows. Let (a,x) € DNT, and

Ba(z, h)Ba(xh, 1) x(zhx™!)

Ba(x, x~1) deg x
for all x € G, h € Hp. We will show that Bp is well-defined and does not depend on
x. For this, we give an equivalent definition: Write h = y~'by for b € Hp N R, y € G,
(b,x") € D'NT. Since (a,x) and (b, x') centralize each other, we have by the definition (22)
of Bp and Lemma 5.1(ii) that

(22) Bp(x tax,h) :=

By, y™ ) deg X’
Gy, xYax) By(yzr—taz, y=1) X' (yr—taxy=1)

This proves that Bp does not depend on the choice of y. Now suppose 2 laz = x~taz for
some z € G. Then by (23),

(23) Bp(z ™ ax,y~'by) =

) B deg \’/
B 1 1b _ ﬁb(yay )
’D(Z az,y y) ( —laz)ﬁb<yz—1a2 y—1> X/(yz—lazy—l)
_ By, y") deg '
By, xLaw) By (yx~Laz, y=1) X' (ya~tazy 1)

= Bp(a'az,y~'by).

Therefore Bp is well-defined.
17



Next we give a definition of a G-invariant w-bicharacter, generalizing [NN, Defns. 4.5, 4.6]
(the case K = H), and show that Bp satisfies the definition.

Definition 5.4. Let H, K be normal subgroups of GG that centralize each other, and let
B: K x H— k* be a function.
We say that B is an w-bicharacter if

(i) B(z,y2) = B,'(y,2)B(x,y)B(z,z) and
(ii) B(wz,y) = By(w,z)B(w,y)B(z,y)

for all w,z € K, y,z € H. Equivalently, B(x,) is a [,-character of H and B(—,y) is a

(3, *-character of K.

We say that B is G-invariant if

Y
B(z Yk, h) = B(k,xhx ™1
forall z,y e G,he H, ke K.
Remark 5.5. (i) The G-invariance property corresponds to the following action of G:

Let {0, }zec be the basis of the linear dual (kG)* of the group algebra, that is dual to
G, that is 0,(y) = 0., for all ,y € G. Then we may identify a basis of D*(G) with
the set {0,7}2 gec- In this notation, the subalgebra ké,Cq(x) of D¥(G) is isomorphic
to the twisted group algebra k% [Cq(x)]. A group element g € G acts on D*(G)
via conjugation by the invertible element g = > _. 0,7, and takes the subalgebra
kP [Cq(z)] to kPstes[Ca(g " xg)]. Under these identifications, B is G-invariant if
and only if the function B(k,-) on kP [H] is taken to the function B(x~'kz,-) on
kP==1x:[H] via conjugation by 7.

(ii) There is a symmetry in the definition of an w-bicharacter that appears to be lacking
in the definition of G-invariance. However, a consequence of the next lemma is
that there is an equivalent definition of G-invariance, considering B instead to be a
function in the first argument, fixing the second.

Lemma 5.6. Let x,h, k € G for which hk = kh. Then

(1) Vm(h” k) _ ﬁxhx—l(xa x_l)
VxEka }IL;L ﬁxlh]g_i ($7 k)ﬁx?z—lfl()xk7 mil) ’
o Vel "hx,x "Rr)  Vg-1(R,
(i) Ve(z  kz, 2= ha) vy (h, k) and
(i) By y) _ Bulyy™)

Bely= W) By~ hyy) — Buly, k)Bulyk, y=1)

Proof. (i) We must show that

Vr(h7 k) . ﬁxhx*l (l‘, k)ﬁth*1 (l’k, x_l)
Vm(k> h) ﬂxhx*l(xa x_l)

This follows by applying the definitions (17) and (14), and the 3-cocycle condition (12) to the
tuples (zkz=', z, h, ™), (xkx™t, zhe™ z, 2™, (zha™ ke v, 27, (ko™ 27t wha™t).
18
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(i) Applying (21) to the quadruples (z, 2z, h, k) and (x, 27!, k, h) we obtain:

Mk (w,27)
nn(x, x= e (x, 271’
Men (T, 271)
77k<$’ xil)nh(% xil) .

ve(x tha, v k), (B k) =

Ve(2 k2 ha) vy (k, h)

Since hk = kh the stated identity follows.
(iii) Applying the identity in part (i) to the triples (y~!,yky~t, h) and (y,y 'hy, k), the
claimed identity is equivalent to

vy (yky ™", vy (k. y~thy)

vy-1(h,yky Vv, (y~thy k) 7

which is seen to be true by applying the identity in part (ii) to the triple (y,yky=*, h). ™

It follows from part (iii) of the lemma that a function B : K x H — k* is G-invariant if
and only if

Gr(y,y™")
Br(y, k) Bn(yk, y=)

B(k,y hy) = B(yky™', h)

forall z,y e G,he H, k€ K.

Proposition 5.7. Let D be a fusion subcategory of C. Then Bp is a G-invariant w-
bicharacter on Kp X Hp.

Proof. First we check G-invariance. By definition (22), for all € K N R, we have

Ba(x, h)Bo(xh, 2™ ") x(wha™")  Bo(x, h)Be(xh,z7")
Ba(z,271) degx  Palz,a7h)

the second equality by (22) with & replaced by zhz~! and x replaced by the identity element.
More generally, let & = y~tay, and apply the above equation twice, the first time to express
B((yx) tayx,h) as a scalar multiple of B(a, (yx)h(yx)~!), and the second time to express
B(a,y(xhx=")y™ 1) as a scalar multiple of B(y 'ay, zhz~'). We obtain in this way:

(24) Blake, h) = Bay, y= ) Balyz, h)Ba(yxh, a~'y™") Bk, zha ),

 Baly, zha=1)Bu(yzha =t y=1) Balyz, z 1y ~t)

This is equivalent to G-invariance: Apply (18) thrice to
By-1ay (@, h)By-14y(xh, 27 1)

5y*1ay<m7 x_l)
to express all scalars as images of 3, and then apply (18) to the quadruples (a, yxh, 271, y=)
and (a,yx,r~1 y~ 1) to obtain the expression (24).

Now let hy,hy € H and a € K N R. By the definition of Bp, we have
X(h1) x(h2) X(h1ho)
deg x deg x deg x

Bp(z taz, h) = Bp(a, zhz™),

Bp(a,hi)Bp(a, hy) = = Ba(h1, ho) = Ba(h1, he) Bp(a, hihs).
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Let x € G. By G-invariance of Bp we now have that Bp(z~'az, hy)Bp(z tax, hy) is equal
to
Ba(x, h1)Ba(xhy, 1) Bo(, ha)Ba(xhe, z71)
Bo(z,271)?
ﬁa(mhlx_la .Z'hg.]?_l)ﬁa(%, hl)ﬁa(xhla CC_I)/BQ(.Z', hQ)Ba(thv .Z'_1>

= B .
ﬁa<x,$71)2 (Cl,il?hghgl’ )

B(a,vhix~ ) B(a, xhyz ™)

On the other hand,

- hi,h hih hihg, 1
ﬁx_lax<h17h2)BD(Iilax, h1h2) _ Bz 1aa:( 15 2)5;(? 1_3@1@ 112, )B(a,xhlhgx’l).
(T, x

Comparing, the two will be the same if and only if
Ba(xhiz™ xhox™) By (z, h) Ba(zhy, 271 Ba(z, ho) Ba(zho, 271)
Ba(x, 271) Be-1a2(h1, ha) Ba(, h1ho) Ba(xhihy, v71)
This we prove just as in the proof of [NN, Lemma 4.10]: We apply (18) for 3, successively to
the five triples (z, by, h), (2, ho, 2™ 1), (xhy, 271 xhex™), (xhy, he, 27 1), (z, 271, xhex™t) and
make a corresponding substitution each time. It follows that Bp satisfies the first equation

in the definition of w-bicharacter. To see that it satisfies the second, we use the alternative
definition (23) of Bp, and apply an analogous argument. |

=1.

We have associated, to each fusion subcategory D of C, a canonical triple (Kp, Hp, Bp),
where Kp and Hp are normal subgroups of G centralizing each other, and Bp is a G-invariant
w-bicharacter. Next we associate to each triple a fusion subcategory.

5.3. Construction of a fusion subcategory of Rep(D“(G)). Let K, H be normal sub-
groups of G that centralize each other, and B : K x H — k* a G-invariant w-bicharacter.
Define
(25)

S(K, H, B) := full Abelian subcategory of C generated by

(a,y) €T a € KN R and x is an irreducible (,-character of Cg(a)
* X such that y(h) = B(a, h) deg, for all h € H '

We will prove that S(K, H, B) is a fusion subcategory of C and determine its centralizer. We
will need [NN, Lemma 4.4], proved by Clifford theory [Ka, Theorem 7.8.1] and Frobenius
reciprocity [Ka, Proposition 7.4.8] for projective characters:

Lemma 5.8. Let E be a normal subgroup of a finite group F, and o a 2-cocycle on F. Let
Irr(F') denote the set of irreducible a-projective characters of F. Let p be an F-invariant
a|gxg-projective character of E of degree 1. Then

> (degx)? = [F: B].

x€lrr(F):x|p=(deg x)p

To apply the lemma to our situation, replace E by H and F by Cg(a), and note that
by G-invariance of B, the function B(a, —) is a Cg(a)-invariant §,| g« g-projective character
of H of degree 1. One consequence of the lemma then is that there exists at least one
X € Irr(Cg(a)) such that (a,x) € S(K, H,B). This implies in particular that K is the
support of S(K, H, B).
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Lemma 5.9. The dimension of S(K, H, B) is |K|[G : H].

Proof. The proof is the same as for w = 1 (Lemma 3.10), replacing Lemma 3.9 by Lemma 5.8.
|

Let (B°?)™' : H x K — k* be the function defined by (B°°)~!(h,k) = B(k,h)~'. Then
(B°*)~! is a G-invariant w-bicharacter, by symmetry of Definition 5.4 (see Remark 5.5(ii)).

Lemma 5.10. S(K, H, B) is a fusion subcategory of C and S(K, H, B) = S(H, K, (B°")1).

Proof. First we show that S(K, H, B) and S(H, K,(B°)~!) centralize each other. Let
(a,x) € S(K,H,B)NT and (b,x') € S(H,K,(B®)"')NT. Then the conjugacy classes
K, and K, centralize each other. We check Lemma 5.1(ii), using the two equations (22) and
(23):

ﬁa(x,y‘lby)ﬁa(xy;g a 1>) b(é f;x)ﬁb(yx_lax’y_l)X(my‘lbyﬂv‘l)x’(yx‘laﬂfy_l)

Ba(, y~'by) Balxy by, 27 ) By (y, v~ ax) By(yx ™ ax, y )
Ba(z,271) By(y,y~1)
-B(a,xy 'byz") deg X(BOP) Hb,yx~ axy ") deg X',

By G-invariance, this may be rewritten as
B(zax,y 'by) deg xB ' (v ax, y 'by) deg X’ = deg x deg \/,
as desired. Therefore S(K, H, B) and S(H, K, (B°?)™!) centralize each other.
By Lemma 5.9,
dim(S(K, H, B)) dim(S(H, K, (B°*)™!) = |G|* = dimC.
By Lemma 2.1, S(K, H, B) is a fusion subcategory of C and S(K, H, B) = S(H, K, (B°®)™1).
|

Theorem 5.11. The assignments D +— (Kp,Hp,Bp) and (K,H,B) — S(K,H,B) are
wnverses of each other. Thus there is a bijection between the set of fusion subcategories of C
and triples (K, H, B) where K, H are normal subgroups of G that centralize each other and
B : K x Hw— k* is a G-invariant w-bicharacter.

Proof. First we show that (Ksx u,B), Hs(x,u,8), Bs(k,u,p) = (K, H,B). We have already
observed that K is the support of S(K, H, B), so Ksk,u,p = K. It follows that Hs(x u,p),
which is the support of S(K, H,B) = S(H,K,(B°®)™'), is H. Let a € KN R, (a,x) €
S(K,H,B)NT,and h € H. Then by the definition of Bs(x, u,g), we have
x(h)
deg x
On the other hand, since (a,x) € S(K, H, B), we have x(h) = B(a,h)degx, so B(a,h) =
Bsk,u,p)(a, h). By G-invariance, this implies B = Bg(k,u,p)-

Now we show that S(Kp, Hp, Bp) = D. Let (a,x) € S(Kp, Hp, Bp) N T". Then for all
h € Hp, by the definitions of S(Kp, Hp, Bp) and of Bp, respectively, we have

x(h) X'(h)
deg x deg '

BS(K,H,B)(% h) =

= B’D(aa h) =
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for any x’ such that (a, x’) is simple in D. By Proposition 5.2, we have Kp = Hp, so the

above equation holds for all h € Kp. By Lemma 5.3, we have (a, x) € D. We have shown

S(Kp, Hp, Bp) C D. Similarly S(Kp, Hpr, Bp) = S(Hp, Kp, Bp') C D'. By Lemma 5.9,
dlm(S(KD, HD, BD)) dlm(S(HD, KD, BD’)) = |G"|2 = dimC.

This forces S(Hp, Kp, Bp') = S(Kp, Hp, Bp)', so that D' C S(Hp, Kp, Bp'). Therefore

D' = S(Hp, Kp, Bp'), and by symmetry, D = S(Kp, Hp, Bp). [ |

Remark 5.12. Let C be any braided group-theoretical fusion category (see Section 2.1).
The braiding yields a canonical embedding of C into its center Z(C). (See [K] for the center
construction.) Since C is group-theoretical, Z(C) is equivalent to Z(Vecg) = Rep(D*(G))
for some finite group G and 3-cocycle w. (This follows from [ENO, Sect. 8.8]. See also
the proof of [Na, Thm. 1.2] and [Mj, Prop. 3.3].) Therefore C may be realized as a fusion
subcategory of Rep(D“(G)). By Theorem 5.11, C is equivalent to a category of the form
S(K, H, B) defined in (25) for some normal subgroups K, H of G that centralize each other
and G-invariant w-bicharacter B on K x H.

6. SOME INVARIANTS AND THE LATTICE OF FUSION SUBCATEGORIES OF Rep(D¥(G))

6.1. The lattice. Let K, H, K', H' be normal subgroups of GG such that K and H centralize
each other, and K’ and H’ centralize each other. Let B: K xH — k* and B’ : K'x H' — k*
be G-invariant w-bicharacters.

Proposition 6.1. S(K,H,B) C S(K',H',B') if and only if K C K', H C H, and
B|K><H’ :B/|K><H’-

Proof. The statement follows from the definitions since K is the support of S(K, H, B) by
Lemma 5.8. ]

Let ypp: KNK' — H N H' be the function defined by
¢pp(a) = Bla, ')|HmH'(B')_1(a, N en,

where I N H’ denotes the group of group homomorphisms from H N H' to k*. It is straight-
forward to check that for each a € K N K', ¢p p/(a) is indeed a group homomorphism from

H N H' to k*, and that ¢p p is itself a group homomorphism from K N K’ to HOH'. Let
Ypp kerppp x HH' — k* be the function defined by

VYpp(a,hh') = 3, (h,h')B(a,h)B'(a, k')

forall a € K, h € H, i € H'. Note that ¢p 5 is well-defined: Suppose hih| = hohi, for
elements hy, he € H, b, hl, € H'. We must check that

ﬁa_l(hla hll)B(av hl)B,(a7 hll) = ﬁa_l(hzv hIQ)B(aa hQ)B/(av h/2)7
or equivalently,
ﬁa_l(hlu h’/l)B(a7 h2>_lB(a7 hl) - /ga_l(h% h;)B/(CL, hé)B/(a’a h/1>_1'
Since B, B’ are w-bicharacters, we have

B(a’ h2)B(a> h2_1) = ﬁa<h2> hQ_l)B(a> 1) = ﬁa<h2> h2_1)>
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so B(a, hy) ™' = B (hy, hy V) B(a, hy'), and similarly, B'(a, b))~ = 3, (k! (R})"Y)B(a, (B})™1).

Thus we must show that

Ba(hglvhl) -1 6a(h/27<h,1)_1) / !t \—1
B(a,hy hy) = B'(a, hy(h :
) e A AT AV R I
Now, hy'hy = hhy(h})™t € H N H', and since a € kerppp, we have B(a,hy'h)) =
B'(a, hy(hy)~!). Thus we must show that
1= ﬁa(hla hll)ﬂa(h% hgl)ﬁa(h/% (hll)il) )
Balhyt, ha)Balha, hy) Ba(hY, (RY) 1)
This follows by applying the 2-cocycle identity for (3, successively to the triples (hy Lk, R,
(hy', ho, hy), and (K, (R})~%, h}). Therefore 1p g is well-defined.

Lemma 6.2. The function ¢p p is a G-invariant w-bicharacter on ker op g x HH'.

Proof. We first prove that identity (ii) in Definition 5.4 holds for ¢p p: Let a,a’ € ker ¢ pr,
and h € H, h' € H'. We must prove
wB,B’ (aa/, hh/) = ﬁhh/(a, CL/)l/JB,B/(CL, hh/)zﬁB’B/(a', hh/)
The left side is
1 Br(a,a" )b (a,a)
——B(ad',h)B'(ad',h') = ’ -
ﬁaa’(h; h,) (aa 7 ) <aa ’ ) ﬁaa'(h7 hl)

The right side is

B(a,h)B(a',h)B'(a,h")B'(d’, h').

Br (a,a’)
6&(h7 h/)ﬁa’(h7 hl)
The two are equal if and only if
Br(a,a) B (a,a")Ba(h, h')Ba (b, 1)
5aa’ (h7 h,)ﬂhh’ (CL, CL,) ‘
This is true by the identity (20) and by (19) (note a,a’ centralize h, h').
Next we prove that ¢ p p is G-invariant: We must prove that for all = € G,

 Balx, hh)Bo(xhh! z7T)

B(a,h)B'(a,h')B(d',h)B'(d’, h').

1=

Vpp (e ax, hh') = Gz VYp.p(a, thh'z™1).
By the definition of )5 g and G-invariance of B, B’, the left side is
1

mB(I‘_lal‘, h)B/(fL’_l(lLU, h/)

_ Ba(, h)Ba(zh, x_l)ﬁa(xv W) Ba(zh, x_l)

Bo-taa(hs W) Ba(, 271)? Bla, wha")B'(a, 2h'z™).

The right side is
Ba(x, hh') By (zhh  271)
Loz, x=1) B, (zha=t, xh x~1)
So the left side equals the right side if and only if
_ Bal@, h)Bo(wh, a7 ") Ba(x, W) Ba(xh, 2™ ) Bo(xha™"  ah z™ ")

Ba-1az(hy W) Ba(x, 271) By (x, hR) By (xhh! 2 ~1)
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This follows by applying the identity (18) to the tuples (a,z,h,h'), (a,zh,z=t xh'z™1),
(a,z, =Y xh'z™Y), (a,zh, W, 271, and (a, 2, B/, 27 1).
Finally we prove that identity (i) in Definition 5.4 holds for ¢p p'. Let a € ker pp g and
Y1,21 € H, yo, 20 € H', y = 192, 2 = 2122. We show that
Vpp(a,yz) = 5;1(317 2)Yp.p(a, y)Vs 5 (a, 2).

Since B’ is G-invariant and z; € Cg(a), the left side 5 pr(a, (y121) (21 'ya2122)) is equal to

= B, (y121, 21 yez122) Bla, y121) B'(a, 21 221 22)
= Bz, 2 e z) B, (s 21) 8, (21 ez, 22) Bla, y1) Bla, 21) B (a, 21 'y ) B (a, 22)
ﬂa(zl 721)
Ba(y121, ZflyQlez)ﬁa(yl, 21)Ba(21 tyaz1, 22) Bal21 y2) Bal21 Y2, 21)
-B(a,y1)B(a, z1)B'(a,y2) B'(a, 22).

The right side is

@z_l(ylym 2122) 3, (yb Y2)B, (21, z2) B(a,y1)B'(a,y2) B(a, 21)'(a, z2).
The two are equal if and only if

@1(731 )y 2 )@z(ylay2)ﬁa(2’1,Z2)5a(yly2,2122)
ﬁa(?JlZl, zZy 92212’2)@1(.@1, Zl)ﬂa(zl Y221, 22)@(2’1 >y2)ﬁa(21—1y2, 2’1)
This follows from the identity 3,(z; ", 21) = Ba(21,2; ") (obtained by applying the 2-cocycle
identity to (z; l,zl,zl_ 1)) and application of the 2-cocycle identity for (3, to the triples
(yb 21, 2;1)7 (Z;17 3/27 Zl)? (2;17 3/2217 ZQ); (y27 21, Z2)7 (y121> Z;1y27 2122)7 and <y1217 2;17 3/2) u
Proposition 6.3. (i) S(K,H,B)NS(K',H",B') = S(kerpp pr, HH' , ) ).
(11) S(K, H, B) \/ S(K/, H/, B/) prm S(KK/, ker SOBOP,(B’)Opa (¢Bop’(3/)op)op>>.

1 =

Proof. The proof is the same as for w = 1 (Proposition 4.2), using Lemma 5.10 in place of
Lemma 3.11. [

We will need the following lemma in order to characterize isotropic subcategories.

Lemma 6.4. Let B : K x H — k* be a G-invariant w-bicharacter with K C H and
B(a,a) =1, for alla € KN R. Then B(k,k) =1, for all k € K.

Proof. Let k € K and write k = 2 'az, x € G, a € K N R. By G-invariance of B and the
equality B(a,a) =1 we obtain

Ba(z, z7 az) B, (az, x71)

Bz tar, 2 'ax) =

Ba(z,z71)
Applying the definition (14) of /3, and the 3-cocycle condition (12) for w to the quadruples
(a,z,r tax,z71) and (a,z, 27!, a), the right side of the above equality is equal to 1. [ |

We next characterize symmetric, isotropic and Lagrangian subcategories. Definitions were
given in Section 4.1.

Proposition 6.5. The fusion subcategory S(K, H, B) C Rep(D“(Q)) is
(i) symmetric if and only if K C H and B(ky, ko)B(ko, k1) =1, for all ki, ks € K,

(ii) isotropic if and only if K C H and Blgxk is alternating,
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(i) Lagrangian if and only K = H and B is alternating.

Proof. The proof is the same as for w = 1 (Proposition 4.3), using Lemma 5.10 and Propo-
sition 6.1 in place of Lemma 3.11 and Proposition 4.1. We note that in part (ii) we also use
Lemma 6.4. ]

Proposition 6.6. 2,(S(K, H, B)) = S(ker ¢ gor)-1, HK, 15 (gor)-1).

Proof. The proof is the same as for w = 1 (Proposition 4.4), using Lemma 5.10 and Propo-
sition 6.3(i) in place of Lemma 3.11 and Proposition 4.2(i). ]

Note that if B is an w-bicharacter on K x H, then B is an w~!-bicharacter on H x K.
Consequently, BB is a (symmetric) bicharacter on (K N H) x (K N H).

Proposition 6.7. (i) The fusion subcategory S(K, H, B) C Rep(D*(G)) is nondegen-
erate if and only if HK = G and the symmetric bicharacter BBP|(knm)x(knm) 1S
nondegenerate.

(ii) Rep(D*(@Q)) is prime if and only if there is no triple (K, H, B), where K and H
are normal subgroups of G that centralize each other, (G,{e}) # (K, H) # ({e},G),
HK = G, and B is a G-invariant w-bicharacter on K x H such that BB xnmyx(knm)
18 nondegenerate.

Proof. The proof is the same as for w = 1 (Proposition 4.5), using Theorem 5.11 and Propo-
sition 6.6 in place of Theorem 3.12 and Proposition 4.4. |

6.2. The Gauss sum and central charge. The definitions of Gauss sum and central
charge of a premodular category were recalled in Section 4.2.

Proposition 6.8. The Gauss sum of the fusion subcategory S(K, H, B) of Rep(D“(G)) is

G
ASUKHE) = S KB,
a€KNHNR
When S(K, H, B) is nondegenerate its Gauss sum is

7(S(K,H,B)) = % > B(a,a).

and its central charge is

C(S(K,H,B)) = ——==

‘K N H ae;H
Proof. The proof is the same as for w = 1 (Proposition 4.8), using Proposition 6.7 in place
of Proposition 4.5. ]

7. A CHARACTERIZATION OF GROUP-THEORETICAL BRAIDED FUSION CATEGORIES

Let us recall notions of equivariantization and de-equivariantization of fusion categories
from [Br, M2, Ki.

Let C be a fusion category with an action of a finite group G. In this case one can define
the fusion category C¢ of G-equivariant objects in C. An object of this category is an object
X of C equipped with an isomorphism u, : g(X) — X for all g € G, such that

Ugh O Yg,h = Ug © g(uh)a
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where 7,5 : g(h(X)) — gh(X) is the natural isomorphism associated to the action. Mor-
phisms and tensor product of equivariant objects are defined in an obvious way. This category
is called the G-equivariantization of C.

There is a procedure opposite to equivariantization, called de-equivariantization. In the
context of modular categories it was introduced as a modularization by Bruguieres and
Miiger. Namely, let C be a fusion category and let £ = Rep(G) C Z(C) be a Tannakian
subcategory that embeds into C via the forgetful functor Z(C) — C. Let A = Fun(G) be the
algebra of functions on G. It is a commutative algebra in Z(C) and so the category Cg of
left A-modules in C is a fusion category, called the de-equivariantization of C by £. The free
module functor C — C¢ : X — A ® X is a surjective tensor functor.

The above constructions are inverse to each other. In particular, Cs admits a canonical
action of G such that there is a canonical equivalence (Cg)¢ = C.

Remark 7.1. The following consequence of the above constructions will be used in the proof
of Theorem 7.2 below. Given a braided fusion category D and a Tannakian subcategory
Rep(G) C D we have a commutative algebra A = Fun(G) in D. The category Dg of
A-modules in D is a fusion category with an action of G and D is equivalent to the G-
equivariantization of Dg.

The next theorem characterizes group-theoretical braided fusion categories as equivari-
antizations of pointed fusion categories.

Theorem 7.2. Let D be a braided fusion category. Then D is group-theoretical if and
only if it contains a Tannakian subcategory € = Rep(G) such that the corresponding de-
equivariantization Dg s pointed. FEquivalently, D is group-theoretical if and only if it is an
equivariantization of a pointed fusion category.

Proof. 1t follows from [Nk, Theorem 3.5 that an equivariantization of a pointed fusion cat-
egory is group-theoretical. Hence, if Dg is pointed then D = (Dg)¢ is group-theoretical.
Conversely, suppose D is group-theoretical. Then by Remark 5.12 and Theorem 5.11, there
exist a group G, a 3-cocycle w on it, normal subgroups K, H C G, and B : K x H — k* such
that D = S(K, H, B) C Rep(D“(G)). The category D contains a Tannakian subcategory
Rep(G/H) and is identified with a certain category of equivariant vector bundles on K. Let @
denote the restriction of w to K, let F': D — Vec5- be the restriction of the forgetful functor
Rep(D¥(G)) = Z(Vecs) — Vecy, and let I : Vecy — D be the left adjoint to F. Then
A:=1(1) = Fun(G/H) is a commutative algebra in Rep(G/H) C D. Furthermore, for any
X € Vec}, the object I(X) has a structure of an A-module (see [DGNO, proof of Theorem
4.8] for details) and the functor X + I(X) is a tensor equivalence between Vecy and the
category of A-modules in D. By Remark 7.1, D is equivalent to a G/H-equivariantization
of the pointed category Vec‘f(, so the proof is complete. |

Remark 7.3. (i) A different proof of Theorem 7.2 will be given in an updated version of
[DGNO]J. The proof presented here uses the explicit description of group-theoretical
categories as subcategories of twisted group doubles.

(ii) By the work of Kirillov Jr. [Ki] and Miiger [M2] the above de-equivariantization of
D has a structure of a braided G-crossed category in the sense of Turaev [T]. By
definition, a braided G-crossed fusion category is a fusion category C equipped with

an action g — T, of a group G by tensor autoequivalences of C, a (not necessarily
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faithful) grading C = @,e¢ Cy, and a natural collection of isomorphisms
cxy XY T, (Y)® X, Xel,gelG and YeC

satisfying certain compatibility conditions.

(iii) Recall that a crossed module is a pair of groups (G, X) with G acting on X by
automorphisms, denoted (g,z) — 9z, and a group homomorphism 0 : X — G
satisfying

o(2) 1

¥ =’z for all z, 2" € X

and
0(%z) = go(x)g ™, forall g € G,z € X.

Let C be a pointed G-crossed braided category and let X be the group of isomorphism
classes of simple objects of G. Then (G, X) is crossed module. By Theorem 7.2 every
group-theoretical braided fusion category gives rise to a crossed module.

A construction of braided fusion categories from crossed modules was given by
Bantay in [Ba]. But a general problem of classifying pointed G-crossed categories in
terms of group cohomology seems to be quite complicated, see [M4, 4.9].
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