BIALGEBRA COHOMOLOGY, POINTED HOPF ALGEBRAS,
AND DEFORMATIONS

MITJA MASTNAK AND SARAH WITHERSPOON

ABSTRACT. We give explicit formulas for maps in a long exact sequence connect-
ing bialgebra cohomology to Hochschild cohomology. We give a sufficient condi-
tion for the connecting homomorphism to be surjective. We apply these results
to compute all bialgebra two-cocycles of certain Radford biproducts (bosoniza-
tions). These two-cocycles are precisely those associated to the finite dimen-
sional pointed Hopf algebras in the recent classification of Andruskiewitsch and
Schneider, in an interpretation of these Hopf algebras as graded bialgebra de-
formations of Radford biproducts.

1. INTRODUCTION

Gerstenhaber and Schack [8] found a long exact sequence connecting bialge-
bra cohomology to Hochschild cohomology. We reinterpret this sequence in the
case of a finite dimensional Hopf algebra: Using results of Schauenburg [19] and
Taillefer [21], bialgebra cohomology may be expressed as Hochschild cohomology
of the Drinfeld double; we start by proving this directly in Section 3.2. Other
terms in the long exact sequence (3.3.1) involve Hochschild cohomology, with triv-
ial coefficients, of the Hopf algebra and of its dual. This version of the sequence
is particularly useful for computation. We give an explicit description of the con-
necting homomorphism in formulas (3.4.1) and (3.4.2), and of the other two maps
in the long exact sequence in Proposition 3.4.3 and formula (3.4.4). Theorem 4.2.3
gives a sufficient condition for the connecting homomorphism to be surjective in
degree two.

As an application, we compute in Theorem 6.2.7 the (truncated) bialgebra co-
homology, in degree two, of the finite dimensional graded pointed Hopf algebras
arising in the recent classification of Andruskiewitsch and Schneider [2]. They
classified all finite dimensional pointed Hopf algebras having abelian groups of
grouplike elements, under a mild condition on the group orders. These include
Lusztig’s small quantum groups. In general they are filtered and are deformations
(liftings) of their associated graded Hopf algebras, an observation of Du, Chen,
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and Ye [6] inspired by the graded algebraic deformation theory of Braverman and
Gaitsgory [3]. These graded Hopf algebras are Radford biproducts, their defor-
mations governed by bialgebra cohomology in degree two. In this setting, our
Theorem 4.2.3 implies that the connecting homomorphism in the long exact se-
quence (3.3.1) is surjective (Theorem 6.2.1). We compute Hochschild cohomology
with trivial coefficients (Theorem 6.1.4) and apply the connecting homomorphism
to give the degree two bialgebra cohomology in Theorem 6.2.7. This computation
is analogous to that of Griinenfelder and the first author [11] of cohomology as-
sociated to an abelian Singer pair of Hopf algebras. We describe all homogeneous
bialgebra two-cocycles of negative degree. It follows from the classification of An-
druskiewitsch and Schneider that they all lift to deformations, providing explicit
examples for the Du-Chen-Ye theory. We give a further set of examples, the rank
one pointed Hopf algebras of Krop and Radford [14], at the end of Section 6.

Our computation of cohomology gives insight into the possible deformations
(liftings) of a Radford biproduct, providing a different way to see why the liftings
of Andruskiewitsch and Schneider must look the way they do. In particular, we
recover conditions for existence of certain relations in the Hopf algebra from those
for existence of corresponding two-cocycles in Theorem 6.1.4 and equations (6.2.5)
and (6.2.6). Our computational techniques may be useful in the search for pointed
Hopf algebras that are left out of the classification, that is those having small
prime divisors of the group order, complementing work of Heckenberger [12] on
this problem. These techniques should also be helpful in understanding infinite
dimensional pointed Hopf algebras. We will address these problems in future
papers.

We thank A. Masuoka, H.-J. Schneider and P. Schauenburg for many help-
ful conversations; it was H.-J. Schneider who first suggested this project to us.
We thank Ludwig-Maximilians-Universitat Miinchen for its hospitality during the
preparation of this paper.

2. DEFINITIONS AND PRELIMINARY RESULTS

All vector spaces (algebras, coalgebras, bialgebras) will be over a ground field
k. In the classification of Andruskiewitsch and Schneider, £ must be algebraically
closed and of characteristic 0, however we do not require this for the general theory.
If A is an algebra and C a coalgebra, then Homy(C, A) denotes the convolution
algebra of all linear maps from C to A. The unit and the multiplication on A are
denoted by n: k — A and m: A® A — A; the counit and the comultiplication on
C are denoted by ¢: C' — k and A: C — C ® C'. We use Sweedler’s notation for
comultiplication: A(c) = c1®c, (1QA)A(c) = c1®cy®cy, ete. If f: URV — Wis
a linear map, then we often write f(u,v) instead of f(u®wv). If A is an augmented
algebra, we denote the augmentation ideal by AT = kere. If V is a vector space,
we denote its n-fold tensor power by V™. To avoid confusion with comultiplication,
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we write indices as superscripts, e.g. v! ® ... ®v" € V™. If A is an algebra, then

we denote the n-ary multiplication by (=), ie. ifa =a' ® ... ® a" € A", then
a=a'---a" If C is a coalgebra, then A" denotes the n-ary comultiplication, i.e.
A"c=0c1Q...Q¢,.

2.1. Bialgebra cohomology and deformations. We recall the definition of
bialgebra cohomology and its truncated version. For more details and greater
generality we refer to [7]. Let B be a bialgebra. The left and right diagonal
actions and coactions of B on B™ will be denoted by A;, A\, pi, pr-, respectively.
More precisely, if a € Band b=0'®...®b"* € B", then
Na®b) = ab'®@...®ayb",
Mb®a) = bla;®...®b"a,,
p(b) = by@by=(bl.. )@ OBL®... 0L,
pr(b) = bi@by=(®...0b)® (by...05).
The standard complex for computing bialgebra cohomology is the following cosim-
plicial bicomplex BP4. The vertices are B = Homy(B?, BY). The horizontal
faces
ol': Homy(B?, BY) — Homy(BP*!, BY)
and degeneracies
ol: Homy(BP™, BY) — Homy(B?, BY)
are those for computing Hochschild cohomology:
af = N1®f),
Nf = fl®@..eme...01), 1<i<p,
puf = M(f@l),
ohf = f1l®..0n10...01);
the vertical faces
95 Homy(BP, BY) — Homy(B?, BI*)
and degeneracies

0§ Homy(B?, B™') — Homy(B”, B)

are those for computing coalgebra (Cartier) cohomology:
hf = (1 f)m,
Kf = (1. 90A®...01)f, 1<j<q,
Ognf = (f®p,,
oif = (1®...0e®...01)f.

The vertical and horizontal differentials are given by the usual alternating sums

=) (-1, =) (—1)9.
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The bialgebra cohomology of B is then defined as
H;(B) = H*(Tot B).
where )
TotB =B - BY @B — ...~ @ B % ..
pt+g=n

and 0° is given by the sign trick (i.e., 8°|gps = O" & (—1)P0°: B — BPfla g
BP4t1). Here we abuse the notation by identifying a cosimplicial bicomplex with
its associated cochain bicomplex. Let By denote the bicomplex obtained from B

by replacing the edges by zeroes, that is BY' = 0 = B? for all p, ¢. The truncated
bialgebra cohomology is

H; (B) = H**!(Tot By).
For computations usually the normalized subcomplex B" is used. The normal-
ized complex BT is obtained from the cochain complex B by replacing B?Y =
Homy (BP, B?) with the intersection of degeneracies

(BH)P? = (Nkero}') N (Nker o§) ~ Homy ((BT)?, (B*)Y).
Note that we can identify
Hy(B) = {f: B* — B"|f(ab) = af () + f(a)b, Af(a) = a1 ® f(a2) + f(a1) ® az}

and

H}(B) = Z;(B)/B}(B),
where
(2.1.1)  Z3(B)~{(f,9)| f: Bt ® Bt = B*, g: Bt — B* @ B*,

af(b,c)+ f(a,bc) = f(ab,c) + f(a,b)c,

ca®g(ex) + (1@ A) (c) = (A®1)g(c) + g(c1) ® e,

f(al, bl) (%9 a/2b2 (CL, b) + a1b1 X f(ag, 2) =

—(Aa)g(b) + g(ab) — g(a)(Ab)}

and
(2.1.2)  BX(B) ~{(f,9)| 3h: Bt — B*,

f(a,b) = ah(b) — h(ab) + h(a)b

g(c) = —c1 ® h(ca) + Ah(c) — h(cr) ® ¢}

A deformation of the bialgebra B, over k[t], consists of a k[t]-bilinear multiplica-
tion my; = m+tmy +t>my +--- and a comultiplication A, = A +tA; +2Ag + - - -
with respect to which the k[t]-module B[t] := B®y k[t] is again a bialgebra. In this
paper, we are interested only in those deformations for which A; = A, since the
pointed Hopf algebras in the Andruskiewitsch-Schneider classification have this
property. Given such a deformation of B, let r be the smallest positive integer for
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which m, # 0 (if such an r exists). Then (m,,0) is a two-cocycle in Z2(B). Every
nontrivial deformation is equivalent to one for which the corresponding (m,,0)
represents a nontrivial cohomology class [7]. Conversely, given a positive integer
r and a two-cocycle (m’,0) in ZZ(B), m —+t"m’ is an associative multiplication on
Blt]/(t"™!), making it into a bialgebra over k[t]/(¢"™!). There may or may not
exist My 1, My, ... for which m + t"m/ + t"H'm,; + t"7?m""2 + ... makes Blt]
into a bialgebra over k[t]. (For more details on deformations of bialgebras, see [7].)

2.2. Graded bialgebra cohomology. Here we recall the definition of graded
(truncated) bialgebra cohomology [6]. If B is a graded bialgebra, then B ;) denotes
the subcomplex of B consisting of homogeneous maps of degree [, more precisely

B = Homy(B”, BY), = {f: B” — BY|f is homogeneous of degree [}.

Complexes (By) ), Bzg) and (B{)) are defined analogously. The graded bialgebra
and truncated graded bialgebra cohomologies are then defined by:

H;(B), = H*(TotB(l)):H*(TotB(ﬁ)),
H;(B), = H"™(Tot(By)y) = H* " (Tot(Bg)))-

Note that if B is finite dimensional, then

H;(B) = D H;(B) and H;(B) = P H;(B).

An r-deformation of B is a bialgebra deformation of B over k[t]/(t"™!) given by
(m}, A}). Given a graded bialgebra two-cocycle (m’, A’) of B, in degree —r, there
exists an r-deformation, given by (m + t"m’, A + ¢t"A’). In this paper, we only
consider r-deformations for which A} = A.

Remark 2.2.1. (cf. [3, Prop. 1.5(c)], [10]) Suppose that (B[t]/(t"), m; ™', A7)
is an (r — 1)-deformation, where

mit=mAtmy 4+ A+t me and AT = A tA L ETTEALLL
If
D = (B[]/(t"),m; " + t'm,, AT+ H7A,)
is an r-deformation, then
D' = (B[t]/t" ), m; +t"mL, AT+ AL

is an r-deformation if, and only if, (m, —m,, Al — A,) € ZZ)(B)_T. Note also that
if (m.. —m,, Al —A,) € BZ(B)_,, then deformations D and D’ are isomorphic.
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2.3. Coradically trivial and cotrivial cocycle pairs. In this section we collect
some preliminary results about cocycles that will be needed in Section 6. The first
lemma largely follows from the theory of relative bialgebra cohomology [7]; however
we did not find a proof in the literature and so we include one for completeness.
Let B be a graded bialgebra, and let p: B — By denote the canonical projection.

Lemma 2.3.1. If chark = 0, B is finite dimensional, and By is either a group
algebra or the dual of a group algebra, then every (f,g) € Z2(B) is cohomologous
to a cocycle pair (f',g') for which f'|pywp+BoB, =0 and (p®1)g =0=(1®p)J.
If f =0 (resp. g =0) then we can assume that also f' =0 (resp. ¢ =0).

We say that f’ (respectively ¢') is trivial (respectively cotrivial) on By in case it
satisfies the conclusion of the lemma.

Proof. Let t € By be the left and right integral in By such that (¢) = 1. Note also
that t; @ S(t2) = S(t1) @1, since by hypothesis t; @ty = to®@t; and 5% = id. Recall
that for a € By we have t; ® S(ty)a = at; ® S(t2). We now proceed as follows.
Step 1: For each f, we will construct s = sy: B — B such that

(1) 0"(5) o = Iy
(2) If flpsn, =0, then 9"(s)|pen, = 0.
(3) If g =0, then@c( ) =0.
(4) If (p®1)g =0, then (p ® 1)0°(s) = 0.
(5) If (1®p)g =0, then (1 ® p)o°(s) = 0.
Define s = sy: B — B by s(b) = t1f(S(t2),b). We claim that s has the required
properties:

(1) For a € By and b € B we compute

(0"s)(a,b) = as(b) — s(ab) + s(a)b
= at1 f(S(t2),0) — t1f(S(t2), ab) + 11 f(S(t2), a)b
= t1f(S(t2)a,b) —t1f(S(t2),ab) +t1 f(S(t2),a)b
= 15(t2)f(a,b) = t15(t2) f(a, 0) + 41 f(S(t2)a, b)
—t1f(S(t2), ab) + 11 f(S5(t2), a)b
= fla,b) =t (9"f(S(t2),a,b)) = f(a,b).
(2) If f is such that f|pgs, = 0, then (9"s)|pgp, = 0:
(0"s)(b,a) = bs(a) — s(ba) + s(b)a
= bt f(S(t2),a) — t1f(S(t2), ba) + 1 f(S(t2), b)a
= —t1f(S(t2),ba) + 1 f(S(t2),b)a
= —1S(t2) f(b,a) + t1f(S(t2)b,a) + t1(9" f(S(t2), b, a))
= 0.

\_//\
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(0°s)(b) = by ®s(by) — As(b) + s(by) ® by
= b @t f(S(t2), b2) — At1 f(S(t2),b) + t1f(S(t2), b1) @ by
= (1 ®12)(0°f)(5(t3),b)
= —(t1 ®12)(9"g)(S(ts),b).
(4) By (3), we have
(p®1)(0%)(b) = —(p@1)(t1®
—(t1 ® t2)[
—(p@1)(g(S(ts
+(p®@1)(g(S(ts

e

(5) A symmetric version of the computation above works.

Step 2. Define s’ = s}: B — B, a right-hand side version of s, by s'(b) =
f(b,t1)S(t2), and note that s’ has properties analogous to those for s. Now de-
fine r = r;: B — B by ry = s} + sy_gng and observe that f|p,epiBon, =
O"r ¢ BBt BoB, and that 9°r; is By-cotrivial (resp. equal to 0) whenever g is
such.

Step 3. We dualize Step 2. Note that ¢*: B* ® B* = (B® B)* — B* is a
Hochschild cocycle and ry«: B* — B* (see Step 2) is such that 9"r. Bi®B* 1B @B =
9" |BzeB*+B* B and 0°ry- is Bj-cotrivial (resp. equal to 0) whenever f* is Bj-
cotrivial (resp. equal to 0). Now dualize again to obtain u, := r;.: B — B and
note that g — 0°u, is By-cotrivial and that 8hug is By-trivial (resp. equal to 0)
whenever f is such.

Step 4. Define v = vy : B — B by v = —uy + Sf,9n,,, and note that (f',¢') :=
(f,g) — 0®v is a By-trivial, By-cotrivial cocycle pair. O

Remark 2.3.2. The above proof shows that the conclusion of Lemma 2.3.1 holds
whenever By is a semisimple and cosemisimple Hopf algebra for which the integrals
in By and B are both cocommutative elements (with no assumptions on k).

Remark 2.3.3. Suppose B is the smash product R# By as an algebra for some
augmented algebra R (see [17, Defn. 4.1.3] for the general case and Section 2.4
below for the case where By is a group algebra). If f: B® B — B is a By-trivial
Hochschild cocycle, then f is uniquely determined by its values on Rt @ R™. More
precisely, if z,2' € R and h,h' € By, then f(zh,2'h') = f(x,™a")hol/.

Definition 2.3.4.
Z3(B)T = {(f, g) € Z2(B)| f is By-trivial, g is Bo—cotm'm'al} .
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If f: B® B — B, and r is a nonnegative integer, then define f,: B B — B
by fr‘(B@B)r = f‘(B@B)T and fr|(B®B)s =0for s #r. If g: B— B® B, then we
define g, analogously. Note that f = > ., f, and g = > ., ¢r. Define fo, by
f<r =Y o<ic, fi and then fo,, g<,, g<, in similar fashion.

We will need the following lemma.

Lemma 2.3.5. Let r be a positive integer and let f: B&® B — B be a homogeneous
Hochschild cocycle (with respect to the left and right regular actions of B). If
far =0, then f.: B® B — B is an e-cocycle (i.e. a cocycle with respect to the
trivial action of B on B).

Proof. We need to check that for homogeneous x,y,z € B with deg(z), deg(y),
deg(z) > 0 we have f,.(zy,2) = f,(x,yz). Indeed, if deg(x) + deg(y) + deg(z) # r,
then both sides are equal to 0. If deg(x) + deg(y) + deg(z) = r, then note that
F(@,5) = 0 = f(y,2) and hence zf(y, ) — f(zy, 2) + F(z,92) — f(&,5)z = O gives
the desired conclusion. U

Lemma 2.3.6. Assume B is generated in degrees 0 and 1.

(i) If (f,g) € Zg(B), r>1, f<, =0, and g, =0, then g, = 0.
(ii) If (f,g) € §g<B>l’ l<—1,r>0, and f<, =0, then g<, = 0.
(iii) If (0,g9) € ZX(B); and l < —1, then g = 0.

(iv) If (f,9) € Z%(B)l*, 1 <0,r>0, and f<, =0, then g<, = 0.

(v) If (0,9) € 2§(B)l+ and | < 0, then g = 0.

Proof. (i) Note that B, is spanned by elements zy, where x € By andy € B,_;.
Now observe g,(zy) = (Az)g,(y) + g-(z)(Ay) +(9°f)(z,y) =0+ 0+0 =0.
(ii) Note the homogeneity of g implies that g<_;—; = 0. Hence if r < -] —1
then we are done. If r > —[ — 1, then use induction and part (i).
(iii) Follows from (ii).
(iv) Note that By-cotriviality of ¢ implies that g<_;1; = 0. Hence if r < -1 +41
then we are done. If r > —[ + 1, then use induction and part (i).
(v) Follows from (iv).
U
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Using notation similar to that for bialgebra cohomology, we define the following
in relation to Hochschild cohomology:
Zy(B,B) = {f:B®B— B|J"f=0},
By (B,B) = {9"h|h: B— B},
HX(B.B) = Z(B,B)/BL(B.B),

Zy(B,B), = {f€Z;(B,B)|f homogeneous of degree [},
B}(B,B), = {f € B}(B, B)‘ f homogeneous of degree l}
= {(3h h‘ h homogeneous of degree l} ,

Define 7: Z2(B) — Z2(B), by 7(f,g) = f. Note that 7 maps subspaces B2(B),
72(B),, and B2(B), into B2(B), Z2(B),;, and B2(B), respectively. Hence 7 gives
rise to a map from HZ(B) to H2(B, B) and a map from H2(B), to H2(B, B),. We
abuse notation by denoting these maps by 7 as well.

We have the following relation between truncated bialgebra cohomology and
Hochschild cohomology in degree two.

Theorem 2.3.7. Assume B is generated in degrees 0 and 1. If | < —1 or if
Il = —1, chark = 0, B is finite dimensional, and By s either a group algebra or
the dual of a group algebra, then w: H(B), — H2 (B, B), is injective.

Proof. Suppose (f,g) € Z2(B), represents a cohomology class in HZ(B); such that
f=mn(f,g) € B2(B,B). Since f is a Hochschild coboundary there is s: B — B
such that f = 0"s and hence (f, g) ~ (f, g) — (O"s, —9°s) = (0,g+°s). If | < —1,
then by Lemma 2.3.6(iii) this means that g + 9°s = 0 and hence (f, g) € ﬁg(B)l
If [ = —1, then by Lemma 2.3.1, (0, g + 0°s) is cohomologous to some pair (0, g)
in Z2(B)". Lemma 2.3.6(v) now implies that ¢’ = 0. O

2.4. Cocycles stable under a group action. In this section we explain how
to identify cocycles stable under a group action with cocycles on a smash product
with a group algebra; this identification is useful in explicit computations such as
those in the last section. Let R be a k-algebra with an action of a finite group
[' by automorphisms. We assume throughout this section that chark does not
divide the order of I'. Let R#kI" denote the corresponding smash product algebra,
that is R#kI is a free left R-module with basis I' and algebra structure given by
(rg)(sh) = (r(g - s))(gh) for all r;s € R, g,h € G. Since the characteristic of k
does not divide the order of I', then

(2.4.1) H; (R#ET, k) ~ H; (R, k)©

(see for example [20, Cor. 3.4]). Let B = R#kI', which need not be a bialgebra
in this subsection. If f: R ® R — k is a I'-stable cocycle, then the corresponding
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cocycle f: B® B — k is given by f(rg,r’g’)_: f(rgr’) for all r,r" € R, g € T".
(We will use the same notation f in place of f for convenience). This observation
is a special case of the following general lemma (cf. [4, Thm. 5.1]):

Lemma 2.4.2. Let f € Homy(R", k) ~ Homp:(R"™2, k) be a function represent-
ing an element of HY(R, k)T expressed in terms of the bar complex for R. The
corresponding function f € Homy(B", k) ~ Hompe(B"*?, k) expressed in terms of
the bar complex for B is given by

(2.4.3) flarhy ® -+ @ azhy) = fa1 @May ® -+ @M 14,)
forall ay,...,a, € R and hy,...,h, €.

Proof. We sketch a proof for completeness; similar results appear in [4] and else-
where for other choices of coefficients. Let D = @,erR¢(g ® g7 '), a subalgebra of
B¢. We claim that the bar resolution for B (as B®-module) is induced from the
D-projective resolution of R,

(2.4.4) Dy, 2D Dy I R — 0,
where Dy = D and
D,, = Spang{aoho ® - -+ ® api1hpni1 | a;i € R, hy €T, hg--+hpy =1}
is a D-submodule of B2 Indeed, a map B° ®p D,, = B®"?) ig given by
(b_1 @ bpy2) ® (b @ -+ @ bpg1) = b_1by @ by @ -+ @ by, @ bpy1bno,
and its inverse 1 is
apho ® ath1 ® -+ @ apy1hpir — (1@ ho -+ hoy1) @ (aghy ® « -+ @ angrhy -+ hy'),

fora; € R and h; € T.
There is a map ¢ from (2.4.4) to the bar complex for R, as they are both
R¢-projective resolutions of R,

h hoh ho-+-h
a0h0®“'®an+1hn+1'—>ao® 0a1® 0 1a2®...® 0 " U1 -

(See [4, (5.2)].) Applying these maps 1, ¢ of complexes, together with the isomor-
phism Hompe (B¢ ®p D,, k) ~ Homp(D,,, k), we have

f(a1h1 R ® anhn) — w*qs*f(l ® alhl R R® anhn ® ]_)
= ¢ f(1@h1 - hp)R(1Qa M ® - - @aphy @byt - - b))
= ¢ f1®ath1 ® - @ aphy, @ '+ hy)
= f(al ® h1a2 ® h1h2a3 ® e ® hl"'hnflan)7

since the image of f is the trivial module k. O
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3. A LoNG EXACT SEQUENCE FOR BIALGEBRA COHOMOLOGY

When we are dealing with a truncated double complex, a standard tool for
computing its cohomology is a long exact sequence. More precisely, if A is a
cochain bicomplex, Ay its truncated bicomplex and A; its edge bicomplex, then
the short exact sequence of cochain complexes

0— Tot Ay — Tot A — Tot A; — 0

gives rise to a long exact sequence of cohomologies:
. — H*(Tot Ag) — H*(Tot(A)) — H*(Tot(A1)) > H(Tot(Ao)) — ...,

where the connecting homomorphism ¢ : H*(Tot(A;)) — H*(Tot(Ay)) is induced
by the differential. In the context of bialgebra cohomology this was already used
in [7]. Furthermore, if A is a cosimplicial bicomplex, then by the Eilenberg-Zilber
Theorem [22] (see [11, Appendix] for the cosimplicial version) we have H*(Tot A) ~
H*(Diag A). If A is associated to a pair of (co)triples and a distributive law
between them, then the cohomology of Diag A is the cohomology associated to
the composed (co)triple. On the other hand, if the bicomplex A arises from some
mixed distributive law then often one can, with some finiteness assumptions, use
some duality to “unmix” the distributive law. This strategy worked remarkably
well when dealing with cohomology associated to an abelian Singer pair of Hopf
algebras [11] and can also be applied to truncated bialgebra cohomology. For the
sake of simplicity we deal with this aspect of theory on the level of (co)simplicial
bicomplexes and do not go into such generalities as (co)triples and distributive
laws between them.

3.1. “Unmixed” complex for computing bialgebra cohomology. From now
on assume that B is a finite dimensional Hopf algebra. Let X = (B°P)* = (B*)®P.
We will denote the usual pairing X ® B — k by (_|_), i.e. if x € X and a € B, then
(x|a) = x(a). Note that X and B act on each other in the usual way (if z € X
and a € B, then the actions are denoted by “z, 2%, “a, a”):

(alb) = (albay; “x = (rafa)s,

(x?|b) = (x|ab); z* = (xs|a)xy,

(Fa) = (el *a = (alas)ar,

(yla”) = {eyla); o = (alar)as.
Observe that the diagonal actions of B on X™ and of X on B" are given by

a

“x = (X1|a)xy,

X = <§2|CL>X1,

Ta = (r|ay)ay,
T

a = (x|§1>a2.
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We use the natural isomorphism
Homy (BY, BP) ~ Homy(X? ® B? k),

given by identifying linear maps f: X? ® B? — k with linear maps f: B¢ — BP,
by f(x ® b) = (x|f(b)), to obtain a cosimplicial bicomplex

C= (Homk(Xp ® B k), (%), (E)B)*)
from the complex B defined in Section 2.1. The dual faces

o = (0P X?® B"™ — X? ® BY,
of = (971 X" @ B — X ® BY

are
f(x,a) = x¥, 2@ @a™") = (Rg|al)(x1,0> @ - - - @ a®tY),
o (x,a) = (x,¢'®@ - ®@dd™® @), 1<i<q,
opa(xa) = (“Txa @ @) = &la) (0" @ @ a?),
(x,a) = (2@ @2 a”) = (@'a)(2? @ @2 ay)
Of(x,a) = ('@ @@ @2 a), 1<) <p,
X i(x,a) = (@'@--@a"," a) = @) (' @ ®a”,ay).

The dual degeneracies

o = (o) XP @ B! — XPT @ B,

of = (a;B)pvq:XP®Bq—>Xp®Bq+1
are given by
of(z'@ - @rreb) =1 - @reles'® -0’ @b,
Pxob @ @) =x0b'®@.. V1V @ a1,
and the differentials
08 XP @ BT - XP@ B!, 9¥: XP*' @ B? - X? @ B

are given by the usual alternating sums, i.e.

0% = (-1af, 0¥ =) (-1)0).

Note that by the cosimplicial version of the Eilenberg-Zilber Theorem we have
H*(Tot(C)) ~ H*(Diag(C)).
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3.2. The diagonal complex and cohomology of the Drinfeld double. Note
that the differential

04 = (0%)*: Homy(X" ® B", k) — Hom (X" @ B" k)
in the diagonal complex Diag(C) is given by (8%)" = Y74 (=1)k 9%, where 99 =

OX0P. -

Recall that D(B) = X > B, the Drinfeld double of B, is X ® B as coalgebra
and the multiplication is given by

(z > a)(y >ad) = $(alysil(a3)) > agb = (yn]ar)(ys| S~ (as))zys > azb.
The associated flip c: B® X — X ® B, is given by
cla,z) = 125 ) @ ay = (z1]ar) (x5S (az))zs @ as.
This map induces ¢; j: B'® X7 — X/ ® B’ and ¢,: (X =<1 B)" — X" ® B" in the
obvious way. Note that
Cij (a X X) = <§1’51><§3‘S_1(33)>X2 X as.
Define also a map
On: X"®B" — X" ® B"
by
(bn(X, a) = <§1|571(51)>X2 & ag.

The following identities are due to the fact that in order to compute ¢,, we can
apply ¢’s in arbitrary order.

b1 = 1@, ®1)(1®é)
b1 = (1®c1®1)(6®1)
Cirjr1 = (1®¢;@)(1Qc1®ea;®1)ER1®E)
Girjez = (1®¢; @1)(1®ci2 @5 ®1)(G ® 2 ® )
Recall that the standard complex for computing H; (D(B), k), Hochschild coho-
mology of D(B) with trivial coefficients, is given by

(8h)* n+1
— Homy(D(B)"™ k) — ...

D: ... — Homy(D(B)" k)
where 9" = (0")" = S04 (—1)'9) and
Nu'®...ou™) = e’ ®... @u™™),
Nue.. . ou™) = ve.. v ®.. @ut,
N (u'e.. . eut) = cu" ' e...@u").

Theorem 3.2.1. The map ¢,¢,: (X < B)" — X" ® B™ induces an isomorphism
of complexes and hence H;(B) ~ H*(Diag(C)) ~ H;(D(B), k).



14 MITJA MASTNAK AND SARAH WITHERSPOON

Proof. Note that v,, = ¢,,¢, is a linear isomorphism ( ¢, '(x,a) = (X;|a;)xs ® ay,
cHz,a) = (w3|laz) (S~ (x1)|a1)as ® z2). We will show that for every n and 0 <
1 <n+ 1 the diagram

h

7;Z)n+1 J/ 'l/)n l

d
Xn+1 ® Bn+1 9 xXn ® B"

commutes. We first deal with the case i = 0. Note that

%33 = ¢n6n(5 ® 1) - (5 ® an)(l ® 571)
and that
ag/wn—kl - a(C]l¢n—i-1(1 ® Cin X 1)(1 ® én)

Hence it is sufficient to prove that

(5 (029 (bn) = (8g)n¢n+1(1 &® Cin &® 1)

This is achieved by the following computation

(05 dns1(1 @ 1 @ )]((xa) @y @ b)
= Hbni1(F1]ar)(Fs1S7 (a3))(x @ y2,a2 @ b)
= O4F1|an)(F4]S 7 (a0) ) (2152 S (agb)) (22 @ y3, a3 © by)
= (F1]ar) (5] (as)) (2152|S (asb1)) (@3l as) (x2]asbs) (y3, bs)
= (Filar) (5157 (a)) (21|57 (ash2)) (2| S~ (azby))
(3] aq) (Falas) (2| bs) (v, ba)
= (zlasbs S (b2)S ™ (a5)) (317! (01)S ™ (a2)ar)(F5S ™ (a6)as) (y2, ba)
= c(a)e(@)(F1]S 7' (b1)) (y2, b2)
= (c®d)((zxa) Ry @b).

A similar computation applies to ¢ = n+ 1. The remaining cases, where 1 < i <n,
are settled by the diagram below (where each of the squares is easily seen to
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commute).

D(B)~'@D(B)2@ D(B)"" or=1emel D(B)~'@D(B)@D(B)"

Ci—1®C2Q®Cpn—; Ci—1®1®Cn—;

Xifl ®Bi71 ®X2®32 ®Xn7i®Bn7i 1®1@m@mE1®1 Xifl ®Bifl ®X®B®Xn7i®Bn7i

1®ci—1,2®c2,n—i®1 1®ci—1,1®c1,n—i®1
X+l g Bi-lo Xn—ig Bn—it? (18m)®1018(m®1) XioB-loX"igB"
1®ci—1,n—i®1 1®ci—1,n—i®1
X+l g gntl 0d=(1eme1)@(1ema1) Xt B
Pnt1 on
X"tlgprtt % X" B"

g

Remark 3.2.2. The isomorphism Hj(B) ~ Hj(D(B),k) can also be deduced
from a result of Taillefer [21], combined with the fact due to Schauenburg [19]
that the category of Yetter-Drinfeld modules is equivalent to the category of Hopf
bimodules. See the remark following Proposition 4.6 in [21].

3.3. Long exact sequence. Let Cy denote the bicomplex obtained from C by
replacing the edges by zeroes and let C; denote the edge subcomplex of C. Then
we have a short exact sequence of bicomplexes

0—-Cy—C—C; —0,
hence a short exact sequence of their total complexes
0 — Tot(Cy) - Tot(C) = Tot(C;) — 0,
which then gives rise to a long exact sequence of cohomologies (i > 1)

YW (Tot(0)) M H(Tot(Cy)) 5 H*L(Tot(Co)) — ...

Now use isomorphisms
H(Tot(Cy)) ~ Hi (B, k) @ Hi (X, k),
H'(Tot(C)) ~ H*(Diag(C)) ~ H} (X > B, k) and
H(Tot(Cy)) ~ Hi-Y(B),

to get a long exact sequence (cf. [8, §8])

(3.3.1) L HI(D(B), k) 5 HL(X, k) @ Hy (B, k) > Hi(B) — ...
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3.4. Morphisms in the sequence. Note that the morphism
Hj,(B.k) @ Hj (X, k) = Hj,(B)
corresponds to the connecting homomorphism in the long exact sequence and is
therefore given by the differential, i.e. if f: B® — k and ¢g: X* — k are cocycles,
then 6(f,g) = (0Xf,(—=1)"0Bg). More precisely
F:=0"feHom (B B)C P Homy(B™, B"),
m+n=i+1
is given by
(3.4.1) F(b) = f(bl)l/); - f(bz)l/):-
If we identify g with an element of B* (g € (X")* ~ (B")** ~ B'"), then
G = (-1)'0"g € Hom(B,B") C €P Homy(B™, B")

m+4n=i+1
is given by
(3.4.2) G(b) = (—1) ((Aib)g — g(Aib)) :
Recall that Ab =b;, ® ... ® b;.

Using the cosimplicial Alexander-Whitney map, we can also show that the map
7 in the sequence (3.3.1) above is the double restriction:

Proposition 3.4.3. The map
H;,(D(B), k) = Hj,(B, k) & Hj, (X, k)
18 the restriction map in each component.

Proof. We will establish the result by showing that the following diagram com-
mutes.

Tot"(NC) —2— Diag"(NC) L (D(B)")*

resg l

Tot"(NC) —— Tot"(NC;) —— (X")* @ (B")*
Here NC denotes the normalized subcomplex of C (a map f: X? ® B? — k is in
NCif f(z' @...®@2P,b' @ ... ®b?) = 0 whenever one of z° or I/ is a scalar) and
® denotes the Alexander-Whitney map (if f € (X? ® BY)* C @4 (X' ® B)*,
then ®(f) € (X" ® B")* is given by ®(f) = foX,...0,0F...95). Note that
(I)(f)|Xn = f(lXp X Exn—p ®T]Bq) and that (I)(f)an = f(??)(p ®Epn—q & ].Bq). Hence,
if f is normal, then

ﬂﬁhw={ﬁ p=m am»éumwz{ﬁ q=n

0; p<n, 0; g<n.



BIALGEBRA COHOMOLOGY 17

Also note that ¢¢|x» = lxn ® npr and ¢¢|pn = Nxn ® lgn. Thus, if f =
(fos -+, fu) € PB(X*®@ B")* is a normal cocycle, then resyn(¢¢)*®f(x) = fo(x)
and respn (¢¢)*®(f)(b) = f,,(b) and hence resqs(¢¢)*®f = (fo, fn) = w(f). O

The map H?(B) - H*"1(D(B), k) is given by the composite

~

HX(B) = H""(Tot(Cy)) - H* ! (Tot(C))
% H(Diag(C) © HH(D(B), b).
More precisely, if f: X* @ B"t'~* — k corresponds to f: B"*1~" — B’ then

(3.4.4) of = foX, ... 00,00 ...00 ¢c.

3.5. Graded version. Now assume that B is a finite dimensional graded Hopf
algebra. Note that X inherits the grading from B and is nonpositively graded,
and D(B) is graded by both positive and negative integers. Note that morphisms
in the long exact sequence preserve degrees of homogeneous maps and hence for
every integer | we get a long exact sequence:

.5 HL(D(B), k), & Hi(X, k), @ Hi (B, k), > H(B), — ...

Also note that if [ is negative, then H (X, k); = 0 (as X is nonpositively graded
and thus all homogeneous maps from X to k are of nonnegative degree), and hence
in this case the sequence is

.5 Hi(D(B), k)i = Hi(B, k), > Hy(B), — ...

4. A SUFFICIENT CONDITION FOR SURJECTIVITY OF THE CONNECTING
HOMOMORPHISM

In this section, we give a sufficient condition for surjectivity of the connecting
homomorphism § in degree 2 of the long exact sequence (3.3.1). The surjectivity
will allow us to compute fully the bialgebra cohomology in degree 2 for some
general classes of examples in the last section.

4.1. Second Hochschild cohomology of a graded Hopf algebra with trivial

coefficients. If U L V % W is a sequence of vector space maps such gf = 0,

then
1‘{61“]0 ~ kerg ~ |ker | g: ,V - W )
im g* im f im f

where ¢ is the map induced by g. We apply this observation to an augmented
algebra R with augmentation ideal Rt and the map

Rt @ Rt @ Rt 281218, pt @ g+ I Rt
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to compute Hochschild cohomology of R with trivial coefficients:

ker(m®1—1®@m)*
im(m*)

H (R, k) ~

~ [ker (Th: R"®p+ RT — R+)]*,

where we abbreviate RT @+ Rt = % and m is the map induced by

multiplication m: RT ® R™ — R™. Also abbreviate
(4.1.1) M :=ker (m: R* ®p+ R — R").

The isomorphism above can be described explicitly as follows. Choose ¢: (R7)? =

Span{zy|r,y € Rt} — RT™ ® R™ a splitting of m. If we are given a linear
map g: M — k, then define a cocycle g: Rt ® R™ — k by g = g(id — ¢m).
Note that while the definition of the cocycle g depends on the choice of splitting
map ¢, its cohomology class does not. If f: R* ® Rt — k is a cocycle, then
f: M — k is simply the induced map. It is easy to check that § = g and that

f=r=0"(fo)~ /.

4.2. Surjectivity of the connecting homomorphism. If B =, ., B, is a
graded Hopf algebra, and p: B — By is the canonical projection then B equipped
p

with By < B is Hopf algebra with a projection in the sense of [18] and hence
R = B®Po = {r € B|(1 ® p)Ar = r @ 1} is a Hopf algebra in the category of
Yetter-Drinfeld modules over By. The action of By on R is given by "r = hyrS(hs)
and coaction by r — (p® 1)Ar. Throughout this section we assume that By = kT’
is a group algebra, the action of the group I' on R is diagonal, and chark does not
divide the order of I'. In this case R is (I' x I x N)-graded, that is it decomposes
as R = @ Ry \.n, where R, , consists of homogeneous elements r € R of degree
n such that the coaction of £I" is given by r — g ® r and the action of £I" is given
by " = x(h)r. We abbreviate Ry; = @, cp Rgyi-

Observe that (m® 1 — 1 ® m): Rt ® R* ® Rt — R" ® RT preserves the
(T x T' x N)-grading and hence we can decompose M (see (4.1.1)) in the same
fashion:

(4.2.1) M = b M.

(g,x,l)eFxfoZQ

where My, ; consists of homogeneous elements m € M of degree [ for which the
action and coaction of k' are given by "m = x(h)m and m — g ® m. Also note

that Hy(B, k) = Hy(R,k)" ~ @  M;., and that if V" is a finite-dimensional
(g,m)ELXZ>o

trivial B-bimodule, then

Hy(B,V)= @ Homp(M,...V)= € M., oV

(9,n)ETXZ>o (9,n)ETXZ>o
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The following lemma will be crucial in establishing a sufficient condition for
surjectivity of the connecting homomorphism.

Lemma 4.2.2. Let B be a graded Hopf algebra of the form described at the be-
ginning of this section and let | < 0. Assume also that whenever M. ; # 0 for
some h € T and j > —I, then B contains no nonzero (1, h)-primitive elements in
degree 7 + 1. If R is generated as an algebra by Ry, then for any (f,g) € /Z\g(B)lJ“
the following holds:

() If r > =1 and f<, = 0, then (f,g) is cohomologous to (f',g') € Z2(B),

where fL. =0.
(ii) If f_; = 0, then (f, g) is a coboundary.

Proof. (i) Note that by Lemma 2.3.6(iv) we have g, = 0. By Lemma 2.3.5, f, is
an e-cocycle. If u € RT® RY represents an element in M, , # 0, then, considering
(2.1.1), we have

0=¢.(0) =g-(m(u) =h fr(u) —Af(u) + fr(u) @ 1.

Hence f.(u) = 0, since it is a (1, h)-primitive element of degree r + [. Since
fr(u) = 0 for all u € M, we can conclude, due to the discussion above, that f,
is an e-coboundary. Thus we may let s: B — B be such that f.(z,y) = s(zy)
for x,4y € B*. Note that 9"s is By-trivial, 0°s is By-cotrivial and that (f/,¢') =
(f.9) + (0"s,—0¢s) € ZX(B)] is such that f. = 0.

(ii) Use induction and part (i) to show that (f,g) ~ (0,¢’). Then use Lemma
2.3.6(v). O

The following is one of the main theorems in our paper. The results in the rest
of the paper rely heavily on it. Recall the notation defined in (4.2.1).

Theorem 4.2.3. Suppose that | < 0 and B is a finite dimensional graded Hopf
algebra such that
e B is generated as an algebra by By and By.
e By = kI' and the action of By on R is diagonal, i.e. I' acts on R by
characters.
o If Mypo; # 0 for some h € I and j > —I, then B contains no nonzero
(1, h)-primitive elements in degree j + [.

Then the connecting homomorphism ¢ : Hi(B, k), — ﬁg(B)l is surjective.

Proof. Let (f,g) € ZE(B)I’L Note that f< ; ; = 0 and that g< ;1 = 0. Define
f: BB — kby f(a,b) = —pif_i(a,b), where p;: kT' — k is given by p;(g) = 01,4
Note that f is an e-cocycle by Lemma 2.3.5. Now we prove that (f',¢') = (f,g) —
5f = (f,g) —(8°f,0) is a coboundary: This will follow from Lemma 4.2.2(ii) once
we see that f’; = 0. Indeed, if v € Ry, 3, y € Rp,,—1—i (1 <9 < =1 —1), then
f(z,y) € By is (1, hyhy)-primitive by the same argument as in the proof of Lemma
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4.2.2(1). If hyhy, = 1, then f(x,y) is primitive and hence 0. Otherwise f(x,y) =
a(hyhy — 1) for some a € k. Note that a = —py(a(hzhy — 1)) = —p1(f(z,y))

f(z,y) and that 9°f(z,y) = f(z2, y2)zay1 — f(@1,51)2202 = f(2,y)(hahy — 1) =

f(a,y). Thus f, = f,—0°f = 0. O
Remark 4.2.4. If all (1, h)-primitive elements of B in positive degree are con-
tained in R; (this happens whenever B is coradically graded and By = kI'), then
it is sufficient to demand that there are no (1, h)-primitive elements in Ry, for all
h € I' for which Mh,e,—l—i—l 7é 0.

5. FINITE DIMENSIONAL POINTED HOPF ALGEBRAS

We recall the Hopf algebras of Andruskiewitsch and Schneider [2], to which we
will apply the results of the previous sections. In this section, k is an algebraically
closed field of characteristic 0.

Let 6 be a positive integer. Let (a;;)1<ij<¢ be a Cartan matriz of finite type,
that is the Dynkin diagram of (a;;) is a disjoint union of copies of the diagrams
Ae, B,,Co, D, Eg, B, Eg, Fy,G5.  In particular, a; = 2 for 1 < i < 0, a;; is a
nonpositive integer for ¢ # j, and a;; = 0 implies a;; = 0. Its Dynkin diagram is a

graph with vertices labelled 1, ..., 6. If |a;;| > |a;;|, vertices i and j are connected
by |ai;| lines, and these lines are equipped with an arrow pointed toward j if
|CLij| > 1.

Let I' be a finite abelian group. Let

D =D(I', (9:)1<i<0: (Xi)1<i<o, (aij)1<i,i<0)
be a datum of finite Cartan type associated to I' and (a;;); that is ¢g; € I' and
Xi € I' (1 <14 <0) such that y;(g;) # 1 (1 < i <#6) and the Cartan condition

(5.0.5) X;(9:)xi(95) = xi(g:)*
holds for 1 <i,5 < 4.

Let @ denote the root system corresponding to (a;;), and fix a set of simple roots
II. If a4, ; € II, write ¢ ~ j if the corresponding nodes in the Dynkin diagram
of @ are in the same connected component. Choose scalars A = ()\ij)lgi<jgg7 ik
called linking parameters, such that

(506) )‘ij =0 if 9:9; = 1 or XiXj 7& g,
where ¢ is the trivial character defined by €(g) =1 (¢ € I'). Sometimes we use the
notation

The (infinite dimensional) Hopf algebra U(D, A) defined by Andruskiewitsch and
Schneider [2] is generated as an algebra by I" and symbols 1, . . ., g, subject to the
following relations. Let V' be the vector space with basis x1,...,zs. The choice of

characters y; gives an action of I' by automorphisms on the tensor algebra T'(V),
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in which g(z;, - 2:,) = xi,(9) -+ Xi. (9)wi, - -z, (g € T'). We use this action to
define the braided commutators
adc(:)(y) = [4, y]e = 2y — 9:(y) s,

forally € T(V). Themap c: T(V)RT(V) — T(V)RT(V), induced by ¢(z;®y) =
9:(y) ® x; is a braiding and T'(V) is a braided Hopf algebra in the Yetter-Drinfeld
category ~VD. (See [2] for details, however we will not need to use the theory of
Yetter-Drinfeld categories.) There is a similar adjoint action ad. on any quotient
of T(V') by a homogeneous ideal. The relations of U(D, A) are those of I' and

(508)  (growp action) grig” = xilohn  (GET1<i<h),
(5.0.9) (Serre relations) (ad.(z;))' % (z;) = 0 (i # 3, i ~j),

(5.0.10) (linking relations) (ad.(z;))(x;) Nij(L—gig;) (i< g, i 7).
The coalgebra structure of U(D, A) is defined by

forallgel, 1 <1 <0.
Let W be the Weyl group of the root system ®. Let wy = s;, - - - s;, be a reduced

decomposition of the longest element wy € W as a product of simple reflections.
Let

ﬁl = Qyy, ﬁQ = Sil(aiz)v T ﬁp = 5§y Sip Sip—l(aip)'
Then f,..., [, are precisely the positive roots ®*. Corresponding root vectors

w3, € U(D, \) are defined in the same way as for the traditional quantum groups:
In case D corresponds to the data for a quantum group U,(g), let

Tg; = TilTig e Tij_1(xij)v

where the T, are Lusztig’s algebra automorphisms of U,(g) [15]. In particular,
if f; is a simple root oy, then ws, = x;. The x5, are in fact iterated braided
commutators. In our more general setting, as in [2], define the xg, to be the
analogous iterated braided commutators.

The Hopf algebra U(D, \) has the following finite dimensional quotients. As in
[2] we make the assumptions:

the order of xi(g;) is odd for all 1,
and is prime to 3 for all i in a connected component of type Gs.

(5.0.11)

It follows that the order of x;(g;) is constant in each connected component .J of the
Dynkin diagram [2]; denote this common order by N;. It will also be convenient
to denote it by N,, or more generally by Ng, or N; for some positive root 3; in
J. Let o € &t a = Zle n;a;, and let ht(a) = Zle Ny 9o = 11977 Xa = [1 X0
There is a unique connected component J, of the Dynkin diagram of ¢ for which
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n; # 0 implies i € J,. We write J = J, when it is clear which « is intended.
Choose scalars (fiq)aco+, called root vector parameters, such that
(5.0.12) fo =0 if gi* =1 or x,~ #e.
If a =(ay,...,a,) € N* = {0}, define
a:=a b+ + apby.

In particular, letting e; := (0r1)1<k<p € NP — {0}, we have ¢, = f3.
The finite dimensional Hopf algebra u(D, A, i) is the quotient of U(D, A) by the
ideal generated by all

(5.0.13) (root vector relations) X — uq (1) (a € @)

«

where u, (1) € kI' is defined inductively on ®* as follows [2, Defn. 2.14]. If ais a
simple root, then wu, (i) := po(1 — g¥=). If v is not simple, write a = 3 for some
[, and then

(5.0.14) o) = pa(l =g )+ Y tilmu’
b,ceNP—{0}
bte=a
where

(i) scalars tf . are uniquely defined by

a1 N1 apNp\ _ _a1N: apNp a1 N1 apNp a1 N1 apNp
A(xﬁ1 xﬁp )_xﬁl xﬁp ®1+gﬁ1 ...gﬁp ®I‘Bl xﬂp
b V- by N, N cp N, N cpN.
Y g™ ag g™ gy @ag™ ™ (2, Lemma 2.8];
b,ceNP—{0}
bt+c=a

(ii) scalars u, and elements u® € kI" are defined, via induction on ht(a), by the
requirements that p., = pg for 1 <1 < p, p, = 0 if ggiNl . -ggl’:N” =1,
and

a a apNp a c
U = Ma(l - gﬁiNl o gﬁ ) + Z tb,c/“Lbu )

D
b,ceNP—{0}
btc=a

where the remaining values of u, are determined by u® = u"u® where
a=(a,...,a;,0,...,0),q,>1,s=¢,and a=r+s [2, Theorem 2.13].

Andruskiewitsch and Schneider give the elements u, () explicitly in type A, in [1,
Theorem 6.18].

Remark 5.0.15. It follows from the induction [2, Theorem 2.13] that if « is a
positive root of smallest height for which p, # 0, then u, = 0 for all € N? — {0}
such that ht(a) < ht(«).

The following theorem is [2, Classification Theorem 0.1].
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Theorem 5.0.16 (Andruskiewitsch-Schneider). Assume the field k is algebraically
closed and of characteristic 0. The Hopf algebras u(D, A, i) are finite dimensional
and pointed. If H is a finite dimensional pointed Hopf algebra having abelian

group of grouplike elements with order not divisible by primes less than 11, then
H ~u(D, \, ) for some D, X, .

We remark that the special case u(D,0,0) is a graded bialgebra, the grading
given by the coradical filtration. In this case, u(D,0,0) ~ B(V)#kI', the Radford
biproduct (or bosonization) of the Nichols algebra B(V) of the Yetter-Drinfeld
module V over kI'. For details, see [2, Cor. 5.2].

We will need a lemma about central grouplike elements and skew primitive
elements.

Lemma 5.0.17. Let o € &+ for which xY = <. Then

(i) gNe is in the center of U(D, \), and
(i) the only (1, g, *)-skew primitives of u(D, A, i) belong to kI.

Proof. (i) It suffices to prove that g2’ commutes with z; for each j. Note that
gNex; = x;i(gh)zjgNe. Write g, = [[ g/ where a = Zle n;c;. By the Cartan
condition (5.0.5) and the hypothesis x,* = €, we have
0 0
Xilgh) =T i)™ = T 0xalg) ™ xi ()™ N = x5 (g7 g;") = 1.
i=1 i=1
(ii) Each skew primitive in the filtered algebra u(D, A, u) belongs to the com-
ponent u(D, A, u); of the coradical filtration, and the only (1, g)-skew primitives
outside of kI' are in the span of the z; [2, (5.5) and Cor. 5.2]. Note that z; is
(1, g;)-skew primitive and g; # g« for each i, since the latter element is central
by (i), while the former is not. O

We wish to understand u(D, A, i) as a graded bialgebra deformation of u(D, 0, 0).
We now describe this graded case in more detail. Let R = B(V') be the subalgebra
of u(D,0,0) generated by all z;, and R the subalgebra of U (D, 0) generated by all
z;, so that R~ R/(zY> | a € ®*). By [2, Thm. 2.6], R has PBW basis
(5.0.18) T xaﬁz (ay,...,a, >0),
and further,

(5.0.19) [0, 25°]. = 0

for all o, 5 € ®*. Thus R has PBW basis consisting of all elements in (5.0.18) for
which 0 < a; < N;. Choose the section of the quotient map 7 : R — R for which
the image of an element r of R is the unique element 7 that is a linear combination
of the PBW basis elements of R with a; < N; for all « = 1,... p. This choice of
section is used in Section 6.1 below.
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6. APPLICATIONS TO SOME POINTED HOPF ALGEBRAS

We will apply the cohomological results of the first part of the paper to compute
the degree 2 bialgebra cohomology of the Radford biproduct R#ET" ~ u(D,0,0)
defined in Section 5. We then use the result to understand deformations. In this
section, k is an algebraically closed field of characteristic 0.

6.1. Hochschild cohomology of u(D,0,0). We first compute H? (R, k) and then
apply the isomorphism (2.4.1) to obtain H? (B, k) where B = R#k['. Hochschild
one-cocycles on R with coefficients in k£ are simply derivations from R to k, that
is functions f: R — k such that f(rs) = e(r)f(s) + f(r)e(s) for all r,s € R.
These may be identified with the linear functions from RT/(R*)? to k, where
Rt = kere is the augmentation ideal. A basis for the space of such functions is
{fi | 1 <i <0}, where for each i,

filwj) = oy (1 <5 <9).
All coboundaries in degree one are 0, and so {f; | 1 < i < 0} may be identified

with a basis of Hj (R, k). We obtain some elements of H3(R, k) as cup products

of pairs of the f;: For 1 <i < j < 6, define linear maps on pairs of PBW basis

b

ap R I
and xP —xﬁ X

elements (5.0.18), x* = a3} -~ x5

(B by 1, ifx* :xjande:%‘
(6.1.1) fii(x%,x%) = { 0, otherwise.

Then fj; = f; — fi.

Other Hochschild two-cocycles of R, with coefficients in k, are indexed by the
positive roots ®* and defined as follows: Recall from the end of Section 5 that R
is an algebra for which R ~ R/( N | a € @) Let R* be the augmentation ideal
of R. For each o € &+, define f, : R* ® R — k by

fa<T73):7(o ..... 0,Na,0,...,0)

where N, is in the ith position if @ = f;, and rs = ) 7.x* in R. By its
definition, ]?a is associative on E*, so it may be extended (trivially) to a normalized
Hochschild two-cocycle on R. In fact jz is a coboundary on R: f; = Oh, where
ha(r) is the coefficient of x> in r € R written as a linear combination of PBW
basis elements. We next show that fa factors through the quotient map = : R—R
to give a Hochschild two-cocycle f, on R, and that f, is not a coboundary on R.
We must show that f,(r,s) = 0 whenever either 7 or s is in the kernel of the
quotient map 7 : Rt — R*. Tt suffices to prove this for PBW basis elements.
Suppose x* € kerw. That is, a; > N; for some j. Write x* = /mg x® where K
is a nonzero scalar and b rnay be 0; note this is possible by the relation (5.0.19).

Then f.(x®,x¢) = Iifa(l’ﬁj xP,x¢), and this is the coefficient of ¥ in the product
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KTg; i xbxe, However, the coefficient of Y is 0: If o = 3; and j = i, then since

x¢ € R+ this product cannot have a nonzero coefficient for x>, If j # 4, the
same is true since :Bﬁj is a factor of x*x°. A similar argument applies to f,(x®,x°)

if x¢ € ker .
Thus f, factors through 7: R — R, and we may define f,: R* @ RT — k by

(612) fa(r7 S) - fa(frvﬂg’)?

where 7, s are defined via the section of 7 chosen at the end of Section 5. We
must verify that f, is associative on RT. Let r,s,u € R*. Since 7 is an algebra
homomorphism, we have 7 -5 = rs + y and s - u = su + z for some elements
Y,z € kerm. Since kerm ® R+ R®kernm C kerfa, we have

fa(rs,u) = fa("%7a) = fa(?'g_%a)
= fu(F-5,7)
= };(ﬁgﬁ) = .ﬁ(ﬁgﬂ) = fa(T’,SU).

As we will see, we only need the functions fj; when 7 ¢ j, that is ¢ and j are in
different connected components of the Dynkin diagram of ®. Together with the
fa, a € T, these represent a linearly independent subset of H? (R, k):

Theorem 6.1.3. The set {fo | € PTYU{fj |1 <i<j <40, i } represents
a linearly independent subset of Hi (R, k).

Proof. Let
f - Z Cafa + Z Cjifji
acdt 1<i<j<0
(]
for scalars ¢y, ¢j;. Assume f = Oh for some h: R — k. Then for each a € &7,
Ca = [(Ta, X ™) = Oh(xy, 2No™1) = —h(2)*) = 0

as T,z € R and x> = 0 in R. For each pair i,j (1 <i < j <0, i & j),
x;x; = xi(gj)xiz; since 74 j, and so
cji = flzj,2;) = Oh(zj,x;)
= —h(z;z;)
= —h(xi(gj)wiz;) = xi(g;)f(zi,x;) = 0.
[

Due to the isomorphism (2.4.1), we are primarily interested in I'-invariant
Hochschild two-cocycles from R ® R to k. The action of I" on the functions f,, fj;
is diagonal, and so we determine those f,, f;; that are themselves I'-invariant.
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Theorem 6.1.4. [f |T'| is not divisible by primes less than 11, then

{far fi} = {falae®t, e =clU{f|1<i<j<0,itj xix;=¢c}

is a basis of Ha (R#kT, k). In particular, if | < —3, then { f.|xY> =€, N,ht(a) =
—1} is a basis for Hi (R#kT, k).

Remark 6.1.5. The condition ¢ o j is implied by the condition y;x; = €, and
so is redundant: A proof of this fact consists of a case-by-case analysis using the
Cartan condition (5.0.5) for the pairs i, 5 and j,i. We put the condition i ¢ j in
the statement of the theorem for clarity.

Proof. The action of T on H?(R, k) comes from the dual action of ' on R ® R,
that is, (g- f)(r,s) = f(g~ ' -r,g7' - 5). Therefore g - f, = x;V(g)fa and g f;; =
X; 1(g))(j_l(g) fji- Thus the subset of those functions from Theorem 6.1.3 that are
[-invariant consists of the f, for which xY» = ¢ and the f;; for which y;x; = ¢.
By Remark 6.1.5, this proves that the given set represents a linearly independent
subset of H2 (R#kT, k).

The fact that the given set spans H2 (R#kT, k) is a consequence of [9, Lemma
5.4]: That lemma states in our case that H*(R, k) (equivalently, H2(R,k)) has
basis in one-to-one correspondence with that of I/(T*(V)-1+1-T%(V)), where
R =T(V)/I (I is the ideal of relations). This follows by looking at the minimal
resolution of k. As a consequence, H2 (R#kI, k), which is isomorphic to H2 (R, k)",
has basis in one-to-one correspondence with that of the I'-invariant subspace of
I/(TH(V)-1+1-T%(V)). The I'-invariant root vector relations and linking
relations give rise to the elements f, and f;; in the statement of the theorem. It
remains to show that the Serre relations do not give rise to I'-invariant elements in
cohomology. If the Serre relation (5.0.9) did give rise to a I-invariant element in
cohomology, then X: ~%9y; = € by considering the ['-action. This is not possible:
The Cartan condition for the pairs i, j and 7, ¢, together with this equation, implies
xj(gj)tat@imi%i = 1. A case-by-case analysis shows that this implies x;(g;) has
order 3, 5, or 7, contradicting our assumption that the order of I' is not divisible
by primes less than 11.

The last statement of the theorem is now immediate from the observation that
fao is homogeneous of degree —N, ht(«), and f}; is homogeneous of degree —2. O

Remark 6.1.6. Masuoka independently obtained a proof that the given set spans
H? (R#kKT, k), using completely different methods and results from his preprint
[16].

Note that the conditions in the theorem on the x, and y; are “half” of the con-
ditions (5.0.6) and (5.0.12) under which nontrivial linking or root vector relations
may occur. The other half of those conditions, involving elements of I', will appear
after we apply the formula (3.4.1) to obtain corresponding bialgebra two-cocycles.
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(The bialgebra two-cocycle will be 0 when the condition on the appropriate group
element is not met.)

6.2. Bialgebra two-cocycles. Let B = R#kI' as before. We wish to apply
the connecting homomorphism in the long exact sequence (3.3.1) to elements of
H?(B, k) from Theorem 6.1.4, in order to obtain bialgebra two-cocycles. First we
prove that the connecting homomorphism is surjective.

Theorem 6.2.1. Assume the order of T is not divisible by 2 or 3. If H2(B, k) =
Span{ fj;, fa}' and | < 0, then the connecting homomorphism ¢: Hi(B,k), —

H2(B), is surjective.

Proof. Let M be as in (4.1.1). Note that the fact that Hz (B, k) = Span{fj;, fa}'
translates into the fact that {z;@z;—x;(g:)z:®z;|x:x; = €} U {za @ 2} x> = ¢}
forms a basis for M'. Hence, if Mj,., # 0, then either h = g;g; with x;x; = ¢,
or h = ghe with xY = ¢. If h = gY«, then there are no (1,h)-primitives in
of positive degree in B by Lemma 5.0.17(ii). We now show that there are no
(1, h)-primitives of positive degree in B (equivalently R;) whenever h = g;g;.
Suppose otherwise, i.e., for some k we have g, = g¢;g;. Since 7 # j, we also
have that either ¢ «¢ k, or j « k. Without loss of generality suppose the latter.
Then xi(gr) = Xn(9:95)xi(91)X;(9r) = (Xn(g:)xi(9r)) Xk (95)X5(9r)) = Xk(ge)™
and hence . (gx)' =% = 1. This is impossible, since 1 — az; € {1,2,3,4} and ||
is not divisible by 2 or 3.

Hence the conditions of Theorem 4.2.3 are satisfied. 0

Remark 6.2.2. Assume that the order of I is not divisible by 2 or 3. Additionally
assume that the order of I' is not divisible by 5 whenever the Dynkin diagram
associated to D contains a copy of B, with n > 3 or F,. A similar case-by-
case analysis to the one in the proof of Theorem 6.1.4 shows that there are no
(1, h)-primitives whenever h = gi1 ~g; with X; ““9y; = e: First note ¢ # j and
necessarily h = g for some k. Use the Cartan condition x;(g;)x;(g:) = Xi(gi)*
to see that (excluding the primes 2 and 3) we must have k & {7, j}. Now use

(X)X (9)) 9 O () xe(95)) = Oce(gi) ™) %) X (i)™

to deduce that x;(gx)!~@s)%+a; =1 = 1. The only case in which the absolute value
of the exponent (1—a;;)ay;+ay;—1is at least 5 is ay; = —2, a;; = —1. In this case,
the exponent is —5 and the Dynkin diagram contains a copy of B,, with n > 3 or
Fy; we have already excluded this case. This observation can then be used to show
that the connecting homomorphism ¢: H3 (B, k); — HZ(B);, where B = u(D, 0,0)
and [ < 0, is surjective.

Now let f: B®& B — k be a Hochschild two-cocycle. The formula (3.4.1) applied
to f yields

(623) F(CL, b) = f(al, bl)(lgbg — f(ag, bg)albl,
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a bialgebra two-cocycle representing an element in I:Iz(B, B). We apply this for-
mula to f = fj;, fa, defined in (6.1.1) and (6.1.2), to obtain explicit bialgebra
two-cocycles F' = Fj;, Fy,. For our purposes, it will suffice to compute the value of
cach Fj;, I, on a single well-chosen pair of elements in R (see (6.2.5) and (6.2.6)
below). In order to compute them on arbitrary pairs of elements of B, one must
use (6.2.3) and Lemma 2.4.2.

Lemma 6.2.4. If f: B® B — k is a homogeneous e-cocycle of degree | < 0,
Of = (F,0), and x € R;, y € R;, with i + j = —l, are PBW-basis elements in
components g, gy, then

F(z,y) = f(#,y)(1 — gagy).

In particular

(6.2.5) Fji(l’j, 5Uz) =1-g;9,
and
(6.2.6) Fo(ta,z3°7t) = 1= g3

Proof. The hypotheses imply that Az = 2®@1+g,®z+u and Ay = y®1+g,Qy+v,
where u =) w. @u! € @;;11 B,®B;_,andv =7 v,®@uv € @f;: B, ® Bj_,.
Then f(ul,v)) =0 = f(u!,v”) due to degree considerations and hence F(x,y) =

Ty s TS

f(:c,y)l - f(%, y)gmgy- ]

Note that Fji(z;, ;) = 0 exactly when g;g; = 1, and F,,(z,,2Y>"!) = 0 exactly

when gYe = 1. More generally, if x,y are PBW-basis elements of joint degree 2
(resp. ht(a)N,), then Fj;(z,y) € k(1 — g;g:) (resp. F.(z,y) € k(1 — g)).

Combined with the conditions on x, and y; in Theorem 6.1.4, we have recovered
precisely the conditions in (5.0.6) and (5.0.12) under which there exist nontrivial
linking and root vector relations. In Theorem 6.3.1 below, we make the connection
between these bialgebra two-cocycles and the pointed Hopf algebras w(D, \, ).

Our calculations above, combined with Theorems 6.1.4 and 6.2.1 now allow us
to determine completely HZ(B);, [ < 0, for coradically graded Hopf algebras B =
R#T" in the Andruskiewitsch-Schneider program. We have the following theorem.
Note that Theorem 6.1.4 provides a sufficient condition for the hypotheses in the
theorem to hold.

Theorem 6.2.7. Let B = u(D,0,0) and assume that |I'| is not divisible by 2 or
3. If H} (B, k) = Span{ fji, fa}", then the set

{(Fa70)7(ﬂi70)|ae¢.+71 §i<j§9agaa 7é 17Xéva :€7i7éjagigj 7& 1>Xin :g}

is a basis for @,_, H3(B):.
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Proof. F, is a homogeneous cocycle of degree | := —ht(a)N,. If g'* = 1, then
(Fy)—; = 0 and hence by Lemma 4.2.2 (ii) (F,,0) is a coboundary. We can show
that if ¢g;g; = 1, then (F;;,0) is a coboundary in a similar fashion. Hence by
Theorem 6.2.1 and our above calculations, the given set spans €,_, ﬁg(B)l

Note that it is sufficient to show that for every [ < 0, the Hochschild cohomology
classes of cocycles I, F;; of degree [ are linearly independent. This is achieved as
follows.

If I < -2, then (th(ﬁ)Nﬁz_l VﬁFﬁ) (T, 2No1) = vy (1— gaa) but for s: B — B

homogeneous of degree I, we have 0"(s)(zq,2Ne™1) = zos(axle=l) — s(ale) +

s(zy)zNe=t = 0.

If | = —2, then <Zm,p ymepm> (x; @ x; — x;(gi)x;i ® z;) = v;;(1 — gig;) and if
s: B — B is homogeneous of degree —2, then 8" (s)(z;®x;—x;(g:)r;®z;) = 0. O

Remark 6.2.8. For positive [ one can use the homomorphism §: H2(k, B); —
ﬁg(B)l to obtain a similar description for €p,., ﬁg(B)l However, the positive
part of the truncated bialgebra cohomology is not relevant in the context of graded
bialgebra deformations.

6.3. Graded bialgebra deformations. Now let B = u(D, A, 1), defined in Sec-
tion 5. Also assume that the order of I' is not divisible by primes < 11. These
Hopf algebras are in general filtered by the coradical filtration, with I' C By, and
1,21,...,29 is a By-basis of By. The filtration allows us to define related Hopf
algebras over k[t], where ¢ is an indeterminate, as in [6]: By [2, Theorem 3.3(1)],
B has PBW basis {z7; - xaﬂzg | 0 < a; < N;, g€ I'}. Associate to each PBW
basis element its corresponding degree in the associated graded algebra. Grade
the underlying vector space of B in this way. Then there exist unique linear maps
ms : B ® B — B, homogeneous of degree —s in this sense, such that

=> my(a®b)

s>0

for all a,b € H. Now define a new multiplication m; : B® B — B][t] by

=> m(a@b)t*

s>0

and extend k[t]-linearly to Bt] ® B[t]. In particular the analogs of the linking
and root vector relations (5.0.10) and (5.0.13) for B[t] will now involve powers of
t. When we write B[t], we will always mean the vector space B[t] with multipli-
cation m; and the usual (graded) comultiplication. In this way Blt] is a graded
deformation of Gr B = u(D, 0, 0).
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If s > 0, then define A®) and p(® by

3O — A ifs>2 () _ ) Has if s > ht(a)N,
~10; otherwise *"*  )o0; otherwise '

Note that w(D, p, A)[t]/(t°+) ~ w(D, ', XO)[t] /(¢5F1).

Let r = r(\, p) be the smallest positive integer, if it exists, such that m,. # 0. (If
it does not exist, set 7 = (A, u) = 0.) Since BJ[t] is a bialgebra, (m,.,0) is necessar-
ily a bialgebra two-cocycle, of degree —r, and B[t]/(t"™) is an r-deformation (see
Section 2.2). Note that if A # 0, then r = 2, due to the linking relations (5.0.10).
Recall the definitions (5.0.7) of \;; (i < j) and of Fj;, F,, via (6.2.3) above. The
following is a nice consequence of Theorem 6.2.7.

Theorem 6.3.1. Assume |T| is not divisible by 2 or 3, and that H3 (u(D,0,0), k) =
Span{ fji, fa}-

(i) Let B[t] = uw(D, A\, w)[t] and B'[t] = uw(D, N, /)[t] and let s be a nonneg-
ative integer such that \*) = X' and pu® = /). Then B[t]/(t*7?) and
B'[t]/(t*%%) are (s + 1)-deformations of u(D,0,0) extending the same s-
deformation B[t]/(t*T') = B'[t]/(t**Y). If my = m + tmy + ... t5m, +

gy + ... thenm) = m +tmy +...... t'my + 5 m/_ + ... and
(Mgy1 — My, 0) is a bialgebra cocycle of degree —(s+ 1) cohomologous to
(F,0), where
F= Z Ost1.2(Nji — )\;i)Fji + Z Os-+1,ht(a) Na (o — M) -
1<i<j<0 aedt

(ii) In particular, the Hopf algebra u(D,\, u)[t] is a graded deformation of
u(D,0,0) = R#kL, over k[t|, with infinitesimal deformation (m,,0) co-
homologous to (F,0), where

F= Z 0o NjiFyi + Z Orht(a)Na HaFo-

1<i<j<0 acedt

Proof. (i) In view of Theorem 6.2.7 and Remark 2.2.1, (ms1 —m/,0) is a bialge-

bra cocycle cohomologous to (F),0), where F' = Y v;; Fj; + ) v, F, for some scalars

Vji, Vo. Evaluating I’ at z; ® x; and at x, ® xaa_l then identifies these scalars.
Part (ii) is a special case of part (i). O

We give one more class of examples to which our cohomological techniques apply,
the rank one Hopf algebras of Krop and Radford [14]. Assume k has characteristic
0. Let # = 1 and (a;1) = (2). Let I" be a finite group (not necessarily abelian),
a = ¢; a central element of I', and ¥ € I'. Let N be the order of x(a). Let z =,
and R = k[z]/(z"), on which ' acts via y, that is g - 2 = x(g)z for all g € T.
Let B = R#kT', a generalized Taft algebra with A(z) =2 ® 1+ a ® x. Similar to
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the functions f, in Section 4.1, there is a Hochschild two-cocycle f: R® R — k
defined by
_y 1 ifi+5j=N
i) —
Jat,a?) = { 0 otherwise.

This cocycle is [-invariant precisely when x» = ¢. In this case, let u € k. There
is a bialgebra deformation of B in which the relation 2% = 0 is deformed to

™ = (1 — a”); this is the Hopf algebra Hp of Krop and Radford [14]. In case T
is abelian, this example is included in the Andruskiewitsch-Schneider classification.
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