CLIFFORD CORRESPONDENCE FOR FINITE DIMENSIONAL
HOPF ALGEBRAS

S. J. WITHERSPOON

ABSTRACT. Let B#,H be a crossed product algebra over an algebraically closed
field, with H a finite dimensional Hopf algebra. We give an explicit equivalence
between the category of finite dimensional B#, H-modules whose restriction to B is
a direct sum of copies of a stable irreducible B-module, and the category of modules
for a twisted product of H with the field. This describes all finite dimensional
irreducible B#, H-modules containing a stable irreducible B-submodule, and thus
generalizes the classical stable Clifford correspondence for groups. In case H is
cocommutative, we extend this correspondence to the nonstable case.

1. INTRODUCTION

One of the main results of classical Clifford theory is the Clifford correspondence,
which explicitly describes a relationship between modules for a group and modules for
a normal subgroup [4]. The Clifford correspondence has been generalized in various
ways in [1, 5, 6, 8, 9, 12, 13]. In particular, Rieffel gives in [9] a generalization of the
Clifford correspondence to some classes of ring extensions. When H is a Hopf algebra
with bijective antipode, Schneider in [12] and van Oystaeyen and Zhang in [13] give
a stable Clifford correspondence for a faithfully flat H-Galois extension (equivalently,
an H-Galois extension with total integral). In this note, we prove a more explicit
version of the stable Clifford correspondence, reminiscent of Clifford’s original result,
under stronger hypotheses. Further application of Schneider’s results [12] shows that
our formula also holds under his more general hypotheses. We then use results of
Schneider in [10] to further extend this Clifford correspondence to the nonstable case
when H is cocommutative.

Specifically, let k be an algebraically closed field, H a finite dimensional Hopf
algebra over k, and A = B#,H a crossed product algebra of a k-algebra B with H.
In particular if A is a finite dimensional Hopf algebra with a normal Hopf subalgebra,
B, then A is such a crossed product with H = A/ABT [11]. Let T be a finite
dimensional irreducible left B-module, and E = Ends(A ®p T)?, where A @5 T is
the induced A-module.

Date: March 5, 1998.
Supported by NSERC Grant OGP0170281, University of Toronto, University of California at
Berkeley, and MSRI.
1



First suppose T is A- [10], as defined in Section 2. Then E is isomorphic to a
twisted product k# H = k [H], analogous to the twisted group algebra appearing in
the classical Clifford correspondence. In Theorem 2.2 we give the explicit structure
of an A-module to the vector space T' ® for any F-module we also point
out that this structure may be shown to hold more generally using our ideas and
wor of Schneider [12]. In Theorem 3.1, we show that our construction provides an
equivalence between the category of finite dimensional F-modules and the category
of finite dimensional A-modules whose restriction to B is isomorphic to a direct sum
of copies of T.  lternatively, this theorem follows from [12, Remar 5.8 (2)] or [13,
Theorem 5.4]. In Lemma 3.2, we show that if  is a finite dimensional irreducible
A-module whose restriction to B contains an irreducible A-stable submodule 7', then

is semisimple on restriction to B this generalizes a result of Clifford in the stable
case. In Corollary 3.3 we show that every finite dimensional irreducible A-module
containing 71" as a B-submodule has the form T"®  for some irreducible E-module

this generalizes the stable Clifford correspondence for groups.

We next consider the general case in which T is not necessarily A-stable, and
we assume that H is cocommutative to obtain a Clifford correspondence. In this
case H is also pointed as k is algebraically closed, and so the H of T
in H (defined in Section 3) is a Hopf subalgebra of H [10]. Letting = B#,H |,
and using the results of [10] and Section 2, we obtain in Theorem 3.4 a one-to-
one correspondence between finite dimensional irreducible -modules containing 7T’
as a B-submodule and finite dimensional irreducible A-modules containing T as a
B-submodule. This correspondence is given by induction of modules from  to A.
Further combining this correspondence with the results of Section 2, we obtain in
Corollary 3.5 a generalization of the full Clifford correspondence for groups in the
cocommutative case, given as a one-to-one correspondence of irreducible modules.

Throughout, all our modules (and module categories) will be left and finite dimen-
sional. The field £ is always assumed to be algebraically closed, and ® = ® .

The author would li e to than S. ontgomery for helpful conversations, and H.- .
Schneider for suggested improvements to this note.

2. ON TRUCTION O A oODU RO T IRR DUCI B obu

Let H be a finite dimensional Hopf algebra over k with comultiplication H
H ® H, counit H k, and antipode H H. We will use the summation
notation ( )=> ®  for the coproduct | , 1.4.2]. Let A = B#,H be a crossed
product algebra of a k-algebra B with H. That is, there is a convolution-invertible
k-linear map H®H B,and a k-linear map H ® B B denoted ® ,



satisfying

()=>0 X L= ()n 1 =
for all H and B. In particular, H measures B and is a 2-cocycle.
The , denoted B#,H, is the vector space B ® H, with the

element ® denoted # , and multiplication

(#)#)=>_( ) )#

for all B and H. This is an associative algebra with identity, and is a right
H-comodule algebra via # Y(# )® [, ] Wewill also use the summation
notation for comodules, > ® =>(# )® where = # B#,H.

Let T be a finite dimensional irreducible left B-module with B Eund (7)
expressing the action of B on T. ssume that T is A- , that is, there is a left
B-linear and right H-colinear isomorphism

AT T®H

where A ®p T is the A-module induced from 7" (with A acting as multiplication on
the left factor) [10, p. 20 |. Here the B-module and H-comodule structures of AQpT
and T'® H are given by
( ® )= @B and B Z O &
(@)= ®& ad ® & ()

for all A, B, H, and T. This generalizes the standard definition of
a stable module in group representation theory, in which a module is stable if it is

isomorphic to all its conjugate modules. We may assume that (1®p )= ® 1 for
all T [10, p. 208].

We point out that in case the measuring of B by H is trivial (that is = ()
for all H and B), so that A = B,[H] is a twisted product, then every

B-module is A-stable. The map is given simply by (( # )® )= ()()® ,
which is well-defined as #1 commutes with 1# in this case. In general  will be
more complicated.
Let
E =Ends(A®pT)” and E = Endg(T)”
Then F = Homp(T A®pT) [2, roposition 2.8.3], and by Schur’s Lemma, £ = k.
y [10, Theorem 3.6], k = £ E is an H-crossed product, with right H-colinear



and convolution invertible map H  FE defined by
(Jd®s ) = (® )

where = T®H A®pT. otethat under our hypotheses, is bijective.

Iso note that any measuring of the field k by H is necessarily trivial, so F is in fact
isomorphic to a twisted product k [H| = k# H. y [, .2.5], H® H kis
given by

(2.1) (=X ()C) ()
for all H, where is the convolution inverse of  (denoted  in [10]).
Let H A= B#,Hbegivenby ( )=1# . Then has convolution inverse
givenby ()=>( )# [, roposition .2.]. Let

=(id® ) AT T
We claim that

(2.2) ()(1®B):Z ( )es (( )®s )

This may be chec ed directly by calculations similar to that in [10, pp. 211 212], or

by using the formula  ( )(1®p )=>. ( )®s ( ( )® ) where () ( )are
determined by the equation 1® => () () ® () in A® H [10, pp. 209

and 211]. Here > () ( ) ® () => () ( )® =1® ,andso

> (e ()= ()e ()
Let H  End (7) be defined by

()0 = () )

In the lemma below, we give some formulas involving the maps , , and . ote
that part (ii) of the lemma generalizes the fact that in case H is a group algebra k|
for , () is an isomorphism between 7" and its conjugate module T
L H B T
O  Oes )= () ( )0)
o1es ()O=X (J)(()es)
M ()O=x% ) ()
(i) () ()=x € ) C ) O =X ) )
iv) () O)=> ¢ HcC )N )
V) )= ( ) ()
(i) The first equation follows from the definition of and formula (2.2) for
. The second follows from the first, as () is A-linear, and and are

convolution inverses.



(ii) y part (i),
Lo () O)0) = >, () )es ()
= > (a# N #D)es )
Yoo (O )# )es)
= > (C )#) () ( )es)
= Y (. H#nies ())
= Y 1®s () ()()
Therefore (1) ()= () ( ).

(iii) Convolve both sides of the defining relation (2.1) for ~with () to obtain
the first equation. For the second equation, convolve both sides of (2.1) with ().

(), and ().

(iv) y part (i),
log () ()0) = > () )es ()0)
= > () (Haes ()()
= > () () () ()es)
= >, () () (nees)

as () and () are A-maps and the multiplication in F is opposite that of
endomorphisms. ow,

() C)=0#)A# )=>_( I# =>00 )1y )
sing this and parts (iii) and (i), the above expression becomes
tep ()OO = > C ) C #) () )es)
=3 ( ) HHyaes ()0
=Y 1es () ) H0O)
Therefore () ()= () (( ) )

(v) First note that (1) is the identity map on AQpT as (1®p )= &1 for all
T. 'y part (iii) then, we have

Do) )=« ) )



y convolving with (), weobtain ( )=> ( ) ().

ext we will use these relations to give T'®  the structure of an A-module whenever
is an F-module. On the other hand, if is an A-module, we will give the obvious
E-module structure to the vector space Hompg(T ) = Homus(A®pT ).

T T A B E =End (A®pT)”
(1) E T® A
(® )=> ( @)® ()
T® B
T
(ii) A Homp(T ) = Homus(A®pT )
E pu—
(i) First we note that, for = # | the definitions of and , and the fact

that is B-linear imply

d(es)e () => 0 ()e ()
We will use this formula to show that

() (e)= ( (&)

for all A, T, and . Letting = # and = # . the left hand side
is

() (e)=2C ) 1 )(e)

=X 0O )OO O0e () () )

=> O C Y ()OHoe) )

=X 0C ) C )y ne I ) )

=X 0OC ) »eHoe )
as and are convolution inverses with values in k. (s is an E-module, we
have  ( )=( ) forall E , even though as ,
and  multiply in the opposite order.) Comparison of the two calculations shows
that () ( ® )= ( ( ® )). It may be chec ed that 14 acts as the identity

on T'® . Therefore this formula gives T'®  the structure of an A-module.



Restricting T® to B,wehave ( #1) (® )= () (1) ® (1) = () ®
Therefore the restricted module (T'® ) p is isomorphic to 7" where = dim

(ii) This is clear given that multiplication in E is opposite that of the endomor-
phisms.

We remar that results of Schneider [12] may be used to show that the formula in
part (i) of the theorem holds more generally (Schneider’s results are stated in terms of
right modules, but we translate here into left modules) Let H be a Hopf algebra with
bijective antipode, B A a right faithfully flat H-Galois extension, T" an irreducible
A-stable B-module, £ = Endg(7)°, and other notation as in this section. s in

[12, Remar 5.8 (2)], themap T ® E  A®pT given by ® (l1®p )isa
right E-module isomorphism. It may be chec ed that (id® ) is the inverse of
this map. It follows that T'® =(A®pT)®  for all E-modules . This may
be used to give T'® an A-module structure, via the standard A-module action
on (A®pT)® by multiplication on the left-most factor. The resulting A-module
structure on T'® is given by a formula precisely as in Theorem 2.2 (i).

3. I ORD CORR OND NC

In this section we give a stable Clifford correspondence in the general case, and a
nonstable Clifford correspondence in case H is cocommutative. We start with the
same assumptions and notation as in Section 2. In particular, 7" is a finite dimensional
irreducible A-stable B-module, and F = End (A ®p T).

Let  be the functor defined as follows, from the category of finite dimensional
E-modules to the category of finite dimensional A-modules whose restriction to B is
isomorphic to a direct sum of copies of T. If is an E-module, let ( )=T®
with A-module structure as in Theorem 2.2 (i). If is an E-linear map,
let ()=1id ® . Let be the functor defined as follows, from the category of
finite dimensional A-modules whose restriction to B is isomorphic to a direct sum of
copies of T', to the category of finite dimensional E-modules. If  is an A-module, let

() =Homg(T ) with E-module structure as in Theorem 2.2 (ii). If

is an A-linear map, let ( )= where ( )= for any Homp(7T ). In
the next theorem, we show that and  provide a category equivalence.
T T A B
E = Endy(A ®@p T)® E
A B
T E
T® A Homg(T )
Let  bean A-module such that g="1 , where g denotes the module
restricted to B.  efine T @ Homg(T ) by (® )= () s

p=T , we have Homg(T )=k It follows from this and the definition of



that is surjective. Therefore is bijective, as these modules have the same
k-dimension.
We show that  is A-linear. The isomorphism Hompg (7T ) = Homa(A®pT )
allows us to identify Hompg(T ) with Homy(A®pT )by (1®z )= ()
for all 7. Then by Theorem 2.2 and Lemma 2.1 (i), we have

= # )®p )
= (# ) (1®p)
= (#) (@)

for all B, H, T, and Homs(A®pT )= Homp(T ). Therefore
is A-linear. We have already seen that is bijective, and so for each
is an isomorphism of A-modules. Further, it is straightforward to chec that

= () whenever is A-linear.

Let  be an E-module. efine Homg(T T® )by ()()= ® for
all T and . This defines a B-linear map () for each ., as B acts
trivially on the second factor in7T® . Identifying () Homp(T T® ) with

() Homa(A®pT T® )where ( )(1®p )= ( )(),themap ( )becomes
A-linear. Clearly  is injective. s Homp(T T® )= Hompg(T'T )=k where

dim ( )= ,  must be bijective.
We show that  is E-linear. s H is finite dimensional, is bijective [ , Theorem
2.1.3]. Therefore Lemma 2.1 (v) and the surjectivity of —imply H FEisalso

surjective. So it su ces to show that ( () ()N)(awg )= ( () )1®p)



for all H, T, and .y Lemma 2.1 (i) and Theorem 2.2, we have

( () (Naes) = () ()0es))
OC C)es ()0)

y Lemma 2.1 (iv), this becomes

>« ) ( ) (( ) ¢ )0 ()

ow the factors involving and  cancel, giving
( () (Naes) = >
— Z (
— Z (

by Lemma 2.1 (v). y [ ,p. 109], we have 3> ( ) ( )= ( ), sonow

( ) O))aes) = e ()
= ( () )es)

Therefore is F-linear. We have already seen that is bijective, and so for each
is an isomorphism of F-modules. Further, it is straightforward to chec that
= () whenever is E-linear.

s pointed out at the end of Section 2, T® = (A®pT)® . Therefore our
Theorem 3.1 may alternatively be derived from [12, Remar 5.8 (2)] or [13, Theorem
5.4].

We next show that in fact any finite dimensional irreducible A-module containing
T as a B-submodule is isomorphic to a direct sum of copies of T as a B-module.
Thus we may apply the theorem to such an A-module to obtain the stable Clifford
correspondence.

L A
5 B A B T B
T B
Consider the map A ®p T given by ®p (as T ,
is defined for all A T). This is a nonzero A-linear map, surjective as  is

irreducible. s T'is A-stable, (A®pT) p=T ® H is isomorphic to a direct sum of



1

copies of T', and in particular is a semisimple B-module. This and the rull-Schmidt-
zumaya Theorem now force g to be semisimple and isomorphic to a direct sum
of copies of T" as well.

This lemma generalizes a special case of the classical Clifford theory result that the
restriction of an irreducible module from a group to a normal subgroup is semisimple.
For a generalization in a different direction, see [10, Corollary 2.2].

The stable Clifford correspondence follows immediately from Theorem 3.1 and
Lemma 3.2.

C (Stable Clifford correspondence) T
A B E = Ends(A®p T)”

A T B
E T®

For the rest of this section we assume H is . ote that as k is
algebraically closed, this implies H is as well [ | p. 6], that is every simple
subcoalgebra of H is one dimensional. Let T be a finite dimensional irreducible
left B-module that is not necessarily A-stable. If H is a subcoalgebra, let
Al ) = 4, (A® ), where 4 A A® H is the right H-comodule map arising
from the crossed product A = B#,H. s in [10, p. 216|, we say that T
if

Tw =A( )®sT
as left B-modules and right -comodules. The H of T in H is defined by

>

the sum over all subcoalgebras H such that  stabilizes T. y [10, Theorem
4.4], H stabilizes T and is a Hopf subalgebra of H. (In case H is not pointed, H
is a subcoalgebra of H, but not necessarily a Hopf subalgebra.) Write also for the
restricted cocycle , and let

= A(H )= B#,H

Then T is -stable by definition, so Theorem 3.1 and Corollary 3.3 apply, with  in
place of A.
T H A = B#.,H T

B
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Let be a finite dimensional irreducible -module containing 7" as a B-

submodule. y Corollary 3.2, p is isomorphic to a direct sum of copies of T

y [10, Corollary 5.6 (4)], A® is an irreducible A-module. s A® contains

® = as an -submodule, and 5 contains 1" as a B-submodule, the
irreducible A-module A ® contains 1" as a B-submodule.

On the other hand, let ~ be a finite dimensional irreducible A-module containing
T as a B-submodule. Consider the -linear map ®p T defined by

( ®p )= for all , T. Let =Im( ),an -submodule of .8
T is -stable, ( ®pT) p=T ® H is a direct sum of copies of T.. In particular,
( ®pT) pissemisimple, and so its quotient B is also semisimple, and is a direct
sum of copies of T. Let  be an irreducible -submodule of . Then B B
must be a direct sum of copies of 7.

We claim that =A® . 1y [10, Corollary 5.6 (4)], A® is an irreducible
A-module. Consider the nonzero A-linear map A ® given by ®
for all A, . s and A ® are both irreducible, this map is an
isomorphism. y [10, Theorem 5.4 (2) (a)], ® = is isomorphic to the T-socle
of A® , that isof . s B is a direct sum of copies of T" as well, this forces

= ,and is the unique irreducible -submodule of containing 7T

We do not now if the correspondence in the theorem arises from a category equiv-
alence, as is true in the stable case (Theorem 3.1) and in case H is a group algebra
8, Theorem 1.3].

Letting £ = End ( ®p7T)%, note that F = End (A®pT)% as Ends(A®pT) =
Homp(T A®pT) and ®pT is isomorphic to the T-socle of A ®p T [10, Theorem
5.4 (1) (a)]. The next result follows immediately from Corollary 3.3 and Theorem
3.4.

C (Cocommutative Clifford correspondence) H
A = B#,H T B

E A T B
E A (T® )

s any A-module contains some irreducible B-submodule, it follows from the corol-
lary that any finite dimensional irreducible A-module has the foom A® (T'® ) for
some irreducible B-module T" and irreducible F-module . s E =k [H]is a twisted
product, E-modules are equivalent to projective representations of H, which may be
studied by the methods of oca in [3] as H is cocommutative.
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