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Abstract

This work concerns a generalization of Clifford theory to blocks of group-graded
algebras. A module-theoretic approach is taken to prove a one-to-one correspon-
dence between the blocks of a fully group-graded algebra lying over a given block
of its identity component, and conjugacy classes of blocks of a twisted group al-
gebra. In particular, this applies to blocks of a finite group lying over blocks of a
normal subgroup.

Introduction

In [8], Dade developed the block theory of group-graded algebras, in particular extend-
ing the Clifford correspondence to blocks of group-graded algebras. The Clifford cor-
respondence for representations is a one-to-one correspondence between the irreducible
representations of a group GG having a given constituent when restricted to a normal
subgroup, and the irreducible projective representations (with respect to a particular
2-cocycle) of a certain subgroup of the corresponding quotient group [3]. Dade’s gener-
alization is achieved by an analysis of centralizer algebras, and he has recently used it
to make progress towards solving conjectures of Alperin and Dade [11, 12]. In this work
we reinterpret these ideas, treating blocks as bimodules to provide a new proof of the
Clifford correspondence for blocks of group-graded algebras. This approach clarifies the
connection between the Clifford correspondence for blocks and that for representations
or modules.

Specifically, let G be a finite group and A a fully G-graded algebra over an alge-
braically closed field k. That is, A = > e A, is a direct sum of subspaces A, with
AgAy = Agp forall g, h € G. Here AyAj;, denotes the set of all finite sums of products zy,
where x € A, and y € Aj,. The first example of a fully G-graded algebra is A = kI" for a
group I' with normal subgroup N and G = I'/N. In this case a subspace A, is spanned
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by the elements of the coset g. As the identity component is A; = kN, comparing blocks
of Ay to blocks of A amounts to comparing blocks of N to blocks of T'.

We consider A to be a right A””? ® A-module, where A is the opposite algebra to A,
via left and right multiplication by elements of A. A block of A is an indecomposable
direct summand of the A? ® A—module~A. A block B of A lies over a block B of A; if
B is a direct summand of the module B restricted to A ® A;. That this definition is
equivalent to that of Dade [8, p. 218] follows from the ideas contained in the proof of
Lemma 1.1. The group G acts by conjugation on the blocks of A;, an element g € GG
sending B to A,-1BA,. In Section 3 we assume B is G-invariant and derive a one-
to-one correspondence between the blocks of A lying over a given block B of A; and
GG-conjugacy classes of blocks of a twisted group algebra for a subgroup of G, as stated
in the theorem below. A reduction to this invariant case is given in Section 1.

A starting point for the Clifford correspondence for blocks is provided by a more
general correspondence for indecomposable modules discussed at the start of Section 2.
In this context, we let B1417"®4 denote the induced A% ® A-module B® arga, (AT @A)

and € = End gorg4 (B TATP@A). Then &€ is a G-graded algebra; that is £ = dec £, is a
direct sum of subspaces &£, with £,&, C &y, for all g,h € G. In Section 2 we describe
the Miyashita action of G on £ which permutes the blocks. Let J; (&) denote the graded
Jacobson radical of £, the intersection of all maximal graded right ideals. We show in

Section 3 that £/Jg(€) is a twisted group algebra for a subgroup of G.

Theorem (Clifford correspondence) Let B be a G-invariant block of Ay. The blocks
of A lying over B correspond one-to-one with G-conjugacy classes of blocks of the twisted
group algebra £/ Js(E).

In order to prove the theorem, in Section 2 we relate blocks of A lying over B to blocks
of the endomorphism algebra £ in the following way. Let A be the diagonal subalgebra
> gec(Ag1)" @ Ay of A% @ A. The identity component A; of A is naturally a A-
module; we denote this A-module by (A;)a. The A @ A-module (A;)a T47®4 induced
from A is isomorphic to A. If the block B of A; is G-invariant, then B is naturally
a A-module, and so we obtain an ideal direct summand Ba 47%42> ABA of A. We
show in Section 1 that the blocks of A lying over B are precisely the indecomposable
direct summands of the A”? @ A-module Ba 1474, In turn, these direct summands
are in one-to-one correspondence with the blocks of another endomorphism algebra,
Endorpa(Ba 14794). The algebra £9 of fixed points of € = Endgerg4(B 1A eA)
is isomorphic to Endgerea(Ba T474), and blocks of £Y correspond to G-conjugacy
classes of blocks of £, as we show in Section 2.

Our results also hold in the more general situation where k is replaced by a p-
modular system (K, R, k) for a prime p, where k is algebraically closed. Here R is a



complete discrete valuation ring with maximal ideal p, quotient field K, and residue
class field k = R/p of characteristic p. The basic theory needed includes the Krull-
Schmidt-Azumaya Theorem [6, Proposition 56.4] and existence of projective covers of
modules which follows from [5, Theorem 6.23] and [6, Propositions 56.2 and 56.4]. In this
situation, A is a fully G-graded R-algebra (free and finitely generated as an R-module),
and the twisted group algebra £/Jg(€) of the Clifford correspondence is a k-algebra as
Ja(€) 2 p&. For simplicity however, we state our results in the case of a single base
field k. All algebras and modules will be finite dimensional over k, and tensor products
will be over k unless otherwise indicated.

The author thanks J. L. Alperin for suggesting this work and P. R. Boisen, E. C. Dade,
and H. Ellers for helpful conversations.

1 An endomorphism algebra

In this section we give a correspondence between blocks lying over a given G-invariant
block B of A; and blocks of the endomorphism algebra End gopsa(Ba 147%4), at the
same time giving a reduction to this invariant case. Let Gg be the subgroup of G fixing
an arbitrary block B of A, that is

Gp={g€G|ABA, = B}.

Let Agp = D cq, Ag and Agy = 3 0, (A7), ® Ay, where (AP), = (Ag-1)?, a fully
6(G'p)-graded algebra where 6(Gp) = {(g9.9) | ¢ € G} C G x G. Note that B is
naturally a Ag,-module, denoted Ba, . We observe that if B is a block of A lying over
B, so that B is a direct summand of B | APga,, then B lies over all G-conjugates of B:
The restricted module B | yorgy, is fixed by the G-action, as B is. So for any g € G,
B9 = Ajg1BA, is also a direct summand of B | yer4,. In addition B lies over no other
blocks of Ay, a consequence of the proof of the following lemma. We refer the reader

to [2], [9], or [16] for facts about conjugate modules and induced modules for a fully
group-graded ring.

Lemma 1.1 The blocks of A lying over B correspond one-to-one with the blocks of
EndAop®A(BAGB TATRAY,

Proof: First we prove that the blocks of A lying over B correspond one-to-one with
the indecomposable summands of the A°? ® A-module Bag, 14%2A2 ABA. Write A; =2
B1®---@®Bpy®M as A7 ® A;-modules, where B = By, ..., By are the distinct conjugates
of B, and M is the sum of the remaining blocks of A;. Let A = 7 _(A%), ® A,.
The induced A% ® A-module (A;)a 147®4 is isomorphic to A [2, Lemma 3.3]; this



isomorphism is given simply by sending an element . a; ® (b; ® ¢;) of (A;)a T47%4 to
Y i biaici. As By @ -+ @ By, and M are naturally A-submodules of (A;)a, we have

A (Bl @---P Bk)ATAop®A BMu TAOP@A

as A?® A-modules. The A-module (B;@®- - -@® By)a is isomorphic to Bag, T2 by an argu-
ment similar to that used in [2, Lemma 3.3]. Therefore Ba, 1 APRA~ B | - A APRA
(Bl D P Bk)A TA0P®A’ and so A =~ BAGB TAOP@A EBMA TAOP@A'

Let B be a block of A contained in Bag, 1424 By Mackey’s Theorem for group-
graded algebras [16],

Bag, 1474 gorg 4, = > B @4, (A7)s @ Ay).
(s,t)€S(GB)\GXG

A similar argument to [2, Lemma 3.3] shows that the A" ® A;-module A;1BA,; is
isomorphic to the conjugate module B® gorg 4, ((A?);®A;). As B is indecomposable and

A is fully graded, these conjugate modules A,-1BA; are indecomposable as well. Since
B divides Bag, 14724 the Krull-Schmidt Theorem now implies that some A,-1 BA,

divides B | A%ga,- Therefore B is a summand of AS(§ Lawga, ) A1 = B| A% 4,; that
is, B lies over B. B

Now assume B is a block of A lying over B, but does not divide Ba,,
Then B divides Ma 147®4, and so B divides Ma 147%4| yorg4,. As before, we apply
Mackey’s Theorem to My T47%4] A%g4,, and conclude that B divides A,-1MA; for
some s,t € G. This implies that the conjugate AJ” ® A;-module B = A,BA,.
divides A;A,~1 MAAg—1 = M A—1. Letting e be the primitive central idempotent of A;

corresponding to the block B* ', we derive a contradiction, as eB* ' # 0 and eM = 0.

Therefore the blocks of A lying over B are exactly the indecomposable summands of
TAOP@A-

TA"”@A .

BAGB

As a summand of A, Ba, is an algebra, and Endgerea(Bag, 1
Z(Bag, T4°7@4) " the center of Bag, 14224 Thus blocks of Bag, 14724 correspond
one-to-one with blocks of Endaerga(Bag, 147%4). O

TA"”@A A°p®A> ~

We next show that the blocks of A lying over B correspond one-to-one with the
blocks of Ag, lying over B, a reduction allowing us to consider only the G-invariant
case from now on. This is a version of the Fong-Reynolds Theorem [15, V.2.5].

Lemma 1.2 The blocks of A lying over B correspond one-to-one with the blocks of Ag
lying over B. Further, this correspondence is given by induction of blocks of Ag,, as
AZ. ® Agy-modules, to A? @ A-modules.



Proof: We prove the first statement by showing that there is an isomorphism of
algebras
14¢®4cp ) 1AP@A)

EndAng(gAGB (BAGB g EndADp@A(BAGB

and applying Lemma 1.1. By [1, Proposition 2.8.3] we have two natural isomorphisms
AP ®AcL\ A AP ®A
EndAoch®AGB(BAGBT ap® GB) :HOHIAGB(BAGB,BAGBT cap® GBlAGB)

and
Endgorea(Bag, 147%4) =2 Homa, (Bag,, Bag, 774 lag,)-

We may consider Bag 145 %4cp lag, as a direct summand of Ba, TAOP@AlAGB by
Mackey’s Theorem [16]. In order to achieve the desired isomorphism, we need only
show that all Ag,-homomorphisms from B Ag, tO BAGB TA%TRA | Acy, in fact have image
contained in BAGB TAOGPB®AGB lAcB- Consider a summand A;,BA;, = A;BA, 1Ay, =
B ' A, of Bag, TADP@ALAGB as an A®@A;-module. If s € G, then the primitive central
idempotent e of A; associated with B yields the identity map on B but 0 on B* ' #+ B.
In this case there are no A ® Aj;-homomorphisms, and so no Ag,-homomorphisms
from BAcB to AgBA;. A similar argument works if s € G and t ¢ G'g. Therefore we
have proved the first statement of the lemma.

By the proof of Lemma 1.1, blocks of Ag, lying over B are the indecomposable

AZ. ® Agy-direct summands of Bag, TAOGPB #4985 while blocks of A lying over B are the

. . o ~ AP A o
indecomposable A% ® A-direct summands of Ba, TAPRA (Bag, 1 GpPAGE) TAPOA,

Suppose that BAcB TAOGPB $AGp o él P---D En is a decomposition into indecomposable
AZ. @ Agz-modules. Then

Bag, 147042 B 14704 ... B, 14704

as A? @ A-modules. If some B; 1474 were not indecomposable, there would be a

contradiction to the first statement of the lemma. Therefore each Ez 14%®4 45 a block
of A. O

2 Another endomorphism algebra

In this section we discuss a Clifford correspondence for indecomposable modules which is
implicit in Dade’s work in [13]. This provides a starting point for the Clifford correspon-
dence for blocks. We show how an endomorphism algebra arising in this indecomposable
module situation is related to the endomorphism algebra of Lemma 1.1. We assume B
is a G-invariant block of A;, so that Gp = G.



Let V be an indecomposable right A;-module, and & = End4(V 14). The induced
module V 4=V ®,4, A is a graded module [18], and so £ is a G-graded algebra with
identity component £ = End, (V). One way to see this is to consider the isomorphisms
of vector spaces

£ = HOH]A1 (Vr, VTAlAl) = Z HomAl (V; Vg)

geG

that follow from [1, Proposition 2.8.3] and Mackey’s Theorem [16]. Here V¥ is the A;-
module V @4, Ay, and & = Homy, (V,V9) as a vector space. If V' is G-invariant, so
that V9 2 V for all g € G, then & is fully G-graded, as may be seen from the above
decomposition of £ or [18, 1.5.2]. If V' is also irreducible then Schur’s Lemma implies
that End4(V 14) is a twisted group algebra. This is the twisted group algebra of the
classical Clifford correspondence. In case V is indecomposable but not irreducible, or in
case k is replaced by a complete discrete valuation ring R, the fact that £ = End4, (V)
is local [5, Proposition 6.10] replaces Schur’s Lemma as follows: Let Jg(€) denote the
graded Jacobson radical of £, the intersection of all maximal graded right ideals. By [4,
Theorem 4.4] Jg(€) is contained in the ordinary Jacobson radical J(&). In case V is
G-invariant, [13, Proposition 2.19], [5, Proposition 5.22], and [7, Lemma 14.2] imply that
E/Jg(E) is a twisted group algebra for a subgroup of GG. For the sake of completeness,
we will give these arguments in greater detail later for the special case where V' is a
block.

Whether or not V' is G-invariant, there is a one-to-one correspondence between in-
decomposable A-direct summands of V 74 and indecomposable right £/Jg(&)-direct
summands of £/Jg(&): Indecomposable summands of V 14 correspond one-to-one with
indecomposable right summands of £ by sending a summand of V 14 to the correspond-
ing projection endomorphism, an idempotent of £ [5, Proposition 6.3]. As J5(&) C J(&),
indecomposable right £-direct summands of £ correspond with indecomposable right
E/Jc(E)-direct summands of £/J(E) [5, Corollaries 6.22 and 6.25].

In the block situation, we replace A by the fully G-graded algebra A @ A, A; by
AP @ Ay, and V by the block B of A;. The relevant G-graded endomorphism algebra
is then

€ = End yorg 4 (BT474)

?

and the Clifford correspondence for indecomposable modules described above applies
here. It will need to be modified to yield the Clifford correspondence for blocks given
in Theorem 3.5. We caution that, although B is G-invariant as a block, it may not
be 1 x G-invariant as an A7” ® Aj;-module. Thus it does not follow from the above
arguments that £/Jg(€) is a twisted group algebra; in Section 3 we show that this fact
follows from a characterization of the graded Jacobson radical given in [13]. In addition,
we are interested in A%” ® A-modules rather than A}’ ® A-modules. This is where a



G-action on & arises. The following proposition is Theorem 1.3 of [17]; see also [10,
Theorem 2.1].

Proposition 2.1 (Miyashita action) Let G be a finite group and S a fully G-graded
algebra. Let M and N be S-modules, g € G, and ¢ € Homg, (M, N). Then there is
a unique element ¢9 € Homg, (M, N) such that ¢?(ms,) = ¢(m)s, for allm € M and
Sg € Sg. If M = N, then G acts as algebra automorphisms of Endg, (M).

We give the definition of ¢7, which will be needed in the next section. As S is fully
G-graded, we have S;-15, = S for all g € G. As 1 € S; [18], there are elements
a; € Sy-1, B; € Sy such that > ,;3; = 1. Then for all m € M,

¢?(m) = Z p(ma;)Bi.

In the block situation, we let S = A% ® A be the fully G-graded algebra with
components Sy = (A),®A. The proposition gives a G-action on End gerg 4 (Ba 14744),
where A =37 (A”), ® Ay, and By is the A-module B. This provides the connection
between £ = End yorg 4 (B 147"®4) and the endomorphism algebra End gopg 4(Ba 147¢4)

of Lemma 1.1, as we see next. We note that Ba 147®4| yory 4= B 147@A  where the
latter module is induced from A ® A;. This follows from an application of Mackey’s
Theorem [16], as there is only one §(G), 1 X G-double coset in Gx G, and Ba | gov4,= B.

Therefore o
End gor 4 (Ba 147%4) 2 End gor o (BT47%4) = €.

Thus the above proposition yields an action of G as automorphisms of £. The fixed point
subalgebra is £¢ = End gorg 4(Ba T47®4), the endomorphism algebra of Lemma 1.1. We
mention that if we had taken S, = A” ® A, instead, we would have gotten a different G-
graded endomorphism algebra, but upon taking G-fixed points, we would have obtained
the same A ® A-endomorphism algebra.

We now give the relationship between our endomorphism algebras and the centralizer
algebras of [8]. Let C4(A;) denote the centralizer in A of A;. Let e be the primitive
central idempotent of A; corresponding to the block B. Then as graded algebras, £ is
isomorphic to eCa(A;): We identify B 1474 with > gec BAy as discussed in the proof
of Lemma 1.1. Given ¢ € &, ¢ is determined by ¢(e), as ¢(b) = ¢(eb) = ¢(e)b for any
b € B 14724 Further, ¢(e) € eCa(A1) as ep(e) = ¢(e?) = ¢(e) and ¢ € & implies
that ¢(e) commutes with elements of A;. Conversely, any element of eCy(A;) defines
an element of £ in this way. The G-grading on eC4(A;) inherited from A corresponds
to that of £, and the G-action on & provided by Proposition 2.1 gives rise to a G-action
on eCy(A).



Lemma 2.2 The subalgebras £F and £, of € are both contained in the center of €.

Proof: Let ¢ € £ and ¢ € &, for some g € GG, and suppose ¢(e) = r, € eC4(A;), so
that ¥(b) = r,b for all b € B4 ®4. Applying Proposition 2.1, ¢ ov(e) = ¢971(rge) =
rqep(e) = 1) o ¢(e), so that ¢ o) =1po¢. If ¢ € EC then, ¢ is in the center of . If
Y € &1, then ¢pop =1 o¢ for all ¢ € &, so that ¢ is in the center of £. O

Next we prove that blocks of £ correspond one-to-one with G-conjugacy classes of
blocks of £. Combined with Lemma 1.1 for G = Gg, this shows that blocks of A lying
over B correspond one-to-one with G-conjugacy classes of blocks of £.

Lemma 2.3 The blocks of £ = Endgorga(Ba 147%4) correspond one-to-one with G-
conjugacy classes of blocks of €.

Proof: A G-conjugacy class of blocks of £ corresponds to a G-conjugacy class
e1, ..., e, of primitive central idempotents of £. Their sum € = e; +-- -+ ¢, is a central
idempotent of £. If ¢’ were not primitive, then it would decompose into primitive cen-
tral idempotents of £, each of which is a central idempotent of €& by Lemma, 2.2. Thus
each decomposes into primitive central idempotents of £, and by uniqueness these must
be the ey, ..., e,. This contradicts the assumption that eq, ..., e is a single G-conjugacy
class. Conversely, a block of £Y corresponds to a primitive central idempotent of £,
which is a central idempotent of £, and decomposes into primitive central idempotents
of £. The G-action must permute these primitive central idempotents transitively. O

3 The Clifford correspondence

Let B be a G-invariant block of A;. In this section we show that blocks of & =
End gorg 4 (B 1477®4) correspond one-to-one with blocks of £/Jg(£), a version of [8,
Lemma 3.1 and Theorem 3.5]. Together with the results of Sections 1 and 2, this yields
the Clifford correspondence in Theorem 3.5. In order to achieve this correspondence, it
seems necessary to introduce a fully group-graded subalgebra E[B] of £, as is done for
centralizer algebras in [8].

Let G[B] be the subgroup of G defined by g € G[B] if &, contains a unit, and
E[Bl = &aip = X yeqp €o- Then E[B] is a fully G[Bl-graded algebra, as for each
g € G[B], & = u,&; for a unit u, € £,. There are examples for which G[B] # G [14,
Lemma 3.11].

The graded Jacobson radical Jg(€) of any group-graded algebra £ is a graded two-
sided ideal of £ [18, Lemma 1.7.4]. We give the characterization of J5(€) in [13], pro-
viding details for the sake of completeness. The components of Jg(€) are given by

Ja(&)g ={0 €& | 0E;— C J(&1)}.

8



This follows immediately from the one-to-one correspondence between all maximal G-
graded right ideals M of £ and all maximal right ideals N of & given by sending
M to N = M, and N to M where M, = {¢ € & | ¢€,-1 C N}. This corre-
spondence is straightforward to verify. As B is an indecomposable A}’ ® A;-module,
&1 = Endyergy, (B) is local, and so & — Jg(€), is the set of units in &, [13, Lemma
2.18]. It follows that
_ [ J(&)E itgeGlB]
e

as in [13, Proposition 2.19]. These arguments also apply to £[B], so in that case
Ja (E[B]) = J(&)E[B], and E[B]/Jap(E[B]) is a twisted group algebra for G[B] by
7, Lemma 14.2]. The above characterizations of Jg (&) and Jg(5(€[B]) also immediately
imply the following lemma.

Lemma 3.1 There is an isomorphism of twisted group algebras
£/Ja(€) = E|B]/ Jas) (E]B]).

The proof of the next lemma, a reinterpretation of that of [8, Lemma 3.1], uses
& C Z(&[B]) and the fact that Jgip)(E[B]) = J(£1)€[B] in that Nakayama’s Lemma is
applied to £;-submodules of £[B]. This shows the necessity of dealing with £[B] rather
than &.

Lemma 3.2 The blocks of E[B] correspond one-to-one with blocks of E[B]/Jap(E[B]).

Proof: Let £[B]/Jap(E]B]) = b1 ®- - - @by be a decomposition into blocks. Consider
each b; as a right £[B]-module via the canonical map from £[B] to £[B]/Jgp(E[B]).
Let P(b;) be the projective cover of b; as a right £[B]-module. As Jg(E[B]) C J(E[B])
[4, Theorem 4.4], £[B] itself is the projective cover of £[B]/Jap/(E]B]) as a right £[B-
module [5, Corollary 6.22]. As projective covers preserve direct sums we have £[B] &
P(by) @ --- @ P(by) as a right £[B]-module. We identify the P(b;) with right ideals of
E[B] via this isomorphism. We will show that the P(b;) are also left ideals, and that
they are indecomposable £[B|?? @ £[B]-modules; that is, the P(b;) are blocks of £[B].

We let P'(b;) be the projective cover of b; as a left E[B]-module, so that £[B]| =
P'(b1)®- - -®P'(by) as aleft £[B]-module. Consider the sum m; of all blocks b; with j # .
We have £[B| = P(b;) ® P(m;) as a right £[B]-module, and £[B] = P'(b;) & P'(m;) as
a left £[B]-module. Restrict these £[B]-modules to £-modules. As & is central in E[B]
by Lemma 2.2, we do not distinguish between left and right modules. We have P(b;) =
modules, since clearly this is true without the direct sums, but for example P(b;)P’'(b;) C
P'(b;), P(b;)P'(m;) C P'(m;) and P'(b;) N P'(m;) = 0. Therefore

E[B] = P(b;)P'(b;) @ P(b;)P'(m;) @ P(m;)P'(bi) ® P(m;)P'(m;)

9



as &-modules. As Jgp)(E[B]) = J(&)E[B], the right £&-module P(b;)P’'(m;) becomes 0
upon passing to the quotient £[B]/Ja/(E[B]), and so P(b;)P'(m;)J (&) = P(b;) P'(m;).
By Nakayama’s Lemma, P(b;)P'(m;) = 0, and similarly P(m;)P’(b;) = 0. Therefore

E[B] = P(b;)P'(b;) & P(m;)P'(m;)

as &-modules, where P(b;)) = P(b;)P'(b;) = P'(b;), and P(m;) = P(m;)P'(m;) =
P’(m;). Tt follows that each P(b;) is both a left and a right ideal of £[B.

Suppose P(b;) = By @ B, as £[B]? @ E[B]-modules. Under the canonical map from
E[B] to £[B]/Jgs(E[B]), the image of one of By or B, must be 0. Considering B, and

B, as £1-modules, another application of Nakayama’s Lemma implies that one of B, or
By is 0. O

Next we see that G-conjugacy classes of blocks of £/Js(E) correspond one-to-one
with G-conjugacy classes of blocks of &, resulting in the Clifford correspondence. For
this, we need a lemma.

Lemma 3.3 The subgroup G[B] is normal in G, and (€,)9 = Epse for all g, h € G.

Proof: Let g,h € G, and ¢ € &,. As stated in the text following Proposition 2.1,
¢9(b) = 3, Bid(a;b) for allb € BTAT#4 where o € Ay, 3 € Ay 1, and 3, Bia; = 1. Let
e be the primitive central idempotent of A; corresponding to the block B, so ¢(e) € Ay,
as discussed in the text preceding Lemma 2.2. As e is a G-invariant element of C'4(A;),
e is central in A; so ¢9(e) =Y. Bip(aie) = . Bip(e)ay, since ¢ is an AT’ ® A-map. But
Yo Biole)a; € Ag1ApAy = Aps. Therefore ¢ € &g, and (£,)7 C Eps. Conversely, let
Y € Eps,andlet ¢ =9 € (E,9)9 ' C &, by the above argument. Then ¢ = ¢9 € (&,)9,
and so Epe = (E)7.

To see that G[B] is normal in G, let h € G[B|, g € G, and wy, a unit in &,. Then
(up)? is a unit in Ee. O

By the lemma, the G-action on £ yields a G-action on £[B]. Further, G fixes the
ideal Jei)(E[B]) = J(&1)€[B], as G fixes & by the lemma and so permutes the maximal
ideals of &;. Therefore the G-action on £[B] induces a G-action on E[B|/Jas/(E[B]).

Lemma 3.4 The G-conjugacy classes of blocks of € correspond one-to-one with G-
conjugacy classes of blocks of £/ Ja(E).

Proof: By Lemmas 3.1 and 3.2, we need only show that G-conjugacy classes of
blocks of E[B] correspond one-to-one with G-conjugacy classes of blocks of £. Given a G-
conjugacy class of blocks of £[B], there is a corresponding G-invariant central idempotent
e of £[B], which is also then a G-invariant central idempotent of £, as £ is central in
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€. Consider the image € of e in £/J5(E) = E[B]/Jgp(E[B]). If e may be decomposed
in £ as the sum of two nontrivial G-invariant central idempotents, this decomposition
gives such a decomposition of €, contradicting Lemma 3.2.

Conversely, a G-conjugacy class of blocks of £ corresponds to a G-invariant central
idempotent e of £. This corresponds to an idempotent € of £/J5(E) = E[B]/Jap/(E]1B]),
which by Lemma 3.2 corresponds to an idempotent €’ of £[B]. As Jg5(E[B]) C Ja(€),
e and € are central idempotents of £ having the same image modulo Jz (&), and so
e=¢. 0

The Clifford correspondence now follows immediately.

Theorem 3.5 The blocks of A lying over B correspond one-to-one with G-conjugacy
classes of blocks of the twisted group algebra £/ Ja(E).

Proof: By Lemma 1.1 for G = Gp and Lemma 2.3, the blocks of A lying over
B correspond one-to-one with G-conjugacy classes of blocks of £. By Lemma 3.4, G-
conjugacy classes of blocks of € correspond one-to-one with G-conjugacy classes of blocks

of 5/]@(5) O

We close by returning to the general case where B is a block of A; that is not
necessarily G-invariant, G is the set of all elements g of G such that A,-1BA, = B,

and € = End gorgu,, (B 147 #4¢2). By Lemma 1.2 and Theorem 3.5 with G replaced by
G g, we have the following.

Corollary 3.6 The blocks of A lying over B correspond one-to-one with G g-conjugacy
classes of blocks of the twisted group algebra €/ Jg,(E).
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