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Abstract

We prove that if the dimension of any irreducible module for a finite dimensional
algebra over an algebraically closed field divides the dimension of the algebra, then
the same is true of any crossed product of that algebra with a group algebra or its
dual, provided the characteristic of the field does not divide the order of the group.
Kaplansky’s Conjecture regarding dimensions of irreducible modules for Hopf algebras
then follows for those finite dimensional semisimple Hopf algebras constructed by a
sequence of crossed products involving group algebras and their duals. We show that
any semisimple Hopf algebra of prime power dimension in characteristic 0 is of this
type, so that Kaplansky’s Conjecture holds for these Hopf algebras.

Introduction

In 1975, Kaplansky conjectured that the dimension of any irreducible H-module divides
the dimension of H, where H is a finite dimensional semisimple Hopf algebra over an
algebraically closed field [9]. This is well known for semisimple group algebras (a classical
result of Frobenius), and for the dual of a group algebra, whose irreducible modules are all
of dimension one. Recently, Nichols and Richmond have proven that if H has an irreducible
module of dimension 2, then 2 divides the dimension of H [16]. Zhu has proven that the
dimension of any irreducible D(H)-submodule of H divides the dimension of H, where
D(H) is the quantum double of H and the field has characteristic 0 [22]. Aside from these
cases and some examples however, the general case has remained unknown.

We prove this conjecture for those Hopf algebras which can be constructed by a se-
quence of crossed products involving group algebras and their duals. All finite dimensional
semisimple Hopf algebras over algebraically closed fields known at this time are of this
form, so Kaplansky’s Conjecture holds for all known examples. Further, we show that all
semisimple Hopf algebras of prime power dimension over algebraically closed fields of char-
acteristic 0 are of this form, establishing Kaplansky’s Conjecture for these Hopf algebras.
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More specifically, let G be a finite group, k an algebraically closed field whose character-
istic does not divide the order of GG, and A a finite dimensional k-algebra. We first show that
if the divisibility property for dimensions of irreducible modules holds for A, then it holds
for any crossed product A#,kG. This follows from an application to A#,kG of Clifford
Theory for group-graded rings [7]. We give an explicit construction of A#,kG-modules
from A-modules and modules for twisted group algebras of subgroups of G.

Next we consider a crossed product B = A#,(kG)* where (kG)* is the Hopf algebra
dual of kG. By duality [2], the smash product B#kG is isomorphic to a matrix algebra
M, (A). If the divisibility property for dimensions of irreducible modules holds for A, then
it holds for M, (A), and our construction of B#kG-modules from B-modules then shows
that it holds for B.

We define lower and upper semisolvable Hopf algebras to be those having certain normal
series with factors either commutative or cocommutative. Our results involving kG and
(kG)* show that Kaplansky’s Conjecture holds for a finite dimensional semisimple lower
or upper semisolvable Hopf algebra H when the characteristic of £ does not divide the
dimension of H. We show that any semisimple Hopf algebra of prime power dimension
over an algebraically closed field of characteristic 0 is upper and lower semisolvable, and
thus Kaplansky’s Conjecture holds for these Hopf algebras.

All algebras and modules will be finite dimensional over the algebraically closed field k,
and tensor products will be over k unless otherwise indicated.

1 Group crossed products

Let A be a finite dimensional algebra over an algebraically closed field k£, G a finite group,
and A#,kG a crossed product. That is, there is an invertible map o : G X G — A and a
k-linear map kG ® A — A denoted g ® a — g - a satisfying

g-(h-a) = o(g.h)(gh-a)o(g,h)™"
(g-o(h,0))a(g,hl) = o(g,h)o(gh,?l),
o(g,1) = o(l,g) = 1,

g-(ab)=(g-a)(g-b) ., g-1 =1,1a = a,

for all g,h,? € G and a,b € A. In particular, kG measures A and o is a 2-cocycle. We
denote the element a ® g of A ® kG by a#g¢g, and define a product on this vector space by

(a#g)(b#h) = a(g - b)o(g, h)#gh.

This results in an associative algebra, denoted A#,kG [15, 18]. This algebra is a fully
G-graded algebra, with g-component A#,kg for each g € G [3, 7]. The algebra A embeds
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in A#,kG as the identity component. Clifford Theory for group-graded rings implies a
correspondence between A#,kG-modules, and those of A and of twisted group algebras
for subgroups of G [6, 7]. Alternatively, the correspondence may be generalized directly
from Clifford Theory for group algebras [5] to crossed products A#,kG. We will describe
this correspondence explicitly for a crossed product, in terms of the cocycle o. These
constructions do not require k to be algebraically closed.

We first introduce an action of G on the set of isomorphism classes of finite dimensional
A-modules, the conjugation action of G. If T is an A-module with p : A — Endg(7T)
defining the action of A on T', and g € G, the conjugate module g - T is defined to be the
A-module with underlying vector space T and action g - p : A — Endy(7T) defined by

g-pla)=p(g~"-a)

for all @ € A. We may also express the module g-T as (A#,kg) @4 T = (14g7') @4 T,
where A acts by left multiplication on the first factor, as

(I#g™ ) (a# 1) (1™ ™ = (97" - a)#1.

Here (1#¢71)™' = 0(g,97')"'#g. We note that dim(g-7) = dim(7), whereas in the
general situation of a group-graded algebra, conjugate modules do not always have the
same dimension [3]. If h € G, then h- g - p is equivalent to hg - p as a representation, since
gtk ta=o(g ) ((hg) - a)o(gTh AT T

Let U be an A#,kG-module. We denote by U |4 the module U restricted to A. If
U is irreducible, then U | 4 is semisimple and isomorphic to a direct sum of copies of an
irreducible A-module T and its distinct G-conjugates, each occurring the same number of
times ([6, Exercises 18.9 and 18.10] or [7, Theorem 12. |). That is, U [ 4= (T% -+ Ty)
for some positive integer , where T'= Ty, ..., T} are the distinct (mutually nonisomorphic)
G-conjugates of 7.

Let G bethe ta e in G of the irreducible A-module 7"

G = geG g-T=T .

Then the A-submodule T  of U |4 may be considered to be an irreducible A#,kG -
submodule of the restriction of U to A#,kG , as roposition 1.1 below implies. The
proposition follows from [6, Exercises 18.11 and 18.12] or [7, Corollary 11.16]. If is an
A#.kG -module, we will denote by the induced A#,kG-module (A#,kG)®4 ,
where the action is given by left multiplication by the first factor. In this case, note that

=3 g- as an A#,kG -module, since A#,kG is free as a right A#,kG -
module. Therefore dim( )= G:G dim( ).

etT ean euc eA owue an G t ta e nG n ucton

o oue o e aneu aence et eent ecatego o AF#H kG 0 ue oe et c
tonto A 0 o0 ctoa et u o co e oT an t ecatego o A#,kG o ue
oe et ctonto A 0 0 ctoa et u o co e o conjugate o T



We next describe a construction of A#,kG -modules from modules for a twisted group
algebra k G of G . Given a 2-cocycle : G x G — k , where elements of G act
trivially on £ , the t te gou age ak G isthe crossed product k# kG .

Let p: A — Endy(T) express the action of A on the irreducible A-module T, and for
each g € G | let (g) € Endg(7T) be an isomorphism between g -7 and 7". That is,

pla) (9)= (9)p(g™" - a)

for all @ € A. Choose (1) to be the identity map. For each g,h € G , it may be checked
that the invertible map (g) (h)p(a(h™t,¢7%)) (gh)~™' commutes with p(a) for all a € A
that is, it is an A-homomorphism. As 7' is irreducible, Schur’s Lemma implies that there
is a scalar (g,h) € k such that (g) (h)p(oc(h™',g7")) (gh)™" = (g,h) id . So

(9) (h)= (g.h) (gh)p(c (k" g7 "))

for all g,h € G . Using the 2-cocycle relation for o and the definition of , we see that
is itself a 2-cocycle (with corresponding trivial action on k ). We will be interested in the
2-cocycle L.

Let M be a kG -module. It may be checked that the vector space T'® M has the
structure of an A#,kG -module given by

(a#g) - ( ® ) =pla) (g)plalg™.9) ®@g-

forallae A, ge G , €T,and € M. Here g- denotes the action of the image of g
ink G on . The restriction (T"® M) | 4 is a direct sum of copies of 7. If : M —
isa kG -homomorphism, then id ® is an A#,kG -homomorphism from 7T"® M to
T®

On the other hand, if  is an A#,kG -module whose restriction to A is a direct sum
of copies of T, the vector space Homy(7, ) becomes a kG -module by defining

(- ) )= Yo.9 H#g- ((gh)

forallg e G , € Homu(T, ), €T.If : —  isan A#,kG -homomorphism, then
«isak G -homomorphism from Homa(7T, ) to Homyu(7, ), where .( )= .
We have described functors between the categories of £ G -modules and of those
A#.kG -modules whose restriction to A is a direct sum of copies of T'. It may be checked
that these functors provide a category equivalence, as stated in the following proposition.
Alternatively, the proposition follows from a result of Dade about group-graded rings (|6,
pp. 239 2 0] or [7, Theorem 10.6]).

etT ean euc eA owue G t ta e nG an te
coc ceo G ete ne T a aoe ee an e u aence et een t e catego
ok G owue an t e catego o t o e A#kG o ue oe et ctonto A
0 0 ctoa et u o co e oT



ropositions 1.1 and 1.2, together with the above description of the category equiva-
lences, immediately imply the following theorem.

et ean euc eA owue G t ta e nG an te cocce

o G ete ne Ta aoe ee aneu aence et eent ecatego o k G
oue an t ecatego o t oeA#kG o ue oe et ctonto A 0 0 c to
a et u o co e o conjugate o T eu aence ¢ en en ngak G

oueMtote oue(T®@M) nue o teA#kG oueT @M e ne
(a#t9)- (@ )=pla) (9)plc(g " 9) ®g- o0 a a€A geG €T an €M

As a consequence of the theorem, irreducible & G -modules are in one-to-one cor-
respondence with those irreducible A#,kG-modules having T' as a direct summand. We
also need the fact that the dimension of an irreducible module for a twisted group algebra
over k divides the order of the group, provided the characteristic of k is relatively prime
to the order of the group. This follows from the theory of Schur representation groups [8].
We note that assman now has a simpler proof of Corollary 1. below that does not use
Theorem 1.3. However, we need Theorem 1.3 in the next section.

et A ea nte en ona k age a wuc tatte en on o an

euc eA owue e te en ono A et G ea ntegou wuc tatte

c aacte tco k oe not e G an etB=A#,kG eaco e o uct ent e
en on o an euc eB owe e te en ono B

roof: Let U be an irreducible B-module. By the discussion at the beginning of the
section, U | 4 is a direct sum of conjugates of an irreducible A-module T', each occurring the
same number of times. Let G be the stabilizer of T, and :G x G — k the 2-cocycle
determined by 71" as above. By Theorem 1.3, there is an irreducible £ G -module M with
U= (T®M) ,sothat dim(U) =[G :G |dim(7T)dim(M). Now dim(M) divides G
as noted above, so dim(U) divides G dim(7"). But dim(7’) divides dim(A) by hypothesis,
so dim(U) divides G dim(A) = dim(B).

edu o roup er

In this section we will consider A#,(kG)*-modules, where A is a finite dimensional k-
algebra, G a finite group, and (kG)* the Hopf algebra dual of kG. We refer the reader to
Section 3 for the definition of the general crossed product A#,H for a Hopf algebra H.
Here we use duality to achieve an analogous result to Corollary 1. regarding dimensions
of irreducible A#,(kG)*-modules. That is, G acts on B = A#,(kG)* by

g-(agt ) =a#(g- ),
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where g+ ()= ( g7'). Thus we may form the smash product B#kG, that is a crossed
product with trivial cocycle. By duality B#kG = M, (A), where is the order of G [2].

If the dimension of any irreducible A-module divides the dimension of A, then the
same is true of M, (A), as an irreducible M, (A)-module is a direct sum of copies of an
irreducible A-module. In particular, the dimension of an irreducible M, (A)-module is
times the dimension of the corresponding A-module.

At this point it is natural to ask if a converse to Corollary 1. is true. That is, suppose
B is a finite dimensional k-algebra and the dimension of any irreducible B#,kG-module
divides dim(B#,kG). Does it follow that the dimension of any irreducible B-module
divides the dimension of B The following example, which was pointed out to us by
Guralnick, shows that the answer is no. Let B be an algebra for which there exists an
irreducible module whose dimension does not divide dim(B), for example B =k M(k).
Then it is possible to choose an abelian group G of large enough order that irreducible
B ® kG-modules will have dimension dividing dim(B ® kG). However duality provides a
positive answer for the smash product of B = A#,(kG)* with kG.

et A ea nte en ona kage a uc tatte en on o an
euc eA owue e te en ono A et G ea ntegou wuc tatte
c aacte tco k oe not e G an et B=A#,(kG)" eaco e o uct en
te en on o an euc eB owue e te en ono B

roof: Let T be an irreducible B-module. The action of G on B described above yields
an action of G on the isomorphism classes of B-modules, as described in Section 1. Let
G be the subgroup of all g € G such that g- T =T, andlet :G xXG — k be the
2-cocycle determined by T as in Section 1. Let M be any irreducible & G -module. By
Theorem 1.3, there is a corresponding irreducible B#kG-module U = (T'® M) , so that

dim(U) =[G : G |dim(T") dim(M).

By duality, we have B#kG = M, (A), where = G [2]. Let  be an irreducible A-
module corresponding to the M, (A)-module U, so that dim(U) = G dim( ). Comparing
to the above expression for dim(U), we have

dim(7)= G dim( ) dim(M).

As M is an irreducible £ G -module, dim(M) divides G ,andso G dim(M) divides
G . By hypothesis, dim( ) divides dim(A). Therefore dim(7’) divides G dim(A),
which divides G dim(A) = dim(B).

An inductive argument using Corollary 1. and Theorem 2.1 yields the following con-
sequence.



et A ea nte en ona age a t a ewuenceo uage a k=

A, 1 A, -+ Ay A=A wuc tat o eac A 0 0 cto A 1#,kG o
A 1 #,(kEG)* 0o o egou Gan coc ceo u oe ute tattecaacte tco
k oe not eteo e oan o tegou G no e ent e en on o an
euc eA owue e te en ono A
e iso e op ers

Let H be a finite dimensional Hopf algebra over the algebraically closed field k. (The
assumption that k& be algebraically closed is not needed until Theorem 3. .) A o e
no a e e for H is a series of proper subHopf algebras

k:Hnl Hn H2 leH,

where H 1 isnormalin H for each . Thatis, (« H)(H 1) H iand(a H)(H )
H 1, where a and a are the left and right adjoint actions [15]. As H ; is normal in
H,HH ,=H |H isa Hopfideal of H, where H  is the augmentation ideal of H ;.
The acto of this normal series are the quotients H = H HH . Anu e no a
e e for H is a series defined inductively as follows. Let H = H. Let H be a normal
subHopf algebra of H _;, and define H =H _ H _{ H . We assume H, = H,_;
for some positive integer so that H, = k. The acto are the subHopf algebras H of
the quotients H _; . We use the following lemma to relate normal series of H and H*.

etlH ea nte en ona o age aan  ano a u 0 age ao
H en =(HH ) o o ctoano a u o age ao H* an H* H*
o o cto *

roof: By the Nichols-Zoeller Theorem [17], H is free over . As  is normal in H,

it follows from [20, Lemma 1.3 (2)] that H  is a normal Hopf ideal of H. Equivalently,

= (H H )*isisomorphic to a normal subHopf algebra of H* as H is finite dimensional

[15, p. 36].

Let H=H H and :H — H the natural projection. By [19, Lemma 1.3] or [15,

roposition 3. .3] we have = H | the coinvariants in H of the H-comodule given by

(id® ) , where is the coproduct on H. That is, is the set of all h € H such that
> h1 ® (h) =h® 1. Thus the following equalizer diagram is exact:

— H - H®H,

where is inclusion, (h) = h® 1 and g(h) = ([d® ) (h) = S hy ® hg, as in [15,
pp. 3 35]. Dualizing this diagram as in [15, p. 1 3] or [19, Theorem 2. (2)] gives the
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coequalizer diagram

H*® :))H*_) *’

as = H . Thus * can be defined by this exact sequence. Now Ker( *) =Im( * ¢*) =
H* ,andso *2= H* H*

et H ea nte en ona o age a H a ao e no a e e
t acto H tenH* a anu e no a ¢ e t acto (H*) <(H)* H a
an u e no a e e t acto H tenH* a a o e no a e e t acto
() = (H )"
roof: Let k=H, 1 H, ... Hy H;= H be alower normal series for H with

factors H = H HH . If 1, there is nothing to prove. If I,let = (H HH,)*,
a normal subHopf algebra of H* with H* H* = (H)* by Lemma 3.1. By induction

(Hy)* has an upper normal series with factors isomorphic to (H )* for = 2,..., . Letting
(H*); = , H* has an upper normal series with factors (H*) = (H )* for =1,..., .
Le¢eH =H,H, =HHH, ,...,H, =H,,1 H,1H, =k be an upper
normal series for H. If 1, there is nothing to prove. If Llet = (H.) =
(H HH,)*. By Lemma 3.1, is a normal subHopf algebra of H*, and H* H* = (H;)".
By induction = (H;)* has a lower normal series with factors isomorphic to (H )* for
=2,..., . Letting (H*), = , H* has a lower normal series with factors (H*) = (H )*
for =1,...,

We say that His 0 e o0 a e(respectively o e co o a e)if there is a lower normal
series for H all factors of which are commutative (respectively cocommutative), and that
His o e e o a eif there is a lower normal series for H each factor of which is
either commutative or cocommutative. We say that Hisu e o a e (respectively u e
coo a e u e e o a e)if H has an upper normal series each factor of which is
commutative (respectively cocommutative, either commutative or cocommutative). As the
dual of a commutative Hopf algebra is cocommutative and vice versa, the next result follows
immediately from Theorem 3.2.

et H ea nte en ona 0 age a enH o e e ect e
u e o0 a e an on H* w e e et e oe coo ae an H o e
e o0 a e an on H u e e o0 a e

We next define the crossed product of an algebra A with a Hopf algebra H. We use
summation notation for the coproduct of H [15, 1. .2]. Suppose there is a convolution-
invertible k-linear map o : H® H — A and a k-linear map H® A — A denoted h®a +— h-a



satisfying

o(h,1

-a)
Z[hl'a(ﬁh 1)]o (h2,£2 2) =
) =
h-(ab) =3 (hi - a)(hs - b)

for all h,¢, € H and a,b € A. In particular, H measures A and o is a 2-cocycle. We
denote the element a ® h of A ® H by a#h, and define a product on this vector space by

(a#h)(b#ﬁ) = Za(hl : b)O’(hg,gl)#h 62.

This results in an associative algebra, denoted A#,H [15].

We will need some more results from [19]. First, if  is a normal subHopf algebra
of the finite dimensional Hopf algebra H, then H = #,(H H ) for some 2-cocycle
o. It follows that if H has a lower normal series £ = H,, H, H, = H,
then H & (((Hn#a m) #o M) #o ) #. H;. The second result we will
need is transitivity of crossed products: Let A be a finite dimensional algebra, H a finite
dimensional Hopf algebra, B = A#,H a crossed product, and H a quotient of H. Then
B>~ B # H for some 2-cocycle . In particular, if H = H H for a normal subHopf
algebra  of H, then B = A#, ,andso A#,H = (A#, )# H.

We next generalize Corollary 1. and Theorem 2.1 to crossed products involving upper
or lower semisolvable Hopf algebras. The following theorem in particular implies that the
dimension of any irreducible H-module divides the dimension of H when H is a finite di-
mensional semisimple upper or lower semisolvable Hopf algebra such that the characteristic
of k does not divide the dimension of H.

et A ea nte en ona age aoe an age aca coe e k
uc t att e en on o an euc eA owue e te en ono A et H e
a nte en ona e eoeou e e o0ae o age aoe k uc t at
tecaacte tco k oe not et e en ono H an et B=A#,H eaco ¢
0 uct ent e en on o an euc eB owue e te en ono B

roof: First assume H is lower semisolvable, with lower normal series
k:Hnl Hn H2 leH,

each factor of which is either commutative or cocommutative. If 1, then H is either
commutative or cocommutative. If H is commutative, then H = (kG)* for some finite



group G ([ , 10] or [15, Theorem 2.3.1]). Therefore by Theorem 2.1, the dimension of
any irreducible B-module divides dim(B). If H is cocommutative, we consider the cases
of prime characteristic and characteristic 0 separately. If k is of characteristic 0, then
consider H*, a finite dimensional commutative semisimple Hopf algebra by [11]. By the
above argument, H* = (kG)* and so H = kG for some finite group G. If k is of prime
characteristic , then H = (k )*#kG for a finite group G and a finite abelian -group by
[15, Corollary 5.6. | and [15, Theorem 5.7.1], due independently to Sweedler and Demazure-
Gabriel. As  does not divide the dimension of H, is in fact trivial, so H = kG in this
case as well. By Corollary 1. , the dimension of any irreducible B-module divides dim(B).

We next assume 1. Then H = Hy# H, for some cocycle , and by transitivity of

crossed products, .
B = (A, Ha)# H,

for some cocycle [19]. As H = H; is semisimple, both H; and H, are semisimple
this second fact follows from the Nichols-Zoeller Theorem [17] and [15, Corollary 2.2.2].
Clearly H, is lower semisolvable while H; is either commutative or cocommutative. The
characteristic of k& cannot divide dim(H,) or dim(H;) by the Nichols-Zoeller Theorem
[17]. By induction, the dimension of any irreducible A#,Hsy-module divides dim(A#,H>).
As H; is either commutative or cocommutative, the arguments above now show that the
dimension of any irreducible B-module divides dim(B).
Next assume H is upper semisolvable, and let

H =H,H,=HHH, ,...,Hy=H,, Ho H, =k

be an upper normal series for H with each H commutative or cocommutative. If 1,
then H is commutative or cocommutative and the first paragraph above applies. Assume
1. Then H = H,# H 1 for some cocycle , and by transitivity of crossed products

B = (A#O'Hl)# Hl

for some cocycle  [19]. As H is semisimple, both H; and H ; are semisimple. Clearly
H | is upper semisolvable while H; is either commutative or cocommutative. By the
arguments in the first paragraph above, the dimension of any irreducible A#,H;-module
divides dim(A#,H;). By induction, the dimension of any irreducible B-module divides
dim(B).

Now we assume that k has characteristic 0. The next theorem in particular implies that
all semisimple Hopf algebras of prime power dimension over k are both upper and lower
solvable and cosolvable.

n

et H ea e e 0 age ao en on 0 a e oe
an age aca coe e ko caacte tc en H a ot anu e an a o e
no a e e eac acto o c o o ctlok| ]
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roof: First we will prove by induction that H has an upper normal series each factor
of which is isomorphic to k[ |. f dim(H) = , then H = k| ] by [21], so assume
dim(H) = ™ with 1. By [1 |, H has a central group-like element g = 1. We may
assume ¢ has order , for if not, g generates a group which contains an element of order
Let Hy = k| | be the subHopf algebra of H generated by g, and let H, = H HH, .
Now H ; has dimension "~! and is semisimple, so by induction, / ; has an upper normal
series each factor of which is isomorphic to k| |. Therefore H does as well.
As H is semisimple and k has characteristic 0, H* is also semisimple [11]. The above
procedure applied to H*, also of dimension ", shows that H* has an upper normal series

each factor of which is isomorphic to k| ]. By Theorem 3.2, H has a lower normal
series each factor of which is isomorphic to (k[ =2 ]-

et H ea e e o0 age ao en on " o a e oe
an age aca coe e ko caacte tc ente en on o an e uc e
H owue e te en ono H

roof: By Theorem 3.5, H is both upper and lower semisolvable. By Theorem 3. with
A =k and o trivial, the dimension of any irreducible H-module divides dim(H).

Masuoka has classified semisimple Hopf algebras of dimension  over k [12, 13]. In
particular, for odd there are 1 such Hopf algebras not isomorphic to group algebras or
their duals, and for = 2 there is one such. Masuoka has also shown that a Hopf algebra
of dimension ? is isomorphic to a group algebra [1 ].
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